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0.1 Introductory remarks

Here is a brief reminder about the big picture. Quantum field theory (QFT) is the
quantum mechanics of extensive degrees of freedom. What 1 mean by this is that at
each point of space, there’s some stuff that can wiggle.

‘Extensive degrees of freedom’ are those which, if we
like, we can sprinkle over vast tracts of land, like sod
(depicted in the figure at right). And also like sod,
each little patch of degrees of freedom only interacts
with its neighboring patches: this property of sod
and of QFT is called locality.

More precisely, in a quantum mechanical system, we specify the degrees of freedom
by their Hilbert space; by an extensive system, I'll mean one in which the Hilbert
space is of the form H = ®patches of space Hpatch and the interactions are local H =
D patches H(nearby patches).'

Such a starting point is useful as a description of the excitations of the vacuum
(high energy physics), or (perhaps more obviously) as a description of various kinds of
condensed matter. In the former case, there is an (emergent) Lorentz symmetry. As
we saw a bit last quarter, the long-wavelength excitations of the coupled patches of
space need have little in common with the microscopic variables. The big goal in this
business is to connect these two descriptions; the framework in which we will do so is
called the Renormalization Group (RG).

Sometimes there is a description in terms of weakly-coupled fields. Last quarter
we saw that the low-energy excitations of weakly-coupled fields are particles. A con-
sequence of relativity is that the number of particles isn’t fixed. That is: there are
processes where the number of particles changes in time. Sometimes this is used to
motivate the study of QFT. It’s a necessary consequence of Lorentz symmetry, but the
converse is false: particle production and destruction can happen without relativity.

‘Divergences’. It is tempting to try to define QFT directly in the continuum,
rather than in a regulated way as I have above. Such a description is more symmetric,
and hence easier to calculate with, no question. In practice, we will use the continuum
a lot of the time. When we do so, we will encounter UV divergences, and it will be
useful to remember the starting point above. It will also be useful to remember that
we have no way of knowing that some version of the starting point above isn’t correct

I Actually, the Hilbert space of a gauge theory is not of this form; rather, it is a subspace of such
a space which satisfies the Gauss law. This is a source of a lot of confusion, which I hope to dispel.



at short-enough distances, and that anything we say about such short distance scales
is a total fiction on which our answers to physics questions cannot depend. Part of our
job is to understand why it is that our complete ignorance of short-distance physics
doesn’t prevent us from making progress.

Last quarter 215A ended right when we learned to compute amplitudes for simple
processes in QED. There are many measurable quantities that can be computed using
the formalism you developed, and the success of leading-order QED is a real high point
of physics. I have a bit more to say about that success.

Lurking behind that success, however, is a dark cloud. The leading order of per-
turbation theory is given by tree diagrams; more complicated diagrams should be
suppressed by more powers of % = «. You might think that if the leading calculation
worked so well, we should do even better by looking at the next term. But there is a
surprise: naively calculating the next term in the continuum gives an infinite correction.

So an important job will be to explain the non-naive point of view on this calculation
which allows us to extract finite, meaningful answers from perturbation theory.

Even more important will be to give a better point of view, from which we never
would have encountered divergences in the first place. The (silly) name for this point
of view is the renormalization group.

So here are some goals for the quarter, both practical and philosophical:

e A central theme this quarter will be coarse-graining in quantum systems with
extensive degrees of freedom, aka the renormalization group (RG) in QFT.

By ‘coarse-graining’ I mean ignoring things we don’t care about, or rather only
paying attention to them to the extent that they affect the things we do care
about. And the things we should care about the most are the biggest ones — the
modes with the longest wavelength. So the ‘better perspective’ alluded to above
is: we should try to understand QFT scale by scale.

To continue the sod example in 241 dimensions, a person laying the sod in the
picture above cares that the sod doesn’t fall apart, and rolls nicely onto the ground
(as long as we don’t do high-energy probes like bending it violently or trying
to lay it down too quickly). These long-wavelength properties of rigidity and
elasticity are collective, emergent properties of the microscopic constituents (sod
molecules) — we can describe the dynamics involved in covering the Earth with
sod (never mind whether this is a good idea”) without knowing the microscopic
theory of the sod molecules (‘grass’). Our job is to think about the relationship
between the microscopic model (grassodynamics) and its macroscopic counterpart

2Tt isn’t. Grass is a really stupid plant for us to be growing.



(in this case, suburban landscaping). In my experience, learning to do this is
approximately synonymous with understanding.

I would like to convince you that “non-renormalizable” does not mean “not worth
your attention,” and explain the incredibly useful notion of an Effective Field
Theory.

At some point we should talk about non-Abelian gauge theory, since it’s the basis
of the Standard Model of particle physics.

There is more to QFT than perturbation theory about free fields in a Fock vac-
uum. There exist QFTs that we don’t know how to build in this way at all.

It is worthwhile to spend some some time thinking about non-perturbative physics,
effects of topology, solitons. Topology is one tool for making precise statements
without perturbation theory (the basic idea: if we know something is an integer,
it is easy to get many digits of precision!). Maybe this will wait until 215C.

In addition to its importance in high energy physics, I want to emphasize that
QFT is also quite central in many aspects of condensed matter physics. From
the point of view of someone interested in QFT, high energy particle physics has
the severe drawback that it offers only one example! (OK, for some purposes we
can think about QCD and the electroweak theory separately...)

From the high-energy physics point of view, we could call this the study of regu-
lated QF T, with a particular kind of lattice regulator. Why make a big deal about
‘regulated’? Besides the fact that this is how QFT comes to us (when it does)
in condensed matter physics, such a description is required if we want to know
what we're talking about. For example, we need it if we want to know what we're
talking about well enough to explain it to a computer. Many QFT problems are
too hard for our brains. A related but less precise point is that I would like to do
what I can to erase the problematic, theorist-centered perspective on QFT which
‘begins from a classical lagrangian and quantizes it’.

Given time, I would like to show that many fancy phenomena precious to par-
ticle physicists can emerge from humble origins in the kinds of (completely
well-defined) local quantum lattice models we will study. Here I have in mind:
fermions, gauge theory, photons, anyons, strings, topological solitons, CFT, and
many other sources of wonder I’'m forgetting right now.



0.2 Sources and acknowledgement

The material in these notes is collected from many places, among which I should
mention in particular the following:

Peskin and Schroeder, An introduction to quantum field theory
Zee, Quantum Field Theory (2d Edition)

Banks, Modern Quantum Field Theory: A Concise Introduction
Schwartz, Quantum field theory and the standard model

David Tong’s lecture notes

Many other bits of wisdom come from the Berkeley QFT courses of Prof. L. Hall
and Prof. M. Halpern.

Some other books that might be useful to us are:

Xiao-Gang Wen, Quantum Field Theory of Many-Body Systems
Sidney Coleman, Aspects of Symmetry

Alexander Polyakov, Gauge Fields and Strings

Eduardo Fradkin, Field Theories of Condensed Matter Systems
Eduardo Fradkin, Quantum Field Theory, an Integrated Approach


http://www.damtp.cam.ac.uk/user/tong/qft.html

0.3 Conventions

Following most QFT books, I am going to use the + — —— signature convention for
the Minkowski metric. I am (somehow, still) used to the other convention, where time
is the weird one, so I'll need your help checking my signs. More explicitly, denoting a
small spacetime displacement as dz* = (dt, dZ)", the Lorentz-invariant distance is:

+10 0 0
ds® = +dt* — d7 - dT = 1, da"'de” with 9" =1, = 8 —01 —01 8
0 0 0 —1

pv

S\ K
(spacelike is negative). We will also write 0, = a% = <8t, Vx> , and 0" = n*9,. Tl
use p, v, ... for Lorentz indices, and 1, j, k, ... for spatial indices.

The convention that repeated indices are summed is always in effect unless other-
wise indicated. d is the number of space dimensions, D is the number of spacetime
dimensions (it’s bigger!).

= means ‘equals by definition’. A ~ B means we are demanding that A = B.
)
A = B means A probably doesn’t equal B.

A consequence of the fact that english and math are written from left to right is
that time goes to the left.

%. I will also write

;Xd(q) = (2m)46@ (q). T will try to be consistent about writing Fourier transforms as

ddk ikx £ — 6ik$~ = f(r
[ et = [ak e fi) = fa).

A useful generalization of the shorthand h = % isdk =

IFF = if and only if.

RHS = right-hand side. LHS = left-hand side. BHS = both-hand side.

IBP = integration by parts. WLOG = without loss of generality.

+O(z™) = plus terms which go like 2™ (and higher powers) when x is small.
+h.c. = plus hermitian conjugate.

L 5 O means the object £ contains the term O.

We work in units where i and the speed of light, ¢, are equal to one unless otherwise
noted. When I say ‘Peskin’ I usually mean ‘Peskin & Schroeder’.

Please tell me if you find typos or errors or violations of the rules above.




1 To infinity and beyond

At this point I believe you are able to use QED to compute the amplitudes and cross-
sections for many physical processes involving electrons, photons and positrons. More
precisely, you know how to compute the leading-order-in-o amplitudes, using Feynman
diagrams which are trees — diagrams without loops. The natural next step is to look
at the next terms in the perturbation expansion in «, which come from diagrams with
one loop. This innocent-seeming step opens a big can of worms. The reason this is a
big step is that a tree-level process is classical in a certain sense.

In a tree-level diagram, the quantum numbers (and in particular the momenta) of
the intermediate states are fixed by the external states®. In contrast, once there is a
loop, there are undetermined momenta which must be summed, and this sum includes,
it seems, arbitrarily high momentum modes. Surely we have no information yet about
these modes from our piddling low-energy experiments. (Perhaps this is an opportunity
to learn about them?) What do we do?

In order to put ourselves in the right frame of mind to think about this stuff, we’ll
make a brief retreat to a parable about a system with finitely many degrees of freedom
in §1.1. (Another useful parable is our discussion of Casimir forces from last quarter.)
Then we’ll apply these lessons to a simple field theory example, namely scalar field
theory. Then we’ll come back to perturbation theory in QED. Reading assignment for
this chapter: Zee §III.

1.1 A parable from quantum mechanics on the breaking of

scale invariance

Recall that the coupling constant in ¢* theory in D = 3 + 1 spacetime dimensions
is dimensionless, and the same is true of the electromagnetic coupling e in QED in
D = 3+1 spacetime dimensions. In fact, the mass parameters are the only dimensionful
quantities in those theories, at least in their classical avatars. This means that if we
ignore the masses, for example because we are interested in physics at much higher
energies, then these models seem to possess scale invariance: the physics is unchanged
under zooming in or out.

Here we will study a simple quantum mechanical example (that is: an example
with a finite number of degrees of freedom)* with such (classical) scale invariance. It

3If multiple diagrams contribute to the same process, there can still be a small amount of quantum
interference.
41 learned this example from Marty Halpern.



exhibits many interesting features that can happen in strongly interacting quantum
field theory — asymptotic freedom, dimensional transmutation. Because the model is
simple, we can understand these phenomena without resort to perturbation theory.
They will nevertheless illuminate some ways of thinking that we’ll need in examples
where perturbating is our only option.

Consider the following (‘bare’) action:

Slal = / dt (%q‘g +goa<2><@>> = / dt (%q*? - V@)

where ¢ = (z,y) are two coordinates of a quantum particle, and the potential involves
§@(q) = §(x)d(y), a Dirac delta function. I chose the sign so that gy > 0 is attractive.

(Notice that I have absorbed the inertial mass m in imuv? into a redefinition of the

2
variable ¢, ¢ — \/mq.)

First, let’s do dimensional analysis (always a good idea). Since A = 1, all dimen-
sionful quantites are some power of an energy. Let [X]| denote the number of powers
of energy in the units of the quantity X; that is, if X ~ (energy) ) then we have
[X] = v(X), a number. We have:

[t] = [(energy /h) ™1 = —1 = [df] = —1.

The action appears in the exponent in the path integrand, and is therefore dimension-
less (it has units of &), so we had better have:

and this applies to each term in the action. We begin with the kinetic term:
0= / dtd] =

)= +1 = [cﬂz% N [(ﬂ:—%.

Since 1 = [ dqd(q), we have 0 = [dg] + [0(q)] and

d
3 and in particular [62(q)] = 1.

[6%(q)] = —lg}d =
This implies that when d = 2 the naive (“engineering”) dimensions of the coupling
constant gy are [go] = 0 — it is dimensionless. Classically, the theory does not have a
special length scale; it is scale invariant.

10



The Hamiltonian associated with the Lagrangian above is
1

Now we treat this as a quantum system. Acting in the position basis, the quantum
Hamiltonian operator is

h?
2
So in the Schrodinger equation Hiyp = (—%VQ + V((j)) Y = E1, the second term on
the LHS is

H = (02 +02) — 906 (Q)

V(@) (@) = —g00® (9)(0).

To make it look more like we are doing QFT, let’s solve it in momentum space:
Py g ipq
v = [ ) = [ P (11)

(2mh)

where I used some notation from §0.3 and set A = 1. The delta function is
d2p -

63 (q) = / — P 1.2

So the Schrodinger equation says
1
(<57~ B) vt = Vit
/ d*pe't (3 - E) p(p) = +90*(q)¥(0)

W g ( / aneip'Q) ¥(0) (1.3)

where to get to the second line, we just plugged in (1.1). Integrating the both-hand
side of (1.3) over ¢: ([d*qe™"7((1.3)) ) says

(% - E) w(p) = +go/(§_—§)2w(ﬁ)
=4(0)

There are two cases to consider:

o (7=0) = [d°pp(p) = 0. Then this case is the same as a free theory, with the
constraint that ¢(0) = 0,

(%—E)so(@zo

i.e. plane waves which vanish at the origin, e.g. ¥ x sin ’%xeiipyy/ . These scat-
tering solutions don’t see the delta-function potential at all.

11



e (0) = a # 0, some constant to be determined. This means p?/2 — E # 0, so we
can divide by it :

o) = (@) = 5o

72 72
Pt _ e _
5> — F 5> — F

The integral of the RHS (for ¢(0) = «) is a little problematic if £ > 0, since
then there is some value of p where p? = 2E. Avoid this singularity by going to

the boundstate region: consider £ = —ep < 0. So:
9o
9007) — P
5 + €p

What happens if we integrate this [ d%p to check self-consistency — the LHS should

give o again:
! g
0= / d*pe(p) (1 - / dzpﬁz—°>
5 + €p

=¢(0)=az#0

= /deﬁng =1
7"‘63

is a condition on the energy ep of possible boundstates.

But there’s a problem: the integral on the LHS behaves at large p like

&p _

P
At this point in an ordinary QM class, you would give up on this model. In QFT we
don’t have that luxury, because this kind of thing happens all over the place. Here’s

what we do instead.

We cut off the integral at some large p = A:

A 32
/ d—zpmlog/\.
p

This our first example of the general principle that a classically scale invariant system
will exhibit ‘logarithmic divergences’ (meaning: logarithmic dependence on the cutoff).
It’s the only dependence on A allowed by dimensional analysis.

The introduction of the cutoff can be thought of in many ways: we could say there
are no momentum states with |p| > A (as in a lattice model), or maybe we could say
that the potential is not really a delta function if we look more closely. The choice of

12



narrative here had better not affect our answers to physics questions at energies far
below the cutoff.

More precisely:

A2 A 2
d d A
/ 5 P —27r/ 2]9]9 —27Tlog(1+—>.
B +ep 0o B +ep 2ep
So in our cutoff theory, the boundstate condition is:
A g2 2
dp 9o A

1= = 1 14—
gD/ %2 +ep  2mh? s\t 2¢p

A solution only exists for go > 0. This makes sense since only then is the potential
attractive (recall that V = —god).

Now here’s a trivial-seeming step that offers a dramatic new vista: solve for ep.

G
B= 5 oz - (1.4)
e —1
As we remove the cutoff (A — 00), we see that F = —ep — —o0, the boundstate

becomes more and more bound — the potential is too attractive.

Suppose we insist that the boundstate energy ep is a fixed thing — imagine we’ve
measured it to be 200 MeV®°. We should express everything in terms of the measured
quantity. Then, given some cutoff A, we should solve for go(A) to get the boundstate

energy we have measured:
21 h?

(LAY

log (1 + E)
This is the crucial step: this silly symbol gy which appeared in our action doesn’t mean
anything to anyone (see Zee’s dialogue with the S.E. in section IIT). We are allowing

go(A)

go = the bare coupling to be cutoff-dependent.

Instead of a dimensionless coupling go, the useful theory contains an arbitrary
dimensionful coupling constant (here eg). This phenomenon is called dimensional
transmutation (d.t.). The cutoff is supposed to go away in observables, which depend
on ep instead.

In QCD we expect that in an identical way, an arbitrary scale Agcp will enter into
physical quantities. (If QCD were the theory of the whole world, we would work in
units where it was unity.) This can be taken to be the rest mass of some mesons —
boundstates of quarks. Unlike this example, in QCD there are many boundstates, but

5Spoiler alert: I picked this value of energy to stress the analogy with QCD.
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their energies are dimensionless multiplies of the one dimensionful scale, Agcp. Nature
chooses Agep ~ 200 MeV.

[This d.t. phenomenon was maybe first seen in a perturbative field theory in S.
Coleman, E. Weinberg, Phys Rev D7 (1973) 1898. Maybe we’ll come back to their
example.]

There are more lessons in this example. Go back to (1.4):

A2 1 go—0 —2mh?

€B= 52 = € % #Zggfn(/\)
n=0

it is not analytic (i.e. a power series) in go(A) near small go; rather, there is an essential
singularity in go. (All derivatives of eg with respect to gy vanish at go = 0.) You can’t
expand the dimensionful parameter in powers of the coupling. This means that you’ll
never see it in perturbation theory in go. Dimensional transmutation is an inherently
non-perturbative phenomenon.

Notice furthermore that even for moderately weak coupling, ep < A%. For example,
when gy = .1, eg/A* = 102! Dimensional transmutation generates a hierarchy of
scales. This phenomenon explains why the critical temperature below which metals go
superconducting is much less than their intrinsic energy scale (the Fermi energy).

Look at how the bare coupling depends on the cutoff in this example:
2Wh2 A%>ep 27Th2 A%>ep
T e (A
log <1 + E) log <E)

— the bare coupling vanishes in this limit, since we are insisting that the parameter eg

go(A) 0

is fixed. This is called asymptotic freedom (AF): the bare coupling goes to zero (i.e.
the theory becomes free) as the cutoff is removed. This also happens in QCD.

[End of Lecture 1]

RG flow equations. Define the beta function as the logarithmic derivative of the
bare coupling with respect to the cutoff:

0
Def: =A—qgo(A) .
e B(g0) 9 Ago( )
For this theory
0 27Th2 calculate 92 —onh?
Blgo) =Asi | —7 oy | = —W—gQ N )
log <]- + E) perturbative  not perturbative

Notice that it’s a function only of gg, and not explicitly of A. Also, in this simple toy
theory, the perturbation series for the beta function happens to stop at order g2.

14



£ measures the failure of the cutoff to disappear from our discussion — it signals a
quantum mechanical violation of scale invariance. What’s 3 for? Flow equations:

9o = B(go)-
¢ This is a tautology. The dot is
A=0,A, s=logA/Ay = 9, = Ady.

(Ao is some reference scale.) But forget for the moment that this is just a definition:
2
. 90 ( —2rh?/ )
=20 (1 em2mh?/50
9o 2

This equation tells you how gg changes as you change the cutoff. Think of it as a
nonlinear dynamical system. Given a dynamical system, the first question you should
ask is about its fixed points.

Def: A fixed point g of a flow is a value of the coupling gy where the flow stops:

0290'5]6 :5(96) )

a zero of the beta function. (Note: if we have many couplings g¢;, then we have such
an equation for each g: ¢; = Bi(g). So p; is (locally) a vector field on the space of
couplings. In that case a fixed point is a simultaneous zero of every component of the
vector field.)

Where are the fixed points in our example?

gg —2mh?/
Blao) = = (1=

There’s only one: g = 0, near which 5(gp) ~ —%, the non-perturbative terms are
small. What does the flow look like near this point? For gy > 0, go = B(g0) < 0. With
this (high-energy) definition of the direction of flow, gy = 0 is an attractive fixed point:

*<=<=<—<=<=<=<=<~< =K =K—mmmm = g ()

6Warning: The sign in this definition carries a great deal of cultural baggage. With the definition
given here, the flow (increasing s) is toward the UV, toward high energy. This is the high-energy
particle physics perspective, where we learn more physics by going to higher energies. As we will see,
there is a strong argument to be made for the other perspective, that the flow should be regarded as
going from UV to IR, since we lose information as we move in that direction — in fact, the IR behavior
does not determine the UV behavior in general, but UV does determine IR.

15



gy = 0.
We already knew this. It just says go(A) ~ @ — 0 at large A. A lesson is that in

o2
the vicinity of such an AF fixed point, the non-perturbatuve stuff e 9 is small. So

we can get good results near the fixed point from the perturbative part of 8. That is:
we can reliably compute the behavior of the flow of couplings near an AF fixed point
perturbatively, and be sure that it is an AF fixed point. This is the situation in QCD.

On the other hand, the d.t. phenomenon that we’ve shown here is something that
we can’t prove in QCD. However, the circumstantial evidence is very strong!

Another example where this happens is quantum mechanics in any number of vari-
2
_%

ables with a central inverse-square potential V' = —73. It is also classically scale
invariant:
[r] ! ! +1 = [ =0
T =—— — = = U.
27 r2 90

This model was studied in K.M. Case, Phys Rev 80 (1950) 797 and you will study it on
the first homework. The resulting boundstates and d.t. phenomenon are called Efimov
states; this model preserves a discrete scale invariance.

Here’s a quote from Marty Halpern from his lecture on this subject:

I want you to study this set of examples very carefully, because it’s the only time in
your career when you will understand what is going on.

In my experience it’s been basically true. For real QFTs, you get distracted by Feynman

diagrams, gauge invariance, regularization and renormalization schemes, and the fact
that you can only do perturbation theory.

16



1.2 A simple example of perturbative renormalization in QFT

[Zee §I11.1, Schwartz §15.4] Now let’s consider an actual, interacting field theory but a
simple one, namely the theory of a real scalar field in four dimensions, with

1 L 5,9 9 .4
== — = — =t L.
L= 5000 - sm¢*— Lo (15)
Demanding that the action is dimensionless means that [¢] = 272 so [m] = 1 and
lg] = %52, so g is dimensionless in D = 4. As above, this will mean logarithms!

Let’s do 2 < 2 scattering of ¢ particles.

iMy oy = >< 4 >@\<k -+ kﬁ I+ +  0(g*

-\k‘},

= —ig + M, M, iM, +  0O(g*)

where, in terms of ¢, = ki + ko, the s-channel 1-loop amplitude is

. A 4

d*k

= (- S ' N/ iy
M, ig) / —m? 41ie(qs — k)2 —m? +ie k4

Parametrizing ignorance. What is a scalar field? One way to discover scalar

field theory is to start with a chain of masses connected by springs, like a mattress, and
look at the long-wavelength (small-wavenumber) modes. So the coherent excitations of
such a field are sound waves and the quanta of the field are called phonons. In the sum,
[ d*k, the region of integration that’s causing the trouble is not the part where the
system looks most like a field theory. That is: if we look closely enough (small enough
1/k), we will see that the mattress is made of springs. In terms of the microscopic
description with springs, there is a smallest wavelength, of order the inverse lattice
spacing: the sum over k stops.

Field theories arise from many such models, which may differ dramatically in their
short-distance physics. We’d like to not worry too much about which one, but rather
say things which do not depend on this choice. Recall the discussion of the Casimir
force from 215A: in that calculation, different choices of regulators for the mode sum
corresponded (for example) to different material properties of the conducting plates.
The Casimir force was independent of this choice; more generally, it is an important
part of the physics problem to identify which quantities are UV sensitive and which
are not.

If we had an actual lattice (like the chain of springs), we would replace the inverse

2 2 _ 2 = 2 2 2 2 : : :
propagator p* — m* = w® — p* — m* with w* — w; — m*, where w, is the dispersion

17



relation (e.g. w, = 2t Z?Zl (1 — cosp;a) for nearest-neighbor hopping on the cubic
lattice), and p is restricted to the Brillouin zone (—7/a < p; < w/a for the cubic
lattice). Instead, for simplicity, let’s keep just impose a hard cutoff on the euclidean
momentum ¢ p? < A2,

Parametrizing ignorance is ubiquitous in science. In the context of field theory, at
least in the high-energy community, it is called ‘regularization’.

Now we need to talk about the integral a little more. The part that is causing the
trouble is the bit with large k&, which might as well be |k| ~ A > m, so let’s set m = 0
for simplicity.

We'll spend lots of time learning to do integrals below. Here’s the answer:

A2 A2 2
iM = —ig +iCg? (log - + log = + log Z) + O(g?)

1

If you must know, C' = 5.

Observables can be predicted from other observables. Again, the boldface
statement might sound like some content-free tweet from a boring philosophy-of-science
twitter feed, but actually it’s a very important thing to remember here.

What is g7 As Zee’s Smart Experimentalist says, it is just a letter in some theorist’s
lagrangian, and it doesn’t help anyone to write physical quantities in terms of it. Much
more useful would be to say what is the scattering amplitude in terms of things that
can be measured. So, suppose someone scatters ¢ particles at some given (s,t,u) =
(80, to, ug), and finds for the amplitude iM (sg, to, ug) = —igp where P is for ‘physical’.”
This we can relate to our theory letters:

— lgp = iM(So, to, UO) = —lg —+ ICQ2L0 + O(gd) (16)

where Ly = logls\—j + log /t\—j + log ﬁ—j (Note that quantities like gp are often called
gr where ‘R’ is for ‘renormalized,” whatever that is.) I emphasize that this much we
would have to do to make useful predictions, even if there were no specter of infinity
or dependence on a fictitious cutoff.

Renormalization. Now here comes the big gestalt shift: Solve this equation (1.6)

"You might hesitate here about my referring to the amplitude M as an ‘observable’. The difficult
and interesting question of what can actually be measured in experiments can be decoupled a bit from
this discussion. If you want to worry about this, see the beginning of Schwartz, chapter 18.
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for the stupid letter g

—ig = —igp —iCg’Lo + O(g°)
= —igp —iCgpLo + O(gp).
where to obtain (1.8) we used (1.7) in the ¢ term and in the remainder term: O(g3) =

O(g3). (We will use this trick all the time below.) Now we can eliminate g from the
discussion:

iM(s,t,u) = —ig+iCg’L + O(g*)
) igp —iCgALo +iCgAL + O(g})
t
= —igp +iCgp (log ? + log?o + log %) + O(gh). (1.9)

—_
g
~

This expresses the amplitude at any momenta (within the range of validity of the
theory!) in terms of measured quantities, gp, So, to, up. The cutoff A is gone! Just like
in our parable in §1.1, it was eliminated by letting the coupling vary with it, g = g(A),
according to (1.8). We'll say a lot more about how to think about that dependence.

Renormalized perturbation theory. To slick up this machinery, consider the
following Lagrangian density (in fact the same as (1.5), with m = 0 for simplicity):

_ 1 gp 4 Og 4
L=—560¢— i (1.10)

but written in terms of the measured coupling gp, and some as-yet-undetermined ‘coun-
terterm’ d,. Then (with some foresight, we treat d, ~ g5, since its job is to cancel a
term of this order)

S t U
M(s,t,u) = —gp — 6, — Cg> <log e + log e + log F) + O(gh).
If, in order to enforce the renormalization condition M(sg,ty,ug) = —gp, we choose
] t U

5, = —gpC (1og A_(; + log A_02 + log A—g)

then we find
9 S t u 3
M(s,t,u) = —gp — Cgp | log — +log — +log — | + O(gp)
S0 to U

—all the dependence on the unknown cutoff is gone, we satisfy the observational demand

M (s, to, up) = —gp, and we can predict the scattering amplitude (and others!) at any
momenta.
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The only price is that the ‘bare coupling’ ¢ depends on the cutoff, and becomes
infinite if we pretend that there is no cutoff. Happily, we didn’t care about g anyway.
We can just let it go.

The step whereby we were able to absorb all the dependence on the cutoff into
the bare coupling constant involved some apparent magic. It is not so clear that the
same magic will happen if we study the next order O(g3) terms, or if we study other
amplitudes. A QFT where all the cutoff dependence to all orders can be removed with
a finite number of counterterms is called ‘renormalizable’. As we will see, such a field
theory is less useful because it allows us to pretend that it is valid up to arbitrarily high
energies. The alternative, where we must add more counterterms (such as something
like JL<;§6) at each order in perturbation theory, is called an effective field theory, which
is a field theory that has the decency to predict its regime of validity.

1.3 Towards quantum corrections to the Coulomb force law

As a prelude to studying loops in QED, and to make clear what is at stake, let me
fill in some of the details of the leading-order calculation. By studying scattering of
an electron from a heavy charged fermion (a muon is convenient) we will reconstruct
the cross section for scattering off a Coulomb potential (named after Mott). This will
emphasize the fact that the tree-level process is classical. Then we’ll figure out how it
is corrected by other QED processes.

Crossing symmetry. If you look at a Feynman diagram on its side (for example
because someone else fails to use the convention that time goes to the left) it is still a
valid amplitude for some process. Similarly, dragging particles between the initial and
final state also produces a valid amplitude. Making this relation precise can save us
some work. The precise relation for dragging an incoming particle into the final state,
so that it is an outgoing antiparticle, is:

_lc
1Mf<—zA(pf p’upA %%} IMAfez(pfa k= _pAapz %}

(If you must, note that this is another sense in which an antiparticle is a particle
going backwards in time.) If A is a spinor particle, the sum relations for particles and
antiparticles are different:

Zu =pt+m, > () (k)=F—m=—(p+m)

r
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— after accounting for £ = —py4, they differ by an overall sign. Hence we must also ap-

number of fermions shuffled between in and out

pend a fermion sign factor (—1) in the unpolarized

scattering probability. Here is an example. [End of Lecture 2]

ptp~ < eTe” | For example, consider the process u*u~ < ete™. To try to keep

things straight, I'll call the electron momenta p, p’ and the muon momenta k, K/, since
that won’t change under crossing. The amplitude is

iM }L+,Ll47 —ete— —

—i <77W — o2

muons q2

) (—iev” @) u (v) (1.11)

electrons

= (—iea (k)" ()

(with g =p+p =k + k). If we don’t keep track of the spins, then we must average
over initial states and sum over final states, so the unpolarized scattering probability

density is

1 M2 spinor traces Let EM L
12 M GG M

spins

where the tensor objects E*, M* come respectively from the electron and muon lines,

1

7 B = b, + 2pv =y (p - 9+ )
1

ZM’W = kuki, + Kk, — 0 (k- K +m2),

and they are contracted by the photon line, with s = ¢*> = (p + p')%.

Spinor trace ninjutsu. In case you missed it, here is how to evaluate the spinor
traces:

The trace is cyclic:  tr (AB---C) =tr (CAB---). (1.12)

Our gamma matrices are 4 x 4, so  trll = 4.
, 5 m1
try” = tr (75)2 o’ = tryPytey® AL —try* = 0. (1.13)
The same trick shows that the trace of any odd number of gammas vanishes. The idea
is that an odd number of gammas is a map between the L and R subspaces, so it has
only off-diagonal terms in the Weyl basis.

u v clifford

tryFy (22)

—try 4 + 207 trll —tryky” + 8 = trytyY =4t (1.14)
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try!y Py = 4 ("7 + 0ty — nttn?). (1.15)
Why is this? The completely antisymmetric bit vanishes because it is proportional to
v which is traceless (by the same argument as (1.13)). If any pair of indices is the
same then the other two must be too by (1.14). If adjacent pairs are the same they can
just square to one and we get +1; if alternating pairs are the same (and different from
each other) then we must move them through each other with the anticommutator. If
they are all the same we get 4.

tr’y"v”yp’ff = —4jetvPl.

e pu~ <« e p | To get from our previous work the amplitude (tree level, so far)

for the process e~ < e~ u~, we must move the incoming positron line to an outgoing
electron line, and move the outgoing antimuon line to an incoming muon line (hence
the sign in o will be (_Dnumber of fermions shuffled between in and out _ (_1)2 — 1)‘ Relative
to the amplitude for p*pu~ < ete™ (1.11), we must replace the relevant vs with us for
the initial/final antiparticles that were moved into final/initial particles, and we must
replace p’ — —p', k' — —k:

. (1-8)q,9,
—1 (nulj - th ) . Y ;
iM = i _leu )P)/Mu(p)))electrons 2 <—16U(k>"}/ 'LL(]C ))muons(1'16)

qi

with ¢ = p — p' = k' — k, so that the Mandelstam variable is ¢t = ¢?. After the spin
sum,

4
vV e 1% % v
= E \M|2 4t2E“ My =45 (=p'p" = p"p" = (=p-p' + m7))

- (—kukl, — KKy — nu(—k - K + mi)) (1.17)

Here E,,, and M, are the factors associated with the electron and muon lines respec-
tively. The end result is obtained from the result for eTe™ — p*u~. by the permutation
(s,t,u) = (t,u,s) of the Mandelstam variables.

