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0.1 Introductory comments

The ‘renormalization group’ (RG) is a poor name for the central concept in many-body
physics. It is a framework for addressing the question: what is the relationship between
microscopic laws and macroscopic observations?

Or, closer to home, it allows us to answer questions such as: Why don’t you need
to understand nuclear physics to make your tea in the morning?*

Briefly, the RG is the realization that systems of many degrees of freedom (especially
when they have local interactions) should be understood hierarchically, i.e. scale by
scale.

There is a lot more to say to contextualize the RG, which, as you can see from the
previous question, is really a piece of metaphysics, that is, it is a framework for how
to do physics. But since it is such a broad and far-reaching concept, in order to avoid
being vague and useless, it will be better to start with some concrete and simple ideas,
before discussing of some of its many consequences.

A word about prerequisites: The official prerequisite for this course is graduate
statistical mechanics. I think you would be able to get by with a good undergrad class.

The historical origins of the RG (at least its name) are tied up with high-energy
particle physics and quantum field theory. That stuff involves quantum mechanics in
a serious way. Much of the content of this course can be understood without quantum
mechanics; the fluctuations could all be thermal. At various points along the way I
will point out the connections with quantum field theory.

So this is mostly a course in statistical field theory (= statistical mechanics of many
degrees of freedom). But there are many other applications of the RG which don’t quite
fit in this category which I also hope to discuss.

Also, I think our discussion will all be non-relativistic, v < c.

Initial Tentative Plan:

1. Scaling and self-similarity
2. RG treatment of random walks
3. Ising models

4. Critical phenomena (a great victory of the RG). 4 — ¢ expansions

IThis framing of the question I heard from Savas Dimopoulos.
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5. RG treatment of iterative maps and the period-doubling approach to chaos
6. RG treatment of percolation and lattice animals
7. RG understanding of the method of matched asymptotic expansions

8. RG treatment of stochastic PDEs

As the title indicates, this is a very rough guess for what we’ll do. An early target
will be a renormalization-group understanding of the central limit theorem.

Sources for these notes (anticipated):

Introduction to Renormalization Group Methods in Physics, by R. J. Creswick, H. A. Far-
rach, C. P. Poole.

Lectures on Phase Transitions and the Renormalization Group, by Nigel Goldenfeld.
Statistical Physics of Fields, by Mehran Kardar.

Introduction to Statistical Field Theory, by Eduard Brézin.

Renormalization Group Methods, a guide for beginners, by W. D. McComb.

Scaling and Renormalization in Statistical Physics, by John Cardy.

Modern Theory of Critical Phenomena, by S.-K. Ma (UCSD).

Statistical Field Theory, by David Tong.


http://www.damtp.cam.ac.uk/user/tong/sft.html

0.2 Conventions

The convention that repeated indices are summed is always in effect unless otherwise
indicated.

A useful generalization of the shorthand A = % is

dk = d—k
2

I will also write #(q) = (27)%6%(q).

I will try to be consistent about writing fourier transforms as

ddk ikx £ — ikx ¢ = f(x
[ et = @tk i) = ra).

RHS = right-hand side.

LHS = left-hand side.

BHS = both-hand side.

IBP = integration by parts.

+O(2™) = plus terms which go like 2™ (and higher powers) when x is small.
I write log for base two and In for base e.

A = B means we demand A = B.

A = B is a definition.

I reserve the right to add to this page as the notes evolve.

Please send me email if you find typos or errors or violations of the rules above.




1 Scaling and self-similarity

[This discussion largely follows the early chapters of the book by Creswick et al.]
First some somewhat-vague definitions to get us started. An object is self-similar if
its parts, when magnified by a suitable scale factor A, look like the whole. (Here is
an example.) Something is scale-invariant if this is true for every A. (Self-similarity
is sometimes called ‘discrete scale invariance’. ) An important generalization is the
notion of statistical self-similarity — something which is sampled from a distribution

which is self-similar.

The point in life of the renormalization group is to provide a way of thinking about
(and ideally relating quantitatively) what’s going on at different scales of magnification.
So something which is self-similar or scale-invariant is a simple special case for the RG.

As we’ll see, a symptom of scale invariance is a power law.

1.1 Fractal dimension

The word ‘dimension’ is used in many ways in this business. Let’s consider a set of
points in d-dimensional Euclidean space, R%. In the previous sentence ‘dimension’ is
the minimum number of coordinates needed to specify the location of a point (this is
usually called ‘Euclidean dimension’). It’s an integer.

A subset of R? specified by some algebraic equations on the
coordinates (we can call this an algebraic set) generically has
a Euclidean dimension which is an integer (though it may not
be the same integer for every point). That is, locally around
almost every solution of the equations, the object will look
like a piece of RY" for some dp < d (sometimes this notion is

The algebraic set {y(y — 902) =0} C R2

has dp = 1.

called ‘topological dimension’).
Here is a different, RG-inflected definition of the dimension of an object O C R¢,
called fractal dimension or Hausdorff dimension: cover the object O with d-balls of

diameter a,
B,,(a) = {7 € R? such that |7 — 7| < a/2}. (1.1)

Let
N(a) = the minimum number of such balls required to cover O,

minimizing over the locations of their centers. Do this for various values of a. Then, if

this function is a power law,
N(a) ~a™? (1.2)


https://mcgreevy.physics.ucsd.edu/2015-07-18-automata02-pascal.html

then D is the fractal dimension of O. Even if N(a) is not a power law, we can define
= —log, N(a).

A few observations:

e Notice that D may itself depend on the range of ball-sizes a we consider, that
is, the same scaling relation may not hold for all a. Often (always) there is a
short-distance (“UV”) cutoff on the regime where the scaling relation (1.2) holds
— if our object is the coastline of France, it is maybe not so useful to consider
femtometer-sized balls. Also, there is often a long-distance (“IR”) cutoff - in the
same example, Earth-sized balls will not give an interesting power law (it just
gives N(rs) = 1).

For objects defined by algebraic equations, D = dr. For
e example, in the example at right, the required number of
balls of size a goes like 1/a.

e O is a set of points in R?, the dimension of the objects composing O (maybe
points themselves, maybe line segments...) have some topological dimension dr,
and

dr < D <d.

Where does the right bound come from? By placing d-balls centered at the sites
of a cubic lattice (with a diameter a proportional to the lattice spacing) we can
cover a whole region of R? with a number that goes like a .
It behooves us to give some examples with D ¢ Z. Such things are called fractals
and are often defined by a recursive process.

1. A Cantor set in d = 1 can be defined beginning with a line segment of length
ag. Divide it in thirds and remove the middle segment. Repeat for each sub-
segment. At the end of this process, we get a bunch of points (dr = 0) in d = 1.
According to our definition (1.1), 1-ball of diameter a is an interval of length
a. After n steps of the above procedure, we end up with 2" = N line segments
of length a, = ap3™,n = 1,2,3... (that’s what I'm drawing). Since we only
remove stuff, we can cover the whole thing with these, so we have a lower bound

log 4o
of N(a,) = 2", and you can’t do better. Eliminate n : n = — fgago (think of this

__loga/ag

log 3 )’ SO

as n(a) =

log 2

log - " log:
oy =0 = 5 (1)

Qo




which gives fractal dimension

_ log?2

= ~ .63 €(0,1) . 1.3
= 03 (0.1 (1.3
Notice that this object is self-similar with scale factor A = 3: the two remaining
thirds are identical to the original up to a rescaling of the length by a factor
of three. This fact can be used to infer the power-law, since it means N(a) =
2N (3a). So if N(a) ~ a=P, we must have a=? = 2(3a)™” = 1=2-3"" which
is (1.3).

. Here’s an example in d = 2. Take a square with side length ag. Now divide it
into nine squares by dividing each side by three. Remove every other sub-square,
leaving the corners. Repeat. This procedure gives the accompanying figures.
The resulting figure is again self-similar with A = 3 and has N(a) = 5N (3a) —
we need only five times as many balls of diameter a to cover the region as balls

D

of diameter 3a. Therefore, if there is a scaling relation N(a) ~ a~", we need

D= % ~ 1.46. Note that this is sensibly between 1 and 2.
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The figure at left is defined by a similar procedure. I
don’t know how I'm ever going to get any physics done
if I don’t stop making these pictures. Lots of interesting
fractals come from other procedures where the fractal di-
mension is not so easy to find.




1.2 Fractal dimension of a random walk

So far we’ve been discussing fractals defined by an artificial procedure. Consider a
random walk in Euclidean space of dimension d > 2. Starting from some origin, we
take discrete steps, where the displacement 77 of each step is chosen (e.g.) independently
from some distribution p(7). For example, we could take our steps to have fixed length
ag, and uniformly distributed direction. For now, we assume this distribution and that
the walk is otherwise unrestricted.

Of interest is the net displacement after M steps

M
=1

This is a random variable with average

<éM>M = /ddh T ddTMP(Fl) - p(Tumr) Zf;

which vanishes by our assumption of rotation invariance of the individual distributions.
On the other hand, (7 - 7}) o< d;5, so the square-length of the net displacement has

(IFB), = 30" (e B = 3 () = M

The RMS displacement R(M) = 1/<|J§M|2>M = V' Mayg goes like the square root of

the number of steps, a probably-familiar result on which we are going to get some new
perspective now.

What is the fractal dimension of a random walk?

A walk of M steps can be regarded as M/n subwalks of n steps (choose M so
that these are integers). By the above result, the RMS displacement of the subwalks is
r(n) = /nag; choose M big enough so that this is a good approximation. This suggests
that we may think of a random walk (RW) of M steps of length ag as a RW of M/n
steps each of length (approximately) a; = y/nag . Notice that this ‘coarse-grained’ step
size is not actually the same for each subwalk. (We are relying on the central limit
theorem here to say that the distribution of subwalk sizes is well-peaked around the
central value. We'll give an RG proof of that result next.)



This perspective allows us to estimate the fractal dimension
of an unrestricted RW. Let N(a) be as above the number of
balls of diameter a needed to cover a walk (probably) of M
microscopic steps of size ag. When the ball-size is about the
same as the stepsize, we need one ball for each step (this is
overcounting but should give the right scaling), we’ll have

N(a) ~ M, for a ~ ay.

For the sub-steps, the same relation says we should cover
each subwalk step (length y/nag, of which there are M/n)

with a ball, so
M

~ —
n

N(v/nao)

Combining the previous two displayed equations (eliminate
M) gives

a~fwe =o'

M = N(ag) = nN(v/nag) = N(a)~a?

which says that the fractal dimension of the (unrestricted, in
d > 2) random walk is D = 2.

A few points regarding the notion of fractal dimension.

The Hausdorff dimension we've defined is not the only can-
didate for such a scale-dependent and possibly-fractional no-

tion of dimension. If fact there are many others, and they
are not all equivalent. Two that are notable are the box-
counting dimension, where one covers the whole R? with a

grid of boxes of side length a and counts the number N(a)
of boxes containing an element of the set as a function of «;

le—p |

if N(a) ~ a=Pb then this defines the box-counting dimen-
sion Dy.. This one is easier to implement numerically since
it doesn’t involve a minimization procedure.

Another one is the correlation dimension, which is related to a problem on the
homework.

2. As a practical physicist, why should you care about this result? Here’s one kind
of answer: suppose you have in your hands some object which is locally one-
dimensional, but squiggles around in a seemingly random way. It is governed
by some microscopic dynamics which are mysterious to you, and you would like
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to know if you can model it as an unrestricted random walk. One diagnostic
you might do is to measure its fractal dimension; if it’s not D = 2 then for sure
something else is going on in there. (If it is D = 2 something else still might be
going on.)

[End of Lecture 1]

3. For some statistically self-similar sets, a single fractal dimension does not capture
the full glory of their fractaliciousness, and it is useful to introduce a whole
spectrum of fractal dimensions. Such a thing is called multifractal.

I hope to say more about both of the previous points later on in the course.

1.3 RG treatment of random walk

Now we’ll study the random walk a bit more precisely, and use it to introduce the RG
machinery. To be specific, suppose that each microscopic step is sampled from the
(Gaussian) distribution

172

p(F) = Ne ™8, N = (2mod) 2

As before, the detailed form of the single-step distribution will be unimportant for the
questions of interest to us — the technical term is ‘irrelevant’; this will be an outcome
of the RG analysis. In this case, we have () = 0, (7 7) = 02.

Let 7 = Y " , 7. Think of this as a ‘coarse-grained step’ — imagine that the single
steps (of RMS size ) are too small to see, but for n big enough, n of them can get
somewhere. The distribution for the coarse-grained step is:

P(7) = / d'ry - d'rap(iy) - p(T) 0 <7“4 - Zﬁ)
i=1

=[adk etF(7-%i7)

(Do n - d Gaussian integrals.

d
Note that d%k = -4 kd 2)
(2m)

= /ddk exp (—n|/§\2ﬁ — ik - F'>

(One more Gaussian integral.
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This is the same form of the distribution, with
the replacement oy — ¢’ = y/nog. We can make
it actually the same distribution if we rescale our
units (the second half of the RG transformation):
rescale ' = /nr”, where the zoom factor is cho-
sen to keep the width of the distribution the same
after the coarse-graining step. Remembering that
distributions transform under change of variables
by

P(7)d%' = P(7)d%"

we have

1 -2
(27r00)d/2€

— the same distribution as we had for single step. Therefore, a random walk is (prob-

P() =

ably) a fractal — it is self-similar on average.

The two steps above — (1) coarse graining and (2) rescaling — constitute a renor-
malization group transformation (more on the general notion next). The ‘coupling
constant’ oy transforms under this transformation, in this case as

00 > Orenormalized — 00,

i.e. it maps to itself; such a parameter is called marginal and is a special case.

Consider the RMS distance covered by a walk in M steps,

R(M)? = <!Zﬁ-l2> .

It depends on M and the typical step size, which is o (since o2 = [ d%r|F]*p(F)).
Dimensional analysis tells us that we must have R(M) « o and the statistical self-
similarity we’'ve just found suggests a power law dependence on M:

R(M) ~ oM”

which scaling relation defines the exponent v. The coarse-grained walk (no rescaling)
takes M’ = N/n steps. Demanding the same outcome for the RMS displacement in
both the microscopic description and in the coarse-grained description says

v MY\"
oM" = o (M) =+/no (—) = n2 Yo M". (1.5)
n

12



(In the context of quantum field theory, a relation with the same logical content is
called a Callan-Symanzik equation.) In order for this to be true for all n, we must have

Pgy, we've

Recalling that the fractal dimension D = 2 also came from ¢’ = \/noy = n'
shown that an unrestricted random walk in d > 2 has a relationship between the fractal

dimension and the RMS displacement exponent: v = 1/D.

