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I give a brief overview of scale and conformal invariance in relativistic quantum field theories.

SCALE VS. CONFORMAL INVARIANCE

Disclaimer: T won’t say anything original in this
short note.[9]

Consider quantum field theories in an even num-
ber of space-time dimensions, d, that are Poincaré-
invariant. A particularly interesting class of theo-
ries are those which do not have an intrinsic mass
scale, which will be referred to as scale-invariant
field theories (SFTs). In almost all of the studied
examples of SFTs, the symmetry group is in fact
enhanced to the conformal group, which contains
an additional d generators. These theories will be
referred to as conformal field theories (CFTs). The
additional generators lead to constraints on critical
exponents and impose restrictions on correlation
functions. For example, see the list of implications
on pages 129-30 of John McGreevy’s lecture notes
(henceforth Notes). I will follow the notation of
the Notes whenever possible.

Classically, unitarity and scale invariance im-
ply conformal invariance. However, quantum ef-
fects can affect the two symmetries differently. Of
course, conformal implies scale invariance in quan-
tum field theory. The converse statement is the
subject of this note.

I like the discussion in [1] quite a bit, and will
follow it extensively in the succeeding few para-
graphs. Consider the class of theories that have a
conserved, symmetric, and local stress tensor

Ty =Ty, 0T, =0. (1)
If there exists a local operator K, (the “virial cur-
rent”) such that

T = 'K, 2)

one can construct a conserved scale (or dilatation)
current Furthermore, if there exists a local oper-
ator L, such that K, = 0”L,, and correspond-

ingly
Tl =870 Ly, (3)

one can construct conserved conformal currents.
Explicit equations for the scale and conformal cur-
rents and charges are given in Eqgs. (106) and (107)

of the Notes for the case K, = 0. The only equa-
tion that is modified when this is not the case is
the conformal current, which becomes

CH = 22"z, — 2?65) TP — 22V K" + 2L (4)

If Eq. (3) is satisfied, the theory is a CFT. Eq. (3)
is also equivalent to the statement that there ex-
ists an “improved” stress tensor, which is traceless
(©f = 0). For a unitary SFT in four dimensions,
Eq. (3) can be simplified using the unitarity bound
on operator dimensions of Ref. [2] to K, = 0,L,
ie.

T = OL. (5)

Eq. (5) is a necessary and sufficient condition for
a unitary SF'T to be conformal.

In d = 2 the situation is conceptually simpler
than in higher dimensions. Roughly speaking,
the origin of this relative simplicity in d = 2 is
that it is not possible to improve the stress ten-
sor. Polchinski [3], following an argument due to
Zamolodchikov [4], showed in d = 2 that unitarity
and scale invariance imply conformal invariance.
By manipulating the two-point function once can
show that, assuming scale invariance, one obtains
(T} (2)T;(0)) = 0 thus proving T} = 0.

One cannot hope to repeat an argument of this
type in higher dimension simply because there
are nontrivial improvements of the stress tensor
in d > 2. Instead, one must show that Eq. (3)
is satisfied (Eq. (5) in unitary theories). Non-
perturbative proofs are hard to come by, but peo-
ple make heuristic arguments as to why they ex-
pect this to be Eq. (3) to be satisfied. One such ar-
gument can be found in the red text at the bottom
of page 118 of the Notes. However, a counterex-
ample to this argument is known [5]. In d = 4,
to the best of my knowledge as of this writing,
loop holes still in the non-perturbative proof the
unitarity and scale invariance imply conformal in-
variance, see [0].

I feel obligated to make two comments. (1)
There appears to be some connection between the
relation of scale and conformal invariance and a
property of the renormalization group flow that
connects different quantum field theories. Indeed,
in two dimensions a quantity can be defined that


http://physics.ucsd.edu/~mcgreevy/s14/239a-lectures.pdf

undergoes a monotonically decreasing renormaliza-
tion group flow from a CFT in the UV to a CFT in
the IR. This is aforementioned result of Zamolod-
chikov [4], which Polchinski used to prove scale im-
plies conformal in d = 2. In d = 4, an analogous
quantity has not been found yet, but there weaker
condition that there exists a quantity, which is a
larger in the UV than in the IR, has been shown.
(2) Tt is useful to study a quantum field theory on
a curved background with space-time dependent
couplings so that the metric v, (x) and couplings
g’ () act as sources for the stress tensor and opera-
tors (labelled by I) in the Lagrangian, respectively.
These techniques have been used to obtain many
of the results discussed here, see [7] for recent anal-
ysis.
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