Payoff: the Mott formula. Recall other ways of figuring out the scattering cross

section from a Coulomb potential from a point charge of charge ze. 5/' <t

We think about scattering from a fixed electrostatic potential Ay = 2% and do classical
mechanics. I can never remember how this goes. Instead, let’s just scatter an electron
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off a heavy charge, such as a muon. If the charge of the heavy object were z times that
of the electron, we would multiply the amplitude by z and the cross section by z2.

Kinematics. ‘Heavy’ here means that we can ap-
proximate the CoM frame by its rest frame, and

r k?(nh,a, pe, Ps)

its initial and final energy as ky = my, kg = k‘;“‘r 007
\/ e+ k2 = m, + %EQ/mu + -+ >~ m,. Also, this I 5 < _:; , ot
means the collision is approximately elastic. In the , Teeamp ®
diagram of the kinematics at right, ¢ = cosf,s = ekt =0 )
sin 6.
This means that the muon-line tensor factor M, in (1.17) simplifies dramatically:
1M ~ kK + Kk kk’ 0,,00,02
_Z uy — uy+ MV_T/;,LV _m —uOuOm
~m2 —-m2=0
In the electron line, we get
—p-p+m?=—E*+p"cos +m? = —p*(1 — cosb). (1.18)
So
EM My, = —8m2 E% = 32m”(2E* + n®(p- p — m?)) (1.19)

019 391, 2(2E2 P2(1 — cos0))

trig B2EEZ/E2

0 0
= 32m22(E® — p” sin® 5) 64m? E*(1 — 3 sin® -

2) '
Note that t = (p — p/)? = —2p*(1 — cos ).

Now we can use the formula that we found for the cross section with a two-body
final state, in the CoM frame (for the derivation, see these notes, §4.8):

1 1 1
do = ———— | - 2| dIy,;. 1.20
o 0o 2EA2E 5 <4szms‘M’ ) LI ( )
So the differential cross section is
1 1 1 2%*64 ,0,.dQ2 p
d _ - FebR epeg 2
7 oo 2E2m, 2 2w (1=0 ) 1672 o
=p
Frora~m, 4Ep 22a2(1 — 3% sin® g)dQ
g t?
from which we get
20
do ,a%(1 — ?sin ) (1.21)
dS2 Mot 43252 sin’


https://mcgreevy.physics.ucsd.edu/f21/

The Mott formula is independent of the muon mass, which may as well be infinite.

If we take f < 1 in this formula we get the Rutherford formula.

Notice that it blows up at # — 0. This is a symptom of the long-range nature of
the Coulomb potential, i.e. the masslessness of the photon.

The calculation we’ve done characterizes the tree-level scattering of point par-
ticles, with no substructure. We can apply it to scattering of electrons off of
protons, if F is small enough. For larger £ > m,, where we would have to
go back to (1.21) and redo the kinematics take into account the recoil of the
proton, but it would still describe scattering of point particles (for the result,
see Eq. (13.103) of Schwartz’s book). Actual experiments scattering electrons
off protons show an energy regime that deviates from this behavior because the
proton has substructure (it is made of quarks and gluons). It was a big surprise
that at even higher energies the tree-level pointlike scattering formula applies
again. This is a symptom of the asymptotic freedom of the quarks and gluons.

Radiative corrections. Now it’s time to think about perturbative corrections to
this cross section. Given that the leading-order calculation reproduced the classical
physics of the Coulomb potential, you can think of what we are doing as effectively
discovering (high-energy or short-distance) quantum corrections to the Coulomb law.
The diagrams we must include are these (I made the muon lines thicker and also red):

iM o i + i ' 1

. l}iﬂX - o

e What do the one-loop diagrams in the second line have in common? They have

an internal muon line. Why does this matter?” When the energy going through the
i(f+my)
k2—m2

relative contribution is down by k/m,, < 1. So let’s neglect these for now.

line is much smaller than the muon mass, then the propagator is ~ miu and its

e Why don’t we include diagrams like ? The LSZ formula tells us
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that their effects on the S-matrix are accounted for by the wavefunction renormalization
factors Z

Sewcen = V7 D ;I;+(i ;£>+

and in determining the locations of the poles whose residues are the S-matrix elements.
We’ll take care of these when we talk about the electron self-energy.

amputated, on-shell

e Notice that the one-loop amplitudes are suppressed relative to the tree level am-
plitude by two factors of e, hence one factor of the fine structure constant o = .

Their leading effects on the cross section come from

o e (XK

from the cross term between the tree and one-loop amplitudes.

2
‘ ~ Otree T O(O./3>

In the above discussion, we encounter all three ‘primitive’ one-loop divergent am-
plitudes of QED, which we’ll study in turn:

e clectron self-energy: _d:ll describing the difficulty for electron propagation
posed by its emitting and reabsorbing photons

e vertex correction: Xeiéx whose name is self-explanatory

e vacuum polarization (photon self-energy): ~v~©\-- describing the difficulty
for photon propagation posed by its turning into electron-positron pairs.
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1.4 Electron self-energy in QED

Let’s think about the electron two-point function in momentum space:

Wk Yl DN 4L T S T4 TN

;
S (@ » @@+
(1.22)

We've grouped the diagrams according to their behavior when we divide input and
output by cutting a single line. A diagram that cannot be divided by cutting a single
line is called one-particle irreducible (1PI). The blue blob is defined to be the sum of
all 1PI diagrams. We will denote the 1PI two-point function by

—in(p) =

a blob with nubbins; for fermions with conserved particle number, the nubbins carry
arrows indicating the particle number flow. Let me call the tree level propagator

i(p+mo) i
p2—m%—|—i€—p—mo

——=iS5(p) =

— notice that I added a demeaning subscript to the notation for the mass appearing in
the Lagrangian. Foreshadowing.

Note that S, G, X are all matrices in the spinor space. The full momentum-space
two point function is then:

G (p) = iS +1iS (—iX(p))iS +iS (—=iX(p))iS (—iX(p))iS + - - -
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1

=iS(14+ XS+ X885+ ---) =1iS

] . 1-%5
i i
= = . (1.23)
p—m01—2¢_1m0 p—mo — X(p)
A comment about summing this infinite series:
4o ta? o= (1.24)
1—x '

You probably know that a geometric series has a radius of convergence of 1. This is
because the function to which it sums has a pole at x = 1, and the radius of convergence
is at most the distance to the nearest singularity:.

On the other hand, there is a theorem of complex analysis that if two functions
analytic in an open set D agree in D then they are the same. This is the basis for
analytic continuation.

The LHS of (1.24) is not a priori defined when |z| > 1. The relation (1.24) therefore
gives a useful meaning to it in this regime.

Are you worried about these manipulations because > and S are matrices in the
spinor indices? Don’t be: they are both made entirely from the matrix p, and therefore
they commute; we could do these manipulations in the eigenbasis of p.

So let’s write 3 = %(p). This fully corrected propagator has a pole at
p=mll=mell + X(ml) . (1.25)
This means that the actual mass of the particle is this new quantity m. But what is

m (it is called the ‘renormalized mass’)? To figure it out, we need to know about .

In QED we must study ¥ in perturbation theory. As you can see from (1.22), the
leading (one-loop) contribution is

(=

i) = = (e fath g e W

= —mi+ie (p—k)2—p?+ie

Notice that I am relying on the Ward identity to enforce the fact that only the trans-
verse bit of the photon propagator matters. Also, I added a mass p for the photon
as an IR regulator. We must keep the external momentum p arbitrary, since we don’t
even know where the mass-shell is! Note that it is OK to use the bare propagator in
the integrand of (1.26) since we are neglecting other corrections at the next order.
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Finally, I can’t put it off any longer: how are we going to do this loop-momentum
integral?

Step 1: Feynman parameter trick. It is a good idea to consider the integral

1 1 r=1
1 1 1 —1
/ dx = / dz =
o (tA+(1—2)B)? o (@A-B)+B)? A-Bz(A-B)+B]|,,

B 1 1 n ry 1
 A-B\ A B) AB
This allows us to combine the denominators into one:
1 1 ! 1
1= 2, . 2 2, . / dx 3 . 2
Ko —mg+ie(p—k)"—p +ie  Jo o (2 ((p? — 20k + k) — p2 +ie) + (1 — 2)(k* — mg + ie))
B A
Step 2: Now we can complete the square
1
1
7= / dx 5
0
(k — px)? — A +ie
=/
with

=k —ptr, A=4pPe? +ap® —apt+ (1—a)md = op® + (1 —2)m — 2(1 — z)p.

Step 3: Wick rotate. Because of the ie we’ve been dutifully car-
rying around, the poles of the ¢° integral don’t occur in the first ‘ : \_Ff‘
and third quadrants of the complex ¢° plane. (And the integrand

decays at large [(°|.) This means that we can rotate the contour =

to euclidean time for free: (° = if*. Equivalently: the integral

over the contour at right vanishes, so the real time contour gives

the same answer as the (upward-directed) Euclidean contour. '
Notice that ¢* = —¢%. Altogether

1
N
iy (p) = —e /cw/ b = [ R
—Avir Ty 6+ )

where the numerator is [End of Lecture 3]

E Y

N:’y“([—i—xp—l—mo)%:—2(l+:cp)+4m0.

Here T used two Clifford algebra facts: "y, = 4 and y*pv, = —2p. Think about the
contribution from the term with / in the numerator: everything else is invariant under
rotations of £

1 Q0
Ay = ——dOs0dl = Ay dl” oy ,
(2m)4 (2m)t 2
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so this averages to zero. The rest is of the form (using [, dQ3 = 27%)

2 702 2(2mg —
/ d:c/e de? ( (2mo — zp)
(2m) 4 (2 + A)?

— d;z:(2m0 —zp)T (1.27)

87T2

with
[e’e) ) 62
= At —.
7 A (2 + A)°

In the large ¢ part of the integrand this is

Aae

” ~ log A. (1.28)

You knew this UV divergence was coming. To be more precise, let’s add zero:
7 / ( 4+ A A >
2+ AP (21 A

1 A AT :
. 2 o _ 2 o0 = _ 2 o) _
_A M(W+A W+Af) M£+mwﬂ+@+Apﬂ (Al =

Recall that
A=zp*+ (1 —2)my— (1 —2)p® = A(p?).

Pauli-Villars regularization. Here is a convenient fiction: when you exchange
a photon, you also exchange a very heavy particle, with mass m? = A2, with an extra
(—1) in its propagator. This means that (in this Pauli-Villars regulation scheme) the
Feynman rule for the wiggly line is instead

1 1
P — _1 _
” ”h”<k2—4ﬂ—%k k2—49—+k>
(2 — A2

:_MWQW—M+M%LAH%D

This goes like k%l at large k, so the integrals are more convergent. Yay.

Notice that the contribution from the Pauli-Villars photon to tree-level amplitudes

A>>k

goes like |5~ <> (where k is the momentum going through the photon line,

|
determined by the external momenta), which innocuously vanishes as A — 0.

Remembering that the residue of the pole in the propagator is the probability for
the field operator to create a particle from the vacuum, you might worry that this is
a negative probability, and unitarity isn’t manifest. This particle is a ghost. However,
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we will choose A so large that the pole in the propagator at k? = A? will never be
accessed and we’ll never have external Pauli-Villars particles. We are using this as a
device to define the theory in a regime of energies much less than A.

To accomplish the change we made requires adding a new vector field with mass
A and a wrong-sign kinetic term (to give the wrong-sign propagator), with the same
coupling to charged particles as the photon field. The quanta of this field are the heavy
photon particles. You shouldn’t take the regulated theory too seriously. For example,
the wrong-sign kinetic terms for the PV fields means that very wiggly configurations
will be energetically favored rather than suppressed by the Hamiltonian. It will not
make much sense non-perturbatively.

I emphasize that this regulator is one possibility of many. They each have their
drawbacks. They all break scale invariance. Nice things about PV are that it is Lorentz
invariant and gauge invariant; the bad thing is it’s not unitary. What’s wrong with the
hard cutoff on Euclidean momenta that we wrote in (1.28)7 As we’ll discuss further
below, it violates gauge invariance. This is a disaster because a gauge transforma-
tion is supposed to relate two descriptions of the same state; violating this invariance
means adding degrees of freedom. A class of regulators that make perfect sense non-
perturbatively is the lattice (as in the model with masses on springs). The price is that
it really messes up the spacetime symmetries.

Applying PV to the self-energy integral amounts to the replacement

T~ TIaz) — Iane)
= [(n(F+ A ) = 1) - (@ + A7) - |5,
o EHAE T
TR TAMNY,,
A(p?) A(A?)
=Inl/1-1 =1 .
TR T A
Notice that we can take advantage of our ignorance of the microphysics to make the
cutoff (the PV scale A) as big as we like and thereby simplify our lives:

9 A>everyone

AAY) =N + (1 —2)mj — z(1 —2)p rA\?.

Finally then
1 A2

P (p)pv = % dz(2moll — xp) In PRy § s v e e

(1.29)

(Note that p* = p , 80 it is appropriate to regard this as just a function of p.)

Having arrived at this regulated expression for the self-energy we need to “impose
a renormalization condition,” i.e. introduce some observable physics in terms of which
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to parametrize our answers. We return to (1.25): the shift in the mass as a result of
this one-loop self-energy is

dm =m—mp = Sa(p =m) + O(e*) = Sa(p = mo) + O(e?)
_ o[y 1(2 — 2)mg In s
=2 ). T x)my

rp? + (1 —2)ymd — z(1 — 2)m?

VvV
=xp?+(1—2)2mg=f (x,mo,u)

1 2 2
A
R 2—2)mo | In— fln 0
27 0 myg f(xam()a/l)
—_—— —
divergent relatively small
o 1 A2 3a A?
~—(2—-= In— = —mgln—. 1.30
2m ( 2) o nmg i nm% (1.30)

In the penultimate step (with the &), we’ve neglected the finite bit (labelled ‘relatively
small’) compared to the logarithmically divergent bit: we’ve already assumed A > all
other scales in the problem.

Mass renormalization. Now the physics input: The mass of the electron is 511
keV (you can ask how we measure it and whether the answer we get depends on the
resolution of the measurement, and indeed there is more to this story; this is a low-
energy answer, for example we could make the electron go in a magnetic field and
measure the radius of curvature of its orbit and set m.v?/r = evB/c), so

Ja, A2
511 keV ~ m, = mg (1 + - m—%) +O(a?). (1.31)

In this equation, the LHS is a measured quantity. In the correction on the RHS o ~ %
is small, but it is multiplied by In % which is arbitrarily large. This means that the
bare mass mg, which is going to absorb the cutoff dependence here, must actually be
really small. (Notice that actually I've lied a little here: the o we've been using is
still the bare charge; we will need to renormalize that one, too, before we are done.) I
emphasize: mg and the other fake, bare parameters in £ depend on A and the order of
perturbation theory to which we are working and other theorist bookkeeping garbage;
m. does not. At each order in perturbation theory, we eliminate mg using (1.31) (with
the RHS computed to the appropriate order), and write our predictions in terms of m..
It is not too surprising that the mass of the electron includes such contributions: it
must be difficult to travel through space if you are constantly emitting and re-absorbing
photons.

Wavefunction renormalization. The actual propagator for the electron, near
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the electron pole is

Sy i pom 12
G (p) =S - p-m

The residue of the pole at the electron mass is no longer equal to one, but rather Z.

+ regular terms. (1.32)

To see what Z actually is at this order in €2, Taylor expand near the pole

Taylor o))
N(p) = Bp=m)+ a_p|”’:m<p m) -

pert th 0% 4
= Xa(p =mo) + 8—p|p=mo(}” —mg) + -+ O(e")

So then (1.32) becomes

GO (p) " = — (1.33)
pom =Gl =m) (p—m) (1- 2, )
So that ) o5
7=t |y =1+06Z
L= 5 lmo op

and at leading nontrivial order

0%, (129) « /1 ( A? 5 —2x(1 — x))
0L = —= =" —1 de | —2ln——-—-+ 2 —-2)Mfj—""-2
Q A? .

Here f = f(x, mg, ) is the same quantity defined in the second line of (1.30). We’ll
see below that the cutoff-dependence in 0 Z plays a crucial role in making the S matrix
(for example for the ey — ep process we've been discussing) cutoff-independent and
finite, when written in terms of physical variables.
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1.5 Big picture interlude

OK, I am having a hard time just pounding away at one-loop QED. Let’s take a break
and think about the self-energy corrections in scalar field theory. Then we will step
back and think about the general structure of short-distance senstivity in (relativistic)
QFT, before returning to the QED vertex correction and vacuum polarization.

1.5.1 Self-energy in ¢* theory

[Zee §II1.3] Let’s return to the ¢* theory in D = 34 1 for a moment. The Mse ss
amplitude is not the only place where the cutoff appears.

Above we added a counterterm of the same form as the ¢* term in the Lagrangian.
Now we will see that we need counterterms for everybody:

1 2 42 gr 4 Oy
E——§(¢D¢+mp¢)—z ]

1 1
4 2
— =0Z¢0¢ — =0,20°.
S0Z2600 = S0n20
(I may sometimes forget to put the subscripts p on the physical quantities below.)

Here is a way in which ¢* theory is weird: At one loop there is no wavefunction
renormalization. That is,

g? i A i

k
<~ <

which is certainly quadratically divergent, but totally independent of the external mo-
mentum. This means that when we Taylor expand in & (as we just did in (1.33)), this
diagram only contributes to the mass renormalization. Demanding that the pole in the
propagator occurs at p? = m?, we must set 6,,2 = —0%.

So let’s see what happens if we keep going:

f
(—ig)”
6%, (k) = :_-:@?“_ =" /d4p/d4qiDO(p)iD0(q)iDo(k—p—q) = I(k*, m,\).
~ '
q
Here iDy(p) = m is the free propagator (the factor of i is for later convenience),

and we've defined I by this expression. The fact that I depends only on £? is a
consequence of Lorentz invariance. Counting powers of the loop momenta, the short-
distance bit of this integral is of the schematic form [ A d;—f ~ A% also quadratically

divergent, but this time k?-dependent, so there will be a nonzero 67 o ¢g?. As we just
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did for the electron self-energy, we should Taylor expand in k. (We’ll learn more about
why and when the answer is analytic in k% at & = 0 later.) The series expansion in k?
(let’s do it about k% = 0 ~ m? to look at the UV behavior) is

0% (k%) = Ag + K2A; + K Ay + - -

where Ay = I(k* = 0) ~ A% In contrast, dimensional analysis says A; = 5251[j2_o ~

J d;—f ~ A" ~ InA has two fewer powers of the cutoff. After that it’s clear sailing:

Ay = (%)2 I|g2—g ~ fA ‘Ilj—fg ~ A~2 is finite as we remove the cutoff, and so are all the

later coefficients.

If instead the physical pole were at a nonzero value of the mass, we should Taylor
expand about k% = m% instead®:

D (k) = Dy (k) ~5(k) = K2—m3— (65 (m3) + Ao) — (K —mb) Ay~ (K —m3)* Ay -

=a~A2
(1.35)
where now 4, = 14 (5%)" S5 (k?)] k2=m2- The --- here includes both higher orders in g

(O(g*)) and higher powers of k?, i.e. higher derivative terms.
Therefore, the propagator is

! =2
C-A)R-—md) T

D(k) =

ith
wi 1

L =—"
1— Ay

myp=m’+a
where a was defined in (1.35).

Some points to notice: ® 6Z = A;. (The higher-order bits we have no right to keep,
since they are the same order as the 3-loop correction.)

e The contributions A,>»(k*)" can be reproduced by counterterms of the form
A,¢0"¢. Had they been cutoff dependent we would have needed to add such (cutoff-
dependent) counterterms.

e The mass-squared of the scalar field in D = 3+ 1 is quadratically divergent, while
the mass of the spinor was only log divergent. This UV sensitivity of scalar fields is
ubiquitous’ (see the homework) and is the source of many headaches.

8 Actually there is another diagram at two loops, namely 8 Like the one-loop diagram, this
does not depend on the external momentum, and so just renormalizes the mass. It should be included
in Ao.

9At least for most regulators. We’ll see that dim reg is special.
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e On the term ‘wavefunction renormalization’: who is ¢7 Also just a theorist’s
letter. Sometimes (in condensed matter) it is defined by some relation to observation
(like the height of a wave in a mattress), in high energy theory not so much. Classically,
we fixed its (multiplicative) normalization by setting the coefficient of ¢0¢ to one. If
we want to restore that convention after renormalization, we can make a redefinition of
the field ¢pp = Z~'/2¢. This is the origin of the term ‘wavefunction renormalization’.
A slightly better name would be ‘field renormalization’, but even better would be just
‘kinetic term renormalization’.

Renormalized perturbation theory revisited. The full story for the renormal-
ized perturbation expansion in ¢* theory is then

_1 o 1 9 5 gp 4
£—§(8¢) —§mp¢ _Igb +£ct

with ) ) 5
o 2 - 242 Y9 4

Here are the instructions for using it: The Feynman rules are as before: the coupling

i
= —i = 1.
>< e, k? —m3 + ie (1.36)

but the terms in L. (the counterterms) are treated as new vertices, and treated per-

and propagator are

turbatively:
>X< = —i),, —®—— = —i(6Zk*+Im?).

All integrals are regulated, in the same way (whatever it is). The counterterm couplings
84,02Z,0m? are determined iteratively, as follows: given the dy_1s up to O(g¥), we fix
each one § = 6y + gNAdx + O(gp 1) by demanding that (1.36) are actually true up
to O(gh ™). This pushes the cutoff dependence back into the muck a bit further.

I say this is the full story, but wait: we didn’t try to compute amplitudes with more
than four ¢s (such as 3 <— 3 scattering of ¢ quanta). How do we know those don’t
require new counterterms (like a ¢° term, for example)? [End of Lecture 4]

1.5.2 Where is the UV sensitivity?

[still Zee §I11.3, Peskin ch. 10. We'll follow Zee’s discussion pretty closely for a bit.]
Given some process in a relativistic, perturbative QFT, how do we know if it will
depend on the cutoff? We’d like to be able answer this question for a theory with
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scalars, spinors, vectors. Here’s how: First, look at each diagram A (order by order in
the loop expansion). Define the ‘superficial” degree of divergence of A to be

D.A = [A|all coupling constants = 1]7 (137>

its engineering dimension, ignoring the contributions from coupling constants. In the
limit that A > all other scales, we must then have A ~ AP4 (in the absence of
cancellations). A log divergent amplitude has D 4 = 0 (sometimes it’s called D4 = 07).

Let’s start simple, and study the ¢* theory in D = 4. Consider a connected diagram
A with Bg external scalar lines. I claim that Dy = 4 — Bg.

Why doesn’t it (explicitly) depend on any other data of the diagram, such as

B; = # of internal scalar lines (i.e., propagators)

V = # of ¢* vertices

L = # of loops
? We can understand this better using two facts of graph theory and some By =8
power counting. I recommend checking my claims below with an example, Bp =4
such as the one at right. V=5
L=4

Graph theory fact #1: These quantities are not all independent. For a connected
graph,
L=Br—(V-1). (1.38)

Proof!'’: Imagine placing the vertices on the page and adding the propagators one at a
time. You need V — 1 internal lines just to connect up all V' vertices. After that, each
internal line you add necessarily adds one more loop. ]

Another way to think about this fact makes clear that L = # of loops = # of
momentum integrals. Before imposing momentum conservation at the vertices, each
internal line has a momentum which we must integrate: Hfi . dPq.. We then stick a
§P)(S” q) for each vertex, but one of these gives the overall momentum conservation

§P)(kr), so we have V — 1 fewer momentum integrals. For the example above, (1.38)
says 4 =8 — (5 —1).

Graph theory fact #2: Each external line comes out of one vertex. Each internal
line connects two vertices. Altogether, the number of ends of lines sticking out of
vertices is

Br +2B; =4V

10T Jearned this one from my class-mate M.B. Schulz.
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where the RHS comes from noting that each vertex has four lines coming out of it (in
¢* theory). In the example, this is 4 +2-8 = 4-5. So we can eliminate

B; =2V — Bg/2. (1.39)

Now we count powers of momenta:

A L A By 1
everyone

are g [ T

kQ

a=1 a=1 <

Since we are about to apply the definition of the superficial degree of divergence, we
ignore the factors from coupling constants. Since we are interested in the UV structure,
I've set the mass to zero, as well as all the external momenta. The only scale left in
the problem is the cutoff, so the dimensions of A must be made up by the cutoff:

Di=[A] = DL-2B,
"2 B(D-2) - DV 1)
3¢ 2-D
2 py Bp+ V(D —4).

If weset D=341=4, we get Dq =4 — Bpg, as claimed. Notice that with B = 2
we indeed reproduce D4 = 2, the quadratic divergence in the mass renormalization,
and with By = 4 we get D4 = 0, the log divergence in the 2 < 2 scattering. This
pattern continues: with more than four external legs, D4 = 4 — Br < 0, which means
the cutoff dependence must go away when A — 0. This is illustrated by the following

L-rieer

So indeed we don’t need more counterterms for higher-point interactions in this theory.

diagram with Bg = 6:

Why is the answer independent of V' in D = 47 This has the dramatic consequence

that once we fix up the cutoff dependence in the one-loop diagrams, the higher orders

have to work out, i.e. it strongly suggests that the theory is renormalizable. '!

UWhy isn’t it a proof of renormalizability? Consider the following integral:

I A d4p Ad4k
- (pz 4 m2)5 :

According to our method of counting, we would say Dz =4+ 4 — 10 = —2 and declare this finite and
cutoff-independent. On the other hand, it certainly does depend on the physics at the cutoff, since
has a finite part ~ m 6. (I bet it is possible to come up with more pathological examples.) The rest
of the work involving ‘nested divergences’ and forests is in showing that the extra structure in the
problem prevents things like Z from being Feynman amplitudes.
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Before we answer this, let’s explore the pattern a bit more. Suppose we include
also a fermion field ¢ in our field theory, and suppose we couple it to our scalar by a
Yukawa interaction:

Stare 9] = / d° (%¢ (B +mg) &+ ¢ (=@ +my) ¥ +youyp + %¢4) .

To find the degree of divergence in an amplitude in this model, we have to independently
keep track of the number fermion lines Fg, F7, since a fermion propagator has dimension
[%ﬁ] = —1, so that D4 = [A] = DL — 2B; — F;. The number of ends-of-fermion-lines
is 2V, = Fg + 2F; and the number of ends-of-boson-lines is V,, 4+ 4V, = Bg + 2B;.
The number of loops is L = B; + F; — (V,, + V, — 1). Putting these together (I used
Mathematica) we get

Dy=D+(D—4) (Vng%V;,)JrBE (¥>+FE (%) (1.40)

Again in D = 4 the answer is independent of the number of vertices! Is there something
special about four spacetime dimensions?

To temper your enthusiasm, consider adding a four-fermion interaction: G(v1))(2))
(or maybe Gy (") (¥y,b) or Ga(vy"y5¥)(¢y,y°) or any other pile of gamma
matrices in between, with the indices contracted). When you redo this calculation on
the homework, you'll find that in D = 4 a diagram (for simplicity, one with no ¢* or
Yukawa interactions) has

Dy=4-— (1)BE — (;) Fp + 2V,

where Vg is the number of insertions of the 4-fermion term. This dependence on the
number of four-fermi vertices means that there are worse and worse divergences as
we look at higher-order corrections to a given process. Even worse, it means that for
any number of external lines Fr no matter how big, there is a large enough order in
perturbation theory in G where the cutoff will appear! This means we need 6, ()"
counterterms for every n, which we’ll need to fix with physical input. This is a bit
unappetizing, and such an interaction is called “non-renormalizable”. However, when
we remember that we only need to make predictions to a given precision (so that we
only need to go to a finite order in this process) we will see that such theories are
nevertheless quite useful.

So why were those other examples independent of V7 It’s because the couplings
were dimensionless. Those theories were classically scale invariant (except for the mass
terms).
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1.5.3 Naive scale invariance in field theory

[Halpern| Consider a field theory of a scalar field ¢ in D spacetime dimensions, with
an action of the form

ste = [ av (%ama% - gaf)

for some constants p, g. Which value of p makes this scale invariant? (That is: when
is g dimensionless, and hence possibly the coupling for a renormalizable interaction.)

Naive mass dimensions:
[S]=1[a =0, [z]=-1, [d°z]=-D, [0]=1
The kinetic term tells us the engineering dimensions of ¢:
0 = [Skinetic] = =D +2+2[¢] = [¢p] = ——.

Notice that the D = 1 case agrees with our quantum mechanics counting from §1.1.
Quantum field theory in D = 1 spacetime dimensions is quantum mechanics.

Then the self-interaction term has dimensions

2—-D

0= [Sinteraction] =-D + [g] +p[¢] - [g] =D _p[¢] =D +p

We expect scale invariance when [g] = 0 which happens when

.
b
e
IS
>
®
3
O

D | 1] 2 [3]4] 5 |6]..] D |oo]
[¢] —3 1 0 |3]1]32|2]|..|52
scale-inv't p=pp || =2 | cox | 6 | 4 | 10/3 5—?2 2

* What is happening in D = 27 The field is dimensionless, and so any power of
¢ is naively scale invariant, as are more complicated interactions like g;;(¢)9,¢'0 ¢,
where the coupling ¢g(¢) is a function of ¢. This allows for scale-invariant non-linear
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sigma models, where the fields are coordinates on a curved manifold with metric ds? =
gijdgbidgzﬁj .
In dimensions where we get fractional powers, this isn’t so nice.

Notice that the mass term AS = [ d” me2¢2 gives

0=—-D+2[m|+2[¢] = [m]=1VD<x

— it’s a mass, yay.

What are the consequences of this engineering-dimensions calculation in QFT? For
D > 2, an interaction of the form g¢P has

< 0 when p > pp, non-renormalizable or irrelevant
PD—P
Pp

=0 when p = pp, renormalizable or marginal (1.41)

lg] =D

> (0 when p < pp, super-renormalizable or relevant.

Consider the ‘non-renormalizable’ case. Suppose we calculate in QFT some quantity
f (say a scattering amplitude) with [f] as its naive dimension, in perturbation theory
in g, e.g. by Feynman diagrams. We'll get:

f - Z gncn
n=0
with ¢, independent of g. So

[fl=mnlgl +lea] = lea] = [f] = nlg]

So if [g] < 0, ¢, must have more and more powers of some mass (inverse length) as
n increases. What dimensionful quantity makes up the difference? Sometimes it is
masses or external momenta. But generically, it gets made up by UV divergences (if
everything is infinite, dimensional analysis can fail, nothing is real, I am the walrus).
More usefully, in a meaningful theory with a UV cutoff, Ayy, the dimensions get
made up by the UV cutoff, which has [Ayy| = 1. Generically (i.e. in the absence of

)—n[gl

cancellations): ¢, = é&, (Ayy , where ¢, is dimensionless, and n[g] < 0 — it’s higher

and higher powers of the cutoff.

Consider the renormalizable (classically scale invariant) case: [¢,| = [f], since [¢g] =
0. But in fact, what you'll get is something like

A
Cn = Cnlog”™ (%) :
IR

where A;p is an infrared cutoff or a mass or external momentum, [A;g] = 1. Some
classically scale invariant examples (so that m = 0 and the bare propagator is 1/k?)
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where you can see that we get logs from loop amplitudes:

. /o (AL . - JULRY
¢4 in D =4: >‘__.‘\ ~ | 4 L) e (bﬁ inD=3: _!‘{____:;,L\.:m Jr‘t‘-k :'i l’—;} '
| %

¢®in D = 6: |\. J In D = 2, even the propagator for a massless

scalar field has logs:

—ikx
0100 = [ ~10g 7L

The terms involving ‘renormalizable’ in (1.41) are somewhat old-fashioned and come
from a high-energy physics point of view where the short-distance physics is unknown,
and we want to get as far as we can in that direction with our limited knowledge (in
which case the condition ‘renormalizability’ lets us get away with this indefinitely —
it lets us imagine we know everything). The latter terms are natural in the opposite
situation (like condensed matter physics) where we know some basically correct micro-
scopic description but want to know what happens at low energies. Then an operator
like ﬁqﬁs whose coefficient is suppressed by some large mass scale M is irrelevant
for physics at energies far below that scale. Inversely, an operator like m?¢? gives a
mass to the ¢ particles, and matters very much (is relevant) at energies E < m. In the
marginal case, the quantum corrections have a chance to make a big difference.

[End of Lecture 5]

1.6 Vertex correction in QED and soft photons
[Peskin chapter 6, Schwartz chapter 17, Zee chapter I11.6] Back to work on QED. The

vertex correction X&K has some great physics payoffs:

e We'll cancel the cutoff dependence we found in the S matrix from 67.

e We'll compute g — 2 (the anomalous magnetic moment) of the electron, the locus
of some of the most precise agreement between theory and experiment. (Actually
the agreement is so good that it’s used as the definition of the fine structure
constant. But a similar calculation gives the leading anomalous magnetic moment
of the muon.)

o We'll see that the exclusive differential cross section (j—" that we’ve been

)em—eu
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considering is not really an observable. Actually it is infinity!'? The key word
here is ‘exclusive,” which means that we demand that the final state is exactly one
electron and one muon and absolutely nothing else. Think for a moment about
how you might do that measurement.