Measurability of the fractal dimension. I've spoken above about the fractal
dimension of a random walk, for example of a random polymer configuration, as an
‘observable’. How could you measure it?

Suppose the monomers making up the polymer scatter light (elastically). The
fractal dimension can be extracted from the structure factor S(k), as measured by the
intensity of scattering of light off the object, as a function of the wavenumber k of the
light. (This statement is related to the open-ended question on the first homework.)

1.4 Anatomy of an RG scheme

As we saw in (1.5), we are taking a passive point of view on the RG transformations:
the observable physics (whatever it may be, R(M) in the example above) is the same,
and we are only changing our description of that physics.

An RG transformation has two steps:

1. Coarse-graining or decimation: The idea of this step is familiar from the cen-
tral idea of how thermodynamics emerges from statistical mechanics: we should

13



average over the stuff we can’t keep track of (microscopic configurations of the
system), holding fixed the stuff we do keep track of (the thermodynamic variables
like energy and volume). In the connection mentioned in the previous sentence,
we do it all at once.

The key new idea of the RG is to do it a little bit at a time. That is: Integrate
out or average over some set of short-distance/fast degrees of freedom, holding
fixed a set of long-wavelength/slow degrees of freedom.

Notice that this step is not necessarily reversible: the value of a definite integral
(or sum) does not uniquely determine the integrand (or summand). We lose
information in this step. This means that a set of transformations defined this
way is not in fact a group in the mathematical sense, since there is no inverse
element (it is a semigroup). So much for that.

The idea is that we are squinting, so that the smallest distance Ax we can resolve
gets a little bigger, say before the coarse-graining, we had a resolution Az = ¢,
and afterwards we only keep track of stuff that varies on distances larger than
Ax = Xe for some scale factor A > 1.

2. Rescaling: Now we change units to map the coarse-grained system back onto
the original one, so that Ae — €. We do this so that we can compare them.

Now we're going to think about the space on which this transformation is acting.
Its coordinates are the parameters of the system, such as the parameters defining
the probability distribution such as oy for the random walk, or the couplings in the
Hamiltonian if p = e 7 /Z. Let’s call the set of such parameters {h;}, where j is an
index which runs over as many parameters as we need to consider??. These parameters
get transformed according to

()} " {0 = Ry ({h)))

This map is something we can do over and over, coarse-graining (zooming out) by
a factor of A each time, until we get to macroscopic sizes. The repeated application of

2For example, in the random walk case, other parameters we could include are b,c, ... in

2
p(F)zexp—(bw—i—M—i—cr +>

30ne of the many crucial contributions of Ken Wilson to this subject was (I think) allowing for
the possibility of including arbitrarily many parameters. The terror you are feeling at this possibility
of an infinite-dimensional space of coupling parameters will be allayed when we discover the correct
way to organize them two pages from now.

14



the map h); = R; (h) describes a dynamical system on the space of parameters. If we
are interested in macroscopic physics, we care about what happens when we do it lots
of times:

h s R(h) = R(R(h)) = R2(h) = R3(h) — ---

(When studying such a possibly-nonlinear dynamical system more generally, it is a
good idea to ask first about the possible late-time behavior.)

What can happen? There are three possibilities: U
: _ M i yé
1. We can reach a fized pomt, h‘* R(h*) (We'll in 2 .£ -
clude h — oo in some direction in this case. That o =7 W }
just means we chose a bad parametrization.) NV ve

2. We can go around in circles forever. This is called a
limat cycle.

3. We can jump around chaotically forever.

The first case, where there is a fixed point, is the one about which we have a lot to say,
and fortunately is what seems to happen usually.

A crucial point: the distribution described by such a fixed point of the RG is self-
similar, by the definition of the RG transformation. (If this is true when our zooming
size A — 1, then it is actually scale-invariant.)

1.5 Scaling behavior near a fixed point

Now, suppose we have found a fixed point h, of our RG transformation, which is a
candidate for describing the macroscopic behavior of our system. It is then a good idea
to look at the behavior in the neighborhood of the fixed point (this is also a good piece
of advice for general dynamical systems): linearize about the fixed point. We will see
that this analysis immediately spits out the phenomenology of scaling behavior near a
critical point. If that is not a familiar notion, don’t worry, we’ll come back to it.

First, define the set of points which flows to the fixed point to be the
critical surface of h, = {h| lim R"(h) = h,} = S(h,)
n—oo

— this is the basin of attraction of the fixed point in question.

15



Linearizing about the fixed point, let h; = h + d;, where [§| < 1 will be our small
parameter. This maps under the RG step according to

aylor on’;
hy = 1+ 6 by = Ry (0 +0) 5 Ry (1) 4 72, +O(7)
=h S~——

ERjk

where in the last step we assumed that the RG map R is analytic in the neighborhood
of the fixed point, i.e. that it has a Taylor expansion. How could it not be? We got
it by doing some finite sums of analytic functions. By +O(§?) I mean plus terms that
go like 62 and higher powers of delta which are small and we will ignore them. If we
ignore them, then the map on the deviation from the fixed point ¢ is a linear map:

5j — 5; = R]k(Sk
We know what to do with a linear map: find its eigenvalues and eigenvectors:

Notice that nothing we’ve said guarantees that R is a symmetric matrix, so its right
and left eigenvectors need not be the same (the eigenvalues are), so we’ll also need

O Ry, = pdy”.
Together, these are orthonormal

SN = 6, (1.7)
J

and complete

S =

About the eigenvalues, notice the following. We’ve defined the RG transformation
R = R, to accomplish a coarse-graining by a scale factor A\. We can imagine defin-
ing such a transformation for any A, and these operations form a semigroup under
composition

RaRxy = Ryw.

This is useful because it says that the eigenvalues of the linearized operators

R,\qﬁ(”) _ pn<)\)¢(n)
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must satisfy the same multiplication law*
Pr(A)pn(N) = pu(AN). (1.8)
But a function which satisfies this rule must have the form®
Pn(A) = AU (1.9)

for some y,, independent of .

The eigenvectors of R give a preferred coordinate basis near the fixed point:
n (1.7) T(n
5]' = Zgnqbg )7 gn = Z ¢I(c )5k7
n k

which we will use from now on. y, is called the scaling dimension of the coupling g,.

Now we can see the crucial RG dichotomy which tames
the infinitely many couplings: If |p,| < 1 (y, < 0) then N
as we act with R many times to get to long wavelengths, A <KA
then g, — 0. Such a coupling is called irrelevant: it goes A

away upon repeated RG transformations and its effects on 5> L <L

macroscopic physics can be ignored. Notice that since the \~
perturbation is getting smaller, the approximation || < 1 v
becomes better and better in this case. v

In contrast, if [p,| > 1 (y, > 0) then as we act with R
many times to get to long wavelengths, then g, grows. Such

(Notice that the eigenvectors need not

be orthogonal.)

4Why do R, for different A have the same eigenvectors?

It really follows from the semigroup property. The eigenvectors are physical things an eigenvector
determines some operator O with the following property: if I add O to the fixed-point hamiltonian,
H, + gO, an RG transformation does not generate any other operators, i.e. it gives H = H, + agO
for some «.

On the other hand, the choice of by how much to zoom out (A) is an arbitrary one. Doing the RG
step by A twice should give the same result as doing it once by 2\. So in particular either one should
give the same set of special directions.

® The function y(\) = log p,(\) then satisfies y(\) +y(\') = y(AN). First this implies y(1) = 0. If
we consider N = 1 + ¢, we have

yAN) +y(l+e) =y(A+Ae)
y(A) +y(1) + e/ (1) = y(A) + Aey' (A) + O(?)
which says that y satisfies the differential equation y'(\) = & which is solved by
y() =5/ (1) In A,

I'm not sure if the statement (1.9) follows if we only know (1.8) for discrete values of A. Does it?
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a parameter is called relevant, and represents an instability
of the fixed point: our linearization breaks down after repeated applications of R and
we leave the neighborhood of the fixed point.

The case of a coupling with y,, = 0 which doesn’t change is called marginal.

In these terms, the critical surface (actually its tangent space near the fixed point)
is determined by

S(hy) ={g, =0if y, > 0}.

In particular, the codimension of the critical surface in the space of couplings is the
number of relevant perturbations of the fixed point.

[End of Lecture 2]

2 Random walks

Next we generalize our ensemble of random walks to illustrate some features of the RG
that were missing from our simple pure Gaussian example above.

2.1 Biased gaussian walk

First, we can see an example of a relevant operator if we study a biased walk, with

p(7) = (270%) " exp <—M) . (2.1)

202

Again define the distribution for the coarse-grained step to be

P() = / H (drip(7)) 6 (f’ - Z r)

(more Gaussian integrals)

B2
= (27m<72)_d/2 exp (—M> . (2.2)

2no?

So, after the coarse-graining step, we have

{a’ = /no '

7:6 :717?0

After the rescaling step, to keep the width of the distribution fixed, we have

i =i
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So R is diagonal already. This says that the bias of the walk is a relevant operator of
dimension yy = % > 0.

We have here an explicit example of an RG map R. Let’s study its fixed points.
There’s one at (o, 79 = 0) (for any o, so actually it is a family of fixed points parametrized
by the marginal coupling o) which is the unbiased walk we studied earlier. This fixed
point is unstable because if we turn on a little r( it will grow indefinitely.

And there’s another fixed point at (0,75 = oo). This
is where we end up if we perturb the unbiased fixed point. S>> 55> >
The distribution (2.1) says (by direct calculation) that Ye=o Yo= @

ROM) =\ [(1Rul?) =/ MPIRP+Mo? "5 M.

This means that for large a, we'll need N(a) ~ 1/a spheres of diameter a to cover the
walk — it will be one dimensional.

This means that a system defined by some microscopic distribution of the form
(2.1) with some value of 7 and o will look like a Brownian walk of the type described
above, with fractal dimension D = 2, if you look at it closely, with a resolution dzr < 0.
But from a distance (resolution worse than dz > o), it will look like a one-dimensional
path (D = 1) in the 7 direction. For example, the number of balls defining the fractal

-2
; <
N(a)m{a a 7

dimension behaves as

al, a>o

2.2 Universality class of the (unrestricted) random walk

Now let the distribution from which a single step is sampled be any rotation-invariant
distribution p(7) = p(|r]) with finite moments. For example, the fixed-step-length
distribution p(r) = ;256 (|7] — a) is a good one to keep in mind. (This is still not the

most general walk, since we're still assuming the steps are independent. More on that
next.) The distribution for the coarse-grained step is

The quantity



is called the characteristic function of the distribution p(7), and is a generating function
for its moments:

(r™) = (=i0)™ 9(k)|k=o-
The Taylor expansion in k of its logarithm is the cumulant expansion:
ik)™ e
logg(k) = %CW Con = (—10k)™ 108 g=0-

The important point for us is the expansion:

<ei1€.F> = exp | ik - (7) — %Z kuky ((rury) — (r,) (rl,>)j+(i§?!) Csy + O(k)

:‘;(Q)EMV
If we don’t truncate the sum in ) (ig;n Cy, then the {C),} are just another set of

coordinates on the space of couplings for the walk. Why should we treat the integration
variable & in (2.3)

P = [ath B im0

as small? Because the integrand is suppressed by the Gaussian factor. If the Gaussian

bit dominates, then the integrand has support at k& < \/;—2, at which the mth term in
no‘o

the cumulant expansion contributes to the exponent in (2.3) as
nk™Cp ~n'"2 "0 if m > 2,

where the important thing for getting zero is just that (), is finite and independent of
n and k. This is the statement that the couplings C,, for m > 2 are irrelevant. Then
we can do the remaining Gaussian integral (ignoring the small corrections which are

nlf%Cm)

suppressed by e~

it g ~HEEHAE
P(#) "2 (2mnol)¥?e > i

What’s this? This is the Gaussian we used at the beginning, with ro = n (7).

This result, that the distribution for a sum of many random variables independently
distributed according to some distribution with finite moments, is usually called the
Central Limit Theorem or the Law of Large Numbers. (For more on the derivation I
recommend the discussion in Kardar volume 1.)

In the framework of the RG it is an example of universality: all such probability
distributions are in the basin of attraction of the gaussian random walk — they are said
to be in the same universality class meaning that they have the same long-wavelength
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physics. In particular, their RMS displacement goes like Ry ~ M2 for large number
of steps M, and (for d > 2) their fractal dimension is D = 2.

Notice that we did not prove that the Gaussian fixed point is the only one: we had

to assume that we were in its neighborhood in order to use the k& ~ n~'/2 scaling — this
scaling is a property of the neighborhood of the fixed point, just like the exponents y

we got by linearizing about the general fixed point in §1.5.

We could try to find other fixed points in the space of d-dimensional walk distri-
butions. For example, we could have chosen the scaling to fix the coefficient C,, for
any m. In that case we would find that the m — 1 perturbations C;.,, are relevant and
all the Cl > m are irrelevant. The special case where we fix C (i.e. choose k ~ 1/n)
gives the same fixed-point we reached for the biased walk. The fixed points with C,,~
fixed would have more than one relevant operator (we will learn to call this ‘multicrit-
ical’), which means reaching them requires tuning several parameters. For better or
worse, these fixed point distributions with m > 2 don’t seem to exist as probability
distributions, because they would have to have zero variance®.

Also, the assumption in the statement of the CLT also has an RG analog: if the
initial distribution does not have finite moments, then our expansion in terms of cu-

rgJ/rZQ )
certain sense the Lorentzian is a fixed point (if we set n = 2 where n is the parameter

In fact in a

mulants is no good. An example is a Lorentzian distribution, p(r) =

in the coarse-graining transformation as above).

(We will see another fixed point next when we include interactions between the
steps of the walk.)

One lesson which does generalize, however, is that most of the possible perturbations
of the fixed point are irrelevant, and there is only a small number of relevant or marginal
perturbations.

2.3 Self-avoiding walks have their own universality class

[Still from Creswick! I like this book. According to Amazon, Dover has put out a
second edition.] Suppose that the random 1d objects we are studying are actually
polymers — long chain molecules made of ‘monomers’ which cannot be in the same
place, i.e. they have some short-ranged repulsion from each other. We can model this
as lattice paths without self-intersection, or self-avoiding walks (SAWs). Does this
microscopic modification of our ensemble change the long-wavelength physics?

It certainly changes our ability to do all the sums. If our polymer has n monomers,

6Thanks to Tarun Grover for pointing this out to me. Maybe they do exist as simple analogs of
‘complex fixed points,” where we drop some positivity assumptions
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we’d like to know about the numbers
M, (R) = # of SAWs with n steps connecting 0 to R. (2.4)

Then we could figure out the RMS displacement from head-to-tail of the n step polymer
(actually we are not distinguishing between head and tail):

R = (|R) = W Mﬁf)lﬁﬁ

—

The denominator here is M,, = > 5 M,(R). As with the unrestricted random walk, we
might expect to have (we will) a scaling relation

R(n) ~n" (2.5)

with some characteristic exponent v.