This is an example of an IR divergence. While UV divergences mean we're
overstepping our bounds (by taking too seriously our Lagrangian parameters or
our knowledge of short distances), IR divergences mean we are asking the wrong
question.

To get started, consider the following class of diagrams.

=iM = ie? (a(p)T"(p, p)u(p)) — u(K')yu(K) (1.42)

The shaded blob is the vertex function I'. The role of the light blue factors is just to
make and propagate the photon that hits our electron; let’s forget about them. Denote
the photon momentum by ¢ = p’ — p. We’ll assume that the electron momenta p, p’
are on-shell, but ¢ is not, as in the eu scattering process. Then ¢? = 2m? — 2p’ - p.

Before calculating the leading correction to the vertex I'* = y* + O(e?), let’s think
about what the answer can be. It is a vector made from p*, (p/)*,v* and m,e and
numbers. It can’t have any 7° or e¢#“?? by parity symmetry of QED. So on general
grounds we can organize it as

T(p,p") = AY* + B(p+ )"+ Clp—p')* (1.43)

where A, B,C are Lorentz-invariant functions of p* = (p')> = m?, p-p/, p,§f. But, for
example, py*u(p) = (my* — p*)u(p) which just mixes up the terms; really A, B, C are
just functions of the momentum transfer ¢?. Gauge invariance, in the form of the Ward
identity, says that contracting the photon line with the photon momentum should give
Zero:

. S

u(p) | A q +B(p+p) - (p—p)+Cq | ulp)
~—

o N— =m2—m?2=0
:I/'—]ﬂ ") (P)m_m:()

12More accurately, the exclusive cross section is zero; the one-loop correction is minus infinity, which
is perturbation theory’s clumsy attempt to correct the finite tree level answer to make it zero.
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Therefore 0 = Cq*u(p)u(p) for general ¢* and general spinors, so C' = 0. This is the
moment for the Gordon identity to shine:

“ ‘w3 e
u(p’)y" u(p) = u(p’) (p ;mp + IUqu”) u(p)

(where o = i[y#,4"]) can be used to eliminate the p+p’ term'®. The Gordon identity
shows that the QED interaction vertex u(p’)y*u(p)A, contains a magnetic moment bit
in addition to the p + p’ term (which is there for a charged scalar field).

It is then convenient (and conventional) to parametrize the vertex in terms of the
two form factors I} o:

io"q,

% By (g?). (1.44)

I (p,p') = ¥ Fi(¢°) +

This little monstrosity has the complete information about the coupling of the electron
to the electromagnetic field, such as for example a background electromagnetic field.
It is a parametrization of the matrix elements of the current between two one-electron
states, incorporating the fact of gauge invariance.

The first term at zero momentum eF;(¢* = 0) is the electric charge of the electron
(if you don’t believe it, use the vertex (1.44) to calculate the Coulomb field of the
electron; there are some details on page 186 of Peskin). Since the tree-level bit of
Fy is 1, if by the letter e here we mean the actual charge, then we’'d better include
counterterms (Lq > 957" A1) to make sure it isn’t corrected: F;(0) = 1.

The magnetic moment of the electron is the coefficient 7 of V(q) = —fi - B(q) +
. in the non-relativistic effective potential. Comparing the non-relativistic limit of
w(p)Tu(p)Ai(q) = —ji- B(q) + ..., shows that (see Peskin p. 187)

where S = ngf is the electron spin. Comparing with the vertex function, this says
that the g factor is

g =2(F1(0) + F»(0)) =2+ 2F5(0) = 2+ O(«).

We see that the anomalous magnetic moment of the electron is 2Fy(g* = 0).

1B Actually this is why we didn’t include a ¥ term. You could ask: what about a term like
otV (p+p’)¥? Well, there’s another Gordon identity that relates that to things we’ve already included:

U0 (p1 + p2)"ur = it (qu — (M1 — ma)yu) us.

It is proved the same way: just use the Dirac equation plul = mlul,ﬂgp2 = u9mo and the Clifford
algebra. We are interested here in the case where m; = mso.
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Now that we have some expectation about the form of the answer, and some ideas
about what it’s for, we sketch the evaluation of the one-loop QED vertex correction:

=—(e)’ /d4k u(p)y (f,)+_me ’Y“litﬂ::2’y”U(P)'@_lj)+W

with &' =k +q.

Step (1) Feynman parameters again. The one we showed before can be rewritten
more symmetrically as:

! e [y s H—r
E—/O ZL’/O ) (I+y_ )(fL‘A—f—yB)2 _l +!F=1

—* X

Now how can you resist the generalization'

1 1 1 1 9
— = d d dz o —1
ABC /0 x/o y/o 2oztytz )(xA+yB+zC’)3

14Peskin outlines a proof by induction of the whole family of such identities on page 190. But here’s
a simpler proof using Schwinger parameters. You’ll agree that

1 o0 —sA
— = sa 1.4
1 /0 ds e (1.45)

Applying this identity to each factor gives

1 o o S
_— = dsq - / dSn e~ 2ui=1Sidi
A Ay A, /0 1 o

Now use scaling to set 7=>""" , s;, and z; = s;/7. Then

1 > o[ -
s d,}_,}_nfl / dx15 x;—1 e T > a:iAi.
= M o ()

Now do the integral over 7, using fooo drr"le ™ = % (differentiate (1.45) wrt A), to arrive at

e I R

i=1
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So, set A= (k')> —=m2, B=k* —m?2,C = (p— k)* —m? (with the appropriate ies), so
that the integral we have to do is

dtkNH
/(k2+k‘-(---)+---)3'

Step (2) Complete the square, £ = k — zp + xq to get [

(‘gf—]f)?, where

A = —zyg® + (1 — 2)°m? + zm2. (1.46)

The ¢-dependence in the numerator is either 1 or £# or /#¢”. In the integral over ¢, the
second averages to zero, and the third averages to 77“”62%. As a result, the momentum
integrals we need are just

/ are / are
(&2 = A) (&2 —A)
Right now we only need D = 4 and m = 3, but it turns out to be quite useful to think
about them all at once. Like in our discussion of the electron self-energy diagram, we

can evaluate them by Wick rotating (which changes the denominator to ¢4 + A) and
going to polar coordinates. This gives:

[@ar =  a rw (5) A

a’c e waD i T(m=L 1)1\
/(fz_A)m:(—l) 2 (4m)D/? T(m) <Z) : (1.48)

Notice that these integrals are not equal to infinity when the parameter D is not an

ol

integer. This is the idea behind dimensional reqularization.

Step (0) But for now let’s persist in using the Pauli Villars regulator. (I call this
step (0) instead of (3) because it should have been there all along.) Here this means we
subtract from the amplitude the same quantity with m% replaced by A2. The dangerous
bit comes from the ¢? term we just mentioned, since m — D/2 —1=3-4/2—-1=0
means logs.

The numerator is

N* = a(p')y” (K+ ¢ +me) v (F+me) yu(p)

= =2 (Aua(p' )y"u(p) + Bu(p')o" qu(p) + Cu(p')q"u(p)) (1.49)
where
A= —%EQ +(1—2)(1—y)g®+ (1 -4z +2H)m?



B =imz(1—z)

C=m(z—2)(y—x). (1.50)
The blood of many men was spilled to arrive at these simple expressions (actually
most of the algebra is done explicitly on page 319 of Schwartz). Now you say: but you
promised there would be no term like C because of the Ward identity. Indeed I did

and indeed there isn’t, because C is odd in x <> y while everything else is even, so this
term integrates to zero.

The first term (with A) is a correction to the charge of the electron and will be UV
divergent. More explicitly, we get, using Pauli-Villars,

2 7? i Ap
/d% <(€2—Am7)3 - (EQ_AA>3> = (an)? In Amv'

The other bits are finite, and we ignore the terms that go like negative powers of A.

More on this cutoff dependence soon. But first something wonderful:

1.6.1 Anomalous magnetic moment

The second term B contains the anomalous magnetic moment:

2
Fz(q2):—m~(the term with B )
e
2m ae
= "—4e” . -/ddd5++—1 1- /—
e’ -m xdydzé(x +y+ 2z —1)z(1 — 2) N
—
RETIY

2(1—2)
(1= 2)*m? — zyq®

= ng/dxdydzé(x—ky—i—z— 1) (1.51)
7r

The correction to the magnetic moment is the long-wavelength bit of this:

1 1-z
a 2 a
F2:O=—2/d/ dy—" =
24 ) T 0 : 0 y(l—z)m2 2

g=2+2+0(3).
™

A rare opportunity for me to plug in numbers: g = 2.00232.

1.6.2 IR divergences mean wrong questions.

There is a term in the numerator from the A~* bit

ae 1
@5
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(with ¢ = —g5 again), but without the factor of z(1 — z) we had in the magnetic
moment calculation. It looks like we’ve gotten away without having to introduce a UV
regulator here, too (so far). But now look at what happens when we try to do the

Feynman parameter integrals. For example, at ¢*> = 0, we get (if we had set m., = 0)

m?(1 — 4z + 2%) —2+21 2)+ (1 —2)?
/dxdydz5($+y+z—1) A =m? dz 1=

/dz< — )—I—ﬁmte (1.52)

which diverges at the upper limit of integration. In fact it’s divergent even when ¢* # 0.
This is a place where we actually need to include the photon mass, m., for our own
safety. The fact that restoring m., # 0 in (1.46) regulates this divergence is one way to
see that it is indeed an IR divergence.

The (IR singular bit of the) vertex (to O(«)) is of the form

2

[H = (1 _ gfm((f) In (—_q2)> + stuff which is finite as m., — 0. (1.53)
2 mey

Notice that the IR divergent stuff depends on the electron momenta p, p’ only through
¢, the momentum of the photon. So it looks like we are led to conclude

do do 9 —q? 9
(d_Q) pes—pe - (d_Q)Mott <1 - %fIR(q )ln (m_(’;)> " O (a )

which blows up when we remove the fake photon mass m., — 0. Notice that for ¢-
channel exchange, —¢* > 0, so the argument of the log is positive, the cross-section is
real. But notice that the one-loop correction is not only infinite, but negative infinity,
which simply cannot happen from the definition of the cross section. This is perturba-
tion theory’s way of telling us that the answer is 1 — - 0o+ O(a?) ~ 0 — the putatively
small corrections from radiative effects are actually trying to make the answer zero.

[Schwartz §20.1] I wanted to just quote the above result for (1.53) but I lost my
nerve, so here is a bit more detail leading to it. The IR dangerous bit comes from the
second term in 4 above. That is,

F(¢*) =14 f(¢*) + 0. + O(a?)

A F(1—2)(1—y)+m2(1l—4z+ z2))
82 '

1
2\ €
f(q ) — 3 /0 dl’dydzé(x—l—y—kz 1) <1 A + .
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d. here is a counterterm coefficient for the U~*A, ¥ vertex.

We can be more explicit if we consider —¢® > m? so that we can ignore the electron
mass everywhere. Then we would choose the counterterm 6, so that

. 21 A2
1=F(0) = 6= —f(0) "4 - "=

872 2 m%

And the form of f(¢?) is

2 2 2
5 e (1-—z—yA ¢*(1 —z)(1 —y)
USRI 82 wdydzd(z +y+2=1) ‘n VA _ —ry@?+ (1 -z —yym?
9 5 ) IR finite
Fi@)|meo =1 - —— (2 =L 4 310 —L ) 4 finite.
1672 m% m?Y

In doing the integrals, we had to remember the ie in the propagators, which can be
reproduced by the replacement ¢ — ¢?+ie. This In?(¢?/ my) is called a Sudakov double
logarithm. Notice that taking differences of these at different ¢ will not make it finite.

Diversity and inclusion to the rescue. Before you throw up your hands in
despair, I would like to bring to your attention another consequence of the massless-
ness of the photon: It means real (as opposed to virtual) photons can be made with
arbitrarily low energy. But a detector has a minimum triggering energy: the detector
works by particles doing some physical something to stuff in the detector, and it has
a finite energy resolution — it takes a finite amount of energy FE. for those particles
to do the stuff. This means that a process with exactly one e and one p in the final

state J:\ cannot be distinguished from a process ending in ey plus a photon of

arbitrarily small energy, such as would result from ﬁ (final-state radiation)

or j; (initial-state radiation). This ambiguity is present for any process with

external charged particles.

[End of Lecture 6]
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Being more inclusive, then, we cannot distinguish amplitudes of the form

u(p ) Mo(p', p)u(p) = —i :
Fy B\

from more inclusive amplitudes like

= WP g Mo P)ulp) € (k) + a(p' ) Mo (', p) g v u(p) €, (K) -

Now, by assumption the extra outgoing photon is real (k?=0) and it is soft, in the sense
that k° < E,, the detector cutoff. Notice that this condition is not Lorentz invariant,
but depends on a choice of frame. If we boost a soft photon to a frame at .99999c,
it is no longer soft. But the experiment we are trying to describe is also not Lorentz
invariant: the condition k° < E, is imposed in the rest frame of the detector.

Because the photon is soft, ¥ < E., we can approximate the numerator of the
second term as

(B — F +me) v u(p) = (p +me) v ulp) "= (

2p" + A (—p + me))u(p) = 2p"u(p).

N

-

=0
In the denominator we have e.g. (p — k) —m? =p?> —m2 —2p -k + k? ~ —2p - k since
the electron is on shell p? = m? and so is the photon k* = 0. Therefore

/ *

M (ep + one soft v < eu) = eu(p ) Mo(p', p)u(p) ( pc pc i ) (1.54)

p’-k+i6_p~k—16

This is bremsstrahlung. Before we continue this calculation to find the inclusive
amplitude that a real detector actually measures, let’s pause to relate the previous
expression to some physics we know. Where have we seen this kind of expression

p" " 1-
S o . .—]u(/f)
p-k+ie p-k—ie e

before? Notice that the ie are different because one comes from final state and one
from initial. Well, this object is the Fourier transform j*(k) = [ d*x et j#(x) of the
current
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associated with a particle which executes a piecewise linear motion

p—MT, T<0
yH(1) = {”7 )

©
Lz 7>0
m

This is a good approximation to the motion a free particle which experiences a sudden
acceleration; sudden means that the duration of the pulse is short compared to w™!
for any frequency we're going to measure. The electromagnetic radiation that such

an accelerating charge produces is given classically by Maxwell’s equation: A“(k) =
— 5" (k).

I claim further that the factor 2 fir(¢*) = ¢1n <_m—‘122) (which entered our lives in
(1.53)) arises classically as the number of soft photons produced by such a process in
each decade of wavenumber. You can figure this out by plugging fl“(k) = —k—lzi“(k)
into the electromagnetic energy 1 [ d®z (E? + B?) = [d®khwyny. (Note that the in-

tegral over k here actually diverges; this is an artifact of the approximation that the
momentum change is instantaneous.) See Peskin §6.1 for help.

The cross section for ep to go to ep plus a single soft photon is then

<d_O_>E’y<Ec :(d_g) 62 /Ecd3kf p-e*_p/.e* ZEkN|E|/ﬂ:OO (155)
df} e Ysoft e A2/ ot o 2E, |p-k Pk o k3

~ phase space

This is another IR divergence. (One divergence is bad news, but two is an opportunity
for hope.) Just like we must stick to our UV regulators like religious zealots, we must
cleave tightly to the consistency of our IR regulators: we need to put back the photon

Ek:\/E2+m?y

which means that the lower limit of the % integral gets cut off at m.:

/Ec ﬁ _ (/m»Y +/Ec> dk My ﬁ +/Ec %
E, o S mL2 m .k
0 k 0 W my 0 Y ~

mass:

=1 In £c
mey
15Check it:
. dy* s o ,HiL/iET 0 Mok =
/d%j“(x)e“kx = e/dTiy ) eF(m) = e/ drE - () +e/ dr (=i — Gy,
dT 0 m — 00 m

Notice that the ie are convergence factors in the Fourier transforms.
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Being careful about the factors, the actual cross section measured by a detector with
energy resolution E, is'®

do ) observed ( do ) ( do ) Ey<E.
- =09 + 50 +0(a”)
( d2 dg2 eps—pe a2 HeVsoft e

do Q —q? « E?
_ e 1__ 2 l 1 - 2 1 c
(dQ)Mott WfIR(q )In (m,ﬂ) " WfIR(q )in (m’Y2)

Vv Vv
vertex correction soft photons

()., (1 S ()

The thing we can actually measure is independent of the IR regulator photon mass m.,

and finite when we remove it. On the other hand, it depends on the detector resolution.
Like in the plot of some kind of Disney movie, an apparently-minor character whom
you may have been tempted to disregard as an ugly detail has saved the day.

I didn’t show explicitly that the coefficient of the log is the same function frr(q?).
In fact this function is f;r(¢?) = log(—q¢®/m?), so the product frrlng® ~ In®¢? is
the Sudakov double logarithm. A benefit of the calculation that shows that the same
frr appears in both places (Peskin chapter 6.5) is that it also shows that this pattern
persists at higher order in a: there is a In*(¢?/ m.?) dependence in the two-loop vertex
correction, and a matching —In*(E?/m,?) term in the amplitude to emit two soft
photons. There is a % from Bose statistics of these photons. The result exponentiates,

and we get
o= S /m?) & FI0(E ) _ =2 fin(~?/E2)

You may be bothered that I've made all this discussion about the corrections from
the electron line, but said nothing about the muon line. But the theory should make
sense even if the electron and muon charges @., ),, were different, so the calculation
should make sense term-by-term in an expansion in @),,.

Some relevant names for future reference: The name for the guarantee that this
always works in QED is the Bloch-Nordsieck theorem. Closely-related but more serious
issues arise in QCD, the theory of quarks and gluons; this is the beginning of the story
of jets (a jet is some IR-cutoff dependent notion of a QCD-charged particle plus the
cloud of stuff it carries with it) and parton distribution functions.

I6Notice that we add the cross-sections, not the amplitudes, for these processes with different final
states. Here’s why: even though we don’t measure the existence of the photon, something does: it
gets absorbed by some part of the apparatus or the rest of the world and therefore becomes entangled
with some of its degrees of freedom; when we fail to distinguish between those states, we trace over
them, and this erases the interference terms we would get if we summed the amplitudes.
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Sketch of exponentiation of soft photons. [Peskin §6.5] In the following we
will just keep track of the bits that diverge when m, — 0. Consider a diagram with n
soft external photons with momenta {k,}?_,, summed over ways of distributing them
on an initial and final electron line:

Z = u(p")iMou(p) H < p He pp.“;a> e = Ay

ny=0 a=1 p k

Here the two terms in each factor is just as in (1.54), one term from initial and one from
final-state emission; expanding the product gives the sum over ny = n —n;, the number
coming from the final-state line. From this expression, we can make a diagram with a
soft-photon loop by picking an initial line o and a final line 3, setting k, = —ksg = £,
erasing their polarization vectors, tying them together with a photon propagator and

/ P !’ g
_ b o— d4k lnpa p o p p o b
= An-z / k2—m2 \p'-k p-k -k —p-k

(1.56)
The factor of % accounts for the symmetry under exchange of o <+ 3. The last two

summing over k:

factors are the approximate electron propagators attached to the new internal photon
line. For the case of n = 2, this is the whole story, and this is

07’ R

f soft part
(where here ‘soft part’ means the part which is singular in m.,) from which we conclude
that

_ 2
X = _gfIR<q2) 111 <%) + ﬁnite.
m

2m
ol
The integral is the same as the one in (1.55) (and it is done in Peskin, page 201).
Taking the most IR~divergent bit with m virtual soft photons (order o) for each m

= ij% 1
Mvir ual soft — g = g ___Xm
tual soft — r,/ N — m'
—_————
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where the 1/m! is a symmetry factor from interchanging the virtual soft photons.

Notice that this verifies my claim that the —oo in the one-loop answer is perturbation

m~—0

theory’s way of trying to make the cross-section zero: since X % —00, dOexclusive X
9x My—0
e —

0.

Now consider the case of one real external soft (E € [m., E.]) photon in the final

state. The cross section is

doy, = /dHZe“e*”M“MZ

Y

(1.54)

pols

——
:—’,”ALLV
Pe @k
[l [ 5 e
k
dO'()Y,
o E?
Santain (%),

(This was actually exactly the same integral as in the virtual-photon calculation in
(1.56).)
photons gives

Therefore, the exclusive cross section, including contributions of soft real

i doy, = doy Z %Y" = dogeY.
n=0 n )

Here the n! is because the final state contains n identical bosons.

Putting the two effects together gives the promised cancellation of m. dependence

to all orders in a:

do = doge*®e¥

« — o) E?
= dO’O exXp (—;f[R(q2) In W + ;f[R(QQ) In W)
v

a
= dog exp <—Efm(q2) In

2

q2)

E‘Q

v

This might seem pretty fancy, but unpacking the sum we did, the basic statement

is that the probability of finding n photons with energy in a given (low-energy) range
[E_, E4] is

1 _ «
Pp_py = A" A= ;fIR(QQ)

(n) = (n?) — (n)’

a Poisson distribution. This is just what one finds in a coherent state of the radiation

field.
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1.6.3 Some magic from gauge invariance of QED

We found that the self-energy of the electron gave a wavefunction renormalization
factor

)3 4 a A2 '
a—p\lbzmo +0()=1- Elnﬁ + finite + O(a?).

We care about this because there is a factor of Z, in the LSZ formula for an S-matrix

Z.=1+

element with two external electrons. On the other hand, we found a cutoff-dependent
correction to the vertex ey*Fy(q?) of the form

2

A
D — + finite + O ().
m

Fi®) =1
1(q7) +47T

Combining these together

Sepe-en = (\/7)2(:3;+(X3i>+>

(07 A? 29—/ 4 M o A? io-'uyqu
_(1—Elnﬁ+--->eu(p)(7 1+Elnﬁ+~-~ +a o u(p)

the UV divergence from the vertex cancels the one in the self-energy. Why did this have
to happen? During our discussion of the IR divergences, I mentioned a counterterm .
for the vertex. But how many counterterms do we get here? Is there a point of view
that makes this cancellation obvious? Notice that the --- multiplying the v* term still
contain the vacuum polarization diagram, which is our next subject, and which may
be (is) cutoff dependent. Read on.

1.7 Vacuum polarization

[Zee, T11.7] We've been writing the QED lagrangian as
_ 1. .
L= <$+ icA — m) (s ZFWF‘“’.

I've put tildes on the photon field because of what’s about to happen: Suppose we
rescale the definition of the photon field eA, = A,, ek, = F,,. Then the coupling e
moves to the photon kinetic term:
_ . 1 5
£=¢(a+1A—m)¢—@FﬂyF“ .
With this normalization, instead of measuring the coupling between electrons and
photons, the coupling constant e measures the difficulty a photon has propagating

through space:
2

—in,e
<AuAu> ~ qIQ :
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None of the physics is different, since each internal photon line still has two ends on a
A vertex.

But from this point of view it is clear that the magic of the previous subsection is
a consequence of gauge invariance, here’s why: the demand of gauge invariance relates
the coefficients of the Y@ and 1A terms'”. Therefore, any counterterm we need for
the 1)@ term (which comes from the electron self-energy correction and is traditionally
called §Z,) must be the same as the counterterm for the 1) A¢ term (which comes from
the vertex correction and is called 67;). No magic, just gauge invariance.

A further virtue of this reshuffling of the factors of e (emphasized by Zee on page
205) arises when we couple more than one species of charged particle to the electromag-
netic field, e.g. electrons and muons or, more numerously, protons: once we recognize
that charge renormalization is a property of the photon itself, it makes clear that quan-
tum corrections cannot mess with the ratio of the charges. A deviation from —1 of
the ratio of the charges of electron and proton as a result of interactions might seem
plausible given what a mess the proton is, and would be a big deal for atoms. Gauge
invariance forbids it.

Just as we defined the electron self-energy (amputated 2-point function) as =
—iX(p) (with two spinor indices implied), we define the photon self-energy as

L, () = ~~lBI™" = oD 1 0(eY)

(the diagrams on the RHS are amputated). It is a function of ¢? by Lorentz symmetry.

(The reason for the difference in sign is that the electron propagator is };—;n while the
photon propagator is _ZQ‘”.) Because of Lorentz symmetry, we can parametrize the

answer as
1" (q*) = A(g®)n"™ + B(¢*)q"q".
The Ward identity says
0=qJI"(*) = 0=A¢ +B¢¢" = B=-A/¢.
Let A = IIg? so that

w2\ 2\ 2 [ v q"q”
"(q”) = 1(¢")q” ( m 2 )

_ABV
,AT

"Notice that the gauge transformation of the rescaled A4, is A, — A, +9,\(z), ¥ (x) — @) (x)
so that D,y = (0+ in)u P — eiqADuw where ¢ is the charge of the field (¢ = —1 for the electron).
This is to be contrasted with the transformation of A, — A, — d,\(z)/e.
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This object AL is a projector
AL A =AY, (1.57)

onto modes transverse to ¢g*. Recall that we can take the bare propagator to be
AV
e

without changing any gauge-invariant physics. This is useful because then

q
A%ZAT _iAT 2 —1ATr
= 14+ Ay + I2A, 4 -) = — 27
g W IAr+IRAT+ ) = G )

[End of Lecture 7]

Does the photon get a mass? If the thing I called A above ¢°TI(¢?) qz—_;O Ag # 0

q2 —0

(that is, if TI(¢?) ~ % or worse), then G ‘'~ q2_1A0 does not have a pole at ¢* = 0.
If TI(¢?) is regular at ¢* = 0, then the photon remains massless. In order to get

such a singularity in the photon self energy I1(q?) ~ % we need a process like 011 ~

AN ~~~ _where the intermediate state is a massless boson with propagator
~ %. As T will explain below, this is the Anderson-Higgs mechanism (not the easiest

way to understand it).

The Ward identity played an important role here. Why does it work for the vacuum
polarization?

1 1

pra-mip-m

q“H‘QW(QQ) = ¢~~~ X e2 /d4ptr

But here is an identity:

1 1 _ L 1
pra-mipom pom prgom

Now, if we can redefine the integration variable p — p + ¢ in the second term, the two

(1.59)

terms cancel.

Why do I say ‘if’? If the integral depends on the UV limit, this shift is not innocu-
ous. So we have to address the cutoff dependence.
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In addition to the (lack of) mass renormalization, we’ve figured out the electromag-
netic field strength renormalization. That is, the photon propagator near the pole at
¢* = 0 has the form G (q) ~ Zw% with

1

Z == ——"
T T 1 11(0)

~ 1+ I5(0) + O(e*)

where II, stands for the O(e?) (one-loop) contribution. We need Z, for example for
the S-matrix for processes with external photons, like Compton scattering.

Claim: If we do it right'®, the cutoff dependence looks like!'’:

2
() = -2 | —ZIn A2+ 2D(¢?)
4 3 N——
finite
where A is the UV scale of ignorance. The photon propagator gets corrected to
2 2
q* ¢

and Z, = #(0) blows up logarithmically if we try to remove the cutoff. You see

that the fine structure constant ag = é has acquired the subscript of deprecation: we
can make the photon propagator sensible while removing the cutoff if we are willing to
recognize that the letter ey we've been carrying around is a fiction, and write everything
in terms of e = \/2_760 where % = % is the measured fine structure constant (at low
energy). To this order, then, we write (ignoring the finite terms because we assume

A > everyone)

2 _ 2 @2 2 2
ey =e (1+47T31nA> + O(a”). (1.60)
mo =m~+ Oag) =m + O(a). (1.61)

Since the difference between o and « is higher order (in either), our book-keeping is
unchanged. Inverting the relationship perturbatively, the renormalized charge is

2 of, Q02 2 2
e’ =eg <1 47T3111A + O(« )>

8What I mean here is: if we do it in a way that respects the gauge invariance and hence the
Ward identity. The simple PV regulator we’ve been using does not quite do that. However, an
only slightly more involved implementation, explained in Zee (pages 202-204), does. (More details in
§1.7.1.) Alternatively, we could use dimensional regularization everywhere.

19The factor in front of the In A can be made to look like it does in textbooks using o = %, so that

2
] <2lnA2> — % InA

47 \ 3 T 1272 ’
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—in QED, the quantum fluctuations reduce the charge, as you might expect from the
interpretation of this phenomenon as dielectric screening by virtual ete™ pairs.

In the example of ey < eu scattering, the full one-loop UV cutoff dependence then
looks like

Sepcan = (1= T2 A% + S0 Amg)) €
La(p )[ (1+4—1 A?+ 22 (B+ D)+ O‘;<_§1 Az))+' !

= 2L,a(p) | (1 + X ArBt D)) LA 0 s
K 21 om 2m

where L, is the stuff from the muon line, and A, B, C, D are finite functions of m, ¢*.
In the second step, two things happened: (1) we cancelled the UV divergences from
the Z-factor and from the vertex correction: this had to happen because there was no
possible counterterm. (2) we used (1.60) and (1.61) to write everything in terms of the
measured e, m. This removes the remaining cutoff dependence.

2

Claim: this works for all processes to order a”. For example, Bhabha scattering

gets a contribution of the form

1 2

oceol_—H(O)eo:e .

In order to say what is A4+ B+ D we need to specify more carefully a renormalization
scheme (other combinations of A, B, D can be changed by gauge transformations and
field redefinitions). To do that, I need to give a bit more detail about the integral.

1.7.1 Under the hood

The vacuum-polarization contribution of a fermion of mass m and charge e at one loop

MQW\ /detr ( iey") (% + m) (167”) —i (51 i m) )

k2 —m2 (q+ k)2 —m?

is

The minus sign out front is from the fermion loop. Some boiling, which you can find
in Peskin (page 247) or Zee (§II1.7), reduces this to something manageable. The steps
involved are: (1) a trick to combine the denominators, like the Feynman trick 45 =
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2
fol dx (m) . (2) some Dirac algebra, to turn the numerator into a polynomial
in k,q. As Zee says, our job in this course is not to train to be professional integrators.
The result of this boiling can be written

1 v
{14 (g) = — / aPe / o
o (22— A)

with ¢ = k + xq is a new integration variable, A = m? — z(1 — z)¢?, and the numerator
is

NW 4 = 200" — " 07 — 22(1 — 2)¢"q” + " (m® + 2(1 — x)¢*) + terms linear in ¢

At this point I can illustrate explicitly why we can’t use the euclidean momentum
cutoff in gauge theory. With a euclidean momentum cutoff, the diagram w@m
gives something of the form

STTUYV 2 A4 E%UW 2A2, pv
illy" < e dlg 5 ... e"An

(@ +2)
This is NOT of the form II** = AL’TI(p?) promised by the Ward identity; rather it
produces a correction to the photon mass proportional to the cutoff. What happened?
Our cutoff was not gauge invariant. Oops.?’

Fancier PV regularization. [Zee page 202] We can fix the problem by adding
also heavy Pauli-Villars electron ghosts. Suppose we add a bunch of them with masses
m, and couplings ,/c,e to the photon. Then the vacuum polarization is that of the
electron itself plus

- za:ca /detr ((ie*y“) m (iey") g_im ) ~ /Adzxk, (Zl;% n Zakcjmz n

a

So, if we take Y ¢, = —1 we cancel the A? term, and if we take Y c,m2 = —m?, we

also cancel the In A term. This requires at least two PV electron fields, but so what?
Once we do this, the momentum integral converges, and the Ward identity applies, so
the answer will be of the promised form I1" = ¢*ITAL”. After some more boiling, the
answer 1s 2

m? —z(l —x)¢?

I5(q?) L/d:wt(l—@ In

T om

20Two points: How could we have predicted that the cutoff on euclidean momentum ¢2, < A? would
break gauge invariance? Its violation of the Ward identity here is a proof, but involved some work.
The idea is that the momentum of a charged field shifts under a gauge transformation. Second: it
is possible to construct a gauge invariant regulator with an explicit UV cutoff, using a lattice. The
price, however, is that the gauge field enters only via the link variables U(x, é) = e 5T A where 7 is a
site in the lattice and ¢ is the direction to a neighboring site in the lattice. For more, look up ‘lattice
gauge theory’ in Zee’s index. More on this later.
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where In M? = — %" ¢,Inm?2. This M plays the role of the UV scale of ignorance
thenceforth.

Notice that this is perfectly consistent with our other two one-loop PV calculations:
in those, the extra PV electrons never get a chance to run. At higher loops, we would
have to make sure to be consistent.

Dimensional regularization. A regulator which is more automatically gauge
invariant is dimensional regularization (dim reg). I have already been writing many of
the integrals in D dimensions. One small difference when we are considering this as a
regulator for an integral of fixed dimension is that we don’t want to violate dimensional
analysis, so we should really replace

4—e
/d4gﬁ/d_ ¢
T

where D = 4 — € and [ is an arbitrary mass scale which will appear in the regulated

answers, which we put here to preserve dim’l analysis — 7.e. the couplings in dim
reg will have the same engineering dimensions they had in the unregulated theory
(dimensionless couplings remain dimensionless). g will parametrize our RG, i.e. play
the role of the RG scale. (It is often called p at this step and then suddenly replaced
by something also called p; I will instead call this jz and relate it to the thing that ends
up being called p.)