Enumerating M, is not so easy. For the square lattice, M; = 4, My = 4-3 since there
are three choices for the second step, M3 =4 - 3 - 3, but after that we can make loops
(for some of the previous choices) and it gets ugly and grows rapidly. A generating
function which packages this information is the grand-canonical-type object

G(K,R)=> K"M,(E) (2.6)

where K is a fugacity whose size determines the relative contributions of walks of
different lengths to G(K).

Let . _
RI’K™"M,(R)
2y = $° 2 “ 2.7
E(K) § TR (2.7)
be the square of the RMS displacement at fixed K, the typical size of a SAW.
K"M. /
In (2.6) G(K) = Y p G(K,R). In this ensemble, for K < 1, Mal®)
the falloff of K™ with n fights against the growth of M, to /
produce a sharp peak at some ng(K).
7 K" kel
i n
o (KR
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There is a value of K where this peak step-length diverges,
since it is finite for K — 0 and infinite for K > 1.

Preview: if M,, grows exponentially, with some power-law prefactor,
M, ~ K;"n""!
then ng(K) occurs at the maximum of
KnMn _ enln(K/Kc)—i-('y—l)lnn
~1
’y — 1 K—K. KC — K
which diverges at (the aptly named) K., and the typical walk size goes like
K,— K\’
K. ‘

So from this grand-canonical point of view, the reason there are scaling relations and

K—K.
~Y

£(10) " R(ng(K)) ~ no(K )" ~ (

power laws is the existence of this critical point where the length of the typical walk
diverges. End of preview.

Let’s implement an RG for a 2d SAW on the square lattice. What is the space
of couplings we should consider? Previously, our only coupling was the bond-fugacity
K, that is, a walk was weighted by K™ with n the number of bonds covered by the
walk. We could also consider multiplying this weight by K%' where n’ is the number of
next-nearest neighbor bonds covered, or K§ where a is the area of the region between
the SAW and some reference curve. Any property of the SAW you can quantify can
appear in the weight, if you want. Call the weight W (K), where K now represents
some collection of such parameters. When pressed, I'll just consider the one fugacity
K for the number of steps.

Here’s the coarse-graining we’ll do: take SAWs I' on

o o

the fine-grained lattice A with weight Wr(K). We will use

these to build SAWs I on a coarser lattice A’, with some

relative zoom factor A. For example, if A is an integer, we 1

could take A’ to be a square lattice with lattice spacing Aa

where a is the lattice spacing of A. (A = 2 in the figure at I8 ’ L 5

right.)
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The weights are related by ‘ ]_i LL H ) ‘
) - 5 tabdf
er ‘ -

U
where we regard [ as defining an equiv-
alence class of walks on the finer lattice. Here is an example of a possible rule for
determining the inclusion I' € I, for A = 2. It is very non-unique. Depicted is a unit
cell of I' (blue) and the overlapping unit cells of I" (black). A SAW which enters the
cell at the lower left must leave through the right or the top. The model has a /2

rotation symmetry so we can consider just the latter.

Since on the coarser lattice, each of these represents, just a single step, W (K') =
K'. The result is
K' =2(K'+2K® + K?). (2.8)

Let me emphasize that the details of this real-space RG procedure are not to be taken
too seriously, and other similarly-legitimate schemes produce somewhat different poly-
nomials on the RHS here.

At right is a visualization of the map
(2.8). Fixed points are (by definition) in- oaf
tersections between the curve (2.8) and
the line K’ = K. The map (2.8) has three
fixed points: [End of Lecture 3] =T

=]
5]
I
[=]
ha
r
.
=]

1. K = 0, which is an ensemble dominated by very short walks, and in particular
finite-length ones.

2. K = oo, which is dominated by crazy lattice-filling walks. Maybe interesting.

3. K = K.~ 0.297. This third one is where we go from finite walks at K slightly
below K. to infinite walks at K > K..

The jagged line between K’ = K and the curve defined by (2.8) depicts the repeated
action of the map with an initial condition near (but slightly below) the fixed point
at K = K.. As you can see from the jagged line, the fixed point K, is unstable —
the perturbation parametrized by K — K, is relevant. Its dimension determines the
exponent v defined in (2.5) as follows.

Because we are zooming out by a factor of A\, the typical size will rescale as

§(K) = AS(KT).
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Near the critical point,

§(K) "NK K7 = M€K =2| K'(K)— K, |
- N—— N e’
=¢(K') =28 | (K—K.)
Therefore
0K’ e
K— K[| = K— K™
- m = (|G 1 -l
from which we conclude X
V= o = 0771,
In 8_K|KC

Numerical simulations give K, = 0.379 and v = 0.74.

Where are we making an approximation in the above? For example, some con-
figurations on the fine lattice have no counterpart on the coarse lattice (an example
is a walk which enters the cell and leaves again the same way). We are hoping that
these don’t make an important contribution to the sum. The real-space RG can be
systematically improved by increasing the zoom factor A (clearly if we coarse-grain the
whole lattice at once, we’ll get the exact answer).

The important conclusion, however, is pretty robust: the d = 2 SAW has a different
exponent than the unrestricted walk:

VsAaw > VRw = 1/2

This makes sense, since it means that Rrys(SAW) > Rpus(unrestricted) for many
steps — the SAW takes up more space (for a fixed number of steps) since it can’t
backtrack. The fractal dimension is therefore smaller Dgaw = % ~ 1.3 <2

Different exponents for the same observable near the critical point means different
universality class.

Teaser: This ensemble of self-avoiding walks is the n — 0 limit of the O(n) model!
More specifically, the critical point in temperature of the latter model maps to the
large-walk limit: 7" — T, ~ M~!. This realization will allow us to apply the same
technology we will use for the Ising model (which we could call the O(1) model) and
its O(n) generalizations to this class of models.
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3 Ising models

Words about the role of models, solvable and otherwise, and universality:

Fixed points of the RG are valuable. Each one describes a possible long-wavelength
behavior, and each one has its own basin of attraction. That basin of attraction includes
lots of models which are in some sense ‘different’: they differ in microscopic details of
values of couplings, and sometimes even more dramatically. Two important examples:
(1) a lattice model and a continuum model can both flow to the same fixed point. The
idea is that if the correlation length is much longer than the lattice spacing, the lattice
variable looks like a continuous field, and we can interpolate between the lattice points.

And at a fixed point scale invariance requires that the correlation length be infinity (or
7€ero).

(2) a model with two states per site (like an Ising magnet, the subject of this
section) and a model with infinitely many states at each site can flow to the same fixed
point. Here’s a picture of how that might come about. Suppose we have at each site a
variable called S which lives on the real line, and it is governed by the potential energy
function V(S) = g(S? — 1)%. (So for example the Boltzmann distribution is e=#V(%).)
The parameter g might be relevant, in the sense that ¢ — oo at long wavelengths. This
process of making g larger is depicted in the following figures (left to right ¢ = 1,11, 21):

vis) vis) vis)

| \ / \\\ / /

As you can see, it becomes more and more energetically favorable to restrict S to just
the two values S = %1 as g grows.

L
s

I've just made a big deal about universality and the worship of fixed points of the
RG. Part of the reason for the big deal is that universality greatly increases the power
of simple models: if you can understand the physics of some simple (even ridiculously
over-idealized) model and show that it’s in the same universality class as a system of
interest, then you win.

[Goldenfeld §2.5, Creswick §5, lots of other places] The Ising model is an important
common ground of many fields of science. At each site i € A (A may be a chain,
or the square lattice, or an arbitrary graph, and i = 1...|[A] = N(A) = N is the
number of sites), we have a binary variable s; = £1 called a spin, whose two states are
sometimes called up and down. There are 2V configurations altogether. (Although I
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will sometimes call these ‘states’ I emphasize that we are doing classical physics.)

The name ‘Ising model” connotes the following family of energy functionals (also
known as Hamiltonians):

Z h;s; + Z Jijsisj + Z Kijksisjs, + - (3.1)

€A ijk

where this sum could go on forever with terms involving more and more spins at once.
(The RG will generically generate all such terms, with coefficients that we can hope do
not cause too much trouble.) With this definition, the model may describe magnetic
dipoles in a solid, a lattice gas (where s; = £1 correspond to presence or absence of
a particle at i), constrained satisfaction problems, neural networks, ... anything with
bits distributed over space. This list also could go on forever’.®

Equilibrium statistical mechanics. Why might we care about H(s)? We can
use it to study the equilibrium thermodynamics of the system, at some temperature
T = 1/p. Let’s spend a few moments reminding ourselves about the machinery of
equilibrium statistical mechanics. The key ‘bridge’ equation between the microscopic
world (stat mech) and the macroscopic world (thermo) in thermal equilibrium is

—AF — Ze_ﬁH(s) =7

Here in our theorists’ paradise, we measure temperature in units of energy, kg = 1.
Notice that in classical equilibrium stat mech, the temperature is redundant with
the overall scaling of the Hamiltonian, only the combinations gh, 8J... appear in the
partition function, so a system with twice the temperature and twice the couplings will
have the same physics. The sum here is over the 2V configurations of the spins:

)ED M I SRS DS | IRt

s s1==%1 so==%1 s3==%1 sy==*x1 i=1 s;==%

and we will sometimes write tr for ‘trace’. I emphasize that we are doing classical
physics here.

Why do we care about the free energy 7 For one thing, it encodes the thermody-
namics of the system: the average energy is

E

1
(H) = EtrHe’ﬁH = —0glog Z,

"Here is an example I learned of recently of how an Ising model is used for data clustering.
8Sometimes the word ‘Ising’ is used to indicate the presence of the Z, symmetry under s — —s
which is present when only even terms appear in H (h =0, K = 0)).
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the entropy is
S - —0TF,

the heat capacity is .
Cv =0rE = — ((H?) = (H)*)

a dimensionless measure of the number of degrees of freedom. Notice the familiar
thermodynamic identity F' = E — T'S follows by calculus.

More ambitiously, if we knew how F' depended on all the coupling parameters
{hi, Jij, Kijg...} in (3.1), we would know all of the correlation functions of the spins,
for example

I s _
OB = =Ty log Z = =T tre FH — —(s;) .

And similarly,
On,On, F = ((sis;) — (s0) (s;)) T~ = Gy T

It is a generating function for these (connected) correlation functions.

Clean and local Ising models. Two important specializations of (3.1) are quite
important in physics (not always in the other applications of the Ising model). We will
(usually) restrict to the important special case with the following two assumptions.

1. the couplings (J;; and friends) are local in the sense that the coupling between
two sites goes away (J;; — 0) if the sites are far apart (|r; — r;| — 00).

A reason to care about the two point function in the case where there is a notion
of locality, then, is that it allows to define a correlation length, &:

Gij TR il

— here a is the range of the interactions, or the lattice spacing, and r;; = |r; — 1]
is the distance between the locations of spins ¢ and j. The correlation length
will depend on the parameters in H and on the temperature, and it measures
the distance beyond which the spin orientations are uncorrelated. More formally,

1l = —lim, ,o, O, In Glii+r (but of course the oo here has to stay within the box

containing the system in question).

2. the couplings are translation invariant: J;; = Jf(|r; —r;|) for some function of
the distance f(r). (If one thinks of variations of J;; with 4,j as coming from
some kind of microscopic disorder, one refers to this case as clean.) We will often
consider the case where f(r) only has support when r = a is one lattice spacing.
(Notice that s = 1 means that we can ignore the case when r = 0.)
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These two assumptions are independent, but we will usually make both. So: on
any graph (of N sites), the nearest-neighbor ‘clean’ Ising model has energy functional

—H = hZSl—F JZSiSj
¢ (i)

where (ij) means the set of nearest neighbors i, j.

An important observable (especially in this case) is the magnetization

1 & 1
M= — ;) = ——0,F.
N ; S
Also of interest is the spin susceptibility:

= O = 2 S (i) = (50 (53)) = o 9 G

i i

When J > 0, the energy of a configuration is lower if neighboring spins point the
same way; in this ‘ferromagnetic’ case everybody can be happy (and M # 0). In
the antiferromagnetic case J < 0, neighbors want to disagree. All spins can agree
to disagree if the graph has no loops. Any loop with an odd number of sites, like
a triangle, leads to a frustration of the antiferromagnetic interaction, which requires
compromise and leads to drama.

Lack of drama for bipartite lattices. A bipartite lattice is one which can be
divided into two distinct sublattices A, B each of which only neighbors sites of the other
lattice. That is (ij) contains only pairs, one from A and one from B. For example,
hypercubic lattices are all bipartite: let the A lattice be those sites (x,y,...) whose
(integer) coordinates add up to an even number x + y + ... € 2Z. The honeycomb
lattice is also bipartite. The triangular lattice is not. *

[End of Lecture 4]

A consequence of bipartiteness is that any loop traverses an even number of sites,
since it must alternate between the two sublattices. Hence there is no frustration for
a (nearest-neighbor!) Ising antiferromagnet on a bipartite lattice. In fact, a stronger
statement is true. Since

Hj—o.(s%,55) = —JZ sfsf
(i)

9Notice, by the way, that bipartite does not require that A and B be isomorphic or even that they
have the same number of sites. For example, if we simply removed a (periodic) subset of sites (and
all the associated links) from the A sublattice of a lattice, we would still have a bipartite lattice. You
can find an example by googling ‘Lieb lattice’. Beware confusion in the literature on this point.
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if we flip the spins of one sublattice, we also reverse J:

Hy—g (s, —5%) = —I—JZS?S]B = Hy—o_s(s*, sP).
(i7)

But for any function ¢

> osh = o({-s} (3:2)
{s} {s}
by renaming summation variables. Therefore on a bipartite lattice

Z(h=0,J) = Ze—ﬁHh:o,J(SAvsB) — Ze—ﬁtho,,J(sA,sB) =Z(h=0,-J).
{s} {s}

So on a bipartite lattice, a ferromagnet and an antiferromagnet have the same thermo-
dynamics.

The nearest-neighbor restriction is essential here. Even for a one-dimensional chain,
we can make frustration by adding antiferromagnetic interactions for s;s;,.1 and for
5iSi+2-

Symmetry and spontaneous symmetry breaking. Notice that the general
Ising Hamiltonian (3.1) enjoys the following property

Hyyk.(8)=H_pj_Kk.(—5)

— flipping all the spins and flipping the coefficients of odd powers of the spins preserves
the energy. In particular, if h = 0, K = 0, all odd powers do not appear, and flipping
the spins is a symmetry of the Hamiltonian. What consequence does this have for
thermodynamics?