[Zinn-Justin 4th ed page 233] Dimensionally regularized integrals can be defined
systematically with a few axioms indicating how the D-dimensional integrals behave
under

1. translations [d”pf(p+q) = [d"pf(p) !
2. scaling [dPpf(sp) = |s|7P [dPpf(p)

3. factorization f(IDp deqf(p)g(q) = fCTDpf(p) fJDqg(CD

The (obvious?) third axiom implies the following formula for the sphere volume as a
continuous function of D:

D/2 o 0 2 1 D
(E) = /dD:ce“z = QDI/ 2P e ™ = §a7%11 <5> Qp-1. (1.63)
0

a

This defines 2p_; for general D.

2INote that this rule fails for the euclidean momentum cutoff. Also note that this is the property
we needed to demonstrate the Ward identity for the vertex correction using (1.59).
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In dim reg, the one-loop vacuum polarization correction does satisfy the gauge-
invariance Ward identity II"” = A% ¢*I15(¢?). A peek at the tables of dim reg integrals
shows that I, is:

9y Peskin p. 252 8e? ! F<2 - D/2) —€
HQ(q ) = - (47T)D/2 A dl‘l’(l - J7) A2-D/2 K
2 1
D—4 € 2 A

where we have introduced the heralded p:
u? = drple

where vg is the Euler-Mascheroni constant, which appears in the Taylor expansion
of the Euler gamma function; we define x in this way so that, like Rosencrantz and
Guildenstern in Hamlet, v both appears and disappears from the discussion in this
one scene.

In the second line of (7.6), we expanded the I'-function about D = 4. Notice that
what was a log divergence, becomes a % pole in dim reg. There are other singularities
of this function at other integer dimensions. It is an interesting question to ponder why
the integrals have such nice behavior as a function of D. That is: they only have simple
poles. A partial answer is that in order to have worse (e.g. essential) singularities at
some D, the perturbative field theory would have to somehow fail to make sense at
larger D.

Now we are in a position to choose a renormalization condition (also known as
a renormalization scheme), which will specify how much of the finite bit of IT gets
subtracted by the F},, F* counterterm. One possibility is to demand that the photon
propagator is not corrected at ¢ = 0, i.e. demand Z, = 1. Then the resulting one-loop
shift is

5TT(q?) = Ta(?) — T1a(0) = - /01 dez(1 — z) log <m2 —oll ‘”)QZ) |

272 m

We'll use this choice below. [End of Lecture §]

Another popular choice, about which more later, is called the MS scheme, in which
I is defined by the rule that we subtract the 1/e pole. This means that the counterterm
is

R 2 ) 1
5%8) = —6——/ drx(l —x).
0

272 €

=1/6
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(Confession: I don’t know how to state this in terms of a simple renormalization
condition on II,. Also: the bar in MS refers to the (not so important) distinction
between i and p.) The resulting vacuum polarization function is

R 2 1 2 1— x)q2
SIS (42 :e—/ dea(l — o) log [T .
2 (0) =5 i zz(l — ) log 2

1.7.2 Physics from vacuum polarization

One class of physical effects of vacuum polarization arise from attaching the corrected
photon propagator to a static delta-function charge source. The resulting effective
Coulomb potential is the fourier transform of

1 e? ezx(q)

Vig) = ZT-10) = 2 (1.65)

This has consequences in both IR and UV.

In the IR (¢* < m?), it affects the spectra of atoms. The leading correction is
2 2 2 [l 2 2
STLy(q) = %/dmx(l—x) In (1 e x))) S <—q—2x(1 - x))) S
T

22 Jo m  60m2m?

which means

and hence
e e

drr 60m2m?
This shifts the energy levels of hydrogen s-orbitals (the ones with support at the origin)
by AE, = (s|AV]s) which contributes to lowering the 2.5 state relative to the 2P state.
This is the Lamb shift, whose observation played an important role in spurring people

V(r) ~—

or)+---=V+AV.

to study radiative corrections in QED.

This delta function is actually a long-wavelength approximation to what is called the
Uehling potential; its actual range is 1/m., which is the scale on which Il varies . The
delta function approximation is a good idea for atomic physics, since mi <L ag= aLme,

the Bohr radius. See Schwartz p. 311 for a bit more on this.
In the UV limit (¢*> > m?), we can approximate In (1 - %x(l — .Cl?)) ~
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In <—7‘711—22x(1 — a:)) ~ In (—%) to get*

2 2

9 e? ! (]2 e? ' q ¢
T (¢?) = ﬁ/o dzz(1—z)In (1 — el x)) ~ @/0 doz(1-z)In (‘ﬁ) T 1202

Therefore, the effective charge in (1.65) at high momentum photon exchange is

(1.66)

(Remember that ¢?> < 0 for t-channel exchange, as in the static potential, so the

argument of the log is positive and this is real.)

Two things: if we make ¢? big enough, we can make the loop correction as big as
the 1. This requires |g| ~ 1026 eV. Good luck with that. This is called a Landau pole.
The second thing is: this perspective of a scale-dependent coupling is very valuable,
and is a crucial ingredient in the renormalization group. The value a@ = % is the

extreme IR value, for ¢ < m..

22The last step is safe since the x(1 — x) suppresses the contributions of the endpoints of the x

integral, so we can treat (1 — z) as finite.
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2 Consequences of unitarity

Next I would like to fulfill my promise to show that conservation of probability guar-
antees that some things are positive (for example, Z and 1 — Z, where Z is any wave-
function renormalization factor). We will show that amplitudes develop an imaginary
part when the virtual particles become real. (Someone should have put an extra factor
of i in the definition to resolve this infelicity.) We will discuss the notion of density
of states in QFT (this should be a positive number!), and in particular the notion
of the density of states contributing to a correlation function G = (OQO), also known
as the spectral density of G (or of the operator ). In high-energy physics this idea
is associated with the names Kallen-Lehmann and is part of a program of trying to
use complex analysis to make progress in QFT. These quantities are also ubiquitous
in the theory of condensed matter physics and participate in various sum rules. This
discussion will be a break from perturbation theory; we will say things that are true
with a capital ‘t’.

2.1 Spectral density

[Zee T11.8, Appendix 2; Peskin §7.1; Xi Yin’s notes for Harvard Physics 253b] In the
following we will consider a (time-ordered) two-point function of an operator O. We
will make hardly any assumptions about this operator. We will assume it is a scalar
under rotations, and will assume translation invariance in time and space. But we
need not assume that O is ‘elementary’. This is an extremely loaded term, a useful
definition for which is: a field governed by a nearly-quadratic action. Also: try to keep
an eye out for where (if anywhere) we assume Lorentz invariance.

So, let
—iD(z) = (0| TO(z)O'(0) |0) .

Notice that we do not assume that O is hermitian. Here |0) denotes the true vacuum,
which I called |€2) before, not our shabby perturbative approximation to it. Use trans-
lation invariance to move the left operator to the origin: O(z) = eP*O(0)e~F*. This
follows from the statement that P generates translations %*

9,0(x) = i[P,, O(z)] .

23Note that P here is a D-component vector of operators
PH = (H7 P)#

which includes the Hamiltonian — we are using relativistic notation — but we haven’t actually required
any assumption about the action of boosts.
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And let’s unpack the time-ordering symbol:
—iD(x) = 0(t) (0] P 0(0)eF*O1(0) |0) + O(—t) (0] OF(0)F*O(0)e = |0) . (2.1)
Now we need a resolution of the identity operator on the entire QFT H:

1=>|n)(n|. (2.2)

This innocent-looking summation variable n is hiding an enormous sum! Let’s also
assume that the groundstate |0) is translation invariant:

P[0) = 0.

We can label each state |n) by its total momentum (since the components of P* com-
mute with each other):
P"|n) = pj |n) .

Let’s examine the first term in (2.1); sticking the 1l in the form (2.2) in a suitable place:

(0] P2 0(0)1e~F+01(0) [0) = Y (0] O(0) |n) (n| e F*ON(0) [0) = Y e Oua |,

n

with Oy, = (0| O(0) |n) the matrix element of our operator between the vacuum and
the state |n). Notice the absolute value: unitarity of our QFT requires this to be
positive and this will have valuable consequences.

Next we work on the time-ordering symbol. I claim that :

€+lwt 6—i—lwt

w — ie w+ie

%ﬂ:mwzq/@; ; epwzﬁ/@
Just like in the discussion of the Feynman contour, the point of the ie is to push the pole
inside or outside the integration contour. The half-plane in which we must close the
contour depends on the sign of t. There is an important sign related to the orientation

with which we circumnavigate the pole. Here is a check that we got the signs and

iwt
_d@(t) = —i0, /dw ¢ = /c’fwei‘“t = ().

factors right:

W — 1€

Consider now the fourier transform of D(x) (for simplicity, I've assumed O = Of
here):

5(D71)<q)_ﬁn) . 5<D71)(‘7+ ﬁn)
¢ —ph+ie ¢ +ph—ie )
(2.3)

~iD(0) = [ e (<iD() = i(2m) " 3 [ O (
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With this expression in hand, you could imagine measuring the Og,s and using that
to determine D.

Now suppose that our operator O is capable of creating a single particle (for exam-
ple, suppose, if you must, that O = ¢, a perturbative quantum field). Such a state is
labelled only by its spatial momentum (assuming for simplicity that O doesn’t carry

any other conserved quantities): ‘E> (here I briefly retreat to non-relativistic normal-

ization of states <l¥|lg’> = 6P-1(k — ). The statement that O can create this state

from the vacuum means

(Flow0) = ——= (2.4)
(2m)P " 2wy

where Z # 0 and wy is the energy of the particle as a function of k. For a Lorentz
invariant theory, we can parametrize this as

Lorentz'
wy \/ k2 4+ m?

in terms of m, the mass of the particle. ** What is Z? From (2.4) and the axioms of
QM, you can see that it’s the probability that O creates this 1-particle state from the
vacuum. In the free field theory it’s 1, and it’s positive because it’s a probability. 1— 2
measures the extent to which O does anything besides create this 1-particle state.

The identity of the one-particle Hilbert space (relatively tiny!) H; is

ulz/dD—%@ <E <k:|k:> SOV — k.

This is a summand in the whole horrible resolution:

= [0X0] + 1y + -+

241t’s been a little while since we spoke explicitly about free fields, so let’s remind ourselves about
the appearance of w™? in (2.4), recall the expansion of a free scalar field in creation an annihilation

operators:

_,—ipz t_ipz
o) = o (ape tage )
For a free field ’E> = alg |0), and <k‘ $(0)|0) = W The factor of w™2 is required by the
ETCRs: )
[6(&), 7(&)] = 16" T - &), lagal] =" (E-F),

where m = 0;¢ is the canonical field momentum. It is just hke in the simple harmonic oscillator, where
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I mention this because it lets us define the part of the horrible ) in (2.3) which comes
from 1-particle states:

2 Kl Ut
(2m)P=12w; \ @0 — wi +ie

— —iD(q) = ...+i(27r)D—1/dD—1/Z —(wk%—wk)>

i Z 1 1

= 1 —

2w, \ ¥ —w, +ie ¥ +w, +ie
Lorentz A4

11—
q?> —m? + ie

(Here again ... is contributions from states involving something else, e.g. more than
one particle.) The big conclusion here is that even in the interacting theory, even if
O is composite and complicated, if O can create a 1-particle state with mass m with
probability Z, then its 2-point function has a pole at the right mass, and the residue
of that poleis Z. %

The imaginary part of D is called the spectral density p (beware that different
physicists have different conventions for the factor of i in front of the Green’s function;
the spectral density is not always the imaginary part, but it’s always positive (in unitary
theories)!

Using

1

ImQ i +76(Q), (for @ real). (2.5)

in (2.3) we have

ImD(q) =7 (2m)°™" > [ Oon |” (67 (q = pn) + 6" (g + pn)) -

More explicitly (for real operators):

i / 4Pz &9 (0] TO()0(0)[0) = 7 (21)° " S 1O I2 | 620 = pa) + 67+ pn)

=0 for ¢° > 0 since p§, >0

The second term on the RHS vanishes when ¢ > 0, since states in H have energy
bigger than the energy of the groundstate. Therefore, (with Lorentz symmetry) the
contribution of a 1-particle state to the spectral density is:

ImD(¢?) = ... + 7Z5(¢> — m?).

251f we hadn’t assumed Lorentz invariance, this would be replaced by the statement: if the operator
O can create a state with energy w from the vacuum with probability Z, then its Green’s function
has a pole at that frequency, with residue Z.
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This quantity ImD(q) (the spectral density of Q) is positive because it is the number
of states (with D-momentum in an infinitesimal neighborhood of ¢), weighted by the
modulus of their overlap with the state engendered by the operator on the groundstate.

Now what about multiparticle states? The associated sum over such states involves
multiple (spatial) momentum integrals, not fixed by the total momentum e.g. in ¢*

N

theory, ¢ can make a 3-particle state: 3 %—6 le, and the three particles must
ks

share the momentum ¢. In this case the sum over all 3-particle states is

3 x / dky dkadks 0P (ky + ko + ks — q)

n, 3-particle states with momentum g

(Note that I am not saying that a single real ¢ particle is decaying to three real ¢
particles; that can’t happen if they are massive. Rather, in the diagram - - L you
should think of the particle with momentum ¢ as virtual.)

Now instead of an isolated pole, we have a whole collection of I“"(D((‘l))

poles right next to each other. This is a branch cut. In this

example, the branch cut begins at ¢> = (3m)%. 3m is the lowest ZT

energy ¢° at which we can produce three particles of mass m (in

which case they have to be at rest). . @le

Note that in ¢* theory, we would instead find that the particle can decay into two
particles, and the sum over two particle states would look like

Z X /dE]_dE25D(k]_ + k’g — q)

n, 2-particle states with momentum ¢

so the continuum would start at ¢* = (2m)?.

Recall that for real x the imaginary part of a function of one variable with a branch
cut, (like Im(z + ie)” = 1 ((z +ie)” — (z —ie)¥)) is equal to (half) the discontinuity
of the function ((x)”) across the branch cut. The discontinuity goes to zero as we
approach the branch point. Near the multi-particle continuum, the Green’s function
has such a branch cut.

Now we recall some complex analysis, in the form of the Kramers-Kronig (or dis-

ReG(z) = %73 /00 d(,uM

persion) relations:

. w—Z
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(valid if ImG(w) is analytic in the UHP of w and falls off faster than 1/w). These
equations, which I think we were supposed to learn in E&M but no one seems to, and
which relate the real and imaginary parts of an analytic function by an integral equa-
tion, can be interpreted as the statement that the imaginary part of a complex integral
comes from the singularities of the integrand, and conversely that those singularities
completely determine the function.

An even more dramatic version of these relations (whose imaginary part is the
previous eqn) is

f(z) = l/dew) , plw) =Im f(w + ie).

™ w—z

The imaginary part determines the whole function.

Comments:

e The spectral density ImD(q) determines D(q). When people get excited about
this it is called the “S-matrix program” or something like that.

e The result we've shown protects physics from our caprices in choosing field vari-
ables. If someone else uses a different field variable n = Z %qﬁ + ad®, the result
above with O = n shows that

/ P2 (Ty(z)n(0))

2

still has a pole at ¢> = m? and a cut starting at the three-particle threshold,

¢* = (3m)*.

e A sometimes-useful fact that we’'ve basically already shown (for real operators):

() = (21)° 3 O (g — 1) + %0 + 1) = 5 [ dPe™* (0][0(2). OO)][0) -

This shows that the retarded Green’s function is also determined from the spectral
density.

We can summarize what we’'ve learned in the Lorentz-invariant case as follows: In
a Lorentz invariant theory, the spectral density p for a scalar operator ¢ is a scalar
function of p* with

550 = 2l 0160)19) I = oot

Claims:
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p(s) = NImD for some number N (I believe N’ = 7 here), when s > 0.
p(s) =0 for s < 0. There are no states for spacelike momenta.
p(s) > 0 for s > 0. The density of states for timelike momenta is positive or zero.

With our assumption about one-particle states, p(s) has a delta-function singu-
larity at s = m?, with weight Z. More generally we have shown that

1
Dk*) = [ ds p(s)——. 2.6
0) = [ ds o) (26)
This is called the Kallen-Lehmann spectral representation of the propagator; it
represents it as a sum of free propagators with different masses, determined by

the spectral density.

In particular, this result (2.6) implies that D(z = k?) is an analytic function in
the complex z-plane away from the support of p, i.e. away from the momenta
where physical states live. Singularities of amplitudes come only from physics.
One consequence (assuming unitarity and Lorentz symmetry) is that at large
|k?|, the Green’s function is bigger than k%, since each term in the integral goes
like k—12 and p(s) > 0 means that there cannot be cancellations between each
ﬁ contribution. This means that if the kinetic term for your scalar field has
more derivatives, something must break at short distances. Breaking Lorentz
symmetry is the easiest way out, for example on a lattice; in a Lorentz-invariant
theory, this is an indication that non-renormalizable terms imply more degrees of
freedom at high energy. (More on this in subsection §2.2.) For example, consider
the theory with Lagrangian L = (9¢)° + %z (82¢)2. It’s quadratic so we can solve
it, and the propagator is

1 1 1

K24+ kYA T K2 k2 — A2
which as you can see looks just like a Pauli-Villars regulator. That is, we've
added in a ghost field whose pole has a negative residue. As we’ve seen above,
the residue of the pole in the propagator is a probability, and hence in a unitary
theory had better be positive.

Taking into account our assumption about single-particle states, (2.6) is

ol P — /(Oo 05 pe(s) g

k? —m? + ie 3m)?2 k? — s+ ie

where p. is just the continuum part. The pole at the particle-mass? survives
interactions, with our assumption. (The value of the mass need not be the same
as the bare mass!)
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e Sum rule. Finally, suppose that the field ¢ in question is a canonical field, in
the sense that
[6(x, ), ip(y, )] = 16D (x — y).
This is a statement both about the normalization of the field, and that its canon-
ical momentum is its time derivative. Then?®

1= /000 dsp(s). (2.8)

If we further assume that ¢ can create a one-particle state with mass m, so that
p(s) = Z5(s—m?)+p.(s) where p.(s) > 0 is the contribution from the continuum
of > 2-particle states, then

1=2Z —i—/ dspe(s)
t

hreshold
is a sum rule. It shows that Z € [0,1] and is just the statement that if the
field doesn’t create a single particle, it must do something else. The LHS is the
probability that something happens.

The idea of spectral representation and spectral density is more general than the
Lorentz-invariant case. In particular, the spectral density of a Green’s function is
an important concept in the study of condensed matter. For example, the spectral
density for the electron 2-point function is the thing that actually gets measured in
angle-resolved photoemission experiments (ARPES).

2.2 Cutting rules and optical theorem

[Zee §II1.8] So, that may have seemed a bit formal. What does this mean when we
have in our hands a perturbative QFT? Consider the two point function of a relativistic
scalar field ¢ which has a perturbative cubic interaction:

S = /de (% ((09)* + m*¢?) — %&) .

26Here’s how to see this. For free fields (chapter 3) we have

(0l1¢(@), dWNN0)gree = At (& = y,m?) = Ay (y — 2,m?),

where Ay (z) = [ g%’;e_i”'x\po:wﬁ. For an interacting canonical field, we have instead a spectral

representation (by exactly the methods above):

(Q[p(x), ¢(»)]|2) = /dugp(lf) (Ap(z—y, 1) — Ap(y —x,1%)), (2.7)

where p is the same spectral density as above. Now take Jyo|z0—,0 of the BHS of (2.7) and use
O (@ = 9 12 oy = — 30 (& — ).
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Sum the geometric series of 1PI insertions to get
O=—+—®-—-+—®—@— + —@O—EO()— +. ..

i

D _
iDy(g) ¢ —m? —X(q) +ie

where 3(q) is the 1PI two point vertex.

The leading contribution to ¥ comes from the one loop |<
diagram at right and is
i i

—m?+ie(q—k)2—m2+ie T 1.-,( )

. L.
i1 nl) = 5 (19)" [k

The % is a symmetry factor from exchanging the two inter-

nal lines of the loop. Consider this function for real ¢, for

which there are actual states of the scalar field — timelike ¢*, with ¢° > m. The real
part of X shifts the mass. But what does it mean if this function has an imaginary
part?

Claim: Im¥/m is a decay rate.

It moves the energy of the particle off of the real axis from m (in its rest frame) to

sma. m ~ g2 I E 2
Vm?2 +ilm X (m?) s m+i—m2(m )
m

The fourier transform to real time is an amplitude for propagation in time of a state

with complex energy &: its wavefunction evolves like 9(t) ~ 7€ and has norm

| () > ~ e (B0 2 = T,

In our case, we have I' ~ Im3(m?)/m (I'll be more precise below), and we interpret
that as the rate of decay of the norm of the single-particle state. There is a nonzero
probability that the state turns into something else as a result of time evolution in
the QFT: the single particle must decay into some other state — generally, multiple
particles. (We will see next how to figure out into what it decays.)

[End of Lecture 9]

The absolute value of the Fourier transform of this quantity () is the kind of
thing you would measure in a scattering experiment. This is

F(w) = /dt e—iwt¢(t) _ /OOO dt e—imei(M%iF)t _
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1
(w—M)?+1ir2

is a Lorentzian in w with width I'. So I' is sometimes called a width.

| F(w)|* =

So: what is Im>3; jo0p in this example?

We will use

1 1 . 2 2y .
k2_m2+i6=77k2_m2—17r5(k —m’) =P —iA

where P denotes ‘principal part’. Then

1
Im > 100p(q) = —292/6@ (P1Py — A1 Ay)

with d® =dPkdPky(27)P6P (ki + ko — q).

This next trick, to get rid of the principal part bit, is from Zee’s book (the second
edition on p.214; he also does the calculation by brute force in the appendix to that
section). We can find a representation for the 1-loop self-energy in terms of real-space
propagators: it’s the fourier transform of the amplitude to create two ¢ excitations at
the origin at time zero with a single ¢ field (this is —ig), to propagate them both from
0 to = (this is (iD(x))?) and then destroy them both with a single ¢ field (this is —ig

again). This is just the position-space diagram: @& Altogether:

1 :
iS() =5 / dPz 9 (—ig)* iD(z)iD(z)
1, 1 1
= —¢* [ do 2.9
29/ 2 —m2 +ie k2 — m3 + ic (2.9)

In the bottom expression, the ies are designed to produce the time-ordered D(x)s.
Consider instead the strange combination

1 .
0= 9 /dD:E e'?” (i9)2 iDadV(x)iDret(x)
17, 1 1
= — do 2.10
29 / kI —m? — o1ie k3 — m3+osie ( )

where 019 = sign(k%Q). This expression vanishes because the integrand is identically
zero: there is no value of ¢ for which both the advanced and retarded propagators are
nonzero (one has a 6(t) and the other has a (—t), and this is what’s accomplished by
the red os). Therefore, we can add the imaginary part of zero

1
Im(l()) = 292/61(1) <P1732 T 010'2A1A2)

73



to our expression for Im>2;_ 14, to cancel the annoying principal part bits:

1
Im>y.100p = 292/6@ (I +0102) A1Ay) .

The quantity (1+ o109) is only nonzero (equal to 2) when k&9 and k9 have the same
sign; but in d® is a delta function that sets ¢° = kY + k9. WLOG we can take ¢° > 0
since we only care about the propagation of positive-energy states. Therefore both &Y
and k9 must be positive.

The result is that the only values of k£ on the RHS that contribute are ones with
positive energy, and which satisfy all the momentum conservation constraints:

Im> = ;gg/dq)%(k?)é’(k‘g)AlAg = 3922/d®0(k?)0(k3)w5(k3 —m?)wé (k3 —m?)

21 [Pk, aP k.
-7 / 1 —2(27)D5D(k1 + ko —q) .

- E § ZLUEI 2w,;2

In the last step we used the identity 6(k?)d(k*—m?) = H(ko)%:"k). But this is exactly

(half) the density of actual final states into which the thing can decay! In summary:

1 2
Im¥ = > | Agn||* = mT. (2.11)

actual states n of 2 particles
into which ¢ can decay

In this example the decay amplitude A is just ig. And the % symmetry factor matches
the factor that accounts for identical particles in the final state. (The other factor of
two is part of the optical theorem, as we’ll see next.) In the last step we compared to
our expression for the decay rate (p. 109 of my 215A notes).

This result is generalized by the Cutkosky cutting rules
for finding the imaginary part of a feynman diagram de-
scribing a physical process. The rough rules are the fol-
lowing. Assume the diagram is amputated — leave out the

external propagators. Then any line drawn through the
diagram that separates initial and final states (as at right) |
will ‘cut’ through some number of internal propagators; re-

place each of the cut propagators by 6(p®)2md(p? — m?) = H(po)w. As Tony Zee
says: the amplitude becomes imaginary when the intermediate parz’)cicles become real

(as opposed to virtual), aka ‘go on-shell’. This is a place where the ies are crucial.
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There is a small but important problem with the preceding discussion (pointed out
by Brian Campbell-Deem): a single ¢ particle of mass m cannot decay into two ¢
particles each of mass m — the kinematics of this example do not allow any final state
phase space. But we can make the example viable (without changing the calculation
at all) by thinking about a theory of two scalar fields, one light ¢, one heavy ® with
lagrangian

1
L=3 ((09)* — M*®* + (0¢)* — m*¢* — g¢°®)
and thinking about the self-energy for the (unstable) heavy particle.

The general form of (2.11) is a general consequence of unitarity. Recall that the
S-matrix is

= (fle”BT)) = (]H—iT)fi.

H-H — 1=88 = 2m7=i(77-7) =77

This is called the optical theorem and it is the same as the one taught in some QM
classes. The only difference here as that the matrices are much bigger. In terms of
matrix elements:

2Im Ty = Z T T (2.12)

Here we’ve inserted a resolution of the identity (again on the QFT Hilbert space, the
same scary sum) in between the two T operators. In the one-loop approximation, in
the ¢ theory here, the intermediate states which can contribute to Y are two-particle
dk d%ky 5D (

states, so that ) will turn into o Do

kr), the two-particle density of states.

A bit more explicitly, introducing a basis of scattering states
. 4 4 *
(fITi) =Ty = § (py — pi) Mi, 7}Tz =4 (py — pi)Mifa

we have (denoting by N the number of particles in the intermediate state)
&’
(P THT |T) = FWH [ /55 Harh Gt I

d3
— ZH/ qf6 qu M{qf}F6 (p[ - Zf:Qf)M{Qf}I

N f=1

Now notice that in this basis we have a 54(pF — pr) on both sides of (2.12), and
a’
H/ qffg pF_ZQf) :/dHN
!
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is the final-state phase space of the N particles. Therefore, the optical theorem says
(M — Mpr) =D / ATy M7, p Mgy
N

Now consider forward scattering, I = F (notice that here it is crucial that M is the
transition matrix, S = 1 +i7 = 1 + if(pr) M):

21111./\/{[[ = Z/dHN|M{tIf}I‘2-
N

For the special case of 2-particle scattering, we can relate the RHS to the total cross
section for 2 — anything in the CoM frame:

Im./\/l(kl, kQ — k?l, k?g) = 2Ecmpcma(anything — k’l, kg) (213)

In more complicated examples (such as a box diagram contributing to 2-2 scatter-
ing), there can be more than one way to cut the diagram. Different ways of cutting
the diagram correspond to discontinuities in different kinematical variables. To get the
whole imaginary part, we have to add these up. A physical cut is a way of separating
all initial-state particles from all final-state particles by cutting only internal lines. So

for example, a t-channel tree-level diagram (like X\ ) never has any imaginary

part; this makes sense because the momentum of the exchanged particle is spacelike.

Resonances. A place where this technology is useful is when we want to study
short-lived particles. In our formula for transition rates and cross sections we as-
sumed plane waves for our external states. Some particles don’t live long enough for

separately producing them: ~\,< and then watching them decay: >'V ;

instead we must find them as resonances in scattering amplitudes of other particles:

w( <)

So, consider the case i./\/léD(pI — pr) = (F|iT |I) where both [ and F are one-
particle states. A special case of the LSZ formula says

M=— (\/E)Qz — 7% (2.14)

where —iX is the amputated 1-1 amplitude, that is, the self-energy, sum of all connected
and amputated diagrams with one particle in and one particle out. Let X(p) = A(p?)+
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iB(p?) (not standard notation), so that near the pole in question, the propagator looks
like

T PR B i __w
p?—mi—3X(p)  (p*—=m?) (1 —0pA|2)—iB (p> —m?) —iBZ’
—g1

(2.15)
In terms of the particle width T, = —ZB(m?*)/m, this is

iz
(p* —m?) +iml,

G (p) =

So, if we can make the particle whose propagator we're dis-
cussing in the s-channel, the cross-section will be propor-

giE)

tional to

2 ZQ

TR

iz

G (p) ’ 7 — ) T,

‘ 2

a Lorentzian or Breit-Wigner distribution: In the COM
frame, p* = 4F?, and the cross section o(E) has a reso-
nance peak at 2F = m, with width I',. It is the width

in the sense that the function is half its maximum when

E =Py = /M) oom oy Lo

This width is the same as the decay rate, because of the optical theorem:

BZ 1 optical 1 1
Ly = _ 22 e —— (=ImMi1) = Z/dﬂ ’M{Qf}1|2

m m

the last equation of which is exactly our formula for the decay rate. If it is not the
case that I' < m, i.e. if the resonance is too broad, the Taylor expansion of the inverse
propagator we did in (2.15) may not be such a good idea.

Unitarity and high-energy physics. Two comments: (1) there had better not
be any cutoff dependence in the imaginary part. If there is, we’ll have trouble cancelling
it by adding counterterms — an imaginary part of the action may destroy unitarity. This
is elaborated a bit in Zee’s discussion.

(2) Being bounded by 1, probabilities can’t get too big. Cross sections are also
bounded: there exist precise bounds from unitarity on the growth of cross sections
with energy, such as the Froissart bound, oii(s) < C'In® s for a constant C. Xi Yin’s
notes describe a proof.
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On the other hand, consider an interaction whose coupling G has mass dimension
k. The cross section to which G contributes has dimensions of area, and comes from
squaring an amplitude proportional to GG, so comes with at least two powers of G. At
E > anything else, these dimensions must be made up with powers of E:

o(E>..)~G*E 272 (2.16)

This means that if k& < —1, the cross section grows at high energy, faster than the
Froissart bound allows. In such a case, something else must happen to ‘restore unitar-
ity’. One example is Fermi’s theory of Weak interactions, which involves a 4-fermion
coupling Gp ~ MV_VQ. Here we know what happens, namely the electroweak theory,
about which more soon. In gravity, Gy ~ MP_IQ, we can’t say yet.

2.3 How to study hadrons with perturbative QCD

[Peskin §18.4] Here is a powerful physics application of both the optical theorem and the
spectral representation. Consider the total inclusive cross section for ete™ scattering
at energies s = (k + k4 )% > m?2, so that we can treat the electron as massless. In that
limit 2FEpem = S, and (2.13) becomes

O_anything<—e+e— Opticgl thm llm/\/lforward(eJ“e_ . 6+€_) (217)

s
where on the RHS, Moryara is the forward scattering amplitude (meaning that the
initial and final electrons have the same momenta and spin)?’. We've learned a bit
about the contributions of electrons and muons to the BHS of this expression, what

about QCD? [End of Lecture 10]

To leading order in « (small), but to all orders in the strong coupling a; (big at
low energies), the contributions of QCD look like

M= o = (e (k)0 (k) I (0) ok you(h)

n" — q"¢" ) (q%)

with

the hadronic contribution to the vacuum polarization. We can pick out the contribution
of the strong interactions by just keeping these bits on the BHS of (2.17):

_ 1 ImM;, s>m?2  4ra
hadrons<—ete™ _ h 57t -
o =1 E 55 o~ . ImII,(s). (2.18)

spins

2"Note that this fixes a factor of two in Peskin 18.80. Thanks to Aneesh Manohar for finding the
problem.
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(The initial and final spins are equal and I've averaged the BHS over initial spins.

We can ignore the longitudinal term ¢*¢” by the Ward i2dentity. The spinor trace
s>myg

i ) pins WK Y0 (ky )0(ky )y u(k) = —8k - ky — 16m* =" —4s.) As a reality check,

consider the contribution from one loop of a heavy lepton of mass M? > m?:
. ol 2
ImIl (s +ie) = —gF(M /s)

and

- 4
O’L+L —ete” _ ?ﬂ-a—F(MQ/S)
S

with
0, s < (2M)?

F = @(H%) =1+ 0(M?/s), s> (2M)*

For our purposes here, the important dofs of QCD are the quark fields gs. They
are Dirac spinors, with Lagrangian L, = Zf qr (1]D — mf) qr, D, =0,—iQsA, + ...,
where the ... is the coupling to the gluon field which we’ll discuss soon enough. They
have a color index which runs from 1 to 3 which I've suppressed. The important point
here is that they look just like electrons or muons in their coupling to the photon.

In perturbative QCD, the leading order result is
therefore just the same contribution as above, a term
from each quark with small enough mass:

o4
O_Suarks<—e+e Z Qf W%F mf/s) .

colors flavors, f 6F

T
I/ (28) T(18,28,35)

This actually does remarkably well as a crude ap-

proximation to the measured o(hadrons +— ete™) — S
see Fig. 5.3 of Peskin, at right. (This figure does

not appear in the paper Peskin cites, I'm not sure of N E

o(hadrons)/e(ptp™)

S w
T =
=
S
e
e
1 1

R

the correct provenance.) The key point is that the e i
ratio of the hadronic cross section to that for muons Eon (GeV)

in the final state jumps at £ = 2m; where my is the

mass of each new quark flavor (you can see m, ~ 1.3

GeV and m;, ~ 4.5 GeV in the figure). See Peskin

pp 139-141 for more.

But Q: why is a perturbative analysis of QCD relevant here? You might think
asymptotic freedom means QCD perturbation theory is good at high energy or short
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distances, and that seems to be borne out by noticing that Il is a two-point function
of the quark contributions to the EM current:

1 (g) = —e2 / da e QT (0)[9), ()= S Quay(a)ras (@)
f

In diagrams what I am saying is:

Oy - D
where the ® represents the quark part of the electromagnetic current operator J*(z).
Maybe it looks like we are taking z — 0 and therefore studying short distances. But
if we are interested in large timelike ¢* here, that means that dominant contributions
to the x integral are when the two points are timelike separated, and in the resolution
of the identity in between the two .Js includes physical states of QCD with lots of
real hadrons. In contrast, the limit where we can do (maybe later we will learn how)
perturbative QCD is when ¢* = —Q2 < 0 is spacelike and large. (Preview: We can use
the operator product expansion of the two currents.)

How can we use this knowledge to find the answer in the physical regime of ¢* > 0?
The fact that II, is a two-point function means that it has a spectral representation.
It is analytic in the complex ¢? plane except for a branch cut on the positive real axis
coming from production of real intermediate states, exactly where we want to know the
answer. One way to encode the information we know is to package it into moments:

di?  Tu(¢%) 4o
InE—4’/TO{f —— = — (82)"Hh] 2__02-
Cop 2 (¢ + QF)"H nl T
Here Cg, is a tiny contour around the point ¢* = —QZ2. The idea here is that this

quantity can be computed by perturbative QCD.

But non-analyticities in I1(¢?) only come from physical reasons — intermediate states
going on-shell. Since the physical states all have ¢ > 0, we can deform the contour
freely, away from the branch cut.

On the other hand, we know from the (appropriate generalization to currents of

lg|>...
the) spectral representation sum rule (2.8) that II;(¢*) < log(q?), so for n > 1, the

contour at infinity can be ignored.
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Therefore (at the last step we also use Disc(Il;,) = 2ilmII},)

dq2 Hh(QQ)
In — _47TO( dg”  Mula)
]gacman 2mi (¢% + Qf)" 1
4 / dg¢*  Discll,
= —Ara aq”  Discll,
2i (g2 + Q3+t

(228) l > ds S O,hadronsee*e* (S)
m (s +@5)" '
Sthreshhold 0

On the RHS is (moments of) the measurable (indeed, measured) cross-section, and on
the LHS is things we can calculate (later). If the convergence of these integrals were
uniform in n, we could invert this relation and directly try to predict the cross sec-
tion to hadrons. But it is not, and the correct cross section varies about the leading
QCD answer more and more at lower energies, culminating at various Breit-Wigner

resonance peaks at gg boundstates.
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3 A parable on integrating out degrees of freedom

Here’s another parable from QM which gives some useful perspective on renormaliza-
tion in QFT and on the notion of effective field theory.

[Banks p. 138] Consider a system of two coupled harmonic oscillators. We will as-
sume one of the springs is much stiffer than the other: let’s call their natural frequencies
wo, 2, with wg < €. The euclidean-time action is

S[Q,q) = /dt B (¢° +woq®) + % (Q2 + QQQQ) + ngﬂ = Suolq] + SalQ] + Sint[Q, q].

(The particular form of the ¢*Q coupling is chosen for convenience. Don’t take too
seriously the physics at large negative ).) We can construct physical observables in
this model by studying the path integral:

7 = / [dQdq)e5@).

Since I put a minus sign rather than an i in the exponent (and the potential terms in
the action have + signs), this is a euclidean path integral.

Let’s consider what happens if we do the path integral over the heavy mode (), and
postpone doing the path integral over ¢q. This step, naturally, is called integrating out
@, and we will see below why this is a good idea. The result just depends on ¢; we can
think of it as an effective action for q:

e Seild] . /[dQ]e_S[q’Q]

— ¢ Swoldl <€—Sim[Q,Q]>Q

Here (...), indicates the expectation value of ... in the (free) theory of @, with the
action Sq[Q)]. It is a gaussian integral (because of our choice of Siyt):

<e—sint[Q,q]>Q - /[dQ]e—SQ[Q]—fdsJ(s)Q(s) — NeitJdsdt($)G(s,t)J(t)

This last equality is an application of the ‘fundamental theorem of path integrals,’
i.e. the gaussian integral. Here J(s) = gq(s)?>. The normalization factor N is indepen-
dent of J and hence of g. And G(s,t) is the inverse of the linear operator appearing in
Sq, the euclidean Green’s function:

50l0Q] = [ dsitQ(s)G (5. D(0)

82



More usefully, G satisfies
(=02 4+ Q) G(s,t) =6(s—t) .

The fact that our system is time- translation invariant means G(s,t) = G(s —t). We

can solve this equation in fourier space: G(s) = [dwe™™*G,, makes it algebraic:
1
G, = w2+ 02
and we have .
G(S) = /dwelwsm. (31)
So we have:
o~ Sentla] — o Suolal o [ dtds % q(s)*G(s,)a(t)?
or taking logs
2
g
als) qe Serr[q] = Suola] + / dtdsq(s)°G(s, 1)q(t)” - (3.2)

~N— (4 () mediates an interaction of four ¢gs, an anharmonic term, a
7(’- ) G(-ﬂﬁ=<QUle)Q ? self-interaction of ¢. In Feynman diagrams, the leading inter-
action between ¢’s mediated by () comes from the diagram
at left.
And the whole thing comes from exponentiating disconnected copies of this diagram.
There are no other diagrams: once we make a () from two ¢s what can it do besides
turn back into two ¢s? Nothing. And no internal ¢ lines are allowed, they are just

sources, for the purposes of the () integral.

But it is non-local: we have two integrals over the time in the new quartic term.
This is unfamiliar, and bad: e.g. classically we don’t know how to pose an initial value
problem using this action.

But now suppose we are interested in times much longer than 1/), say times com-
parable to the period of oscillation of the less-stiff spring 27 /wy. We can accomplish
this by Taylor expanding under the integrand in (3.1):

_ —iwsi 1 s>>1/Q i - 92
G(s) = /dwe ® w2 gl 94085( o) +
——

Plug this back into (3.2):
e e
Sald = Sualdl+ [t + [ariop+ .
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The effects of the heavy mode () are now organized in a derivative expansion, with
terms involving more derivatives suppressed by more powers of the high energy scale

?{:E)

\0
+

3(s) <asiquy §¢4

A useful mnemonic for integrating out the effects of the heavy field in terms of Feynman
diagrams: to picture @) as propagating for only a short time (compared to the external
time t — s), we can contract its propagator to a point. The first term on the RHS shifts
the ¢* term, the second shifts the kinetic term, the third involves four factors of g...

On the RHS of this equation, we have various interactions involving four gs, which
involve increasingly many derivatives. The first term is a quartic potential term for
q: AV = %q‘l; the leading effect of the fluctuations of () is to shift the quartic self-
coupling of ¢ by a finite amount (note that we could have included a bare A\oq* potential
term).

Notice that if we keep going in this expansion, we get terms with more than two
derivatives of q. This is OK. We've just derived the right way to think about such
terms: we treat them as a perturbation, and they are part of a never-ending series of
terms which become less and less important for low-energy questions. If we want to
ask questions about ¢ at energies of order w, we can get answers that are correct up to

w

effects of order (5)271 by keeping the nth term in this expansion.

Conversely if we are doing an experiment with precision A at energy w, we can
measure the effects of up to the nth term, with

(5~

Another important lesson: Seg[q] contains couplings with negative dimensions of
energy

. 1
Z Cn (a?Q)2 q27 with Cp ~ Wa

exactly the situation where the S-matrix grows too fast at high energies that we dis-
cussed above in (2.16). In this case we know exactly where the probability is going: if
we have enough energy to see the problem (E ~ ), we have enough energy to kick
the heavy mode () out of its groundstate.
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3.0.1 Attempt to consolidate understanding

We've just done some coarse graining: focusing on the dofs we care about (¢), and
actively ignoring the dofs we don’t care about (Q)), except to the extent that they
affect those we do (e.g. the self-interactions of ¢).

Above, we did a calculation in a QM model with two SHOs. This is a microcosm
of QFT in many ways. For one thing, free quantum fields are bunches of harmonic
oscillators with natural frequency depending on k, 2 = v/ k2 + m2. Here we kept just
two of these modes (one with large k, one with small k) for clarity. Perhaps more
importantly, QM is just QFT in 0+1d. The more general QFT path integral just
involves more integration variables. The idea of the Wilsonian RG (for continuum
field theory) is essentially to do the integrals over the modes in descending order of
wavenumber, and at each stage make the expansion described above to get a local
action. And notice that basically all possible terms are generated, consistent with the
symmetries (here for example, there is a Zs symmetry under which ¢ — —g, so there
are no odd powers of ¢).

The result of that calculation was that fluctuations of @) mediate various ¢* inter-
actions. It adds to the action for ¢ the following: ASegg] ~ [ dtdsq®(t)G(t — s)¢*(s),
as in Fig. 3.3.

If we have the hubris to care about the exact answer, it’s nonlocal in time. But
if we want exact answers then we’ll have to do the integral over ¢, too. On the other
hand, the hierarchy of scales wy < €2 is useful if we ask questions about energies of

order wy, e.g.
1 1
t)q(0 itht ~ — > —.
(@()a(0)) with t ~ — >
Then we can Taylor expand the function G(t — s), and we find a series of corrections

: 1 Ot
1n powers of Q (OI' more accurately, powers of 5)

(Notice an important asymmetry: it’s not so useful to integrate out light degrees
of freedom to get an action for the heavy degrees of freedom; that would necessarily
be nonlocal and stay nonlocal and we wouldn’t be able to treat it using ordinary
techniques.)

The crucial point is that the scary non-locality of the effective action that we saw

only extends a distance of order &; the kernel G(s — t) looks like this:

Gis—t)

The mechanism we’ve just discussed is
an essential ingredient in getting any physics
done at all. Why can we do physics despite
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the fact that we do not understand the the-

ory of quantum gravity that governs Planck-

ian distances? We happily do lots of physics

without worrying about this! This is because

the effect of those Planckian quantum gravity

fluctuations — whatever they are, call them @)

— on the degrees of freedom we do care about (e.g. the Standard Model, or an atom,
or the sandwich you made this morning, call them collectively ¢) are encoded in terms
in the effective action of ¢ which are suppressed by powers of the high energy scale
Mpianac, Whose role in the toy model is played by 2. And the natural energy scale of
your sandwich is much less than Mpjapnex. [End of Lecture 11]

I picked the Planck scale as the scale to ignore here for rhetorical drama, and
because we really are ignorant of what physics goes on there. But this idea is equally
relevant for e.g. being able to describe water waves by hydrodynamics (a classical
field theory) without worrying about atomic physics, or to understand the physics of
atoms without needing to understand nuclear physics, or to understand the nuclear
interactions without knowing about the Higgs boson, and so on deeper into the onion
of physics.

This wonderful situation, which makes physics possible, has a price: since physics
at low energies is so insensitive to high energy physics, it makes it hard to learn about
high energy physics! People have been very clever and have learned a lot in spite of
this vexing property of the RG called decoupling. We can hope that will continue.
(Cosmological inflation plays a similar role in hiding the physics of the early universe.
It’s like whoever designed this game is trying to hide this stuff from us.)

The explicit functional form of G(s) (the inverse of the (euclidean) kinetic operator
for Q) is:

_ e—iws _ —Q\s\i 4
G(s) /dw—wz T2 =% g (3.4)

Do it by residues: the integrand has poles at w = +i). The absolute value of |s| is
crucial, and comes from the fact that the contour at infinity converges in the upper
(lower) half plane for s <0 (s > 0).

Next, some comments about ingredients in this discussion, which provide a useful
opportunity to review some important QFT technology:

e Please don’t be confused by the formal similarity of the above manipulations with
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the construction of the generating functional of correlation functions of Q):

Z1J] = <efdtQ<t>J<t>> , 1)Q(t)...)commected _ log Z[J
It’s true that what we did above amounts precisely to constructing Z[.J], and
plugging in J = goq¢®. But the motivation is different: in the above ¢ is also a
dynamical variable, so we don’t get to pick ¢ and differentiate with respect to it;
we are merely postponing doing the path integral over ¢ until later.

Having said that, what is this quantity G(s) above? It is the (euclidean) two-
point function of Q:

G(s.t) = (QQUENZ™ 4 = 00 100 71710,

dJ(t)6.J(s)
The middle expression makes it clearer that G(s,t) = G(s — t) since nobody
has chosen the origin of the time axis in this problem. This euclidean Green’s
function, the inverse of —9? + Q?, is unique, once we demand that it falls off at
large separation (unlike the real-time Green’s function).

Adding more labels. Quantum mechanics is quantum field theory in 041
dimensions. Except for our ability to do all the integrals, everything we are
doing here generalizes to quantum field theory in more dimensions: quantum
field theory is quantum mechanics (with infinitely many degrees of freedom).
With more spatial dimensions, we’ll want to use the variable = for the spatial
coordinates (which are just labels on the fields!) and it was in anticipation of
this step that I used ¢ instead of x for my oscillator position variables.
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4 Gauge theory

4.1 The Anderson-Higgs Mechanism and superconductors

Landau-Ginzburg EFT of superconductors: Massive vector fields as gauge
fields. Consider a massive vector field B, with Lagrangian density

1
Lp= dB)W(dB)“"JrémQB#B“ (4.1)

1
_@(
where (dB),, = 0,B, — 0,B,. (Note the funny-looking sign of the mass term which
comes from B*B, = Bj — B?.) The mass term is not invariant under B, — B, +
Oy, the would-be gauge transformation. We can understand the connection between
massive vector fields and gauge theory by the ‘Stueckelberg trick’ of pretending that
the gauge parameter is a field: Let B, = A, — 0,0 where 0 is a new degree of freedom.
Since B is invariant under the transformation

A, (z) = Au(x) + 0.\ (), 0(x) = 0(z) + A(z),

so is any functional of B. Notice that the fake new field # transforms non-linearly
(i.e. its transformation is affine). This was just a book-keeping step, but something

nice happens:
(dB)y = 0,A, —0,A, = F,,

is the field strength of A. The mass term becomes
B,B" = (A, — 0,0)(A" — 0"0).

This contains a kinetic term for #. We can think of this term as (energetically) setting
f equal to the longitudinal bit of the gauge field. One nice thing about this reshuffling
is that the m — 0 limit decouples the longitudinal bits. Furthermore, if we couple a
conserved current (0*j, = 0) to B, then

/ d’x j,B" = / dPxj, A"

it is the same as coupling to A,,.

Who is 07 Our previous point of view was that it is fake and we can just choose
the gauge parameter A(z) to get rid of it, and set 6(z) = 0 (in which case, B = A).
This is called unitary gauge, and gives us back the Proca theory of B = A.
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Consider, as an aside, the following model of a single complex scalar:
1
Loonn = +510:01 = V()

and let’s take

V(12]) = &(|2[* —v*)*
for some couplings k,v. This potential has a U(1) sym-
metry ® — ¢*®, and a circle of minima at |®> = v?
(if v > 0, which we’ll assume). When v® > 0, the mass"
term about the origin has the wrong sign. In polar co-

ordinates in field space, ® = pel?, the Lagrangian is

1 1 ") 1
Laobar = +50°(0u8)° +5(9p)* = V(p) reL 50(00)” 0

In the last step, we observed that the excitations of the
p field are have mass-squared V”(v) = 8xv? about the
minimum; below that energy scale, we can integrate it
out and ignore it. The @ field is the massless Goldstone

boson, which parametrizes the circle of minima. v P

This is a long-wavelength description of a (relativistic, because of the kinetic terms)
superfluid. Here I am making a distinction between superfluid and superconductor; the
former spontaneously breaks a continuous global symmetry.

Now consider the following theory, related to the previous by gauging the U(1)

symmetry:
1 , 1
‘Ch = —@fwla,}]’?'u + §’D#®’2 — V(‘(I)l)

where ® is a complex, charged scalar field whose covariant derivative is D,® =
(0, —igA,) ®, with the same V as above. This is called an Abelian Higgs model.
The U(1) symmetry is gauged, in the sense that A, — A, + 9, \(x), ®(z) — @D (x)
is an invariance of the action, and we've learned to regard such a local invariance as a
redundancy of the description.

In polar coordinates in field space, ® = pel, the Lagrangian is now

1 1 1
Ly = =1z FwF" + 580" (Au = 9,0)° + 5(9p)* = V(p).

This differs from the action for B written in terms of A, # only in the addition of the
Higgs mode p. Again we can go to unitary gauge and set § = 0. We find a massive

89



gauge field A, plus a massive scalar p whose mass (expanding V'(p) about p = v) is

>1
OV |pms = miy = 850 55 iy = ¢ () = o0

That is: in the limit of large x, the excitations of p are hard to make, and we get back

Lp. For any value of k, we can say that the gauge field eats the would-be Goldstone

boson 6 and becomes heavy, in a manner consistent with gauge invariance®®. This is

the Anderson-Higgs mechanism.

The description of massive gauge fields in terms of £ via the Anderson-Higgs
mechanism is more useful than Lp for thinking about the renormalization of massive
gauge fields: for example it is renormalizible, even if we couple A to other charged
fields (e.g. Dirac fermions). This mechanism also works in the case of non-Abelian
gauge fields and is an important ingredient in the (electroweak sector of the) Standard

Model.
It is also a description of what happens to the EM field in

a superconductor: the photon gets a mass; the resulting ex-
supercanduior pulsion of magnetic flux is called the Meissner effect. For

vacuum

example, if we immerse a region x > 0 with & = v in an
external constant magnetic field By,

’ 0=0,F" —m?A" = B(z)= Be "". (4.2)

1
m

Another consequence of the mass is that if we do manage to sneak some magnetic
flux into a superconductor, the flux lines will bunch up into a localized string. This
can be shown by solving the equations of motion of the model above (see the home-
work). This is called a vortex (or vortex string in 3d) because of what ® does in this
configuration: its phase winds around the defect. In a superconductor, the role of ®
is played by the Cooper pair field (which has electric charge ¢ = 2). The fact that
® has charge two is visible in the flux quantization of the vortices (this is part of the

homework problem). I hope to say more about its origins in terms of electrons later in
§77.

I mention here the Meissner effect and the associated collimation of flux lines partly
because it is helpful for developing a picture of confinement. In particular: think
about the energetics of a magnetic monopole (suppose we had one available?”) in a
superconductor. If we try to insert it into a superconductor, it will trail behind it a
vortex string along which all of its exiting magnetic flux is localized. This string has
a finite tension (energy per unit length), as you'll study on the homework. If we make

28You can check that the mixing with 6 is exactly what’s required to make I1(g) singular enough at
g =0 to give A a mass consistent with the Ward identity, as in our discussion at (1.58).
29Here is the paper about the only one that’s been detected by humans so far.
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the superconducting region larger and larger, the energy of the monopole configuration
grows linearly in the size — it is not a finite energy object in the thermodynamic
limit. If monopoles were dynamical excitations of rest mass M,,, it would eventually
become energetically favorable to pop an antimonopole out of the vacuum, so that the
flux string connects the monopole to the antimonopole — this object can have finite
energy inside the superconductor. But notice that in a region where electric charge
is condensed, a single monopole is confined by the magnetic flux string it must carry
around. A confining state of a gauge theory is like this for the electric charges, because
magnetic charge is condensed. The two pictures are related by electromagnetic duality,
which acts by

— ] — 1
FE— B,B— —E,e— —,j" «+ j* (4.3)
&

where j.,,, are the electric and magnetic current densities.

4.2 Festival of gauge invariance

Consider a collection of N complex scalar fields (we could just as well consider spinors)
with, for definiteness, an action of the form

N
L= 0,0:0"P, — V(D;P,) (4.4)

a=1

(or L =Wy (d—m)V,+(V,I'¥,)?). So far, the model actually has an O(2N) symmetry
except that for kicks I grouped the scalars into pairs, and wrote the potential in terms
of the combination XY &% d,,.

Lighting review of Lie groups and Lie algebras. (4.4) is invariant under the
U(N) transformation
Do > Aos®s, ATA =11 (4.5)

Any such U(N) matrix A can be parametrized as
A=A\ = eizﬁ\ifl AT N

A\Y parametrizes a U(1) factor that commutes with everyone; we already know something
about U(1) gauge theory from QED, so we won’t focus on that. We’ll focus on the
non-abelian part: the T4 are the generators of SU(NV), and are traceless, so SU(N) >
A(X° = 0) has det A(\° = 0) = 1. Here the index A = 1...N? — 1 = dim(SU(X)); the
matrices 7% (and hence also A) are N x N, and satisfy the Lie algebra relations

(T4, TP = ifapcT® (4.6)

91



where fapc are the structure constants of the Lie algebra SU(N). For the case of
SU(2), TA = %JA,A = 1,2,3, and fapc = €apc. The infinitesimal version of (4.5),

with A close to the identity, is

D, O, +INT P (4.7)

The N x N representation is called the fundamental representation of SU(N). Other
representations of the group come from other sets of T4's that satisfy the same algebra
(4.6), but can have other dimensions. For example, the structure constants themselves
(Tf}h) ho = —ifapc furnish the representation matrices for the adjoint representation.

Local invariance. The transformation above was global in the sense that the
parameter A was independent of spacetime. This is an actual symmetry of the physical
system associated with (4.4). Let’s consider how we might change the model in (4.4)
to make it invariant under a local transformation, with A = A(z). In the Abelian case,
we have learned the recipe

© = O0(x), A, = Ay + 9N, 9, ~ D@ = (9, —14,)® = M9D, 0.

In words: by replacing partial derivatives with covariant derivatives, we can make
gauge-invariant Lagrangians. The same thing works in the non-abelian case:

(D,®), = 0,00 — 1AL T 504

O © +iX (2)T4D, Ay AL+ 90 — fapcAPAS (z). (4.8)
The difference is that there is a term depending on A in the shift of the gauge field A.
The following Yang-Mills Lagrangian density is a natural generalization of Maxwell:
2

1 1
Lvw = =15 > | 0uA) = 0,AL + fapcASAST | = g TFw . (4.9)
A TV

—rj =4,
The field strength

Fo = Fi — fapcAPFS, = Fio, + X7 (TS) o Fro (4.10)
is designed so that it transforms in the adjoint representation, and therefore Sy, is
gauge-invariant. In the last step of (4.9), we regarded F as an N x N matrix F' = FAT4,
and chose a basis of the Lie algebra with tr74T% = £64%. In terms of this matrix
F, the finite version of (4.10) is just F +— AFA~! (compare (4.7)), which makes it
manifest that trF? is invariant. [End of Lecture 12]
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4.3 Interlude on differential forms

[Zee section IV.4] We interrupt this physics discussion with a message from our math-
ematical underpinnings. This is nothing fancy, mostly just some book-keeping. It’s
some notation that we’ll find useful, which I would find it rather inhibiting not to be
able to use in the next section. As a small payoff we can define some simple topological
invariants of smooth manifolds.

Suppose we are given a smooth manifold X on which we can do calculus. For now,
we don’t even need a metric on X. Suppose z# are some local coordinates on X.

A p-form on X is made of a completely antisymmetric p-index tensor,

1

A= —'Am,,,mpdycm1 Ao Ad™r.
p!

The coordinate one-forms are fermionic objects in the sense that dz™ Adz™? = —da™A
dz™' and (dgc)2 = 0. Under a coordinate transformation, they transform like dz# =
g%d:c”. To understand the point of the antisymmetry of the product of forms, consider
9(,9)
oz

") is the Jacobian

the case of two dimensions: dz A dy = Jdx A dy, where J = det
for the change of variables.

Familiar examples include the gauge potential A = A,dz*, and its field strength
F = %F wdx? Adx”. The point in life of a p-form is to be integrated over a p-dimensional
submanifold of spacetime. The order of its indices keeps track of the orientation (and
it saves us the trouble of writing them). It is a geometric object, in the sense that it is
something that can be (wants to be) integrated over a p-dimensional subspace of X,
and its integral will only depend on the subspace, not on the coordinates we use to

describe it. For example, given a curve C' in X parameterized as x*(s), we can make

[ A= [ araw= [T

and this would be the same if we chose some other parameterization or some other local

the scalar quantity

coordinates (by the chain rule). This is the phase acquired by a unit-charge particle
when moving along the path C in the background gauge field configuration described
by A.

The wedge product of a p-form A and a ¢g-form B is a p + ¢ form

ANB = Apy.m,B dz™ A ... Adz™rre

Mp+1.--Mp+q

U This product satisfies A, A B, = (—=1)?B, A A,. The space of differentiable p-forms

39The components of A A B are then

(p+q)
plg!

(A/\ B)ml...mp+q = A[ml.A.mpB

Mpt1.--Mpiq)
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on a manifold X is sometimes denoted QP(X); this a vector space (let’s say over R),
since we can add p forms and multiply them by real numbers.

The exterior derivative d is a linear operator acting on forms as

d:P(X) = PHUX)
A e dA=de” NS, A

by
1
AA = =0y Ay iy dT™ A A A2
p.

You can check that
=0

because derivatives commute when acting on smooth functions. Notice that F = dA
in the example above. Denoting the boundary of a region D by 0D, Stokes’ theorem

/daplz/ 1.
D, oD,

And notice that QP>4m™(X)(X) = 0 - there are no forms of rank larger than the
dimension of the space.

1S

A form wy, is closed if it is killed by d: dw, = 0. w, closed means that | c, Wp depends
only on the topology of C), in the sense that

C
- . Stokes d -0 f
Wp — Wp = Wp = Wy = wp = U. Crl
Cp » Cp—C,, ORpt1 Rpi1

A form w, is ezact if it is d of something: w, = deoy,_;. That something must
be a (p — 1)-form. w, is exact means it is a total derivative, a boundary term, so

fcp Wy Stokes /. ac, Op—1 vanishes if €, doesn’t have a boundary.
To get some familiarity with the above language let’s think about the case M = R3
for a moment. Then Q°(R?) and Q3(R?) are both spanned by ordinary functions, while

OYR3) and Q?(R?) are both spanned by vector fields — functions with a single index.
On functions, df = 0;fdz*. On 1-forms,

d(fidxi) = (0yf» — 0.fy) dyndz+(0, fy — Oy f2) dxAdy+(0, fo — Op f>) dzNdx = %eijk&fjeklmdxl/\dxm.

where [..] means sum over permutations with a —1 for odd permutations. Try not to get caught up in
the numerical prefactors. In my expression below for the exterior derivative also there is an annoying
combinatorial prefactor.
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On 2-forms
d(fedy Ndz + fydz AN dx + f.dx A dy) = 0;fidx Ndy A dz.
So this accounts for all the classic operations of vector calculus:

d(0-form) = gradient, d(1-form) = curl, d(2-form) = divergence.

Because of the property d? = 0, it is possible to define cohomology — the image of
one d : O — QP! is in the kernel of the next d : QP! — QP2 (j.e. the (OPs form a
chain complez). The pth de Rham cohomology group of the space X is defined to be

HP(X) = closed p-forms on X ker (d) € O
~ exact p-forms on X  Im (d) e Qr°

That is, two closed p-forms are equivalent in cohomology if they differ by an exact

form:
[wp] — [wp + day,—1] =0 € HP(X),

where [w,] denotes the equivalence class. The dimension of this group is " = dimH?(X)
called the pth betti number and is a topological invariant of X. The euler characteristic
of X, which you can also get by triangulating X and counting edges and faces and stuff,

is
d=dim(X)

X(X)= Y (1) (X).

p=0

Here’s a very simple example, where X = St is a circle.  ~ 2+ 27 is a coordinate;
the radius will not matter since it can be varied continuously. An element of Q°(S%) is
a smooth periodic function of z. An element of Q'(S') is of the form A;(z)dz where
Ay is a smooth periodic function. Every such element is closed because there are no
2-forms on a 1d space. The exterior derivative on a 0-form is

dAp(z) = Aydx

Which 1-forms can we make this way? The only one we can’t make is dz itself, because

x is not a periodic function. Which 0-forms are closed? A{, = 0 means A, is a constant.
Therefore °(S*) = b'(S') = 1.

A classical physics context where one encounters a cohomological question is in
fluid dynamics: given a vector field, say describing the flow of a fluid on some space
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X, when is it the gradient of a well-defined function on X7 Or in electrostatics on
some space X, an allowed electric field configuration must be the gradient of a scalar
potential on X'\ the locations of the charges.

Now suppose we have a metric on X, i.e. a way of measuring distances ds?> =
guvdxtdz”. Then we can define the Hodge star operation » which maps a p-form into
a (d — p)-form:

* QP — QiP
by
v

(*A(p))#lu-#dfp - p‘

where /g = /det g and indices are raised with the inverse metric g+.

€11 MA(I?) Hd—p+1---Hd

Here are some familiar statements written in the above language. The electro-
magnetic field is a 2-form on spacetime, R* (I use ijk for spatial indices and uv for
spacetime indices):

F = dA = Eidz' Adt+ B,dyNdz+ Bydz Adx+ B,dz \dy = E;dx' Adt+ B;da? NdxF e, /2.

The dual field strength, in flat spacetime, is
1 , . .
*F == éewp[,Fp”dx“ ANdz” = —B;ds' AN dt + Eida? N da'e;j /2.

Maxwell’s equations (away from charges) are dF' = 0,d x F = 0. (Including charges,
they are dF' = %j,,,d x ' = %j,, which expression makes electromagnetic duality
manifest.) The first is the Bianchi identity, which is automatic if A is well-defined,
while the second is the equations of motion associated with the Maxwell action

S[A] = —2—; FAXF = —4%2 /de\/gFWFW.
Maxwell’s equations say that both F' and xF" represent cohomology classes in spacetime
(minus the locations of charges). Consider the simplest possible nontrivial example of
a point charge at rest at the origin of coordinates. The field strength is F' = q% =
—qd (%), well-defined in M = R*\ R,;, where we remove the origin at all times.
F is clearly exact and hence represents the trivial class in H*(M). However, using

dr = z'dx'/r and e.g. xdz A dt = dy A dz, we have

xdy N\ dz + ydz A\ dx + zdx N\ dy
. :

*F =q

This is a nontrivial element of H*(M), as you can see by integrating it over the
appropriate Gaussian surface, i.e. the 2-sphere surrounding the particle to get f g2 xF =
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4mq. So we can interpret the charge of the particle as an element of the cohomology
group H*(M).

Abelian p-form gauge fields. The usual Maxwell field strength is Fy = dA;. It
is invariant under gauge transformations A; — A; + d)\g since d? = 0. A large family
of useful generalizations of this is p-form abelian gauge fields:

Fooy =dA,, A, =d)\,_;.

Again the field strength is gauge invariant by d? = 0. An action is

! g )
SlAl = _2_92 Fppn AxFppy o _/de(pT\/_l)!Ful..-upHFul Hptl,
For p = 0, this is just L = —#(8@2, a massless scalar. The equations of motion are
0S
0= d* F(z).
sa@) < @)

In flat spacetime of enough dimensions, we can fourier transform and see that this
describes a massless excitation with a spin that depends on p and D.

The analog of minimal coupling for a p-form gauge field is to a p-dimensional

AS:e/.&
XP

— this is the worldvolume of a (p — 1)-brane, an object with p — 1 spatial dimensions.

worldvolume:

In spacetime dimensions D = 2 mod 4, it is consistent with the equations of motion
to impose a (anti-)self-duality equation: Fp/, = £ x Fipo, which gets rid of half the
degrees of freedom. In D = 2 this describes a chiral scalar. In D = 4, this describes only
one circular polarization of the photon. The Maxwell-like action, however, vanishes
when imposing this condition and there is no covariant action principle for such fields.
They also enjoy various gravitational anomalies.

The duality operation dA, = xdA}, , , exchanges the Bianchi identity and the
equation of motion. We can learn something by giving a path-integral derivation of
the duality. The partition function (euclidean) is

/[dA]e—Q;Q JdANKdA _ /%6—2; J(F=B)\(F=B)+i [ BAdAY /[dAV]eg; J dAY AxdAY

In the first step, we introduce AY as a Lagrange multiplier to impose dB = 0 (and
fX B € 277 for all 2-cycles X). The middle object has a new redundancy under

(%) A— A+ AN B— B+dA (4.11)
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for an arbitrary p-form A; when dB = 0 (and B has integral periods) this can be used to
set B = 0, giving back the first expression. In the second step, we set A = 0 and do the
gaussian integral over B, producing a nontrivial action for AY. (The same manipulation
works for other gauge-invariant observables.) Notice that the coupling constant gets
inverted. A simple example of this is p = 0, D = 2 which relates a compact scalar of
radius R = é to one with radius R — this is called T-duality. The manipulation above
is described in §2.2 here for D = 4,p = 1, and here for D =2,p = 0.