Z(~h,J,~K,T) =Y ¢ #Hnos@) = 3™ e 0fnaxo 2 74 J K, T) .
) 5}

And therefore the free energy in particular satisfies F(—h,J,—K,T) = F(h,J, K,T).
Let’s set K = 0 from now on. This operation s; — —s; is a Zs transformation in the
sense that doing it twice is the same as doing nothing. It is a symmetry when h = 0.
(Only when h = 0 does the transformation map the ensemble to itself.)

Question: does this mean that when h = 0 we must have zero magnetization,

1 ?
M:NZ@ocahF:o ?

7

A nonzero value of M (without an applied field h) is called long-range order, because
it means that distant spins must conspire to point in the same direction.

30



F(h)

Answer: It would if F'(h) had to be a smooth, differ-
entiable function. In order for (s),_, to be nonzero, F'(h)
must have a different derivative coming from positive and
negative h, as in the figure at right. This phenomenon is

called spontaneous symmetry breaking because the symme-
try reverses the sign of the magnetization M — —M.

But this phenomenon, of O, F|—o+ # OnF|p—o- requires the function F'(h) to be
non-analytic in h at h = 0. This is to be contrasted with the behavior for a finite
system (N < 0o) where

Z(h) = Ze_ﬁH(s) = e PMNmie 4 e=PhNma, oy o= BRNT
{s}

where n = 2V is the number of configurations, ¢, are positive coefficients (functions
of 5J) independent of h, and m, is the magnetization in configuration a (m, =
>.;si(a)/N). The important point is just that there is a finite number of terms in
this sum, and Z is therefore a polynomial in e=#" so F(h) = —Tlog Z(h) is only
singular when Z = 0 or Z = oo, which doesn’t happen for finite values of (3, h.

In conclusion: spontaneous symmetry breaking requires the thermodynamic limit
N — o0.

3.1 Decimation RG for 1d nearest-neighbor Ising model

Let’s step back from these grand vistas and apply the RG for the Ising model in one
dimension. Consider a chain of sites ¢ = 1...N, arranged in a line with spacing a, and
with an even number of sites, N € 2Z. And for definiteness, if you must, take periodic
boundary conditions sy.; = s;. Turn off the magnetic field, so

N
H=—-J E 8;Si+1 -
=1

We'll speak about the ferromagnetic case, J > 0 (though the same results apply to
J < 0 since the chain is bipartite). The partition function

7 =tre PH = Z(BJ)

is calculable exactly in many ways, each of which instructive. Since the partition
function only depends on the combination £5.J, let us set § = 1.

In the spirit of the RG, let us proceed by a hierarchical route, by decimating the
even sites:

Z e_H(S) — e_Heff(Sodd)

{s}i,even
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On the right hand side, we have defined the effective hamiltonian for the spins at the
odd sites. The odd sites are separated by distance a’ = 2a and there are half as many
of them. We can use this as the first half of an RG implementation (the second half is
rescaling). We’ve zoomed by a factor of A = a’/a = 2.

In this 1d case we can actually do these sums:
Z etIs2001458) — 9 cosh (J (51 + s3)) = Ae? =158
so=x=+1

where in the last step we defined A, J’, constants independent of the configuration of
the remaining, not-yet-decimated spins. Then the result for the whole trace over even
spins is
—Heg(s) N/2 TS snis1500; / , N
e He®) = AN/ Zel 2uis2i1Sat 41 =  He(s') = Z J'si8i49 + 510g Al
i, odd

The A business just adds a constant to the (free) energy, which divides out of the
partition function and we don’t care about it here.

We can figure out what the new parameters are by checking cases, of which only
two classes are distinct:

if sy =s3:  2cosh2J = Ae”’ pga A% = 4cosh2J
if s =—s3: 2=Ae 0 e27" = cosh2J . (3.3)

The solution can be usefully written as
v =v* A =2Vcosh2J (3.4)

where v = tanh J € [0, 1] (using hyperbolic trig identities). The map (3.4) is another
explicit example of an RG map on the parameters. In this case, unlike the previous
SAW example, it happens to be exact.

The RG preserves symmetries. Why is the effective hamiltonian of the same
form as the original one? The couplings like the magnetic field multiplying odd numbers
of spins vanish by the Ising spin-flip symmetry of the original model. (More precisely:
because of the locality of H, we can determine H.g by decimating only a finite number of
spins. This rules out generation of nonzero h’ by some version of spontaneous symmetry
breaking. This requires locality of the interactions.) This line of thinking leads us to
expect that the effective hamiltonian should generally have the same symmetries as
the original one.

The 4-spin interaction vanishes because in 1d, each site has only two neighbors with
whom it interacts, each of which has only one other neighbor. So that was a bit of an
accident.
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This map has two fixed points: One is

v* = 0, which is 8J = 0, meaning infinite V=0 =1
temperature, or no interactions; this one P‘rmw QMMM

is ‘boring’ from the point of view of the

study of many-body physics and collective phenomena, since the spins don’t care about
each other at all. The other fixed point is v, = 1, which is §J = oo, meaning zero
temperature or infinite interaction strength. This is a ferromagnetic fixed point where
it is very urgent for the spins to agree with each other. The fact that there is no
fixed point at a finite temperature means that there is no critical behavior in the 1d
nearest-neighbor Ising model; only at 7' = 0 do the spins align with each other.

More explicitly, how does the correlation length behave? In zooming out by a factor
of A, it changes by

(o) = A(Y) = 26(07)  — = -2 T ayr (3.5)

(where K is a constant not determined by this argument) which is finite for 7" > 0."°
11

Why did it happen that there is no critical point at 7" > 07 A point of view
which illuminates the distinction between 1d and d > 1 (and is due to Peierls and

now permeates theoretical condensed matter physics) is to think about the statistical
mechanics of defects in the ordered configuration.

Consider a favored configuration at low-temperature, where all spins point the same
way. Small deviations from this configuration require reversing some of the spins and
will cost energy 2J above the aligned configuration for each dissatisfied bond. In 1d,
a single dissatisfied bond separates two happy regions, and is called a kink or domain
wall. Notice that the energy is independent of the size of each happy region (which is
called a domain). n domains of reversed spins cost energy 4.Jn, since each domain has
two boundary links.

In 1d, each region of spins that we re- ink. (anh)

hink
T111
ETEE2

verse has two boundaries, a kink and an T T TS
antikink. 7

At T = 0, the state minimizes the en-
ergy and there is no reason to have any kinks. But at T > 0, we care about (i.e. the
macroscopic equilibrium configuration minimizes) the free energy F' = E — T'S, and
the fact that there are many kink configurations matters.

10A log is a special case of a power law: Taylor expand v in v about 0.

HPreview: near less weird fixed points, the correlation length will diverge like a power law &(7) e
(T —T,)™" instead of this weird function.
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How many are there? If there are n segments of s = —1 in a sea of s = 41 then we
must decide where to place 2n endpoints. The number of ways to do this is:

N N! 1«n<N Nlog N—2nlog2n—(N— _
0 ~ = - og n log 2n—(N—2n) log(N—2n)
(») <2n> 2n)1 (N — 2n)! ¢

where in the last step we used Stirling’s formula. So the free energy for 2n kinks is
F,=n-4J —TlogQ(n) ~4Jn — T (Nlog N — 2nlog2n — (N — 2n)log(N — 2n)) .

In equilibrium, the free energy is minimized with respect to any variational parame-
ters'? such as n, which happens when

4. n 1 e T p951 2J
— =2log2n —2log(N —2n) — N =214 2T 5¢ :

As a check, the correlation length is approximately the size of the domains, which is
approximately the inverse kink density:

-1
i~ (3) "~

which again agrees with our RG result (3.5).

The codewords for this phenomenon are: the destruction of long-range order by the
proliferation of topological defects. (They are topological, for example, in the sense
that a kink must follow an antikink, and the number of kinks on circle must equal the
number of antikinks.)

In the special case of 1d, we can be completely explicit and verify the result for the
correlation length by calculating the correlation function.

First of all,
G(r) = (sisrsi) (3.6)

(let’s keep the disconnected bits in there for now) is independent of i because of trans-
lation invariance. The Boltzmann factor can be written as

eﬁ‘]Z(ij) 885 _ HeﬁJsiSj
(i)

Since s = £1, we are multiplying

€875 — cosh B.J + s sinh B.J = cosh B (1 4 vs;s;)

12 Actually, we’ll prove this statement in section 4.
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where v = tanh 5J (as above). Think about expanding this product over links into a
sum. Each term in the sum gets either a 1 or a vs;s; from each link. Any term in the
sum can be visualized by coloring the links which contribute a vs;s;.

When we multiply this out, the dependence on any one of the spins s; can be only
two things: 1 if the term has an even number of factors of s;, or s; if it has an odd
number. Here’s the Ising model integration table:

dl=141=2 > s=1-1=0. (3.7)

In the last two paragraphs, we haven’t used the restriction to 1d at all. (This will

be useful in §3.2.) Consider a single spin sy of an infinite 1d chain; if it is not one of
the two sites i or ¢ +r in (3.6) the factors which matter to it are'”:

Z (1 +vs182) (1 4 vsa83) FOLL! Z (14 wvs2 (s1+ s3) +v°s183) =2 (14 v?s1s3) .

52 52

This is just of the same form as if we had a direct link between 1 and 3 with weight v?
(up to the overall prefactor). Therefore, doing this repeatedly (r times) for the sites in

between ¢ and 7 + 7,
trs;2" (1 +v"s;8i44) 8¢
Gr) = r5;2" (1 +v"s;5;4,) s o
tr2" (1 4 v"s8;8i1r)

(The red factors are the ones that survive the trace.) Therefore
¢ =-0,logG(r) = —logv

which agrees with (3.5) with K = 1.

The thing that’s special about 1d here is that only a single term in the expansion
of the product survives the sum. This is because there is only one path between the
two sites ¢ and ¢ + 7. If we had taken N finite and periodic boundary conditions, there
would be another path (around the back of the circle) and hence another term in the
answer

G(r)=v" +o"" N2,

In d > 1 there are many paths and the answer is more interesting, as we’ll see below.

[End of Lecture 5]

13Note that this expression gives a very simple derivation of (3.4).
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3.2 High-temperature expansion

Return now to the moment at (3.7), right before we restricted our discussion to one
dimension. We had written the partition function of the nearest-neighbor Ising model
(on any graph) as a product over links

Z = cosh™ (BJ) Z H (14 vs;s;) (3.8)
s (if)

and argued that expanding this binomial gives a sum over paths in the graph. More
explicitly, we think of the two terms in each link factor in (3.8) as a sum over another
dynamical variable, n; = 0, 1:

1+ vs;s; = Z (vsys;)".
n;;=0,1
So we can write the Ising partition function as
Z = cosh™ (B.J) H Z ZH(USZ'S]')””.
£ {ng=0,1} {s} (ij)

Now we can do the sums over the spins using our ‘integration table’ above (3.7).
For each spin, the sum is

14y Tij Ng =0 =
Z siz“'” T Znij50m0d2 . N = |

si=E1 (@) |
Here we've defined the notation ‘(i|j)’ to mean \|

‘neighbors j of a fixed site ¢’. That is: the sum is

only only nonzero if an even number of the links | H

ending at site ¢ have n;; = 1. If we represent ‘ “
n; = 1 by coloring the link [, the configurations X <
which survive this constraint are made of closed
loops.
7 = cosh™ (B.J) H 1+ vs;s;) = cosh™ (BJ) Z 2 mu(C) (3.9)
(i) c
where we are summing over configurations of binary numbers n; = 0,1 on the links

that are closed in the sense that
(il7)
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That is: we sum over lattice curves which have an even number of links going into each
site. The contribution of a curve C' (which is not necessarily connected) is weighted by

,Ulength(C) )

This rewriting of the Ising partition sum will be useful below.

3.3 RG evaluation of physical quantities

Behavior of the correlation length under RG. We've defined the correlation
length using the spin-spin correlator G(r), in terms of its rate of falloff for large r. Let
us use this to examine its behavior under the RG more directly. To do this, denote

more explicitly
trs;si e
Gy(r) = ;r;%

Now suppose that ¢ and i + r are both odd sites (so that they survive our decimation);
in that case we can still do all the decimation as in the partition function :

H(se,s0) H(se,s0)

tre,osisi+r€7 o troSiSi—Frtreei
tre—H (se;s0) trotre—H(sess0)

Gg(r) =

I emphasize that the argument of Gy is measured in units of the lattice spacing, i.e. the
number of lattice sites between the spins. But recall that e~ (%0)  tr e H(se:%) defines
the effective Hamiltonian for the remaining odd sites, so this is precisely

2 d
tro8;Siyr/2€ H'(s0)

tre—H'(s0) ’

Gu(r/2)

where now there are only half as many sites in between the spins in the new coarser
lattice. Under this RG, we are zooming out by a factor of 2. Altogether, Gg/(r/2) =
Gpg(r). Combining this with the definition of £, we have

S = %ﬁH (3.10)

(as we said earlier).

The notation £ is to emphasize that the correlation length is completely deter-
mined by the Hamiltonian (I am assuming thermal equilibrium here). At a fixed point,
the Hamiltonian does not change under the RG, so the correlation length can’t either.
This can be consistent with (3.10) in one of two ways

& =0 or &, = o0.

The first case means that spins at different sites do not care about each other, as at
T = oco. I've already disparaged this case as boring. The second case of a divergent
correlation length characterizes critical behavior and we define it to be interesting.
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[Cardy §3.4, Domany, RG notes, chapter 1] Free energy density. Next I want to
show how to calculate the free energy from an ‘RG trajectory sum’. It is a reason to care
about the constants in the effective hamiltonian, as in o’ in H'(s") = > J's's' + a'N'.
In the example above, we found a' = %log A, where A was some function of the
microscopic J.

Let the free energy density (free energy per site) be
T
f= —NlogZN(K).

Here T am denoting by K the collection of all couplings, and labelling the partition
function Zy by the number of sites. More explicitly,

A= Ze’ﬁH(S) = Z ¢ B(NCHA() = e NBC 7.
{s} {s}

Here H is a Hamiltonian modified by subtracting a constant so that

Zﬁ(s) =0

{s}

so that it has no constant piece (for quantum mechanical folks: it is like a ‘normal-
ordered’ Hamiltonian). And Zy = 3", e ##() and naturally we’ll denote

_ T .
=——logZn.
f N g LN
This last expression is a little less innocent than it seems: I am anticipating here
that the free energy is extensive — has a leading piece at large N that grows like N,
r Mzt Nf + O(N° — so that f is independent of N in the thermodynamic limit.