As you can see from the Maxwell example, the Hodge star gives an inner product
on O?: for two p-forms a, 8 (a, B) = [a A xS, (o, ) > 0. We can define the adjoint
of d with respect to this inner product by

l/dMA*B:(&aﬁﬂz(mdM::/aA*m3

Combining this relation with integration by parts, we find d' = + % dx.

We can make a Laplacian on forms by
A =dd"+d'd.

This is a supersymmetry algebra, in the sense that d,d" are grassmann operators.

Any cohomology class [w] has a harmonic representative, [w] = [©] where in addition
to being closed dw = dw = 0, it is co-closed, 0 = d'@, and hence harmonic Aw = 0.

An application of this is Poincare duality: bP(X) = b4 "P(X) if X has a volume form.
This follows because the map H? — H% P which takes |w,] + [*w,] is an isomorphism.
(Choose the harmonic representative, it has d x @, = 0.)

The de Rham complex of X can be realized as the groundstates of a physical system,
namely the supersymmetric nonlinear sigma model with target space X. The fermions
play the role of the dx*s. The states are of the form

d

A) = " Ay ()91 - pr |0)

p=1

where 1 are some fermion creation operators. This shows that the hilbert space is the
space of forms on X, that is H ~ Q(X) = @,07(X). The supercharges act like d and
d" and therefore the supersymmetric groundstates are (harmonic representatives of)
cohomology classes.

For more in this direction, take a look at the notes here.

The machinery of differential forms is very useful.
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4.4 Gauge fields as connections

The formulae in §4.2 are not too hard to verify, but where did they come from? Suppose
we wanted to attach an N-dimensional complex vector space to each point in spacetime;
on each vector space we have an action of SU(N), by ®,(x) — Ays(z)Ps(x). Suppose
we would like to do physics in a way that is independent of the choice of basis for this
space, at each point. We would like to be able to compare ®(z) and ®(y) (for example
to make kinetic energy terms) in a way that respects these independent rotations. To
do this, we need more structure: we need a connection (or comparator) W, an object
that transforms like W,, — A(z)W,,A"(y), so that ®'(z)W,,®(y) is invariant. The
connection between two points W,, may depend on how we get from z to y. We
demand that W(0) = 1, W(Cy 0 Cy) = W(Cy)W(C4) and W(—C) = W=(C), where
—(' is the path C taken in the opposite direction.

But if we have a W,,, for any two points, you can’t stop me from considering nearby
points and defining (the covariant derivative)

D,®(z) = lim Wz, x4+ Az)®(x + Ax) — O(x)

Az—0 Ax#

— Ax)D,®(z) . (4.12)
Expanding near Ax — 0, we can let
W(z,z + Az) = 1 — ieAz" A, (z) + O(Az?) (4.13)

this defines the gauge field A, (sometimes also called the connection). To make the
gauge transformation of the non-abelian connection field A — A* obvious, just re-
member that the covariant derivative of a field is designed to transform like the field:
D,® — D;‘A (A®) = A (Di®) which means A% = AA,A™! — (9,A) A=*. (This formula
also works in the abelian case A = €™, and knows about the global structure of the
group A ~ \ + 27.) [End of Lecture 13]

i oy 4@ (here Cyy 1s a path

in spacetime from x to y. What if G is not abelian? Then I need to tell you the ordering

The equation (4.13) can be integrated: W, e

of the exponential. We know from Dyson’s equation that the solution is
W — pei¢lo, Au@di
where P indicates path-ordering along the path C,,, just like the time-ordered expo-

nential we encountered in interaction-picture perturbation theory.
To what extent does W,, depend on the path? In the abelian

C. case,
C /

We = Wenele$o—cor A S1&ES 7 ple [ Fuvdatde?

where OR = C'— (" is a 2d surface whose boundary is the differ-
ence of paths.
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But which 2d surface? (I continue to speak about the abelian case
for the rest of this paragraph.) The difference in phase between
two possible choices is e Jrom B 51K e [y dF where 9V = R —
R’ is the 3-volume whose boundary is the difference of the two
regions. The integrand vanishes by the Bianchi identity, which
c Q ¢' is actually an identity if F = dA and A is smooth. You might
think this prevents magnetic sources, which appear on the RHS
of the Maxwell equation dF' = «j,,. But actually [, dF only

ie v dF 5o magnetic sources are

\ Qi appears here in the combination e
o perfectly consistent with independence of the choice of R, as long
as their charge ¢ = fv dF = fav F' is quantized ge € 27Z. This
is Dirac quantization.

Imagine inserting an infinitesimal rectangle to the path which

moves by dx* then by dz” and then back and back. The difference

v . . )
/?//"[2 /(/ in the action on @ is
—iedz"dx" F,, ®.

dztdx"|D,, D,|® = (no sum on p,v) (4.14)

The commutator of covariant derivatives is not a differential operator, but a function
D,,D,| = —ieF,

p-
terms of derivatives covariant with respect to coordinate changes.) This same relation

(Note that this same maneuver defines the Riemann tensor in

holds in the non-abelian case:
Fl, = é[DH, D,] = 0,A, — 9, A, —ie[A,, A,).

This object is Lie-algebra-valued, so can be expanded in a basis: F,, = F /ﬁ,TA, SO

more explicitly,
Fi = 0,A) — 0,A + efapc A AY.

Since it is made from products of covariant derivatives, [D, D|® — A[D, D|®, it must
transform in the adjoint representation, F' +~ AFA~!, which in infinitesimal form
returns us to (4.10)
A A ABC | B 12C
Fo,oe= F,, — [P77ATF,.

In this exposition, Maldacena uses currency exchange an analogy to explain gauge
theory. Suppose we had three countries arranged in a triangle, each with its own paper
currency. There are exchange rates across each pair of borders. If these rates are
chosen poorly, an enterprising person can generate wealth by going around in a closed
loop (in the correct direction) exchanging currency at each border crossing.
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The fact that the choice of currency is arbitrary (12,000 Zoobels = 5 Zinkys) is a
gauge redundancy. The value one generates by going in a loop is like magnetic flux.
The further point is that the value of a given unit of paper currency is arbitrary, so
currency exchanges are like gauge transformations. If instead of using paper currency,
the countries used something with intrinsic value (like say baked goods) it would be
locally obvious if someone were doing something dumb. The intrinsic value of baked
goods (at least if everyone agreed about it) plays the role of a Higgs field. The local
obviousness is like a mass for the vector field. Maldacena has a nice appendix where
he makes the discussion quite concrete.

4.5 Actions for gauge fields

The Yang-Mills (YM) action (4.9) is a gauge invariant and Lorentz invariant local
functional of A. If the gauge field is to appear in D = 0 + A it must have the same
dimension as 0, so Ly); has naive scaling dimension 4, like the Maxwell term, so
[g°] =4 — D — it is marginal in D = 4. Notice that unlike the Maxwell term, Ly is
not quadratic in A: it contains cubic and quartic terms in A, whose form is determined
by the gauge algebra fapc. Non-abelian gauge fields interact with themselves in a very
definite way. This interaction is relevant in D < 4 and irrelevant in D > 4.

In even spacetime dimensions, another gauge invariant, Lorentz invariant local func-
tional of A is the total-derivative term Sy = 6 ftr% ARTAY % with D/2 factors of F.
The D-form tr= A ... A £ = dw(A) is exact (e.g. in D = 4, in the abelian case,
FANF =dANF), orin components, e#?”F, F,, = 20, (e"*?A,F,,); more gener-
ally, w is the Chern-Simons form, more below). Because it is exact, this doesn’t affect
the equations of motion or perturbation theory, but it does matter non-perturbatively.
We'll see (when we study anomalies) that for smooth gauge field configurations in a
closed spacetime, this functional is an integer. This means that 6 is a periodic vari-
able, since it appears in the partition function only as " with n € Z. This coupling
0 violates CP symmetry (notice that F' A F' has one time derivative and three spatial
derivatives) for # # 0,7. In QCD, this coupling of the gluons is constrained to be
very small because it would give an electric dipole moment to the neutron, which the
neutron doesn’t seem to have; this mystery is called the strong CP problem.

In odd spacetime dimensions, we should consider the Chern-Simons (CS) term (the
D = 2+ 1 version of which we just encountered) which in the abelian case looks like

Ses[A] abelian JANE AN .. AL with (D —1)/2 factors of F. (In the non-Abelian
case, there is an extra term to make its integral gauge invariant: in 3d, Scg[A]
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Jtr (ANF+2ANANA).) This term does affect the equations of motion. It breaks
parity symmetry. Notice that in D = 2 + 1 it is more relevant than the Maxwell or
Yang-Mills term. Notice that the CS term is dangerous in the sense that the integrand
is not gauge invariant; this suggests that something interesting will happen if we put
such a thing on a space with boundary. It is a central ingredient in quantum Hall
physics in D = 2+ 1, where, for one thing, it gives the gauge field fluctuations a mass.

In general dimension, we can make more couplings out of just F' if we take more
derivatives, but they will have higher dimension.

We can couple YM gauge fields to matter by returning to our starting point: e.g. if
(x) — Agy(z) is a Dirac field transforming in some representation R of the gauge
group, then D,y = (8u —ir &f‘Aﬁ) Y also transforms in representation R, so

@Z_Ji’YMDMZ) + V(@/_”»D)

is a gauge-invariant lagrangian density. The lowest-dimension couplings of A to matter
are determined by the representation matrices T, which generalize the electric charge.

You might expect that we would start doing perturbation theory in ¢ now. There
is lots of physics there, but it takes a little while to get there. Instead let’s first think
about how we might define the thing non-perturbatively and see what we learn from
that.

4.6 Fermion path integrals

We'll need these for our discussion of anomalies, and they are extremely useful for
doing perturbative gauge theory for QCD (which differs from Yang-Mills theory by
the addition of fermionic quarks), and even, perhaps surprisingly, for pure Yang-Mills
theory.

[e.g. Schwartz §14.6] Canonical fermion operators satisfy anticommutation relations
like {¢(z), v (y)} = ihd%(x —y). If we formally take i — 0, the fermi fields are a bunch
of objects which anticommute and square to zero. Such things are called Grassmann
numbers

Qié’j = —QJQZ s 1=1.n

and the set of objects we get by multiplying and adding them (with coefficients in
C) is a Grassmann algebra. For n = 1, the most general element of the algebra is
g(0) =a+bf. Forn =2, it is

9(91, 92) =a+ b(91 -+ 602 + d9192. (415)
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A Grassmann algebra has an even part (made of products of even numbers of thetas,
which therefore commute) and an odd part. I've named the object in (4.15) g(6y,605) as
if it is a function of the Grassmann variables. This doesn’t really mean anything, but if
we go along with it, then (4.15) is actually Taylor’s theorem for Grassmann variables.
It’s very simple, there are only two terms in the expansion for each variable, 2™ terms
altogether. A realization of Grassmann algebra that we've already seen is differential
forms.

Integration is just as easy and in fact is the same as taking derivatives:

/wdsz /1d¢:o.

With more than one grassmann we have to worry about the order:
1= [ Gududi = [ duaias
So

/dwl'--dwnX = Oy, -+ Oy, X.

Notice that there are no limits of integration. All Grassmann integrals are like the
analog of

/_OO dz f(x) _/00 dxf(x +a), if 0,a = 0.

o0 —00

In fact the analogous condition is true:

/(A + BO)dH — /de(A + B0+ a)) if dya = 0.

The only integral, really, is the gaussian integral:
e—mffﬂ dpdi = a.
=1—ady

Many of these give

i Mo M MM ) 1.
[ e TLanTLav = [TTaT]do (1 a0 + goaviao -+ )
=1 =1

i=1 =1

(4.16)
1
== D (—1)7Asg, Asg, -+ At (4.17)
’ perms,o
= det A. (4.18)
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Ay Agg - Y
Here - A = (@El, e ,&M) Apy o e © |. Another way to get this expres-
: Y

sion is to change variables to diagonalize the matrix A. Notice that
/6_¢~A'¢d¢d,¢) =det A = e-l—trlogA

involves a sign in the exponent relative to the bosonic answer

1
_¢*.A.¢d *ddy — _ —trlOgA'
/6 00 = Gt A

This is the same sign as the minus sign associated to fermion loops.

Correlation functions look like:

— o JUvetdpdy 1 _
<¢¢> = fe*aWd@dz/} I <¢¢>

If for many grassman variables we use the action S = ). aibi; (diagonalize A
above) then

- 51 ] - .
(i) = —= = (i) (4.19)
or, in a general basis,
(Vi) = A"
Wick’s theorem here is
(Do) = () (k) — (k) (1) -
With sources, the general gaussian integral is
M M
/€_¢iAij'¢j+7_7iwi+¢im H dlzi H dip; = AT / H d&d¢e—(i—ﬁA*1)A(9—A’ln) — AT et A.
i=1 i=1

Now we can take a continuum limit: t; ~» ¢(x), f(1;) ~ f[]. The partition
function for a free fermion field is

Z[i, ) = / (DY Dyt (D= m)vivinico) (4.20)
— det (i — m) (i f dPa [ dPyi(y) (id-mic) ' n(@) (4.21)

If we couple ¢ minimally to a gauge field, the determinant (which here is an irrelevant
constant) becomes an effective potential for the gauge field.

[End of Lecture 14]
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4.7 Lattice gauge theory

We’ve seen that scalar field theory can emerge from a lattice model, such as the model
of balls and springs with which we began 215A. It can also emerge from a spin system,
with a two-state system at each site of a lattice. Such a lattice model is then a
non-perturbative unitary regulator of the QFT in question, and comes with many
advantages. One is that it means the QFT can arise as a low-energy description of
suitably-arranged condensed matter. Another is that the QFT can be simulated in
various ways. Depending on the signs appearing in the action this may involve Monte
Carlo sampling of the path integral.

The following beautiful construction was found by Wegner and Wilson and Polyakov;
a good review is this one by Kogut.

Consider discretizing euclidean spacetime into a hypercubic lattice (for simplicity).
On each link xy of the lattice we place a G-valued matrix U;“yﬁ . We define U, = U;yl,
as we did for the comparator in (4.13). Three good examples to keep in mind (in

decreasing order of difficulty) are:

1. G = U(N), in which case each U is a complex N x N matrix with UUT = 1. Here
a,8=1..N.

2. G = U(1), in which case U is just a phase (a 1x 1 matrix) U,, = €% 0,, € [0,27).

3. G = Z,, in which case U = €*/* ¢ = 1,...n, is a phase with U" = 1. For
n = 2, this is a classical spin living on the links of the lattice.

Please think of U,, = Pells 44" as the comparator (or Wilson line) along the link
(except that there is no such degree of freedom as A, (r) at other values of r). As such,
we impose the gauge equivalence relation U, — giU,,q,, where g, € G for each z. We
will accomplish this by two steps: by writing an action S[U] which has this invariance,
and by integrating over {U} with an invariant measure:

7 = / HdUge_Sm.
l

Here [ dU is the G-invariant (Haar) measure on G, which can be defined by the desider-
ata

/GdU_l, /Gde(U)—/Gde(VU)—/Gde(UV),VVGG.

For G = U(1), the Haar measure is just fo%rdgo; for G = Z,, it just %2?21- You can
figure out what it is for SU(2) (locally, it’s the round measure on S3). Notice the
following lovely advantage of these conditions: there is no need to gauge fix anything.
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This is a statistical mechanics problem of the thermodynamics of a bunch of classical
rotors (slightly fancy ones in the SU(N) case). The review by Kogut does a great job
of highlighting the fact that this class of problems is susceptible to all the tools of
statistical mechanics.

What action should we use? Here is a good way to make something invariant under
the gauge group: Consider the comparator for a closed path C,, which starts at x and
ends at x:

W(Chy) = PeHew A,

How does this transform? W (C,,) + g; W (Cyz)g., but, for non-abelian G, it’s still a
matrix! A gauge-invariant object is

W (C) = ttW (Cy) = trPe Hews A

where the g, and g;! can eat each other by cylicity of the trace. The action should be
local. We can make something gauge invariant and as local as possible by considering
a path C which goes around a single plaquette of the lattice: C' = dO. This is Wilson’s
action:

1
S[U] = 2_f2 Z Re SD) SD = W(alj) =1tr H UZ = tr (Ux,erdxUerdx,erda:eryUx+dx+dy,x+dyUerdy,x) .
[m]

{eon

Now let’s focus on the nonabelian case, such as G = SU(V), and take seriously
. rxtdx
the idea that U, ziar = emil" Aude” - where A,(x) is an element of the Lie algebra
. 2
g = su(N). An application of the CBH?! formula e*4es8 = ¢sA+sB+ 5 ABI+O(") ghows

that for a plaquette oriented in the pv plane O,,, with lattice spacing a,

1 .
ReSo,, =" 5 Retr (e77 + O(a)
1 1
- 2—f2Retr (]L —ia’F, — 5“4FWFW + O(a5)) (no sum on u, )
1 at .
— 2_f2 tr]l—EtrFWFW—{-... —|—O(a )

= Lyy(O) + const + O(a”).

In the last step the term linear in F), dropped out, either because trF" = 0 (in the
non-abelian case) or because it is pure imaginary and drops out of the real part. The
coupling ¢ is related to f in some way that can be figured out. So it is plausible that
this model has a continuum limit governed by the Yang-Mills action. Realizing this
possibility requires that the model defined by Z have a correlation length much larger
than the lattice spacing, which is a physics question.

31Charlie-Baker-Hotel? Campbell-Baker-Hausdorff.
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Before examining the partition sum, how would we add charged matter?

If we place fundamentals ¢, — ¢.q. at each site, we can make gauge

invariants of the form (for example) ¢! U,,U,.U..,qu, or most simply, W
we can make a kinetic term for ¢ by Uy U Tlow
1 ; . % Y 2
0 x+~'j . e
where ¢ runs over the lattice generators, and where D, = 9, —iA,, is . &
the covariant derivative, and we used its definition (4.12). < ot

The expression I've written is for a grassmann, spinor field; for bosonic fields the
second-order terms are the leading terms which aren’t a total derivative. There is
some drama about the number of components of the spinor field one gets. It is not
hard to get a massive Dirac fermion charged under a U(1) gauge field, like in QED. It
is impossible to get a chiral spectrum, like a single Weyl fermion, from a gaussian, local
lattice action; this is called the Nielsen-Ninomiya theorem. You might think ‘oh that’s
not a problem, because in the Standard Model there is the same number of L and R
Weyl fermions,” but it is still a problem because they carry different representations
under the electroweak gauge group. The word ‘gaussian’ is a real loophole, but not an
easy one.

How do we get physics from the lattice gauge theory path integral Z7? We need to
find some gauge-invariant observables (since anything we stick in the integrand that
isn’t gauge-invariant will average to zero). In the pure YM theory, a good one is our
friend the Wilson loop W(C) = tr ([Tjec Us) =~ trPelfc 4. What physics does its
expectation values encode? Recall what happened when we added an external source
to measure the force mediated by various fields, for example in the Maxwell theory:

lim 7 /DA oASMaswen[A]+H [ Ap Tt _ =iV (R)T
T—o0

Here we took J#(z) =00 (64(Z) — 6%(Z — (R, 0,0))) for ¢ in an interval of duration T,
and zero before and after, two charges are held at distance R for a time 7. V(R) is the
energy of the resulting configuration of (here, electromagnetic) fields, i.e. the Coulomb
potential. If instead we let the charge and anticharge annihilate at t = 0 and ¢t = T,
this is a single charge moving along a rectangular loop Cgx7 in spacetime, with sides
R and T, and the result is just the expectation value of the associated Wilson loop.
Going back to Euclidean spacetime, this is

<W(CR><T)> = Z_l/HdU efﬁ 2o ReSDW(C,RXT) TzR e—V(R)T’
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where the LHS is the expectation value of a gauge invariant operator. There can be
some funny business associated with the corners and the spacelike segments, and this
is the reason that we look for the bit of the free energy which is extensive in T

In the case of the Maxwell theory in the continuum, this is a gaussian integral,
which we can do (see the homework), and log <el§cRXTA> ~ —F(R)T — f(T)R with

E(R) ~ %, goes something like the perimeter of the loop C. In the case of a short-
ranged interaction, such as from a massive gauge field, the perimeter law would be
more literally satisfied.

T>R
In contrast, a confining force between the charges would obtain if (W (Cgrxr)) z

e VBT with instead

ov
V(IR)=0R =— F=——=-0.
(R) R
This is a distance-independent attractive force between the charges. € T
In this case log (W) ~ RT goes like the area of the (inside of the)
. j ) i YA=RT AT
loop, so confinement is associated with an area law for Wilson loops.
A constant force means a linear potential, so it is as if the charges are > v

connected by a string of constant tension (energy per unit length) 0. = R —»

A small warning about the area law: with charged matter, the existence of an area
law may depend on the representation in which we put the external charges:

W(C, R) = trpPelfc A*Th

where T are the generators of G in some representation R; this is the phase associated
with a (very heavy and hence non-dynamical) particle in representation R. For some
choices of R, it might be possible and energetically favorable for the vacuum to pop
out dynamical charges which then screen the force between the two external charges
(by forming singlets with them).

This happens if the energy stored in the string ~ oR 2 2M,, the
threshold for producing the dynamical charges. That is, the string
connecting the external sources may be able to break. G = SU(N) §
has a center Zy C SU(N) under which the adjoint is neutral, so

)
_
~

a Wilson loop in a representation carrying Zy charge (such as the
fundamental, in which it acts by Zy phases times the identity) cannot &— @_—
be screened by pure glue. QCD, which has dynamical fundamentals,

is more subtle.

This point, however, motivates the study of the dynamics of lattice gauge theories
to address the present question: Where might such an area law come from? T’ll give
some hints for how to think about it.
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Hint 0: Monte Carlo simulations. By now, Monte Carlo simulation of lattice
gauge theory, and in particular actual QCD, is a giant industry. Its practitioners are
able to calculate the spectrum of hadrons to a few percent, with good agreement with
experiments. I'll explain below how masses of hadrons are extracted from such a theory.

Hint 1: Strong coupling expansion. In thinking about an integral of the form
/DU P 20501 (O)

it is hard to resist trying to expand the exponential in .

Unlike the perturbation series we’ve been talking about for months, this series
has a finite radius of convergence. To understand this, it is useful to recognize that
this expansion is structurally identical to the high-temperature expansion of a thermal
partition function. (This is why I've used the symbol 3 for the coupling constant in
front of the action.) For each configuration C, the function e #M%) is analytic in j3
about § = 0 (notice that e~ T is analytic about 7" = oo!). The only way to get a
singularity at 5 = 0 would be if the sum over configurations (in the thermodynamic
limit) did it; this would be a phase transition at 7' = oo; that doesn’t happen because
the correlation length inevitably goes to zero at T' = oo: every site is so busy being

buffeted by thermal fluctuations that it doesn’t care about the other sites at all.*

In the non-abelian case, we get to do all kinds of fun stuff with characters of the
group. For simplicity, let’s focus on an abelian example, which will have a similar
structure (though different large-3 (weak coupling) physics). So take U, = €i% € U(1),
in which case

So,Ul == (1 —=cosbu), Ou(x) =0,(c4+v)=0,(x)=0,(x+p)+0,(x) = A0,—AL0,(x).

First let’s consider the case where the world is a single plaquette. Then, using the
identity fj’fde e = 6,0,

(W(D)) = /HdUz U UU3Uy (1 + B(Sa + Sé) + %BQ (S + ST)2 + %ﬁ?’ (S + ST)3 4. )

=00

3

=p3 <SDSfD> +—= <S2DS—2D> + O<55) = ﬁA(D) (1 + O(ﬁ2>) = ¢ 7(f)Area (4-22)
—_— 2
=1
with o(f) = |In 3| is the string tension in this crude approximation. Here the area of

the loop was just 1. I've written S_5 = SE and Spn = S2, the latter of which is only
true in abelian cases.

32For a much more formal and, I think, less illuminating proof, see for example J-M Drouffe and
J-B Zuber, Physics Reports 102 (1983) section 3.1.2. Thanks to Tarun Grover for framing the above
argument.
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If instead we consider a model with more dofs and a loop that
encloses many plaquettes, we must pull down at least one fac-

tor of ﬁSé for each plaquette, in order to cancel the link fac- \/ ) ,
tors in the integrand. We can get more factors of beta if we ’
pull down more cancelling pairs of 5" SES™, but these terms are
subleading at small 5. The leading contribution is (W (C)) = R

7

e~oBArea (1 4+ O(3?)), where ‘Area’ denotes the area bounded by
the curve C. an area law.

This area-law behavior of the Wilson loop in the strong-coupling expansion is the
analog of the fact that in a spin system like the Ising model at high temperature, the
correlation functions are short-ranged, (s.so) ~ e 1*I/¢ — the correlations are short-
ranged. Since the series converges, this conclusion can be made completely rigorous,
and only charge-neutral excitations have finite energy in the thermodynamic limit. In
what sense is confinement a mystery then? Well, a hint is that our argument applies
equally well (and in fact the calculation we did was) for abelian gauge theory! But
QED doesn’t confine — we calculated the Wilson loop at weak coupling and found a
perimeter law — what gives?

The answer is that there is a phase transition in between weak and

confinement, coulomb phase,

strong coupling, so the weak coupling regime is not an analytic aeaav = = peimeteriow ‘
continuation of the strong coupling series answer. Ruling out this - B~ >

possibility in Yang-Mills theory would be lucrative.
[End of Lecture 15]
In fact, though, the Wilson loop expectation itself can exhibit a phase transition,
even if other observables don’t. I’ve drawn the pictures above as if the world were two-
dimensional, in which case we just cover every plaquette inside the loop. In D > 2, we
have to choose a surface whose boundary is the loop. Rather, (W) is a statistical sum
over such surfaces, weighted by g2

W(C) = 3 g, (4.23)
S|as=c
Such random-surface models often exhibit a roughening transition as 8 becomes larger,

to a regime where floppy surfaces are not suppressed.

The same technology can be used to study the spectrum of excitations of the gauge
theory, by considering correlations like

(Sr®SHO)) =D [elpemme®" (424) <>

where Sg is the trace of a Wilson loop in representation R, around a single
plaquette, and the two loops in question are separated only in time and
are parallel. The subscript ¢ means connected. O
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The right hand side is a sum over intermediate, gauge invariant states with the right
quantum numbers, and m,(R) are their masses. This is obtained by inserting a com-
plete set of energy eigenstates.

In strong coupling expansion, we get a sum over discretized tubes of pla-
quettes, with one boundary at each loop (the connected condition prevents
disconnected surfaces, and removes the contribution of the vacuum from

!

58

[

the sum in (4.24)), the minimal number of plaquettes for a hypercubic

<:

lattice is 4t, giving —

\
[

(

(Sr(®)Sh(0)) ~ 48" (1+0(8%)

and the smallest glueball mass becomes mg ~ 4[ln |, similar to the scale of the
string tension. Actually, the corrections exponentiate to give something of the form
mo(R) = —4In S+, my(R)S*. (For more on that, see e.g. the monograph by Montvay
and Minster called Quantum Fields on a Lattice.)

Hint 2: monopole condensation and dual Meissner effect.

[Banks’ book has a very nice discussion of this.] Recall that a single magnetic
monopole is not a finite energy situation inside an infinite superconductor, because it
has a tensionful Abrikosov flux string attached to it. A monopole and an antimonopole
are linearly confined, with a constant force equal to the string tension.

On the other hand, electric-magnetic duality is a familiar invariance of Maxwell’s
equations:
ME,, = J 0'F,, = Jm (4.25)

is invariant under the replacements

F., — E, Cuvpo FP7, T — J.

N| —

In doing a weak-coupling expansion (e.g. as we did in QED), we make a choice (having
not seen magnetic charges, they must be heavy) to solve the second equation of (4.25)
by introducing a smooth vector potential A, via

1
Fuole) = Ay = B + S [ 9T ™ ) 17— 9

with 0,f7(z) = §*(x). Here we are treating the magnetic sources as fixed, e.g. because
they are heavy. The support of the function f” is called the Dirac string.
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In this description, a monopole is placed at the end of a long
and infinitely thin solenoid, which carries away its magnetic flux

fsphere around monopole = Jeross-section of solenoid B = 9 and is invisible

classically. Quantumly, it could be detected by Aharonov-Bohm ef-
iefA — eiefB

fect of a charged particle going around it e = €19 unless

eg € 2n7Z, Dirac quantization again. (For particles with both elec-
tric and magnetic charge (they are called dyons), the condition is

q1Mo — goMmy € 27TZ)

So, the duality interchanges electric and magnetic things. If condensation of elec-
tric charge (meaning (|®|) = v for some electrically charged field ®) means that A, is
massive (Anderson-Higgs effect) and that monopoles are confined by tensionful mag-
netic flux tubes, then we can just replace the relevant words to learn the following:
Condensation of magnetic charge {|®,,|) # 0 means that some dual photon (A, with
dA = ﬁ’) is massive, and that electric charges are linearly confined by tensionful electric
flux tubes.

This was pointed out by Mandelstam and 't Hooft in 1974. In 1994 Seiberg and
Witten (hep-th/9407087) showed in detail that confinement actually happens by con-
densation of magnetic charge in a highly supersymmetric example. In abelian lattice
models, we can actually implement the duality transformation explicitly by various
path integral tricks. One path through this story (found in 1978 by Banks, Myerson,
Kogut and also Peskin) is described in Banks’ book. Along the way, one encounters
dualities with many familiar statistical mechanical models, such as the XY model. I
hope we will come back to this next quarter.
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5 Non-abelian gauge fields in perturbation theory

5.1 Gauge fixing and Feynman rules

Gauge fixing. [Peskin §16.2, Schwartz §25] Consider the partition function for pure
Yang-Mills theory (it will be easy to add quarks later):

1 iS4
vol(G) / [DA] ’

We assume that S[A] is some gauge-invariant functional of A, such as the Yang-Mills

Z

action. The integral over [DA] goes over all configurations of the gauge field A. Here
vol(G) is the volume of the gauge group — a copy of G for each point in space. We
divide by it to cancel out the contributions from gauge-equivalent configurations of A.
So the path integral is 2. We would like
to make this cancellation more explicit by
fixing a gauge, G(A(z)) = 0. A cartoon of
the space of all gauge field configurations,
stratified into gauge orbits, is sketched at
right; we want to restrict the integration
to a gauge-fixed slice G(A(x)) = 0 (indi-
cated in red) which intersects each orbit at

one representative configuration. Perhaps
surprisingly, this will be an application of
fermion path integrals.

Note that the gauge-fixing function G(A(x)) must be a function of A(z) (we assume
it is a local condition) which is not gauge invariant, such as 0*A,(z). To implement
this, we will insert the following form of the number 1:

1 = A[A] / [Da5[G(A%)]. (5.1)

Here [[Da] is the Haar measure on G and

. i .
AZ‘ = (Azt)aTa _ 61o¢-T (A” + Ea,u> e*la-T (52)
1
= (A; + gﬁua“ + fa”CAgaC) T+ O(a?) (5.3)
1
— (AZ + 5D,pﬂ> T+ O(a?) (5.4)
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is the image of A under a gauge transformation with parameter a®(x) — at the last step
D is the covariant derivative on a field in the adjoint representation. The (Fadeev-

Popov) determinant A defined by (5.1) is a Jacobian A[A] = det (5G(Aa)>. A crucial

da
property of A is that it is gauge invariant:

A[Ae]L 2D / [Da]d[G(At)] = / D (a + an)|8[G(A*T™)] = A[A]™L. (5.5)

(Here we used the fact that the measure on the group is invariant, [Da] = [D (a + aq)].
Forgive me for switching to a more-convenient additive notation for the group law here.)

Inserting this form of 1 (5.1) into Z (and changing the order of integration) gives:

7 = le( G / [Da] / [DA)S[G(A™)| A[A]eS (5.6)
_ %@) / [Dal / [DA|5[GA™)| A[A%]S14°) (5.7)
= ¥(V011( 5 / [Da])J / [DAS|G(A)A[A]SA (5.8)

In the first step we use the fact that [[DA] = [[DA?], S[A] = S[A*] and (5.5). In the
second step we change integration variables to A® = A, and promptly drop the tilde.
So we’ve cancelled the offending volume of the gauge group, and inserted a gauge-fixing
delta function in the path integral.

The only price is the FP determinant A that we’'ve acquired. What is it? It depends
on the choice of gauge fixing function. Let’s choose

G[A] = 0" A} () — w"(z).

Rather than picking a particular w, let’s average over all possibilities with gaussian

measure:
w?(x)

1=N(€) / [Dwl]e 4775

The normalization factor is just a constant which we can forget. Therefore

Z = N(©) / DA / (Duo[d - A —w] e % ALA]SIA

.

~~
=1

(5.9)

S[A]-[ (65’2>2)

—N(O) / DAl (5.10)
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Finally we must figure out what is A[A]. Comparing to (5.4) (and remembering
that there is a factor of §|G| multiplying everything), A is the determinant of the
operator

6G[A*] 1,
=-0"D,.
Yel g8 a

Notice that in the abelian case, this is independent of A (the covariant derivative D
acting on the adjoint representation of U(1) is just ) and we can forget about it; that’s
why we didn’t bother doing this for QED.

A = det (laﬂDu) — /[DCDC]eidexc(—aﬂDu)c'
9

At the last step we used the integration formula for gaussian grassmann integrals (and
absorbed a factor of ¢ into the definition of ¢, and ignored a constant factor). ¢ here is
a new complex scalar field in the theory (¢ = ¢f). Since D is the covariant derivative in
the adjoint, it’s a field in the adjoint of the gauge group. There’s just one weird thing
about it — it’s a fermionic field with second-order kinetic terms, a ghost!

There are all kinds of bad things about fermions with second-order kinetic terms
(see the discussion of the connection between spin and statistics around p. 138 here,
or Schwartz §12). But those bad things only happen if the particles occur in external
states. One purpose of a lot of the fancy stuff on this subject (such as BRST symmetry)
is guaranteeing that we’ll never make ghost particles while scattering the real particles.
The loops of the ghosts, though, are crucial for getting correct and unitary answers.
In particular, the optical theorem relates scattering states to particles appearing in
loops. The contributions to the imaginary part of loops from the ghosts are required
to cancel the unitarity-violating contributions from the unphysical polarization states
of the gluons. (For the details of what is being cancelled see Peskin pp. 508-511, and
for the cancellation itself, see 515-516.)

Altogether,

i(S141-s 24 e(-0nDe)

7 = /[DADCDC]@ (5.11)

More generally, the ghosts are negative degrees of freedom whose role in life is to cancel
the unphysical contributions of the timelike and longitudinal components of the gluon
field. For example, in the free (¢ = 0) path integral in Feynman gauge, we have

Z(g =0) = (det (=6%) " det (_32)+2>dim<G>/2

The contribution of the ghosts cancels two components’ worth of the contribution from
the gluons.
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Feynman rules. More explicitly, the ghost action is (after some IBP)
%
Lonows = ¢ (=020 + g0 fens ) .
The ghost propagator is then:

a —b _ —ik(z—y) i ab
(c"(z)c(y)) = /d4k e i ie(s :

Let us use the lovely Yang-Mills action, S[A] = [ Lyn

1 a auv a a a abe ¢
Lyy = _ZF,LLVF m. Fm/ = auAu - aVAu +9f ’ AZAV'

The resulting gluon propagator is

: — k. k,
(Apoat) = [ath e Tl (- 1- )

The gluon propagator is just like the photon one, times a §% which conserves the color.
¢ =1 is Feynman gauge, which I'll use everywhere below. [End of Lecture 16]

The new Feynman rules are
i

i
_< ..... = —, u -? :—gfabck“,

k2 Ay e €
o

/‘""‘L
KJ//}1\ = gf“bc (77“,,(/{1 — ka)x 4+ (ke — kB)u + 77>\u(k3 —k1)y),
N 'h\‘ vl

ne vl
;}q = —ig® (S " (Muatop — Mupion) + L% L Muniop — Motipn) + FA L% Muwng — Maption)) -
Ne P

(Patterns: in the cubic coupling, the three terms cyclically permute the color and
kinematic indices. In the quartic coupling, the second term is obtained from the first
by the interchange (b, v) <> (d, p), and the third is obtained from the first by (b, v) <>

(e, A).)
Including quarks doesn’t mess with the gauge-fixing stuff. We’ll take
Lauarks = 7 (i) —m) q = ¢ (v (10,.6:; + gALtS) — mdy;) g5 (5.12)

Here i, j are color indices. For QCD, the color indices are 7,7 = 1..3 and and t{; are
the generators of SU(3) in the fundamental representation (a good basis of which are

116



called Gell-Mann matrices). In (5.12) I've suppressed the flavor indices — quarks come
in various flavors, just like a muon is a different flavor of electron. I've also suppressed
the coupling to electromagnetism, which is of the form ¢Q,v*A,q, where @), = 2/3 or
—1/3 for up- and down-type quarks respectively. Their fractional electric charge is one
way in which we know we haven’t seen free quarks.

ap

With this addition, there’s also a quark propagator, and the gqg vertex is /)\\ =

igyrte.

We'll also need to add some counterterms
s = i (K — ) 678y 4 P

> — i}, “ _

}\ :igta")/udl — jzé\—i‘ A

On the right, I've indicated which one-loop diagrams require us to add these respective
counterterms.

5.2 QCD beta function

[Schwartz §26.6] We're going to calculate the beta function for the QCD coupling
g. We'll use dim reg, so the beta function is defined as $(gr) = pd,gr, where p is
the scale that appears when we replace 4-dimensional integrals with D-dimensional
integrals, and where gg is the renormalized coupling. Here is a good device for working
out the beta function in dim reg. Very explicitly, the whole Lagrangian in D =4 — ¢
dimensions is

1
L= _ZZ?,(aA)2 + Z5q (i) — Zywmpg) q — Z1.¢"0Oc" (5.13)
1
o Iue/QgRZASfabc(auAg)AubAuc _ ZMEQJQ{ZA‘l (fabcAZAi) (fadeAudAue) (514>
+ ue/zgRZlAZcTy“t“q + uE/QgRchf“bcauéaAch (5.15)

The first line is the quadratic piece about which we’re expanding, and the next two
lines are interactions, all proportional to the (assumed-small) coupling gr. Here I've
written the counterterms in terms of Zy = 1 — dy for each term. Notice that there
are four counterterms (21, Z 3, Z a4, Z3.) all of which describe corrections to g — they
are related by gauge invariance, just like how in QED the vertex correction and the
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electron self-energy were related.*

The bare fields are the ones whose quadratic terms are just (0A°)? and ¢%i#¢® and
A0, e, A) = VZ3A,,¢° = Z2q,° = \/Zi.c. The bare coupling is the coefficient
of the interaction written in terms of the bare fields, e.g.

4-D —1/2 jp " o
Logg = P2 grZ1Z3 / Z, IJA?L .

=90

Now here comes the trick: the bare coupling doesn’t know anything about our choice
of p1.** Therefore

. _ _ € 1 1
0 = pudugo = poy (u5932123 Y2z 1Zl> =go | 5 +— puOugr +uo, (61 — =03 — 52> +0(g%) .
gR W—/ 2

2
=B(9r)
(5.16)

Now in MS, the counterterms ¢ will depend on p through gr(p) (at one loop they’ll
2
just be g?R times numbers), so we can use the chain rule:

ng 0 06
ey, iy
HOWD =y o ﬂ(gR)agR

Solving (5.16) perturbatively for 8, we have

1
B(9r) = _ggR — grpO, (51 — 553 — 52) +O(g") (5.17)
€ 1
= 398~ 9r B(9r)  Ogp (51 — =03 — 52) +0O(g") (5.18)
— 2
=—£9r+0(9%)
€ € o 1 4
= 59 + 59339}3 o — 553 — 02 | + O(gp). (5.19)

So we need to know how the counterterms ¢; o 3 depend on the coupling. We could have
chosen a different term to focus on, which would have required knowing a different set
of the counterterms; we’d have to get the same answer by gauge invariance.

33Note that I also include the dimensional-analysis-restoring dim reg factor of p/? explicitly in £.

We can see that this is the right thing to do by rescaling A= gA so that the coupling appears only in
—étrF? In that case, the action and the coupling g are both dimensionless in D = 4 — ¢ dimensions
if we write S = — [ dDgc“f—;trFQ. This is the same as replacing g — u/2g.

34This is a different perspective than we have when the scale introduced in the renormalization
scheme is a UV cutoff. There, if we hold fixed the physical coupling we must vary the bare coupling
with the UV cutoff, and in fact its variation defines the beta function, as in §1.1. The two perspec-
tives are related to each other like active and passive transformations; the object under study is the
transformation itself which here is encoded in the beta function.
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Gluon vacuum polarization. The Ward identity in QCD still implies that the
gluon self-energy is transverse:

il (q) = —illa, (0™ — ¢"¢")
7
- .--(f}w t e P S Z + o] ] N
= My + Mz + My + Mghost — 1 (K" — k"E”) %65

through one loop. In Feynman gauge, we have

—m2

nguab(Q) = ""’@"” = _trF(tatb> (19)2 TR /de(q — k,)iz 2 k2 i tr [7H (% —q+ m) ol (k + m)}
= trF(t“tb)i/\/lQED(e — g) (520)

There are no surprises here — it looks just like the electron loop contribution to the
photon vacuum polarization. The color trace is trp(t*") = Tpd® = 6% for the
fundamental representation. Since we're interested in the UV-singular structure (recall
that we’re trying to compute the counterterms d;23), we can simplify our lives by
setting the quark masses to zero. Using exactly the same tricks as for QED, the
answer is then, near D =4 — ¢,

2 81 20 4. 12
. pvab — N.T 2, 0V LV 6ab 9 e — 21
IMEY(q) = N¢Tp (0" — ¢"q") 62\ 3¢ 9 3T at Oe) ) (5.21)

where Ny is the number of flavors of quarks (e.g. up, down ... 6 altogether, so far),
counting Dirac multiplets.

More novel are the gluon and ghost loops:

. ra T i ca C 12
WM = e = (1) (0 [k (= o

—4-D 1 2-D/2
(522) 2 H ab i v 1 _ 2 1 _ _ 2
=g (47T)D/25 02(G)/0 dx <A) (7] (2F (2 5 Al +¢"q" [z1—2) (2 5

The big (—1) is because the ghosts are fermionic. To get to the second line, we used
Feynman parameters and completed the square and did the integral over ¢ = k + xq.
A = z(z — 1)¢*. The new ingredient is the color stuff.

Quadratic Casimir. Recall that the total angular momentum J? = j(j 4 1)1 has
[J2, j] = 0 — it’s a Casimir for SU(2), proportional to the identity on each irrep. This
works for any Lie algebra:

T? =T°T* satisfies [T°, 7% = 0,Vb.
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In any representation 7 then we have T*T* = Cy(r)lgpyxar) (by Schur’s lemma). In
particular, for the adjoint rep,

(T;dJT;dJ) (fa)bc(fa) fabcfaCd = ( )5bd (522)

Cy(r) is related to the normalization of the generators: trTeT? = ¢(r)d* (remember,
we chose ¢(fundamental) = $). Contracting with 6 gives dim(r)Cy(r) = dim(G)c(r).
For SU(N), C5(G) = N. See Peskin page 502 for a derivation.

2
. va 9" _4_ ac C v
IMSL b — --O"“ — ?/,64 b /d—Dkﬁﬁf dfb dN'u (523)

1 2-D/2
g :u ab - % Lo v 2
9 (47T)D/2(5 02((3)/0 dx (A) (77 A+q q B+77 q C) (5.24)

The % is a symmetry factor, since gluons are real, the two internal gluon lines can be
exchanged. A = x(z — 1)g? is the same as before.

A=3(D-1)r (1 — g) A, B = (6(2*—2+1)—D(1-2z)*)T (2 — g) ,C = (—22°+22r—5)T (2 — 2) :

The term with A represents a would-be-quadratic divergence. In dim reg this shows
up as a pole at D = 2.

In the diagram which uses the quartic coupling, too, we find a quadratic divergence

M4N d%NAQ:

s 2
iMZVab _ f ? — %QAL—D /de e np)\é‘cd (fabefcde (5#51/ 5/;5K)

+fadefcbe (6’;(5; o n,u,unp)\) + facefbde (nm/n}\p _ 555K))

aPk
= —g* 6" Co(G)(D — ' P =
1 2-D/2
= — 25" Cy(G) (D — 1)@4—’3/ dz (%) (—gr (1 — 2) A+ (1—2)%°T (2 — %)) :
0

(5.25)

The monstrosity in the first line is just the quartic vertex. The first term vanishes by

antisymmetry 6°f°% = 0. At the second line we multipled by 1 = in order to

put the integral into the same form as the other terms. *

35 Actually, there is a sense in which this contribution is zero in dim reg. After the rewriting, it’s
still zero, but only after doing the x integral. How can it affect anything then? The difference after
the rewriting is merely that the cancellation of the pole at D = 2 happens in the integrand of the z
integral, rather than only after integration.
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The glue contributions to the gluon vacuum polarization (not including quarks yet,
since those are optional) are then

b b s a2 0 [ (T
va uvab _ ca
M) = (Ms + My + Magan ™ = 07 Co(@)g* L /0 d (Z) .

D 1 3(D-1 D(D -1 D
n“’T(l——)A —5—1-( )— ( ) +q“q”F<2—§)a+n‘“’q2F(2—

2

Here a = -3(2* —2z+1)+2(1-22)*+2(l-2)and b=2? -2+ 2 — (1—2)*(D - 1).
The coefficient of T’ ( — %) has a factor of D — 2, which cancels the pole at D = 2.
Then using I' (1 — £) (D — 2) = —2I' (2 — £), this term combines with the other two.
After some boiling using the x <+ 1 — x symmetry, this is

M) = scuo)t o [ (ﬁ)m o —eerr (2-3) ((1-3) 0 - 202 +2)

—d—e 2 101 31 5 2
P ) o - )00 L r

Notice that compared to (5.21), the coefficient of the log (and of the pole in €) has
the opposite sign. From this we conclude that to cancel the ¢! pole in the vacuum
polarization (this is the MS scheme) we must take

1 ¢ (10 8
i (—CQ(G)—— fTF> , (5.26)

e€16m2 \ 3 3

where the first term is from pure glue effects and the second term is from the quark
loop.

We're almost there. To get the beta function we also need §; and ds.

Quark self-energy. This determines d; and d,, (the latter we won’t need). The
UV bit doesn’t care about the mass, so let’s set m = 0. Again it is just like QED
except for the color factors. The one-loop correction to the quark self-energy is

N D % kl —15“b
s\ _ a
iX3 (p) = /d k" S lﬂu (k—p)2 + ic

The color factors are

t/(;kt;)j(sab(sk‘[ _ Z (ta,ta,)ij _ 02(F>513

a
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where Cy(F) is the quadratic Casimir in the fundamental representation, which® for
SU(N) is Cy(F) = N;];l. The momentum integral is the same as in QED and we find
(for m, = 0)

2
=5 (p) = #5@7‘02(1?)%;5 + finite . (5.27)
The quark wavefunction renormalization counterterm d, contributes as 39 = ...+0,0"p,
so in MS we must set
5= 19 (Cacy(F)).
€ 1672

Vertex correction. The vertex correction gets two contributions at one loop.

a

= ig(t°t"t") ;0" Thep

(]

where
v

1ot

Toep = Fr(p*)7" + o puFa(p?)

is identical to the QED answer with e replaced with g (notice that it’s useful to keep
the quark mass around for a bit here). The color factors are

19050 = P14 = PP 1 [t ] = Oy (F)t* 4 if*etbee.
By antisymmetry of £, the second term is
1 1 1
ifabctbtc — ifabc§[tb, tc] — _éfabc‘]cbcdtd — _502(6)1:0,

Altogether, the divergent bit of this diagram is

a

1 1 a g2 2 ,U2 .
=14 ( (F)— ECQ(G)) tﬁjV“@ (E + ln_—p2 + finite | .

=g (1), T

new

36To check this take the trace of the BHS and compare with trt*t’ = %(5‘117.
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with

i —i

. 2 - i -
gl () = (00~ [ Ak s

(" 2q+d + k) +0"" (—q+ ¢ = 2k)" + 0™ (k —2¢ — q)")

(I find the opposite sign from Schwartz here. This sign cancels against the one in
(5.28).) The horrible numerator comes from the 3-gluon vertex, but in computing the
UV divergence we can set the external momenta to zero. This gives

new L6

2-4—-D de 2 1 P11

4 dPk
— 42 - w=4—D -
g (4 D)vu /k4
2 2
J (§+310g a +ﬁnite)
€

1672 2

Tl (0 = 0) = g2t P / aPR R e gpepe gy

—_= i’y’u'

where at the last step we put back the gluon momentum to make up the dimensions.
Finally the color factor is

, 1 1
fab(:(tctb) — 5ifabc]c-cbdtd _ _1502(G)ta (528)

Altogether, the divergent part of the qqg vertex at one loop is then

%igt?jv“ <(2 <02(F) - %(JQ(G)) + 302(6)) %; + (516) = § = élg; (—2C2(F) = 2C5(G)).

Combining all of this information using (5.19), the QCD beta function is (dropping
the R subscripts on gg)
€ € 4 1 4
Blg) = =59+ 5970, | 01— 505 = 62 | + O(g)
3 1 8

P2t L (—QCQ(F) —205(G) — 5 (?OQ(G) -3 fTF) — (20 (F )>) +0(¢")

3
g 11 4
_— L 00(G) — =N,T.
167?2(3 :(6) ~ 3 fF)
SU(N) with furgarnental quarks 93 (llN 2 f)

1672\ 3 3

If there are not too many species of quarks (N; < 6N = 18, which is true in the
Standard Model, where Nr = 6), ( is negative, in which case such a non-Abelian
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gauge theory is asymptotically free, as I've promised many times in the preceding
pages. [End of Lecture 17]

Defining a running coupling as in (1.66), and solving the resulting RG equation
dloéLMzg = ((g) using the above beta function (integrating from M? to |¢?|) we find a
crucial plus sign relative to (1.66)

2 11
g? . g2\’ ¢= 3

9eald®) = N; (5.29)

and the coupling grows as ¢ decreases, and shrinks at large ¢. The former is consistent
with the conjecture that the strong coupling lattice calculation that shows confinement
is adiabatically connected to the continuum physics, and the latter means that we can
still calculate some things. Actually it is a bit tricky to define the effective coupling
in QCD, but (a more precise version of) this curve has been measured (see Peskin
fig. 17.23 and Schwartz §26.3).

Qualitative picture of asymptotic freedom. [Peskin §16.7] The sign of the
beta function in QED can be understood as charge screening by the vacuum — electron-
positron pairs fluctuate into existence, and respond to the presence of a source in such
a way as to decrease its field at long distance.

How does non-Abelian gauge theory manage to produce antiscreening? There is
certainly still screening from the quarks, and since the gluons are charged, they will
also produce screening. So it makes sense that too many quarks will spoil the soup.
But whence the terms of the opposite sign in the beta function?

Following Peskin §16.7, consider pure (no quarks) SU(2) gauge theory, in Coulomb
gauge 0;A™ = 0. In this gauge, we sacrifice Lorentz covariance for more manifest uni-
tarity — no ghosts, and no longitudinal and timelike polarization states. The equation
of motion for A% is the Gauss law (in terms of E* = F%):

gpa — DiEm — aiEia + g‘]cabcj4?‘Eic7

where p is the charge density (e.g. the number density of quarks if we included them in
the theory), and for SU(2), the structure constants are f%¢ = ¢2%. Instead of dynamical
quarks, let’s consider a static color source particle: p%(x) = 6©)(#)§*" pointing in a
particular color direction, so the equation we wish to solve is

OE™ = gd™(£)0" + gf " AN E", (5.30)
Let’s solve this perturbatively in g in several steps.

1. At leading order, the source produces a Coulomb field:
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E”(;I?) = 9‘2; Z So far, this is just classical physics. <

2. The quantum mechanics comes in here:
consider a fluctuation of the vector potential in the 2d 2
color direction A°~%%(¥), with support localized some- N/

where, call it zy, away from the origin. Suppose it points < &) .
in some direction, somewhat aligned with ¥, its displace- // \

ment from the source.

3. Here comes the iteration.

The second term on the RHS of (5.30) is then getcA? - L/ A

E° oc —§¢ A% 1", a sink for the color-electric field in the )

3rd color direction. \

—

T—Zo

4 This produces a new Coulomb field S e

pointing towards xg.

5. Now look at the second term on the RHS of (5.30) again:

V-El= .. 4ge? A2 ,

it is a source (sink) for the color field in direction | where B
A% and ' are parallel (antiparallel). \

mt

But if the fluctuation A’ points away from the source,

. A > -
then in the region closer to the source, A? - > 0, / g" A
and farther from the source they are anti-aligned. This

g

~

=y
!

produces a dipole source for E" which points toward the 6 /1
original charge, and therefore anti-screens its field.

Warning: on the other hand, if the fluctuation A2 points toward the original source
then this process produces a dipole pointing away from the original source, which
contributes to screening. I'm not sure if this picture can be made quantitative.
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Disclaimer. This discussion just scratches the surface of the physics of QCD!
Many measurable phenomena can be calculated using the machinery we've set up.
Please see Peskin §17 and Schwartz §32.
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6 Renormalization group, briefly

[Fradkin, 2d edition, chapter 4; Cardy; Zee §VTI; Alvarez-Gaumé and Vazquez-Mozo, An
Invitation to QF T, chapter 8.4-5 (~ §7.3-4 of hep-th/0510040)] The following discussion
describes a perspective that can (and should) be applied to any system of extensive de-
grees of freedom. This includes many statistical-mechanics systems, condensed-matter
systems and also QFTs in high energy physics. The great insight of Kadanoff and
Wilson about such systems is that we should organize our thinking about them by
length scale. We should think about a family of descriptions, labelled by the resolution
of our microscope.

6.1 Wilsonian perspective on renormalization

[Zee, §VI.8 (page 362 of 2d Ed.), Peskin §12.1]
Consider the ¢* theory in Euclidean
space, with negative m? (and no ¢* terms
with odd k). This potential has two min-
ima and a Z, symmetry that interchanges @
them, ¢ — —¢. If we squint at a con-
figuration of ¢, we can label regions of
space by the sign of ¢ (as in the figure
at right). The kinetic term for ¢ will
make nearby regions want to agree, just
like the J } ;s 0;0; term in the ferromag-

netic Ising model (J > 0). The potential
term discourages values of ¢ other than

the two minima. So the critical point described by taking m? near zero is plausibly the

same as the one obtained from the usual Ising model on a lattice.*".

We will study the integral
Zy = / [DgleJ 27+£@), (6.1)
A

Here the specification [ A says that we integrate over field configurations ¢(z) = Ik AP keik ¢y,
such that ¢, = 0 for [k| = /3.2, k2 > A. Think of 27/A as the lattice spacing® —

i=1"

37For a more sophisticated argument for this equivalence, see pages 7-9 of Polyakov, Gauge Fields
and Strings.
38This cutoff on momenta is not precisely the same as the effects of a lattice; with a lattice, the

momentum space is periodic: elF*n = elk(na) = () (na) for € Z. Morally it is the same.
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there just aren’t modes of shorter wavelength. We are using (again) a cutoff on the
euclidean momenta k% < A?.

We want to understand (6.1) by a coarse-graining procedure. It will be just like
our discussion in §3, except instead of just two modes, we’ll do it for the whole field
theory. But the idea is the same: do the integral over the high-energy modes first, for
the reasons described in §3.

Break up the configurations into pieces: »

o(z) = / dke* ¢, = ¢~ + ¢~ .

Here ¢< has nonzero Fourier components only for
|k] < A—dA and ¢~ has nonzero Fourier components
only for A — 0A < |k| < A. Zee calls the two parts
‘smooth’ and ‘wiggly’. They could also be called 5

X

‘slow” and ‘fast’ or ‘light’ and ‘heavy’.
We want to do the integral over the heavy/wiggly/fast modes to develop an effective

action for the light/smooth /slow modes:
Ty = / [D<]e T 47 / (D> ]e T 4PaL1(6%,67)
A—5A

where £, contains all the dependence on ¢~ (and no other terms).

These integrals are hard to actually do, except in a gaussian theory. But we don’t
need to do them to understand the form of the result. First give it a name:

e~ JdP2OL(6%) — /[D¢>]e—fd%£1(¢<,¢>) (6.2)
so once we've done the integral we’ll find

e /A R e (6.3)

To get a feeling for the form of §£ (and because there is little reason not to) consider
the more general Lagrangian

L— %(8@2 + ;gnw b (6.4)

where we include all possible terms consistent with the symmetries (rotation invariance,
maybe ¢ — —¢...). Then we can find an explicit expression for L;:

/de£1(¢<,¢>) = /d% (%(aq?)? + %mz (™) + )
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(I write the integral so that I can ignore terms that integrate to zero such as 9p<0¢~.)
This is the action for a scalar field ¢~ interacting with itself and with a (slowly-varying)
background field ¢<. But what can the result 0L be but something of the form (6.4)
again, with different coefficients? The result is to shift the couplings g, — ¢, + 0gp.
(This includes the coefficient of the kinetic term and also of the higher-derivative terms
which are hidden in the ... in (6.4). You will see in a moment the logic behind which
terms I hid.)

Finally, so that we can compare steps of the procedure to each other, we rescale our
rulers. We’d like to change units so that the new [, NRCE:! [, with different couplings.

Nk
We accomplish this by defining

A—SA=bA, b<l1.

In [, ,;,, we integrate over fields with |k] < bA. Change
variables: k = bk’ so now |k'| < A. Sox =2'/b,0' = 0/0x" =

. 3 1.7 .0
0, and wavefunctions are preserved e** = ¢*'*",

Plug this into the action
1 n
/ dP2Leg(0%) = / dPz'b" (552 (&¢<) + Z (gn + 6gn) ()" + )

We can make this look like £ again by rescaling the field variable: b*~P (9/¢<)> =
(8,¢/)2 (i.e. ¢ = b%(2—D)¢<):

[ st = [avw (% (@6 + 3 (gn + 30 b "5 (9)" + )

So the end result is that integrating out a momentum shell of thickness 0A = (1—b)A
results in a change of the couplings to

n(D—2)
/ blT—D

9n = (gn + 5gn) .

This procedure produces a flow on the space of actions.

Ignore the interaction corrections, dg,, for a moment. Then, since b < 1, the

n(D—2)
2

couplings with — D > 0 get smaller and smaller as we integrate out more shells.

If we are interested in only the longest-wavelength modes, we can ignore these terms.

n(D—2)
2

They are irrelevant. Couplings (‘operators’) with — D < 0 get bigger and are

relevant.
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The mass term has n = 2 and (m/)? = b~?m? is always relevant for any D < co. So
far, the counting is the same as our naive dimensional analysis. That’s because we left
out the 6L term! This term can make an important difference, even in perturbation
theory, for the fate of marginal operators (such as ¢* in D = 4), where the would-be-big
tree-level term is agnostic about whether they grow or shrink in the IR.

Notice that starting from (6.1) we are assuming that the system has a rotation
invariance in euclidean momentum. If one of those euclidean directions is time, this
follows from Lorentz invariance. This simplifies the discussion. But for non-relativistic
systems, it is often necessary to scale time differently from space. The relative scaling
zin ' = b, t’ = b*t is called the dynamical critical exponent.

The definition of the beta function and of a fixed point theory are just as in the
first lecture of this quarter.

If we do pick an example of an interaction with which to perturb the gaussian fixed
point, we will indeed find other fixed points. An important family of such fixed points
can be controlled by studying the theory in D = 4 — ¢ dimensions, just as in dim reg.
For the case of a single scalar with an Ising (¢ — —¢) symmetry that we’'ve been

discussing, the beta function for the quartic term takes the form?’

By = —bOA(D) = —eX + ar? + O(\Y) (6.5)

with @ > 0 a pure number, which has a zero at A = €¢/a. The calculation of 5 can
be done by explicitly integrating out momentum shells using Wick’s theorem, but in
practice is most easily done by the methods we learned earlier — the answer is the same.
This fixed point that we find in pertur-
bation theory is called the Wilson-Fisher
fixed point, and is under perturbative con-  jke

<4)=e
trol when e is small. It has a single relevant i;“:“"’ /M"’\’

perturbation preserving the ¢ — —¢ sym-

metry, which is the mass term, and so we q(": /Vﬂ‘é‘ff'}“")‘
expect to reach it by tuning a single param- Y PRAGONS
eter. This fixed point gives a good descrip- e

. ., . . 0 5 £ =
tion of the critical point of Ising magnets. i o

The rates at which the couplings leave and ~ 72 \_»

enter the fixed point determine the critical

exponents.
The generalization to systems with an O(N) symmetry is obtained by adding an N-

39Here I am using the high-energy convention for the sign of the beta function, so 3 points toward
the UV.
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valued index to the scalar field.

Important lessons.

e Elimination of modes does not introduce new singularities into the couplings. At
each step of the RG, we integrate out a finite-width shell in momentum space —
we are doing integrals which are convergent in the infrared and ultraviolet.

e The RG plays nicely with symmetries. In particular any symmetry of the regu-
lated model is a symmetry of the long-wavelength effective action.’

e Some people conclude from the field theory calculation of the ¢* beta function
that ¢* theory “does not exist” or “is trivial”, in the sense that if we demand that
this description is valid up to arbitrarily short distances, we would need to pick
A(A = 00) = oo in order to get a finite interaction strength at long wavelengths.
You can now see that this is a ridiculous conclusion. Obviously the theory exists
in a useful sense. It can easily be defined at short distances (for example) in terms
of the lattice model we mentioned at the beginning of this subsection. Similar
statements apply to QED.

e The corrections to the mass of the scalar field are of order of the cutoff. This
makes it hard to understand how you could arrive in the IR and find that an
interacting scalar field has a mass that is much smaller than the cutoff. Yet,
there seems to be a Higgs boson with m ~ 125 GeV, and no cutoff on the
Standard Model in sight. This is a mystery.

e As Tony Zee says, a more accurate (if less catchy) name than ‘renormalization
group’ for what we’ve just described would be ‘the trick of doing the path integral
a little at a time’.

e The term ‘renormalization group’ is actually used for many rather different things
in physics. The Wilsonian framework I've just described makes no reference to
perturbation theory (so far) and is extremely general. In high energy physics, the
term is often used much more narrowly as a procedure for summing logarithms
in perturbation theory, like we did in (5.29).

[End of Lecture 18]

40The extra qualifier about the regulated model is important because some symmetries of continuum
classical field theories cannot be realized as symmetries of well-defined quantum field theories. We
will discuss this phenomenon, called anomalies, in the near future.
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6.2 Renormalization of composite operators and the Callan-

Symanzik equation

[Peskin §12.4] The Wilson-Fisher fixed point is an example of an interacting fixed
point, which we happen to be able to describe (for small €) using the same variables
as the gaussian theory. Perturbing the Wilson-Fisher fixed point by the mass term,
a seemingly-innocuous quadratic operator, is then no longer quite so innocent. In
particular, we must define what we mean by the operator |¢|?! This is necessary to un-
derstand the correlation-length critical exponent, the power with which the correlation
length diverges as we tune to the critical point.

One way to define it (from the counterterms point of view, now, following Peskin
and Zinn-Justin) is by adding an extra renormalization condition’. We can define
the normalization of the composite operator O(k) = |4|*(k) by the condition that its
(amputated) 3-point function gives

<OA(k)¢<p)¢*<Q)>amputated =1 at p2 = q2 = k'2 = _A2 .

The subscript on O, (k) is to emphasize that its (multiplicative) normalization is defined
by a renormalization condition at scale (spacelike momentum) A. Just like for the
‘elementary fields’, we can define a wavefunction renormalization factor:

On = Z5' (M) Ou

where O, = ¢*¢ is the bare product of fields.

8l

\L"" W (A
/&1\ : %K +x§$m + )%YW + O ()
t ! ‘ P !

T

(6.6)
We can represent the implementation of this prescription diagramatically. In the dia-
gram above, the double line is a new kind of thing — it represents the insertion of O,.
The vertex where it meets the two ¢ lines is not the 4-point vertex associated with the

4INote that various factors differ from Peskin’s discussion in §12.4 because in this subsection, just
for fun, T am discussing a complex field ¢ # ¢* (the case N = 2); this changes the symmetry factors
— for N =1 there is an extra factor of %
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interaction — two ¢s can turn into two ¢s even in the free theory. The one-loop, 1PI
correction to this correlator is (the second diagram on the RHS of the figure)*?

_ pyl 1 A
( A>/0 T ety =

r(2-2)

ZESEE and we know the k dependence of the integral by

where, using dim reg, ¢ =
scaling.

Imposing the renormalization condition requires us to add a counterterm diagram
(part of the definition of |¢|?, indicated by the ® in the diagrams above) which adds

AC
A4-D °

Z(;l(A) —1= (5|¢‘2 =

We can infer the dimension of (the well-defined) |¢|3 by writing a renormalization
group equation for our 3-point function

G = (|03 (K)o(p)o*(a)) -

The resulting equation (6.8), named after Callan and Symanzik, is the demand that
physics is independent of choices we’ve made in the renormalization procedure, in
particular, of arbitrary scale A at which we imposed the renormalization condition®’.