(We'll give an RG-based proof of this statement in §5.) Then f(K) = C + f(K).
Now some RG content: the partition function is invariant under the RG:

NC ~ NC —N'd

I = e By = e F e By
SN N 5 e
ﬂ(NC+N’aI+“'+N(n>a(n>)ZN/bn (K(n)> . (311)

= 6_
= 6_
Here we've defined N to be the number of sites decimated at step n, and N/b" is
the number of sites remaining. For the example above, these are the same, and b = 2:
NM™ = N/2". As above K™ = R"(K) is the image of the couplings under n-times
repeated RG transformation. (Notice that if we were in d dimensions, we would have
b = A\, where ) is the linear zoom factor, and the number of sites decimated would not
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equal the number remaining even for A = 2.) Taking logs of the BHS of the previous
equation

oS MY LN e
f(K)_C’Jr;Tak o FE™). (3.12)

If we iterate the RG transformation enough times, and f( is finite, its contribution is
suppressed by b= — 0.

Magnetization. The magnetization can be calculated by taking derivatives of the
previous result:

M x O f = (s4)

but here is some cleverness. By translation invariance the BHS is independent of .
Therefore, we can choose 7 to be a site that survives all the decimation. Then

<$-> _ Zs Sie_H ZS0 i Zse e_H(SWSE) ZSO SieiHl(SO) = <S>
UH T — - _H(so.s —H'(s,) ~ Y H"
> el ZSOE:GH(me) §SOeH()

—_——

:57H/<30)

We have just shown that the magnetization is an RG invariant. This result required
that we are using a decimation scheme, where the spins surviving the RG are a subset
of the initial spins. I will come back to alternatives soon, and we will see why we need
them. This means we can compute the magnetization for a macroscopic system just
by following the flow to the end:

L H(sy)
Zsi:il Si€ ‘

X, e e

but H>(s;) = a®™ + h™s; (these are the only two possible terms) and h™ is the fixed-
point value of the Zeeman field. So

o= h™s; h> —ho®

D g1 Si€ et te N

(s;) = = = —tanh h*.
e—h>s; eth>™ + e—h>

Si

(si) =

I emphasize again that this works only for decimation schemes.

3.4 Need for other schemes

Let’s think about decimation of the Ising model on the square lattice. Again it is
bipartite, and we can do the sum of each spin on one of the sublattices fixing the spins
on the other, one at a time:

Z else(s1tsatsatss) — Y(s1 + 82+ 83+ S4).
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The argument of the function v defined by this equation only takes the values 0, £2, £4.
We've set the Zeeman field h = 0, so it is even ¢(—x) = ¢ (x), and there are only three
values of the argument we care about. For these values, it can be written as

w(sl + So + S3 + 84) — ea’+J’(3132+3253+5354+3431+3153+5254)+M’51523354

with values of a’, J', M’ determined by J which you can figure out. The first term a’ is
just a constant. The first four terms multiplied by J’ are nearest-neighbor interactions
on the new (square) lattice with lattice spacing v/2a (rotated by m/4). This means
A = v/2; the number of remaining spins is N/2, so b = A2 = 2 as expected in two
dimensions. The next two terms are next-nearest-neighbor exchange couplings (s; and
s3 are separated by 2a) of the same size. Finally, M’ multiplies a qualitatively-new
4-spin interaction, proportional to J*. Ick!

This isn’t so bad if we think of the initial Hamiltonian as sitting in a special corner
of the large and high-dimensional space of possible couplings, and the RG just moves
us to a more generic point:

(J,0,0,--) & (J, K/, M- ).

That’s just a little ugly. But there’s a reason why it’s objectively bad: we can’t repeat
this RG step. After the first iteration, we generate couplings between spins of the
same sublattice of the remaining square lattice. This means we can’t just sum them
independently anymore. We could do some uncontrolled truncation, or we can find a
better scheme. There are 2d lattices for which a decimation scheme can work (i.e. can
be iterated).
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We can nevertheless persevere by truncating the generation
of couplings. For example, if we keep terms only to order
J? and order K, we do not generate any further couplings
beyond J, K, and we find a closed set of RG recursion equa-
tions:

J =K+2J, K =J.

These equations have three fixed points: (J,K) =
(0,0), (00, 00) and (1/3,1/9). The nearby flow diagram is in-
dicated at right. Fixing the couplings and varying 7" amounts
to the replacement (J, K) to (J/T, K/T). Increasing the tem-
perature corresponds to scaling J, K down towards K, =
(0,0), the infinite-temperature fixed point, where everyone is
decoupled. This point and the zero-temperature fixed point
(K, where all couplings are infinite) are separated by a new
fixed point with a single relevant perturbation. Let’s focus on
just the relevant dimension (which is not orthogonal to the
temperature direction), so we can draw a one-dimensional
plot (after all, we are already ignoring infinitely many other
irrelevant directions). We see that there is a critical value
T, below which we flow to K, and above which we flow to
Ky. A fixed point with a single relevant operator describes
a critical point, a continuous phase transition between two
phases.
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3.5 Low-temperature expansion, and existence of phase tran-
sition in d > 1

Maybe you still don’t believe me that there has to be a phase transition in the nearest-
neighbor Ising model, even in d = 2. At arbitrarily high temperatures, there is definitely
no spontaneous symmetry breaking, since each spin is just looking out for itself and
there can be no collective behavior, and (s) = m = 0. At T" = 0, the spins all align
(as they do in d = 1, too). Here is an argument (due to Peierls, still) that the ordered
state survives to some finite temperature for d > 2.

A configuration of lowest energy, say all s; = +, has energy Ey = —JN;, where N,
is the number of links of the graph (this is 2N for the square lattice since there are
two links in each unit cell, one up and one right). The minimal excitation above the
ordered configuration flips one spin and has energy FEy + 2zJ where z is the number
of neighbors of the flipped spin. We can estimate the entropy of a dilute gas of n such
flipped spins, with energy E(n) ~ Ey + 2Jzn; the number of configurations is again

N
approximately Q(n) = ( ), and so their free energy is
n

FY™ 00 -1 (Nlog N — (N —n)log(N —n) —nlogn).
(Actually, the flipped spins have a short-ranged attraction because if they are adjacent
they share a happy bond. We ignore this; think about why we can get away with it.)
This is minimized by an equilibrium density of flipped spins

Neq o—227/T

N

All this so far is just like in the 1d argument, except we replaced 2 neighbors with z
neighbors, and counted spin flips rather than domain walls.**

Here’s the catch: The magnetization is not so strongly affected by a flipped spin as
it is by a domain wall. It is only decreased from the maximum (m = 1) to

m:1—2%21—26_2ZJ/T’11 it T < 2J.

So this means that at low (but nonzero) temperature, the magnetization survives. And
therefore something interesting has to happen at some intermediate temperature.

[End of Lecture 6]

14 Why did we count domain walls in d = 1? Because in d = 1, the energy of a row of k flipped spins
in a row is the same for any k. The elementary dynamical object is really the kink itself in d = 1.
This is the tip of an iceberg called ‘fractionalization’.
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3.6 A word from our sponsor

We’ve been spending a lot of time talking about Ising models. Let’s take a break and
talk about another role it plays in physics.

Lattice gas. Suppose our dynamical variables are the locations r1..ry of a collec-
tion of point particles. The grand canonical partition function is

N
() = Z % / dry - dry e P lic; Vri=—rj) (3.13)
~ N

[1]

where ( is a fugacity for particle number, and V' (r) is an interparticle potential, which

usually has a short-range repulsion and long-range attraction (most kinds of particles
2

i 2m’

find each other vaguely attractive from far away...). The kinetic energy was )
2
but we did the p integrals already: [ dp e™” m = (ﬂmT)d/ z,
These integrals in (3.13) are hard. If our interest is in critical behavior, we can
zoom out, and take the particles to live at the sites of a lattice r € A, so our dynamical

variables are instead the number of particles at site r, n(r). To implement the short-
range repulsion, we take n(r) = 0,1. Then we study

{n(r)=0,1}

where J(r—1") implements the long-ranged part of the potential. If we change variables
to s(r) =2n(r) — 1 = £1, we have

1
H(s) = _55 Z Jy 1 8p S5m0 — 3 Z h.s, + const

with gh, = %logg“ + > . Jrw. This is an Ising model. The ferromagnetic ordering
transition is the liquid-gas transition! Recalling that this occurs at h = 0, we see that
the s — —s symmetry of the Ising model (with A = 0) is a symmetry of the lattice gas
only near the critical point — it is an ‘emergent symmetry’.

Another useful interpretation of the same model is as a ‘binary fluid’, where n = 0, 1
represent occupation by two kinds of fluid elements.
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3.7 Duality

[Feynman, Statistical Mechanics §5.4, Parisi, §4.6]
Let’s set J =1 for a bit, since only the combination $J appears in this discussion.

Now consider again the low-temperature expansion: previously we thought about
flipping some dilute collection of isolated spins, each of which costs a (Boltzmann)

~287% in the partition function. More accurate is to think of this as a sum

factor of e
over islands of reversed spins. If we were speaking about a 3d lattice, they would be
regions, with two-dimensional boundaries. Let’s focus on the case of a 2d lattice, so

that the boundaries of the islands are one-dimensional curves.

If we keep track of the boundaries between these regions, we have complete in-
formation about the spin configuration, up to an overall reversal. The weight for a
given configuration C is e 2%/¢) where ¢(C) is the total length of boundary in that
configuration. We could include a field h in this description, that multiplies the weight

by
e—ﬁh(Am (C)—Aout(C))

where Ajyjout(C) is the number of sites inside/outside the chosen configuration of
boundaries.

Can we represent the entire partition sum as a sum over these boundaries (which are
called domain walls)? It is not just a sum over curves. Notice that the boundaries are
always closed curves — it is a deep topological fact that a boundary has no boundary.
Furthermore, the boundary curve is always contractible in the sense that by flipping
back some of the spins in the region to agree with the rest, we can gradually shrink it
away to nothing. Here’s an example of some curves that are not contractible, on the

3' . = B
surface of a complicated pastry: m " The curves A and B are not

the boundary of any 2d region on the surface of the pastry. Let us restrict ourselves for
now to lattices which do not contain such curves (they are called simply-connected).

It is useful to introduce at this point the dual lattice: for a 2d lattice A, this is
a lattice A whose sites correspond to the plaquettes of A. A link of A separates two
plaquettes of A; it corresponds to a link of A connecting the two corresponding sites of

3

A 3 Ff The domain walls of a spin configuration on the sites of A cover a set

of links of A: '—'rjjl
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But our description of the low-temperature expansion on A as

Z\(T) =2) e (3.14)
C

has exactly the same form as our high-temperature expansion (3.9) if we identify

e =9

tanhB .

This equation relates high temperature (small J) on A to low temperature (large J)
on A. It is due to Kramers and Wannier.

-2
e T tanh

For the square lattice, the dual lattice is the ¢ ="
square lattice again! This means that if there is

only one critical point (remember: fixed points of o}
the RG are rare and valuable), it must be a fixed o}

point (not only of the RG but also) of the duality — *“f \
transformation on the couplings: il —
0.2
6—25J — O = tanh BJ . 5 20 25 20 a5 a0

The dual of the honeycomb lattice is the triangular lattice (and vice versa). To
learn their critical temperature, we add one more maneuver, called star-triangle trans-
formation: The honeycomb lattice is bipartite, and the two sublattices are triangular
lattices. By decimating one of the two sublattices, we can relate

Z8(J) = ANPZ3(K)
where A and K are determined from J by:

Z elsz(s1ts2483) — oogh3 ] [1 + tanh? .J - (s182 + S983 + 3331)] = Aef(s12ts2s54s351)
Sp—==+1

Combining this with the duality relation we can relate the critical temperature of the
Ising model on the triangular lattice to itself.

Here is a table of the critical values of B_IJ for various lattices. z is the coordination
number, the number of neighbors of each site.

AN oz T.)J
- 2 0

o 3 1.52
O 4 227
A 6 3.64
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The first entry is the 1d chain. You can see that the critical temperature rises with
coordination number.

Notice that the disordered (high-temperature) phase is dual to the ordered (low-
temperature) phase. That this is not a contradiction is related to the factor of 2 in
front of the partition sum in (3.14): the description in terms of domain walls doesn’t
really know about the magnetization.

If you can’t wait to learn more about the many generalizations of Kramers-Wannier
duality, here are some references: Kogut, Savit.

There is more to be said about this sum over curves. They can be used to solve the
2d Ising model exactly. They are the worldlines of free fermions.

3.8 Block spins

Here we introduce a more general class of coarse-graining transformations, called block-
ing. The essential rule is that the partition function is an RG invariant:

Z = Z e H) 2 Z et (3.15)

Previously, in the decimation schemes, the coarse-grained variables {s'} C {s} were a
subset of the microscopic variables. This is a special case of the more general blocking

e H'(s) EZ H T(s'; s5ep)e H

s blocks, b

rule

where T is a function which decides how the block spin s’ depends on the spins s; in
the block. Decimation is the special case where we weight the opinion of one of the
spins over all the others:

Tdecimate(sl; Sieb) = 55’,52-
Another option is majority rule:

L, ifsy> 08>0

0, otherwise.

T(Sy; Siep) = {

Notice that for each block, > ,_,, T(s; s) = 1 guarantees (3.15). Furthermore, it is
useful if T'(s'; s) > 0, so that everything is a probability. Also, it is best if T preserves
the symmetries of the system.
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4 Mean Field Theory

Mean field theory (MFT) is always simple and sometimes right, and it is all around
us in physics departments, so we must understand well when to believe it. We will see
that it goes bad near critical points, and the RG will come to our rescue. It is great
for getting a big picture of the phase diagram.

We'll give three roads toward MFT, in order of decreasing squiggliness. For defi-
niteness, consider the Ising model, on any graph A:

7 = Ze’H(s), H(s) = —% Z Jij8iS; — thi.

i,jEA i

(I've put the % to agree with our previous definition of J, because here the sum is over
all 7,j.) Mean field theory is an attempt to fulfill the urge everyone has to be able to
do the sums over the spins one at a time. If only J were zero, we could do this, for
example to compute the magnetization:

- _L‘Seﬁm_t h Bh 41
m-(s)-z_ﬂeﬁhs— anh Sh. (4.1)

But J # 0 is much more interesting. So what to do?

Our first approach to MFT is via political science. Mean field theory is the physics
realization of libertarian political philosophy'®. This has two ingredients.
(1) No one cares about anyone else. What I mean by this is: put yourself in
the position of one of the spins in the Ising model. How does it even know about its
neighbors? Its role in the hamiltonian is

H(SZ) = S; (-% Z Jiij — h) .

J#i
From its point of view, this is just like some external magnetic field depending on
what its neighbors are doing. What’s s;7 Well, it’s probably equal to its average
value, (s;) = m. So let’s just forget everyone else, and assume they are average and
incorporate them into an effective magnetic field:

1
]’Leg = 5 ZJZ]’ITL—}- h.
J

The second tenet is
(2) Everyone’s the same (and I am just like everyone). That is: if there is only

5Disclaimer: I actually don’t know anything at all about political philosophy and made all this up
during lecture.
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one spin in the world, and this is the field it sees, then we can compute m using (4.1):
(4.1)
m =" tanh Sheg = tanh (zJm + h) .

Here I defined J = % Zj J;j. This is an equation for m! We can solve it!

At least graphically or numerically we can solve it. Here is m (yellow) and tanh(zJm+
h) (blue) plotted versus m for two values of J (large and small compared to T, with
some small h)

Here’s our second approach to MF'T. Basically, here we will be more explicit about
what we're leaving out (but it is the same as the previous discussion). We rewrite the
interaction term in the Ising hamiltonian as

sisj = (m+ (si =m))(m + (s; —m)) = (m+ ds;)(m + ds;)
=m? +m(Ss; + s;) + O(65)? = —m? +m(s; + s;) + O(5s)* . (4.2)

We are going to treat the fluctuation about the mean ds as small. Then
1
1
- _§ij2 + (zJm + h) Z si +O(0s)>. (4.3)

N is the number of sites, and J = >, J;;. The contribution Jm to the external field
from the neighbors is sometimes called the ‘molecular field’. What we are neglecting
here (when we drop the O(ds)? in a moment) is the correlations between the spins at
different sites 4, j. This is not small if |r; — r;| < £, by definition of the correlation
length £. Brutally ignoring the correlations, then, we can do all the sums have

7 ~ ¢ aNBIm? (2cosh B(zJm + )N = Zypr

So in this approximation, the free energy density is

T 1
furr(m) = T log Zyier = §Jm2 — T'log cosh 5(zJm + h) + const.
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[ claim, and will prove next, that fypr(m) > f is an upper bound on the correct free
energy. This is true for every m, and so the best bound comes from minimizing over
m. That condition gives back the equation for m (namely m = tanh §(zJm + h)) that
we got from self-consistency above. (And it will tell us what to do in the case of J > T
where there are three solutions.)

Our third approach is the variational method. [There is a good discussion of this
in Parisi’s book.] It will give our proof that fypr(m) upper bounds f. The idea can
be found from a Bayesian viewpoint on statistical mechanics. Let’s put this in a box:

Bayesian viewpoint on statistical mechanics. Suppose we are given a (clas-
sical) physical system, defined by a configuration space (e.g. the values of a bunch of
spins {s}) and a Hamiltonian (H(s)). Further suppose that the only thing we know
about the state of the system is the average energy E. What probability distribution
P(s) should we use to make predictions? We don’t want to add unjustified information.
One way is to find the distribution P, which maximizes the (Shannon) entropy

S[P] = — (log P),, Z P(s)log P(s),

' subject to the constraint that E = (H), = E[P.]. The distribution should also be
normalized ) P(s) = 1. We can impose these conditions with lagrange multipliers:

O[P] = S[P]+b(E[P]—E)+a(Z P(s)—1) = — Z P(s) log(P(s))—l-Z(bH(s)—i-a)P(s)—bE—a

=—logP(s) —14+bH(s)+a

— P,(s) = SO

where a, b must be determined to satisfy the two constraints.

If instead of fixing the average energy, we want to fix the temperature 1/3, what do
we do? We should instead find the distribution P,(s) which minimizes the free energy

16 A useful way to think about this quantity is the following. Given a distribution P(s), the quantity
—log P(s) is called the surprise of the configuration s — the bigger it is, the more surprised you should
be if s actually obtains. So the Shannon entropy is simply the average surprise (or maybe the expected
surprise). Clearly, all else being equal, we will make the best predictions using the distribution that
minimizes the expected surprise. If you like this perspective on the world, the place to get more is
E. T. Jaynes, Probability Theory: The Logic of Science.
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as a functional of P. It is still normalized, so we need to use a lagrange multiplier
again, and minimize

Fy\[P] = F[P] + A(D>_ P(s) — 1)
which is extremized when
0=H(s)+T+ X+ TlogP(s)

from which we again recover the Boltzmann distribution, P(s) = e ##()/Z (the mul-
tiplier A is eliminated in favor of Z by normalizing).

This derivation is useful philosophically (for example, it evades all the vexing ques-
tions about ergodicity), and it also implies a variational bound on the free energy F.
That is, if we pick some arbitrary other distribution Py the-street (), then we know that
its free energy is bigger than the correct equilibrium free energy:

F[Poﬂ—the—street] Z F[e_BH/Z] :

[End of Lecture 7]

So: to recover mean field theory, we choose a distribution which we like because we
know how to calculate its averages, that is, one which factorizes:

Pypr(s) = H pi(si) (4.4)

where we can parametrize the individual factors as p;(s) = e #"% /2; or as

2

1—m;
LY S
9 ot

pi(s) 0s1 +

It is normalized since each factor is. For any distribution of the form (4.4) all the
moments factorize:

(91(51)g2(s2)) p = (91(51)),, (92(52)),,,

and each factor is

(9(s1))y, = —5—9(1) +

l—mi
2

g(=1).

And in particular,
1
<3i> = m;, <H> = —§ Z Jijmimj — Z hml
ij i

and its entropy is

1+z 1+ 1—=x 1—=x

SIP] =~ (log P)p = 3 s(my),  s(a) = " log — — —

i
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Now we apply the variational bound. The free energy F'(m;) = F [Pl\(/IT%T)] > F upper
bounds the true free energy for any m, so we do best by minimizing it:

0=0pF=— Z Jijm; — h; + Tarctanhm,

J

which gives back

m; = tanh 3 <Z Jiim; + hi)

J
the mean field equation.

This perspective on mean field theory has the further advantage that it is systemati-
cally improvable. For example, rather than writing a completely factorized distribution
p(s) = [, pi(si), we could instead consider, for example, a trial state of the form

p(s) = [ [ pe(sies)

where b represent some blocks of sites. Such a state is more general than the MFT
ansatz, and will have more variational parameters, and necessarily gives a better esti-
mate of the correct free energy. Further thinking in this direction leads to cluster mean
field theory and belief propagation algorithms.

F(m) F(m)
On the form of the mean-field free en-

ergy. The most important conclusion from the
mean field theory is that (for h = 0) there are

two phases distinguished by whether or not the F(m) ! F(m) )
Zo symmetry is spontaneously broken — at high

T, we have m = 0, and at low T"m # 0. In \/

between there is a phase transition'’, where m

L —

m

suddenly grows from zero. If we set h = 0 and
study small m, we can expand fypr in m and

find ]
fupr(m) ~ a + §Bm2 +em* + .. (4.5)

where a, ¢ are constants. The coefficient B is
B=(1-p8J)=bt,

where t = T}T‘: is the “reduced” temperature. If ¢ > 0, this function looks like one of

the figures at right, where the top left figure is for T > TMY = J and the bottom left

I"In case I forgot to say so, a phase transition occurs when physical quantities are non-analytic in
the parameters at some point in the parameter space — it means that Taylor expanding physics on
one side of the phase transition gives the wrong answer (for something) on the other side.

51



figure T < the critical temperature. If ¢ < 0, then we have to keep more terms in the
expansion to know what happens. (The right column is with A < 0.) So you can see
that the minimum of f occurs at m = 0 for T > T, (disordered phase) and m # 0 for
T < T, (ordered phase). This figure makes it clear that the third solution of the MF
equations (at m = 0) that exists for 7' < T, is a mazimum of the free energy — it is
unstable.

4.1 Landau-Ginzburg theory

[Parisi §4.3, 5.2] Before drawing any further physical conclusions from the MFT free
energy we just derived, let me say some words in defense of this form of the free energy
(4.5). These are the words (the idea is due to Landau; this is a paraphrase):

’What else could it be?\

If the free energy is analytic near m = 0, it looks like this. So all that song and dance
about justifying mean field theory is really irrelevant to the conclusions we draw about
the phase transition from m =0 (at 7" > T,) to m # 0 (at T' < T..). The dependence
of Bon T — T, follows from (4.5) itself! With this assumption, fypr(m) is the most
_ . m = —m .

general answer, consistent with the symmetry under {h o (at the same time).

So: the only real assumption leading to (4.5) is the analyticity of f(m). Some points:
(1) we will see immediately below that analytic f(m) does not mean that the physics
is analytic in external parameters — we can get critical behavior from this framework.
(2) When we find out that MFT gives wrong predictions for critical exponents, we will
have to find out how and why we get an f(m) which is not analytic. (3) The fact
that the coefficient of m? is proportional to the deviation from the critical temperature
follows from our analysis of (4.5). The only input from the microscopic calculation
(with all the approximations above) is how do the coefficients a, b, ¢, d depend on the
microscopic couplings. Notice that the actual magnetization m = N1V (s;) is
an average of numbers each +1, and therefore lies between these two numbers. The
minimum of f(m) will not satisfy this constraint for all values of a,b, ¢, d... consistent
with the input above: this is a “UV constraint on IR physics” of the kind that the
string theorists dream about.

Types of phase transitions. A first order phase transition is one where the
minimum of the free energy jumps from one value to another, distant value, like if the
potential evolves as in this comic strip as a function of the parameter in question:
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F(m) F(m) F(m) F(m)

WaVAVAVAVAVAY )

The two configurations need have nothing to do with each other, and there is no

notion of universal properties of such a transition. The correlation length need not
grow. This is what happens when we vary h from positive to negative, at nonzero
t < 0. The correlation length stays fixed, but the minimum jumps from —mg to +my
as h goes through zero (as in the comic strip above).

The alternative is a continuous phase transition which is more interesting, because
then, as we will see, there is a field theory which encodes a collection of universal
phenomena at and near the critical point.

(Sometimes, one hears about ‘nth-order’ phase transitions, where the nth derivative
of the free energy is discontinuous for various n > 2, but I haven’t found the need to
distinguish between these. Moreover, it is only in mean field theory that the free
energy goes like integer powers of ¢ (as in (4.6) below); more generally, taking enough
derivatives of the free energy will give a divergent (not just discontinuous) behavior
at the transition. So this more detailed ‘classification’ (due to Ehrenfest) is both
incomplete and not useful.)

Notice that when we say that ‘a transition is continuous’ it can depend on what
parameter we are varying: at T' < T, as a function of the magnetic field, the transition
from one minimum to the other of the Ising model is first order. (This is what’s
illustrated in the comic above). But at h = 0, there is a continuous transition as T is
varied through 7.

Here are some simple examples of the power of the LG point of view: If we break
the Ising symmetry the transition should generically be first order. This allows a cubic
term in the potential, and it means that as we cool from high temperatures, one of the
two minima at m # 0 will have f(m) < f(0) before (at a higher temperature than the
one where) f”(0) becomes negative.

Fm A continuous transition is, however, not an inevitable conse-

quence of Ising symmetry: if ¢ < 0, then we must consider the mS
term. Depending on the signs, there is a regime where the minima
m at m # 0 descend before f”(0) goes negative.

m)

F(
/\ Usually (but not always) TM¥ > T, since the fluctuations we
V \/ " are ignoring disfavor the ordered state. (Sometimes in fact T, < 0.)
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Mean field critical exponents. The very fact that there is a notion of T, in
MEFT is worth remarking on. Lots of stuff is non-analytic at T,!

Near T, we can expand

fur(m) = a + btm? + em* + phm + ...

_ T-T,
p— TC
Notice that a, b, ¢, u really do depend on T, but only weakly (i.e. , a = ag+ajt+---).

where T is the non-dimensionalized deviation from the critical temperature.

m

When h = 0, the free energy is minimized when :
0, t>0
m =
/2=, t<0
t
The magnetization critical exponent is called § and fypr = % 0

When h # 0 (and small) and ¢t > 0, we can ignore everything
but f ~ a+ btm? + phm (beware typos in Cardy’s book here) to find

pwh
m e~ —

bt
This exponent in ¢ (which determines x = dym ~ t~7) is called ~, and yypr = 1.

Right at the transition, t = 0, we must keep the quartic term and we find

)
mn~ | — .
c
This exponent is called § and dypr = % (I'm mentioning this botany of greek letters
because there are people for whom these letters are close friends.)
Finally, the free energy density evaluated at the minimum, at h = 0, is

f<t>={“’ e (4.6)

a— 35—, t<0

which means that 9?f jumps at the transition; this jump is actually an artifact of
MFT.

Otherwise, the behavior in general predicted by MFT is good, but we’ll see that
the values of these exponents aren’t always right (and why and when, and then we’ll
understand how to fix them). In particular, mean-field critical exponents are always
rational numbers. In contrast, for the 3d Ising model, § = 0.326419(3), which isn’t
looking very rational. This value comes from the conformal bootstrap program to solve
and classify fixed points.
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Notice that the critical exponents do not depend on the particular values of the

parameters a, b, ¢, - - -. This is one reason to hope that they can be understood, and

that they are universal in the sense defined earlier.

It is worth thinking about what the
extrema of this potential do as we vary
the parameters. At right is a plot of the
free energy evaluated at all of the critical
points of f(m) as h varies (the other cou-
plings are fixed to T' < T,). (This picture
is sometimes called a ‘swallowtail’.) In-
set in red is the shape of the potential
at the corresponding value of h. Plot-
ted below is the corresponding magneti-
zation. Notice that the number of (real)
critical points goes from 1 to 3 as |h| is
decreased below some value; the two new
extrema are pair-produced from the com-
plex plane, that is, the new extrema come
in pairs and have a larger free energy. No-
tice further that 97 f > 0 along the top
trajectory — this is the maximum near the

origin. The other one is actually a local minimum — a metastable state, responsible for

hysteresis phenomena at the first-order transition. More on the physics of this in §5.5.
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LG Theory for other symmetries. Here is another illustration of the Power
m = —m
h o~ —h
Suppose instead of this, we made the replacement Zy ~» O(n) rotation symmetry acting

of Landau. We’ve been studying models with a Z, symmetry acting by {

on a generalization of the magnetization with n components, m ~~ m,, in that case
the external field would be h ~» h?, and the transformation rule would be

My r—>Rzmb
h® »—>haR2

(where R is an orthogonal matrix (R'R = 1) so that m,h® is invariant and can be added
to the hamiltonian). Incidentally, the field m, playing the role of the magnetization,
the thing that orders at low temperatures, is called the order parameter.

What’s the free energy in this case? If it’s analytic in m, for small m it must be of

the form'® )
Jra(me) = a+ thmz +c (Zmi) + oo+ ph®my .