G is related to the correlation function of the bare fields by

GO = 24/ Zor Zor (|91 (K)0(p)55(0)) (6.7)

The dependence on A is in the coupling A, and in the renormalization factors Z. So:

d . :
0= Ad—AGW” = < — +B(A ) ST - 7@> G (6.8)
Yo = A T log Zo(A) is the anomalous dimension of the operator O, roughly the
addition to its engineering dimension coming from the interactions (similarly v, =
1A2-log Zs(A)). In perturbation theory, our Green’s function takes the schematic
form

G = (tree diagrams + 1PT loop diagrams + counterterm + external leg corrections)
(6.9)

42 At higher order in ug, the wavefunction renormalization of ¢ will also contribute to the renormal-
ization of |¢|?.

43The same logic can be applied to correlation functions of only ‘elementary operators’. For that
discussion, see e.g. Peskin §12.2. The result is obtained just by leaving out the composite operators.
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(as you can see in (6.6)). The explicit dependence on A is all in the counterterms. For
our example with n = 2 the anomalous dimension of |¢|? is

[(2=D/2), pos 2)

o = =D e A=

Here’s a good reason to care about the anomalous dimension, and which explains
the name. What happens we add the operator O, to the Lagrangian density:

L=Lo+ APy,

(where the factor of A is fixed by engineering dimensions so that g is dimensionless,
so d; = D — 2 in the case of ¢?)? Let’s compute G = (¢;---¢,) in this perturbed
theory. We can count the number of insertions of O, by counting powers of g and the
Callan-Symanzik equation for the n point function of ¢ becomes

0= [ Adx + Ba(N)Dx +n75(N) + (=70 +dy — )90, | G . (6.10)

-
:/Boag

So the anomalous dimension of O determines how it runs when we use it to perturb the
action — it just gets added to its engineering dimension. What happened to dimensional
analysis? Well, renormalization required us to introduce a new scale in the problem
(in this case A), which doesn’t go away.

One final comment about defining and renormalizing composite operators: if there
are multiple operators with the same quantum numbers and the same scaling di-
mension, they will miz under renormalization. That is, in order to obtain cutoff-
independent correlators of these operators, their definition must be of the form

i (-1 j
O, = (Z (A))ij O
— there is a wavefunction renormalization matriz, and a matrix of anomalous dimensions

Yij = —AE)A IOg (Z_1<A))z .

J

‘Operator mixing’ is really just the statement that correlation functions like (O'O7)
are nonzero.

Solution of the Callan-Symanzik equation. In the free theory, the Green’s
function of n ¢s (say in position space) satisfies (by dimensional analysis) the scaling
relation

Gu({szi},m?) = (¢(sa1) -+~ $lswa)) s = " P2 (¢ (1) -+~ ¢/ (20) g (6.11)
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where
r=st',¢(x) = 3¥¢’(33’) (6.12)

and S’ is the action with the mass replaced by m’ = sm. Notice that s > 1 takes us to
the IR, where m’ gets more important.

With interactions, we must also include a renormalization scale, and dimensional
analysis in the renormalized theory implies

—D

Go({sz:}, {gr}h, A) = s"C27) G ({ah, {s* % g1}, sA) (6.13)

where in the ¢* theory {g;} = {m?, Ay, \¢ - - - }, and 4 —dj is the engineering dimensions
of the coupling g, so {s*"9g;} = {s*m?, Ay, s 2Xg}.

So far this is just dimensional analysis. The Callan-Symanzik equation allows us
to include the effects of fluctuations in this scaling relation. It is just an ODE in A:

(Aa/\ + 5[691 + n’y¢) Gn =0. (614)
In terms of the running couplings

Adngr(A) = Bi(g1(A)) (6.15)

the solution relates G' at different renormalization points:

Cul{r} gr(AD)}, Ar) = IR WIEAG (0} {9 (As)} ). (6.16)

Combining with the information from dimensional analysis:

5.16 Ag / /
Go({s52}, {gr (M)}, A) "2 7m0 M)dlos N (£t £01(A)}, Ay) (6.17)
(6.13) 5"(¥)e_"f1§\/s%(A’)dlogA’Gn({w}’ {54_dfg[(A/s)},A)
(6.18)

where in the last step I set Ay = A/s. We learn that the effect of a rescaling © — sz
has three parts: (1) the rescaling by the engineering dimensions, (2) the rescaling by
the anomalous dimension, (3) the running of the coupling.

Consider for example the special case where a coupling sits at a fixed point g = g*
(and other couplings are zero). Then the anomalous dimension prefactor is

Ag ’ ’ A -
e IR e (W)atog (A_j) (6.19)

with v* = 74(¢*), so (6.18) becomes

Go({sz;}, g%, A) = s"C G, ({a;}, g*, ). (6.20)
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The system is scale invariant, but with scaling different from the result of a dimensional
analysis that doesn’t include the RG scale.

We can also include the contributions of other couplings as a perturbation of such
a fixed point. Near g = ¢*, the other couplings will have

AOngr ~ v15(9%)g- (6.21)

Choosing a basis of couplings to diagonalize the matrix 7;;(¢*) with eigenvalues 77,

the running couplings are
gr(A1) A\
= — ) 22

91(A2) (A2 622)

(6.20) becomes
Gul{sz:} {gr(M)},A) = s"C3 G, (i}, s gr(A)}, M), (6.23)

The couplings run according to their corrected dimensions at the fixed point.
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7 Effective field theory

7.1 Introduction to effective field theory

[Some nice lecture notes on effective field theory can be found here: J. Polchinski,
A. Manohar, I. Rothstein, D. B. Kaplan, H. Georgi, A. Manohar]

Having internalized Wilson’s perspective on renormalization — namely that we
should include all possible operators consistent with symmetries and let the dynamics
decide which are important at low energies — we are led immediately to the idea of an
effective field theory (EFT), or, how to do physics without a theory of everything. (You
may notice that all the physics that has been done has been done without a theory of
everything.) It is a weaponized version of selective inattention.

The basic idea is that the Hamiltonian (or the action) should contain all terms
consistent with symmetries, organized according to an expansion in decreasing rele-
vance to low energy physics. This is an implementation of the totalitarian principle of
physics, that anything that can happen must happen.

Diatribe about ‘renormalizability’. There is no reason to demand that a field
theory that we have found to describe physics in some regime should be a valid descrip-
tion of the world to arbitrarily short (or long!) distances. This is a happy statement:
there can always be new physics that has been so far hidden from us. Rather, an EFT
comes with a regime of validity, and with necessary cutoffs. As we will discuss, in a
useful implementation of an EFT, the cutoff implies a small parameter in which we
can expand (and hence compute). (In the example of Seg[g] of §3, the small parameter

is w/S2.)

Caring about renormalizibility is pretending to know about physics at arbitrarily
short distances. Which we definitely don’t. Even when theories are renormalizable,
this apparent victory is often false. For example, QED requires only two independent
counterterms (for the mass and for the fine structure constant), and is therefore by
the old-fashioned definition renormalizable, but it is superseded by the electroweak
theory above 80GeV. Also: the coupling in QED actually increases logarithmically at
shorter distances, and ultimately reaches a Landau pole at SOME RIDICULOUSLY
HIGH ENERCY (of order e*a where a ~ 1;,}—7 is the fine structure constant (e.g. at
the scale of atomic physics) and ¢ is some numerical number. Plugging in numbers
gives something like 10%° GeV, which is quite a bit larger than the Planck scale).
This is of course completely irrelevant for physics and even in principle because of the
previous remark about electroweak unification. And if not because of that, because
of the Planck scale. A heartbreaking historical fact is that Landau and many other

smart people gave up on QFT as a whole because of this silly fantasy about QED in
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an unphysical regime.

We will see below that even in QFTs which are non-renormalizable in the strict
sense, there is a more useful notion of renormalizability: effective field theories come
with a small parameter (often some ratio of mass scales), in which we may expand the
action. A useful EFT requires a finite number of counterterms at each order in the
eTPansion.

Furthermore, I claim that this is always the definition of renormalizability that we
are using, even if we are using a theory that is renormalizable in the traditional sense,
which allows us to pretend that there is no cutoff. That is, there could always be
corrections of order <%)n where F is some energy scale of physics that we are doing
and Fl, is some UV scale where new physics might come in; for large enough n, this
is too small for us to have seen. The property of renormalizibility that actually matters

E

is that we need a finite number of counterterms at each order in the expansion in .
new

Renormalizable QFTs are in some sense less powerful than non-renormalizable ones
— the latter have the decency to tell us when they are giving the wrong answer! That
is, they tell us at what energy new physics must come in; with a renormalizable theory

we may blithely pretend that it is valid in some ridiculously inappropriate regime like
10339 GeV.

Notions of EFT. There is a dichotomy in the way EFTs are used. Sometimes one
knows a lot about the UV theory (e.g.

e clectroweak gauge theory,
e QCD,
e clectrons in a solid,

...) but it is complicated and unwieldy for the questions one wants to answer, so instead
one develops an effective field theory involving just the appropriate and important dofs
(e.g., respectively,

e Fermi theory of weak interactions (or QED or ...),

e chiral lagrangian (or HQET or SCET or hydrodynamics of quark-gluon plasma
or ...),

e Landau Fermi liquid theory (or the Hubbard model or a topological field theory
or ...),
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...). As you can see from the preceding lists of examples, even a single UV theory
can have many different IR EFTs depending on what phase it is in, and depending on
what question one wants to ask. The relationship between the pairs of theories above
is always coarse-graining from the UV to the IR, though exactly what plays the role of
the RG parameter can vary wildly. For example, in the case of the Fermi liquid theory,
the scaling is w — 0, and momenta scale towards the Fermi surface, not k=0.

A second situation is when one knows a description of some low-energy physics up
to some UV scale, and wants to try to infer what the UV theory might be. This is a
common situation in physics! Prominent examples include: the Standard Model, and
quantized Einstein gravity. Occasionally we (humans) actually learn some physics and
an example of an EFT from the second category moves to the first category.

Instructions for EFT. Answer the following questions:

1. what are the dofs?
2. what are the symmetries?

3. where is the cutoff, A, on its validity?

Then write down all interactions between the dofs that preserve the symmetries, in an
expansion in derivatives, with higher-dimension operators suppressed by more powers

of the UV scale, A.

I must also emphasize two distinct usages of the term ‘effective field theory’” which
are common, and which the discussion above is guilty of conflating (this (often slip-
pery) distinction is emphasized in the review article by Georgi linked at the beginning
of this subsection). The Wilsonian perspective advocated above produces a low-energy
description of the physics which is really just a way of solving (if you can) the original
model; very reductively, it’s just a physically well-motivated order for doing the inte-
grals. If you really integrate out the high energy modes exactly, you will get a non-local
action for the low energy modes. This is to be contrasted with the local actions one
uses in practice, by truncating the derivative expansion. It is the latter which is really
the action of the effective field theory, as opposed to the full theory, with some of the
integrals done already. The latter will give correct answers for physics below the cutoff
scale, and it will give them much more easily.

Some more comments:
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e Sometimes (in condensed matter circles) this approach of just writing all terms
consistent with symmetries is called Landau theory or Landau-Ginzburg theory or
maybe Landau-Ginzburg-Wilson.

e Do not underestimate the difficulty of step 1 of the EFT instructions. As we’ll
see in some examples below, the correct low-energy dofs can look nothing at all like
the microscopic dofs.

e The Wilson RG justifies this procedure: coarse graining by integrating out short-
wavelength modes produces all terms consistent with the symmetries.

e When we say “what are the symmetries?” we mean the symmetries G of the (regu-
lated) microscopic theory. G must be a symmetry of the low-energy EFT*. Sometimes
new symmetries can emerge at low energies. This procedure explains how this happens:
if there are no relevant or marginal operators invariant under G which violate a sym-
metry K, then physics at lower and lower energies will be more and more K-symmetric.

Here are some interesting and/or important examples where EFT has been useful
(some of which we will discuss in more detail below) and where you can learn about
them:

e Hydrodynamics [Kovtun]
e Fermi liquid theory [J. Polchinski, R. Shankar, Rev. Mod. Phys. 66 (1994) 129]
e chiral perturbation theory [D. B. Kaplan, §4]

e heavy quark effective theory [D. B. Kaplan, §1.3, Manohar and Wise, Heavy
Quark Physics|

e random surface growth (KPZ) [Zee, chapter VI]

e color superconductors [D. B. Kaplan, §5]

e gravitational radiation from binary mergers [Goldberger, Rothstein, Porto]
e soft collinear effective theory [Becher, Stewart]

e magnets [Zee, chapter V1.5, hep-ph/9311264v1]

e effective field theory of cosmological inflation [Senatore et al, Cheung et al, Porto]

44 Actually, there is a dumb loophole here: it may be that G or some subgroup of G simply doesn’t
act on the low-energy degrees of freedom. For example, we could have a microscopic system with
symmetry G and a completely trivial low-energy theory, with no degrees of freedom at all.
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e effective field theory of dark matter direct detection [Fitzpatrick et al]

e here is some advocacy for the effective field theory viewpoint in biology: [Phillips]

There are many others, the length of this list was limited by how long I was willing to
spend digging up references.

7.2 Fermi theory of Weak Interactions

[from §5 of A. Manohar’s EFT lectures] As another example of EFT, let’s think about
part of the Standard Model.

Low 3 —5 (V) — W1 (9T — W) 4 My W, W (71)
_ g

V2

&fy“PijWj Vi;  + terms involving Z bosons

Some things intermediate, off-shell W bosons can do: p decay, AS = 1 processes,
neutron decay

If we are asking questions with external momenta less than My, we can integrate
out W and make our lives simpler:

i

2 .
g * D —1Guv n Ty
0Sefy ~ <—\/§) ViiVie /d PE X/[VQV (i Praby) (p) (Vey" Pribe) (—p)
(I am lying a little bit about the W propagator in that I am not explicitly projecting

out the fourth polarization with the negative residue. Also, the W carries electric
charge, so the charges of ¢; and v; in (7.1) must differ by one.) This is non-local at
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scales p & My, (recall the discussion of the subsection §3). But for p* < M3,

1 p2<<M§V 1 pQ p4
— ~ —— |1+t + ... (7.2)
T} 7 R T
derivativgrcouplings
4CJF * 4 n 7 1 . . .
Sp = _injvkl d*z (V" Priy) (z) (VeyuPribe) (x)+0 R +kinetic terms for fermions
W

(7.3)
where Gp/V2 = % is the Fermi coupling. We can use this (Fermi’s) theory to
compute the amplitudes above, and it is much simpler than the full electroweak theory
(for example I don’t have to lie about the form of the propagator of the W-boson like I
did above). It was discovered first and used quite effectively long before the existence
of Ws was suspected.

On the other hand, this theory is not the same as the electroweak theory; for
example it is not renormalizable, while the EW theory is (at least if we included the
Higgs sector, rather than just writing a mass term for the Ws). Its point in life is to
help facilitate the expansion in 1/My,. There is something about the expression (7.3)
that should make you nervous, namely the big red 1 in the 1/M}, corrections: what
makes up the dimensions? The short answer is derivatives of the Fermi fields. This
becomes an issue when we ask about loops in §7.4. [End of Lecture 19]
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7.3 The color of the sky

[from hep-ph/9606222 and nucl-th/0510023] Why is the sky blue? Basically, it’s be-
cause the blue light from the sun scatters in the atmosphere more than the red light,
and you (I hope) only look at the scattered light.

Here is an understanding of this fact using the EFT logic. Consider the scattering
of photons off atoms (in a gas) at low energies. Low energy means that the photon
does not have enough energy to probe the substructure of the atom — it can’t excite
the electrons or the nuclei. This means that the atom is just a particle, with some
mass M.

The dofs are just the photon field and the field that creates an atom.

The symmetries are Lorentz invariance and charge conjugation invariance and par-
ity. We’ll use the usual redundant description of the photon which has also gauge
invariance.

The cutoff is the energy AFE that it takes to excite atomic energy levels we’ve left
out of the discussion. We allow no inelastic scattering. This means we require

a
E’ <<AEN——ame <<(l0 =ame, K me <K Matom (74)
)
where ay = (am,)~! is the Bohr radius. Because of this separation of scales, we can
also ignore the recoil of the atom, and treat it as infinitely heavy.

Let’s call the field that destroys an atom with velocity v ¢,. v*v, = 1 and v, =
(1,0,0,0), in the atom’s rest frame. The (Lorentz-singlet) Lagrangian can depend on
v*. We can write a Lagrangian for the free atoms as

atom qu lvﬂa,u ¢’U

This action is related by a boost to the statement that the atom at rest has zero energy
— in the rest frame of the atom, the eom is just 8@1}:(1,6) = 0. (If we didn’t define the
zero of energy to be at the rest mass, there Would be an additional term -y, atom(b Ou,s
Yo = \/177 .) Notice that the kinetic term ¢]
our hierarchy of scales (7.4).

I M T ®v 1s a very small correction given

So the Lagrangian density is

LMaxwell [A] + Latom [va] + Lint [A, ¢v]

and we must determine Ly,. It is made from local, Hermitian, gauge-invariant, Lorentz
invariant operators we can construct out of ¢,, F},,, v, d, (it can only depend on F),, =
oA, — 0,A,, and not A, directly, by gauge invariance, because the atom, and hence

143


http://arXiv.org/abs/hep-ph/9606222
http://arxiv.org/abs/nucl-th/0510023

by, is neutral.). It should actually only depend on the combination ¢! ¢, since we will
not create and destroy atoms — there is a(n emergent) U(1) symmetry associated with
atom number conservation. (Notice that we didn’t have to specify the statistics of the
atoms or ¢,.) Therefore

Ling = 18} Fu F* + 2@l 90" Fyya FM + 3l (v10)) Flu F* + ...

. indicates terms with more derivatives and more powers of velocity (i.e. an expansion
in 0 -v). Which are the most important terms at low energies? Demanding that the
Maxwell term dominate, we get the power counting rules (so time and space should
scale the same way):

[8M] =1, [FW] =2
This then implies [¢,] = 3/2, [v] = 0 and therefore
1] = [e2] = =3, [es] = =4
These interactions are all irrelevant; terms with more partials are more irrelevant.

What makes up these dimensions in the couplings ¢;? They must come from the
length scales that we have integrated out to get this description — the size of the atom
ap ~ (am,)~! and the energy gap between the ground state and the electronic excited
states AE ~ a*m,. For E, < AE, ag', we can just keep the two leading terms.

In the rest frame of the atom, these two leading terms c; 5 represent just the scat-
tering of £ — B? and E? respectively. To determine their coefficients one would have
to do a matching calculation to a more complete theory (compute transition rates in
a theory that does include extra energy levels of the atom). But a reasonable guess is
just that the scale of new physics (in this case atomic physics) makes up the dimen-
sions: ¢1 =~ ¢y =~ a3. (In fact the coefficient of B* comes with extra factor of v/c which
suppresses it.) The scattering cross section then goes like 0 ~ ¢ ~ af; dimensional
analysis ([o] = —2 is an area, [al] = —6) then tells us that we have to make up four

powers with the only other scale around:

o x Eﬁag.
(The factor of Eg in the amplitude arises from E o 8#1) Blue light, which has about
twice the energy of red light, is therefore scattered 16 times as much.

The leading term that we left out is the one with coefficient c¢3. The size of this
coefficient determines when our approximations break down. We might expect this to
come from the next smallest of our neglected scales, namely AE. That is, we expect

E
o x Eja <1+O(A_£’)>'

The ratio in the correction terms is appreciable for UV light.
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7.4 Loops in EFT

Suppose we try to define the Fermi theory Sp with a euclidean momentum cutoff
|kp| < A. We expect that we’ll have to set A ~ My,. A simple example which shows
that this is problematic arises by asking about radiative corrections in the 4-Fermi
theory to the coupling between the fermions and the photon (or the Z boson).

We are just trying to estimate the magnitude of this correction, so don’t worry
about the factors and the gamma matrices:

~ M2/d4k——tr ) o(1).

Gp Nf kdk~A2~M2

¢
Even worse, consider what happens if we use the vertex coming from the <A§—2>

correction in (7.2)

~I = Mg/d“ (52) ~ O(1)

— it’s also unsuppressed by powers of ... well, anything. This is a problem.

Fix: A way to fix this is to use a “mass-independent subtraction scheme”, such as
dimensional regularization and minimal subtraction (MS). The crucial feature is that
the dimensionful cutoff parameter appears only inside logarithms (log i), and not as
free-standing powers (u?).

With such a scheme, we’d get instead

mQ m l+1
I~—1o Iy~ | — lo
where m is some mass scale other than the RG scale (like a fermion mass parameter,
or an external momentum, or a dynamical scale like Agep).

We will give a more detailed example next. The point is that in a mass-independent
scheme, the regulator doesn’t produce new dimensionful things that can cancel out the
factors of My, in the denominator. It respects the ‘power counting’: if you see 2/
powers of 1/My, in the coefficient of some term in the action, that’s how many powers
will suppress its contributions to amplitudes. This means that the EFT is like a
renormalizable theory at each order in the expansion (here in 1/My), in that there is
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only a finite number of allowed vertices that contribute at each order (counterterms
for which need to be fixed by a renormalization condition). The insatiable appetite for
counterterms is still insatiable, but it eats only a finite number at each order in the
expansion. Eventually you'll get to an order in the expansion that’s too small to care
about, at which point the EFT will have eaten only a finite number of counterterms.

There is a price for these wonderful features of mass-independent schemes, which
has two aspects:

e Heavy particles (of mass m) don’t decouple when u < m. For example, in a
mass-independent scheme for a gauge theory, heavy charged particles contribute
to the beta function for the gauge coupling even at p < m.

e Perturbation theory will break down at low energies, when 1 < m; in the example
just mentioned this happens because the coupling keeps running.

We will show both these properties very explicitly in the next subsection. The solution
of both these problems is to integrate out the heavy particles by hand at y = m, and
make a new EFT for 4 < m which simply omits that field. Processes for which we
should set © < m don’t have enough energy to make the heavy particles in external
states anyway. (For some situations where you should still worry about them, see
Aneesh Manohar’s notes linked above.)

7.4.1 Comparison of schemes, case study

The case study we will make is the contribution of a charged fermion of mass m to the
running of the QED gauge coupling.

First some recapitulation: Recall that the QED Lagrangian is

1 L
L F G m)
with D, = 0, — ieA,,. By redefining the field F), = 0,4, — 0, A, by a constant factor

we can move around where the e appears, i.e. by writing A = eA, we can make the
1
1e2
really comes from the vacuum polarization, the correction to the photon propagator:

-

ization takes the form

gauge kinetic term look like F, uvﬁ #”_ This means that the charge renormalization

. Recall that, by the Ward identity for gauge invariance, the vacuum polar-

pr( 2\ 2 2uu_ﬁ — 2\ puv
1T (Q)—H(Q)<qn q2>—H(CI)P (q)-
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End of recapitulation.

The choice of scheme shows up in our choice of renormalization condition to impose
on II(p?):

Mass-dependent scheme: subtract the value of the graph at p> = —M? (a very
off-shell, euclidean, momentum). That is, we impose a renormalization condition which

says

M(p? = —M?)=0. (7.5)

In dim reg, the one-loop vacuum polarization correction satisfies the gauge invari-
ance Ward identity 11" = P11, (unlike the euclidean momentum cutoff which is not
gauge invariant), with

oy Peskin p. 252 8¢? ! F(Q—D/Q) ¢
(51_[2(}7) == —W/O dxac(l— ) AQ D/2

— 17
=5 _26—; Oldmu — ) (— — log ( )> (7.6)

In the second line of (7.6), we expanded the I'-function about D = 4; there are other
singularities at other integer dimensions.

Mass-dependent scheme: Now back to our discussion of schemes. In a mass-
independent scheme, we demand that the counterterm cancels 6Il; when we set the

external momentum to p? = —M?, so that the whole contribution at order e? is :
7.5)1
0 "2 M (P = —?) = 5 + olly(p? = — M)
=~

counterterm coefficient for %F#,}F“"

2 2 a(1— 2)p?
— M (%) = — / 1~ a)log (12— .
2 () =5 [ deel =)l | Za A —

Notice that the us go away in this scheme.

Mass-Independent scheme: This is to be contrasted with what we get in a mass-
independent scheme, such as MS, in which II is defined by the rule that we subtract
the 1/e pole. This means that the counterterm is

(VS) 62 2 1
Ope = —z—— [ dvx(l—=x). (7.7)
0

272 €

=1/6

(Confession: I don’t know how to state this in terms of a simple renormalization
condition on Il,. Also: the bar in MS refers to the (not so important) distinction
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between i and p.) The resulting vacuum polarization function is

- 02 m? — z(1 — z)p?
H(zMS)(pQ) _ ﬁ/o dzx(1l — ) log ( /(ﬂ )p ) )

Next we will talk about beta functions, and verify the claim above about the failure
of decoupling. First let me say some words about what is failing. What is failing — the
price we are paying for our power counting — is the basic principle of the RG, namely
that physics at low energies shouldn’t care about physics at high energies, except for
small corrections to couplings. An informal version of this statement is: you don’t need
to know about nuclear physics to make toast. A more formal version is the Appelquist-
Carazzone Decoupling Theorem, which I will not state (Phys. Rev. D11, 28565 (1975)).
So it’s something we must and will fix.

Beta functions. : First in the mass-dependent scheme. The fermion contri-
bution to the beta function for the EM coupling is*’

g — g MonIL(M)(p?) = _% (%) /0 1 dza(1 — z) (%i%@ﬁit;f%) +0()

m<M 3 1 3
= o fy dea(l—1) = 55
(7.11)
>M 2 _
TR [y doa(l - o) M = e A

— g € NS 1ed [t m? — p?z(1 — )
B = SHOIE ) = 5o | due(l - 2) 10, log -

(& J/

-
=1/6 =—2

45What I've written here is a fancy way of writing it, since the RHS naively depends on p?, but does
not. Here is a derivation of the beta function for QED in this scheme (following the same logic as we
used in the discussion of the QCD beta function): The QED Lagrangian is L = —a— Z3(F%,) + - -

- 46?%;1‘ 1224
where FO is the bare field. This means that the bare coupling is ey = eR;f/ng_l/z. Here Z3 = 1+6pe.
The bare coupling knows nothing about our choice of M, and so
€

d 1 11 d
0=M—ey= —BM) = M7, . 7.8
dM 60(2+eR56 275" dM 3) (78)

Solving for 5 (and writing e = er) gives

)y _ €€, ey d
,66 5 + 5 dM(sz + ... (7.9)
In this scheme,
2 1 ) 2 1— 2\ M2
iy 0 € 1%

depends explicitly on M, and the bits where M ﬁ hits e are higher order.
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Figure 1: The blue curve is the mass-dependent-scheme beta function; at scales M < m, the mass
of the heavy fermion, the fermion sensibly stops screening the charge. The red line is the MS beta
function, which is just a constant, pinned at the UV value.

Also, the MS vacuum polarization behaves for small external momenta like

3 1 2

m
Iy (p* < m?) ~ ~5-2 dex(l—z) log el
0

>1,for p<m! bad!

46Let me explain the expression for the beta function in the case of MS scheme. Following the same
logic as the previous footnote, the bare coupling knows nothing about our choice of u, and so

d € 1 s 11 d
O=p—es=eo|=+—8M) - ——;—Z3]). 7.13
/ldﬂeo €o (2—1_6366 2Z3”du 3 ( )
Solving for 8 (and writing e = er) gives
ms) _ _ee e s 14
Be 5 + QNd,u(SF + ... (7 )
= —% + gﬁyfsaecsm ¥ (7.15)
ee e [ —ee
=——4 - — 1
2+2<2)8e5F2+ (7 6)

where in the last step we substituted the leading term for the beta function. In MS scheme, the
counterterm, given in (7.7), goes like % and we get the finite answer given above.

149



As I mentioned, the resolution of both these prob- ﬂ’:ﬁ

lems is simply to define a new EFT for p < m ] R —
which omits the heavy field. Then the strong cou-
pling problem goes away and the heavy fields do
decouple. The price is that we have to do this by M {"
hand, and the beta function jumps at u = m; the

coupling is continuous, though.

\E

The couplings in the low energy EFT (here, a theory of just S‘ [ A Ll/_]
, L uy

the photon) are determined by matching: this means com-

pute a bunch of physical quantities in both descriptions, and v ——

solve for the couplings in the IR theory in terms of those of

the UV theory. _S;:p\ [ A/M]

Euler-Heisenberg Effective Action. What is this IR theory of just the photon,
at energies below the mass of the electron? Let’s play the EFT game. The dofs
are just the photon. The symmetries are: Lorentz and charge conjugation symmetry
(A, — —A,) and parity and time-reversal symmetry. Also in the redundant description
in terms of A, we must impose gauge invariance. These facts already mean that the
Lagrangian is just a function of F,. The UV cutoff is the mass of the electron.

What’s the action? Well, of course there is the Maxwell term.

1 .
L= =S P " + e Fu0,0" P + (P F*™ ) + cs(F, F*™)? +--- . (7.17)
The cubic term FyF/F} is forbidden by C' symmetry. [ci] = 2 s0 ¢; o —L. The F*
operators have dimension eight, so [c] = [c3] = 4, and we conclude that cp 3 o #

In the UV theory, the F'9?F comes from the next term in the vacuum polarization
in an expansion in ¢. The F* terms come from a loop of electrons with four external
photon lines. This implies that co 3 o %, where the 1672 is always associated with
a loop in four dimensions. Using the full QED theory we can of course compute the
precise numerical factors. (The contributions from QCD are a topic of great current
interest because this appears as a sub-diagram in g — 2 of the muon, and dominates
the current theory uncertainty in that quantity.)
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The cross section for vy — 7 is then

atw® 0, o
Orpysny (W) ~ oy (1+O0(w"/my)). (7.18)
The power of w is determined by dimensional analysis so that [0] = —2; the amplitude

2

is A ~ w* from the four factors of F and w™2 comes from the phase space measure.

This is a small cross section and process has not yet been observed.
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7.5 The Standard Model as an EFT.

The Standard Model. [Schwartz, §29]

L= (UL) ER VR Q = (UL> UR dR H
€er, dL
|
g

SU(3) - - - o| o] -
SU(2) O - | - - | - | O
ULy | =5 [-1]0 ; sl=slo

Table 1: The Standard Model fields and their quantum numbers under the gauge group. 0O indicates
fundamental representation, - indicates singlet. Except for the Higgs, each column is copied three
times; each copy is called a generation. Except for the Higgs all the matter fields are Weyl fermions
of the indicated handedness. Gauge fields as implied by the gauge groups. (Some people might leave
out the right-handed neutrino, vz, which is totally neutral and therefore would be hard to observe.)

Whence the values of the charges under the U(1) (“hypercharge”)? The condition
Y1, + 3Yy = 0 (where Y is the hypercharge) is required by anomaly cancellation. This
implies that electrons and protons p = €;;,u;u;d;, have exactly opposite charges of the
same magnitude.

The Lagrangian is just all the terms that are invariant under the gauge group
SU(3) x SU(2) x U(1) with dimension less than or equal to four — all renormalizable
terms. This includes a potential for the Higgs, V (| H|) = m?%|H|?*+\| H|*, where it turns
out that m?% < 0. The resulting vacuum expectation value higgses the Electroweak
part of the gauge group down to electromagnetism:

(H)

That is, the broken gauge bosons get masses from the Higgs kinetic term

1
|D,H|| ) with D, H = (au —igWire — —ig’Yu) H

" (/Oﬂ 2

where Y, is the hypercharge gauge boson, and W% a = 1,2,3 are the SU(2) gauge
bosons. There are two massive W-bosons with electric charge +1 (as described in
§7.2), with My, = %, The photon and Z boson are the linear combinations of ¥ and
W3 which diagonalize the remaining mass terms:

AN\ ([ cosBy, sind,\ (W,
Z,) \—sinb, cosf, Y,
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Here tanf,, = % defines the Weinberg angle. The masses are M, = 0 and My =
Mw  « M.

cos Oy

Fermion masses come from (dimension-four) Yukawa couplings
Lyuiawa = —Yi;Lilel, — YIQ Hdy, — YAQ' (ir” H*) uly + h.c.

The contortion with the 72 is required to make a hypercharge-invariant. Plugging in
the Higgs vev to e.g. the lepton terms gives —m.éreg+h.c. with m, = yev/\/i. There’s
lots of drama about the matrices Y which can mix the generations. The mass for the
vr (which maybe could not exist — it doesn’t have any charges at all) you can figure
out on the homework later.

Here is a useful mnemonic for remembering the table of quantum numbers (possibly
it is more than that): There are larger simple Lie groups that contain the SM gauge
group as subgroups:

SU(3) x SU(2) x U(1)y <  SU(5) C SO(10)
one generation = 100501 = 16

The singlet of SU(5) is the right-handed neutrino, but if we include it, one generation is
an irreducible (spinor) representation of SO(10). This idea is called grand unification.
It is easy to imagine that the gauge group is actually the larger groups on the right,
and another instance of the Higgs mechanism accomplishes the breaking down to the
Standard Model. (The running of the respective gauge couplings go in the right direc-
tion with approximately the right rate to unify to a single value at Mgy ~ 10°GeV.)
[End of Lecture 20]

Notice that this idea means leptons and quarks are in the same representations —
they can turn into each other. This predicts that the proton should not be perfectly
stable. Next quarter we’ll say more about this.
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