For ¢ < 0, a minimum occurs at m, = (my,0,0...), with mg = \/%, as well as at
all its images under an arbitrary O(n) rotation. The O(n) symmetry is broken in
the sense that the free energy minima form a nontrivial orbit of the symmetry (and
furthermore, the free energy at the minimum will be non-analytic in A near h = 0).
This degeneracy has the following consequence. If we expand m, = (my,0,0...), + dm,

about the minimum, we find
fua = ¢+ 2b|t|om3 + O(6m*)

— the quadratic terms are completely independent of the other N components of the
fluctuations dmsy...0my! We'll see in a moment that this absence of a restoring force
means that those degrees of freedom have infinite correlation length, everywhere in the
ordered phase. They are called Goldstone modes.

[End of Lecture §]

8Dachuan Lu reminds me that for some values of n, there can sometimes be extra invariants, such
as €;q...4, Mgy =+ -y, .
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‘Microscopic’ Landau-Ginzburg Theory. In our variational derivation of mean
field theory, we actually derived a stronger bound, since we allowed for spatially-varying
magnetization. Let’s combine the Landau point of view with the knowledge that the
free energy is extensive'” to learn the answer without doing any work. Because F is
extensive, we can write the free energy as a sum over a contribution associated to each
lattice site, or patch of the lattice F' =), f;, where f; depends on the magnetization
m; at site i and nearby sites. (Think about assembling the system from big enough
chunks.) If the correlation length is not so small, f; will vary smoothly and we can
approximate this as an integral: >, f(z;) ~ a™¢ [ d%zf(x). The integrand, in turn,
depends locally on the field and its derivatives. Translation invariance forbids any
explicit dependence on z:

Flm| = /dda:f(m(:c),ﬁm(w),V%n(x)...).

Symmetries further constrain the form of f: Z, symmetry forbids terms odd in m
and h, parity symmetry forbids terms with an odd number of derivatives, rotation
invariance requires us to dot all the vector indices together. So, under the crucial
analyticity assumption, we have

fra = V(m) + &Vm - Vm+ & (V?m)? + .. (4.7)

where V(m) = a+ Bm?+ cm?* +dm® + ... is the value when m is constant in space — it
contains all the information about the mean field treatment of phase transitions, some
of which we discussed above.

We will have a lot more to say about how to organize this expansion. So far it
is an expansion in powers of m (since know that in the neighborhood of the critical
point m is small). It is also an expansion in the number of derivatives, something like
the dimensionless quantity aVm, where a is the lattice spacing. If this quantity is
not small then we are asking the wrong question, because the ‘field” we are treating
as continuous is varying rapidly on the scale of the lattice spacing a. The RG will
give us a better understanding of this expansion: we’ll see that operators with more
derivatives are more irrelevant (near any of the fixed points under discussion here).

The equation (4.7) contains an enormous amount of information. To better appre-
ciate it, let’s first discuss the mean-field treatment of the correlation function.

By the way, what exactly is the LG free energy? It is not convex in m, so how can
it be the actual free energy?

19T owe you some discussion of why this is the case. This happens in §5.1.
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[Goldenfeld §5.6] The answer to this is that it is the free energy with the constraint
that the (coarse-grained) magnetization is fixed to be m(r):

e PlLalml = Z e AH() H J (Z Si — m(r)NA(r)> : (4.8)

s blocks,r €T

Here r denotes a block, and Nj(r) is the number of sites in the block r. This is just
like the construction of the block-spin effective Hamiltonian. It is only more ambitious
in that we are hoping that m(r) is smoothly varying in r, which will be true if £ > a.
So the LG free energy S can be regarded as (a parametrization of) the coarse-grained
free energy.

It is indeed analytic in m, since we need to do only a finite number of sums in (4.8).
And, also because there is only a finite number of sums, it need not be convex.

How do we get the actual, thermodynamic free energy from Fj g (which is convex
and need not be analytic in its arguments)? We have to do the rest of the sums, the

o—BF _ Ze—/jH(s) _ Z e PFralml

{s}

Because m(r) is a continuous variable, <> 7 is actually an integral, one for every block,

> - / [Tamir = [

where the right equation defines what we mean by such a ‘functional integral.’

ones over m.:

T

Altogether, we have
7 — /[Dm]e—ﬁFLG[m]

— we have rewritten the partition function (in a regime of moderately large correlation
length) in terms of a field theory functional integral. The quantity appearing in the
exponent of such an integral

7 = /[Dm]es[m]
is usually called the (euclidean) action, S[m] = SFLg[m].

Doing this integral over m (which is our job for the next few weeks) is what restores
convexity of F', and what can allow F' to be non-analytic, and what can produce non-
mean-field critical behavior.
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4.2 Correlations; Ginzburg criterion for MFT breakdown

[Goldenfeld §5.7] You might think that the spirit of mean field theory is antithetical
to obtaining information about correlations between the spins, since after all that was
precisely what we ignored to do the sums. Not so!

Here’s a first pass. The connected correlator (assume translation invariance) is

G(ri —r;) = (sisj) — (si) (55) -

The magnetization is related to (s;) by
1 1

and the (isothermal magnetic) susceptibility is

1, 1 1
Xr = Opym = N_ﬁah log Z = NT %:G(Ti —rj) = T Z:G(Tz) (4.9)

This is called the static susceptibility sum rule. It relates a thermodynamic quantity
xr to a (integrated) correlation function. If the correlation length is big enough, & > a,
then we can approximate the sum by an integral

1 d
Xr =75 d*rG(r).

Is the integral well-defined? The lower limit of integration, the UV, is fine because
we are talking about a lattice model. When ¢ is finite, the fact that the correlations
fall off rapidly G(r) "= e~7/¢ means that the integral converges in the IR (the upper
limit of integration) as well.

But: x7 — oo at the critical point, in fact we saw above that xyr MET 14 regular

T—T.
terms?’ as T — T,. The only way this can happen consistently with the susceptibility
sum rule is if & — oo as well at the transition. We’ll see in a moment with what power

it diverges.

MFT for G(r). We can actually do better and find the form of G(r) within the
mean field approximation. This is because G(r) is a response function. Here’s what
this means.

When h = 0, the correlation function is

—H(s) .1
(ors0) = ZaSrone
Yo, e )1

20Tf I keep chanting ‘y = 1’ maybe I will remember these letters someday.

99



where we can write 1 cleverly as
1 - 55071 —I— (5507_1.
Using the fact that H(—s) = H(s) (for h = 0), we have

/ —H(s)
sp€

Z/ e*H(S)

where 3" means we sum over all the spins but the one at 0, and we fix so = +1,

<37’>/

and (...)" denotes expectation in this ensemble. So the correlation function (s,sq) is
just the magnetization at r, m(r) in response to an (infinite) applied field (completely)
localized to r = 0. In the presence of this localized source, m(r) will certainly depend
on its distance from the source. But the mean field equation (for r # 0) still takes the
form

m(r) = tanhf (Z erm(r')>
"N () (r #0) .

In the second line, we retreated to small m, which is useful for " > J. (Otherwise
maybe we need some numerics.) We can do better and include the corrections at the
origin, by including a source:

m(r)=p Z Jrm(r") + Adyp.

This (linear!) equation

Z (67“7"’ - /BJTT,) m(r/) — A(sr,O

,r./

can be solved by Fourier transform (assuming translation invariant couplings J,.» =
J(r—1")). That is, the matrix we need to invert is diagonal in momentum space. That
is, take > €*"(BHS) to get:

(1 — BJ (k) = +A,
where

my = Z eiE'Fm(r), m(r)= [ d% e T,

BZ
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In the inversion formula, the integral is over the Brillouin zone of the lattice A; for a
cubic lattice, this just means k € (—n/a, 7 /a]. The Fourier transform of the coupling
is .

J(k) = Z R T 0.

For example, for a cubic lattice, this is jcubic(k:) => 2cos kya, where a is the

H=Z,Y..
lattice spacing. For small k, the general case is

J(k) = 2J(1 — R*k?) + O(k*)

R2 — —ET T2JT’O
B Zr JTVO
assumed the lattice had an inversion symmetry so that there are no terms with odd

where is the range-squared of the coupling. In the last expression we

powers of k. We’ll be interested in small k& because it determines the long-distance

behavior of G(r).

Therefore,
A

T 1-82J(1 - R
and (using the mean-field relation bt = 1 — fz.J)

. AJ(R*BzJ) R
G — =/ e
k k}2 5_% gMF /—bt

You can check that [ dirG(r) = Greo = X1 = +, independent of R as we found above,

my

consistent with the susceptibility sum rule.

Why is £ in this formula the correlation length? Fourier transform back:

e~ T/&umF
G(r) ~ —=—
ra
which is a formula named after Ornstein-Zernicke, I don’t know why. So we’ve found
the rate at which the correlation length diverges as we approach the critical temperature
from above (in the mean field approximation) {yp ~ \/LE; This scaling relation & ~ t7%,
defines another critical exponent v whose mean-field value is v\p = %
Right at ¢t = 0, we have

. eiE-F o
G(r) = k T r

which says nyr = 0.

Ginzburg criterion for breakdown of MFT. [Goldenfeld §6] So, is mean field
theory right? To get it, we had to ignore the following term in the hamiltonian

AH = Z J,r108,.08,1.

rr!
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A necessary condition for its self-consistency is that the expected value of this term,
calculated within MF'T, is small compared to the MF'T energy:

!

The right hand side divided by N is

1

NEMF = —0g (Bfur) ~ Jt,

where we used fyp "~ J(1— BJ)% The LHS/N is
~ (AH I Z T (05,:05,0) 3, Z e

[End of Lecture 9]

We assume that J,,» has a smaller range than G, (i.e. R < £ ), so that we may
approximate the RHS as

A a%k
JG(0 A/ —_—. 4.10
Z . 1— ﬁJ RQB k| <a—1 k? + 5—2 ( )

In a lattice model, the integral is over the Brillouin zone. The dangerous bit, where
the RHS can become big, though, comes from k£ — 0, which doesn’t care about your
lattice details. We used this in replacing G, with its long-wavelength approximation
in the last step of (4.10). In making this approximation, we may as well replace the
BZ integral with a simple cutoff |k| < a™! since the form of the integrand is wrong for
|k| ~ a~! anyway.

To separate out the UV physics (k ~ 2%) from the IR physics (k ~ 2F), let’s use
the partial-fractions trick familiar from calculus:

1 1 £?

k2 + €2 - L2 B k2(k2 +§—2)

_ 'k %k, d’k
= /|;€|<a1 k2 + 5_2 B /k<a1 k2 5 /.;<:<a1 k2(k2 + 5_2) .

ind. of T'

so that

The first term is a (possibly big, honking) constant, which doesn’t care about the
temperature or the correlation length. The second term is finite as a — 0 if d < 4
(finding that this integral is infinite as a — 0 just means that the short-distance stuff
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at the lattice matters). (Note that the integral is finite as L — oo if d > 2.) When the
integral is finite, we can scale out the dependence on & (define z = |k[¢):

oo ,.d—3
§>>a 2—d xXr dl‘
= t K
const + & d/o o
where Q
d—1
K; =
T (2

is a ubiquitous combination of angular factors; {2, is the volume of the unit d-sphere.

So: the demand that the things we ignored be small corrections to the MFT energy

computed within MFT requires
AT ¢

RZ

Remembering that we derived &y = Rt™'/2, we can write this condition purely in

< Jt

terms of the mean field correlation length. If the condition
64—d < R4
is violated then mean field theory is wrong. (The R* on the RHS stands in for some

quantities with the right dimensions which do not vary with ¢ near the transition)

So for sure this condition is violated if ever £ — oo in d < 4. (Remember that d is
the number of space dimensions.)

Note that the condition depends on the range R of the interactions: MFT works
better for longer-range interactions, and in more dimensions.

Why does mean field theory get better in more dimensions?

Mean field theory is valid if in the energy depending on a spin s;
Hi =J Si Z Sj == hl
(il7)

we can approximate the values of the neighboring spins by their average s; - (s;), and
treat the coefficient of s; as an effective ‘molecular’ field AT = S il (83) + R

More dimensions or longer range means more neighbors (for example, for the hyper-
cubic lattice in d dimensions, each site has 2d neighbors); more neighbors means that
there are more terms in the sum » i) Si +ha- 1f the correlations between the terms in
the sum are small enough, the central limit theorem tells us that the fractional error
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decays with the number of terms in the sum. And this assumption is self-consistent,
since in MFT the spins s; are statistically independent (the probability distribution
factorizes).

The preceding argument says that at asymptotically large d, MF'T becomes more
and more correct. You saw on the homework that when the number of neighbors grows
with N (namely with all-to-all interactions), then MFT is exact. When d = 1 MFT
is completely wrong, since there is no ordering at all at finite 7. So something must
happen somewhere in between. We’ve just learned that that somewhere is d = 4.

d = 4 is maybe not so exciting for statistical mechanics applications. However, the
same machinery can be used with one of the dimensions interpreted as time. For more
on this, I refer you to references on QFT (such as my 215C notes).

d = 4 = d, is called the upper critical dimension (in the sense that mean field theory
is correct for larger dimensions) for the Ising critical behavior (since we’'ve been talking
about the case with Ising symmetry). More generally, the upper critical dimension can
be efficiently determined from the zoo of critical exponents as follows. The fractional
error in mean field theory can be rewritten as

fv dirG(r)

T i) (4.11)

error ~

where V' is a ‘correlation volume’, a region of space whose linear size is . The numerator
is [, d*rG(r) = Txr ~ t~7. The denominator is &4[t|** ~ t*#7*? so the condition that
(4.11) is small is

1>t 28vd — g =

Continuum field theory

Along the way in the preceding discussion of correlation functions in mean field
theory, we showed the following, which is a useful summary of the whole discussion,
and makes contact with the microscopic Landau-Ginzburg theory. Consider the simple
case where

J, Tij S R
0, Tij > R

Then we showed that the contribution to the mean-field free energy from the interaction
term is

ij
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correction to V(m)

Tagor _JCLZQ Z Z

oo 2
i |§|I<R a

N _zJRQ/ddr <§m)2+0(m2)

4 ad

where z is the coordination number of the lattice. Comparing this to our ‘local’ Landau-
Ginzburg expression (4.7), we’ve learned that the constant in front is

Jz R2TMFE
~ R2( 22y e
re R (4ad) at

The equations of motion for m coming from extremizing
Jia = /ddr </<§m .Vm + V(m(a:)))

in this continuum approximation, are®!

YA ve
~ om(x)

ov

If V contains a source term [ dah(x)m(x), then this is
0 = —26V?m(z) + h(z) + 2btm(x) + O(m?).

For the case of a localized source, h(z) = §(z), (and ignoring the interaction terms

n>1)

m the solution in Fourier space

B (2;{)71
k24 btk

my

gives back 7! = {/bt/k. You might think that ignoring the higher powers of m is OK
near the critical point, since m is small; this assumption gives back mean field theory
(which we’ve already seen is not always correct).

In case you're not comfortable with this derivation of the continuum field theory
description of Ising models with large correlation length, another approach is outlined
on the problem set.

21For those of you who are not at home with variational calculus, please see the sidebar on the
subject at §4.2.1.
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Return for a moment to our discussion of the LG theory of a system with an O(n)
symmetry. Recall that in the ordered phase, we found that n — 1 of the modes did not
appear in the quadratic term of the LG free energy. Now you can see why I said that
the existence of these Goldstone modes implied that the correlation length was infinite
everywhere in the ordered phase.
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4.2.1 Sidebar on Calculus of Variations

Let us spend a moment thinking about functionals — a functional is a monster that
eats a function and returns a number — and how they vary as we vary their arguments.
I'll describe this in the context where the function in question is x(t), the trajectory of
a particle in time, but you can substitute m(z).

The basic equation of the calculus of variations is:
dx(t)

dx(s)

This the statement that x(¢) and x(s) for ¢ # s are independent. From this rule and
integration by parts we can get everything we need. For example, let’s ask how does

the potential term in the action Sy[z] = [ dtV (x(t)) vary if we vary the path of the
particle. Using the chain rule, we have:

ssv= [ dsax<s>”‘§+(g“>>: [ assats) [ a0, we)se-s) = [ aesavo,vi(o).

We could rewrite this information as:

o [dtV(xz(t)) (s

=0(t — s).

2 What about the kinetic term Sp[z] = [ dt3mi?? Here we need integration by parts:

5 - gm z oalf) =m T —s)=-—m x —5) = —m(s
msﬂx] =3 / dt(t)0 52(5) / At (t) 0,6 (t—s) / At (£)5(t—s) (s).

If we set the total variation to zero, we get Newton’s equation:

) R

22Tf you are unhappy with thinking of what we just did as a use of the chain rule, think of time
as taking on a discrete set of values ¢; (this is what you have to do to define calculus anyway) and
let z(t;) = z;. Now instead of a functional Sy [z(t)] we just have a function of several variables
Sy (xz;) = >, V(z;). The basic equation of calculus of variations is even more obvious now:
axi
— i
8Ij *

and the manipulation we did above is

58y =3 620, 8y =3 620, > Viw) =33 ba,V (@)di; = Y 62,V ().
J J i Jj ot i
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5 Festival of rigor

Let us pause in our assault on field theory to collect some Facts that we know for sure
about the free energy of short-ranged lattice models. As with any rigorous, formal
results in physics, it will be crucial to understand the hypotheses.

5.1 Extensivity of the free energy

[Parisi pp. 41-42] The Ising model free energy is extensive, F/N = f + terms which
go to zero as the number of sites N — oo. In particular, in the thermodynamic limit,
the bulk free energy density f doesn’t care about boundary conditions. This assumes
that J is short-ranged: J, is either of finite support (system-size-independent range),
or falling off sufficiently rapidly in r.

Here is an RG-inspired proof of this result. We begin with a finite system, with N
sites.

First, notice that the hamiltonian H(s) is bounded
—ND < H(s) < ND

for some constant D (for the near-neighbor Ising model on a cubic lattice it’s J for
each link, so D = dJ).

We can bound the free energy, too, by realizing that the number of configurations
is finite — for a finite lattice with N sites, there are only 2V of them. Each one
contributes an energy below the maximum value, and above the minimum value. If
all 2V configurations achieved the max/min value, we get the smallest/biggest possible
values of the partition function:

INe=BND < 7 < ONBND,

Taking log of the BHS gives

log 2 log 2
—oo<—D—%§fN§D+%<oo

the important thing being that the free energy density is bounded on either side,
independently of V.

Now here comes the RG bit. For definiteness, take free boundary conditions on an
L x L x---L chunk of cubic lattice. (Free boundary conditions means that we just stop
writing terms in the hamiltonian when the sites that would participate in them don’t
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exist.) Take L > R, the range of the interactions. Let Z¥ be the partition function
for this chunk.

Now we try to double the (linear) size of the system, by gluing together the right
number (2¢) of smaller chunks of size L. Gluing just means that we add the terms in
the hamiltonian which couple the sites across the interface. The number of terms we
have to add is L4~ 1R for each interface (each pair of chunks) we glue, and we have to
glue 2¢ interfaces. The magnitude of the contribution of each term is bounded by D.
Therefore

(Zf)zd (2e_ﬁD)2de’1R < ZfL < (ZLF)2d (2€+BD)2de’1R.

Taking the log and dividing by (2L)? gives
fo+DL'R> for, > fr— DL'R

(where D = D + T'In2), which can be written as

c
|for — fo] < I

for some positive number ¢ which does not depend on L.

This means that the sequence { fony },, converges as n — oo (for a big enough initial
L). The same argument can be used to show that the effect of changing boundary
conditions can be bounded on either side. Suppose we change terms in the hamiltonian
in a way which is localized near the boundary and where the magnitude of the change
of each term is bounded by some A. Then if Z? is the resulting partition function,

ZBePLTIA < gF < gBSLITIA
Again when we take the log and divide by the volume L¢, the terms proportional to
A = A+ T1In2 are suppressed by a factor of L.

Thermodynamic limit

We conclude that in a system in d dimensions of linear size L, with short-range
interactions, the free energy takes the form:

F=L'fy+ LT fo + O(L?)

. F . F—L%,
h=ige hod e
fo is a boundary free energy density.

Two questions to ponder:
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1. What should we hold fixed in the limit L — oco? In a fluid, we might want to
fix the density of particles, p = Nparticles/ L. If we instead fix Nparticles, We get a
boring fluid.

2. How can the thermodynamic limit fail to exist? We consider a class of examples
where it might fail next.

5.2 Long-range interactions

Charged system. Consider a bunch of stuff with a net electric charge, at T = 0.
Imagine we can fix the charge density p, and take d = 3 so that the inter-charge
potential is U(r) = A/r. The self-energy of a sphere of this stuff is (integrating the
contributions from shells of radius r, which only care about contributions from inside)

R
E(R) = / (éwr%) 4 (4mr®pdr) ~ Ap*R°.
0 3 r

So the ‘bulk free energy density’ is

E(R) R—o0

Ey=——% ~ Ap’R*> "= co. 5.1
So a Coulomb-like force is too long-ranged for the thermodynamic limit to exist. More
physically, the conclusion (5.1) means (for A > 0, repulsive interactions) that the
system (with a fixed number of particles or fixed charge) can lower its energy by

expanding into a larger volume — it explodes.

But wait: there are Coulomb-like forces in the world, and here we are in the ther-
modynamic limit. A fatal assumption above is that there was only one sign of the
charge. If we allow charge of both signs, we can have the phenomenon of screening.
Screening makes a microscopically long-range force short-ranged. That last sentence
has a lot of RG physics in it, and it’s worth absorbing more. This is an opportunity
to say something about “running couplings”.

Screening: mean field theory of Debye and Huckel.

[McComb] We take a uniform background of + charges, fixed in place. (This is
sometimes called ‘jellium’.) Their number density is n,. We add to this mobile —
charges (‘electrons’), with equal average number density.

Suppose we stick in a test (—) charge at the origin. At temperature 7', what is the
probability of finding an electron a distance r from the test charge? If we knew the
electrostatic potential ¢(r), the classical equilibrium probability would be

p(r) = Z teme?t/T,
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In vacuum, ¢(r) would be . We will determine it self-consistently. The electron

number density is proportional to the probability p(r), and must approach the average
density far away (where ¢ — 0), so

n(r) = nee 7).
Now we can impose Gauss’ law:

~V(r) = dmp(r)
= dmwe(n(r) — nw)
= 4dmens (e‘ﬂed’(r) — 1)
T?zeqb

~ " —4nBe’nd(r) + O(eBo)>. (5.2)

This is just the equation we solved in (4.12) to find the correlation function G(r) away
from the critical point, at finite €72 = 47 Be*n.., and the solution is

$(r) = —e~/t0 = eeﬁ(m. (5.3)

r r

The name of the correlation length in this case is

T
lp=y——
b Amen.,’

the Debye screening length. In the second equality in (5.3) I introduced a distance-
dependent effective charge e.g(r): how much charge you see depends how closely you
look.

The continuum approximation we’ve used here is consistent with classical corpuscles
if the average interparticle distance is small compared to the screening length:

n;ol/?’ < lp

which is true when e*v/N < T%?2, j.e. at high enough temperature, consistent with
our approximation in (5.2).

You might worry that a collection of charges of both signs, once we let them all
move around, might either implode or explode. This paper by Lieb, called The Stability
of Matter, is very interesting and not too forbidding. The early sections are about the
stability of matter to implosion, which is a short-distance issue (whose resolution cru-
cially involves quantum mechanics and the Pauli principle and hence is off-limits here);
but Section V contains a ‘rigorous version of screening’ which removes the concern that
matter should want to explode like in (5.1).
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Other power laws. Suppose instead of Coulomb interactions in d = 3, we have

particles interacting pairwise via a potential U(r) = T% in d dimensions. Then the

energy of a collection of particles with density p(r), in a ball of radius R, Bpg is

E(R) = 1/B ddr/B ddr’p (r)U r—r’)p(r’)
R R

unlform p p
A / dd / dd / —
Br Br ‘7" — 1|

- Ap2 R¥=°C(d, o) (5.4)
where o
C(d,0) = / rd’y
B 1T —yl°

In the last step we scaled out the system-size dependence of the integral by defining
r = Rx,r’ = Ry. This C' is just a dimensionless number — if it’s finite. In that case,
the ‘bulk energy density’ (free energy density at T = 0) is

E(R)  R¥7Ap2C/2

— ~ Rd—a
V(R) RV,

Ebulk =

which is finite as R — oo (the would-be thermodynamic limit) if o > d. (V; is the
volume of the unit d-ball.) So ¢ > d is a sufficiently fast falloff of the interactions to
allow for a thermodynamic limit.

When is C(d, o) finite? What I really mean by this is: the power law form of
U(r) ~ r~7 surely only holds for 7 > a, some UV cutoff — for example the size of the
particles. The real question is: when can we ignore this approximation for purposes of
computing C'?7 Changing integration variables to u =x —y,v =z + v,

1 d-1 _ VaQay (1 _ (a)d-C d
c:vdﬂdl/ o [= 52 (1))t

a/R U o log &, d=o

5.3 (Anti-)convexity of the free energy

[Goldenfeld §2.6] We're going to prove some facts about the nearest-neighbor Ising
model, with Hamiltonian

s) = —JZsisj - hz Si. (5.5)
(i3) g

Many of them are true more generally.
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(1) With the additive normalization in (5.5), the bulk free energy density is negative:
f <.

This statement is sensitive to the additive normalization of H — if we add a big positive
constant to H, we can change this fact. The normalization (5.5) is special because there
is no constant term, in the sense that

Y H(s)=0 (5.6)

S

— it is normal-ordered.

Proof of (1): Begin with N < oo sites. The free energy density is f = F/N =
—Zlog Z, so the claim f < 0 means Z > 1. The partition function Z = Y e #H()
is a sum of 2V positive terms (for 0 < 7' < 00). And Z > 1 because there exists
a configuration s* which by itself contributes a term e ##(s") > 1. For example, for
J > 0,h > 0, it happens when s7 = 1,Vi. But more generally, it follows from the
normal-ordering condition (5.6) since H(s) is not identically zero, so there must be
configurations with both signs of H(s), and at least one which has H(s*) < 0. |

(2) The entropy density is
S = —an Z 0.

The proof of this statement follows from the identity

—0rF == ps(s)log ps(s)

where pg(s) = e PH () Z=1 is the equilibrium probability distribution at temperature
T. Since 0 < p < 1, this is a sum of positive terms. [ |

f . e . . .
b Here is a Definition: A function f(x) is anti-convex

(aka concave) in z if

fltey + (1 —t)an) > sf(xy) + (1 —1t)f(x2) , Vte[0,1];

xz

x that is, if the graph of the function is above any chord. If
f is anti-convex then I'll call —f convex.
f(x)

Convex implies continuous, as you can see from the pic-

ture at right of a function which jumps. If f is anti-convex, X
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0. f is non-increasing (and in particular the derivative ex-
ists almost everywhere). f can have cusps.

(3) In Z(B, h, J) is anti-convex in its arguments.
[End of Lecture 10]

Proof of (3): The proof relies on a Hélder inequality. Given two sequences {gx}, {hx}
of non-negative numbers g, hy > 0, and ¢ € [0, 1],

t 1—t
S 00 = (Y] ()
k k k

This follows from the convexity of the logarithm?®.

Here’s the idea for In Z(5):

Z({tp+ (1 —1t)ps) = Z o~ tB1H(5) ,—(1=t)B2H (s)

t 1-t
Ho%ler (Z 6_51[{(5)) <Z e—,BzH(S))

S

= Z(ﬁl)tz(ﬁz)kt-

Taking logs gives:
InZ(t61 + (1 —t)B2) <tlnZ(B) + (1 — ) In Z(5).

The limit as N — oo of a family of convex functions is also convex. ]

Note that I could have said f(h,J) is anti-convex in its arguments, but f(/3) is not
necessarily so, since f(8) = —InZ/f, and the § in the denominator can mess things

23

Here’s the idea:

E)(

1 Pyl q
ab:elogab:eploga +qlogl; " ) )
= Log(a®)+{1-g)Logitd)
< leloga” + lelogbq s r
p q p q
for % + % = 1, where we used the fact that e® is anticonvex
Log(a”) Log(t") X

(ef*+0=1y < te® 4 (1 — t)eY), as illustrated at right. Apply this
inequality with
1=y l=1-¢
. <9k> o <hk> ‘
29 ’ >h
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up. On the other hand, as a function of T' = 1/, the free energy f(T) = —T1In Z(T)
is indeed anti-convex.

A useful alternative viewpoint: anticonvexity follows by showing that all second
derivatives of f are negative. For example,

1
Rf = ——=((H — (H))*) <0

is proportional to minus the specific heat, aka the variance of the energy. Similar
statements hold for other variations, such as the magnetic susceptibility

Ohf=—c{(s— (s))2> <0.
So the condition of convexity is related to the stability of the equilibrium.

Note that f being anticonvex in [ means f is convex as a function of T

Gibbs’ inequality [Kardar, particles| Here’s an application of the anticonvexity
of In Z as a function of couplings in the hamiltonian. Suppose that computing expec-
tations in the system with hamiltonian H is hard, but with another hamiltonian H,
(defined on the same configuration space) it is easy. Then let

Z(t) = tre PHo(1=t)+tH)

?

which interpolates between the two ensembles. By similar steps as above, In Z(¢) is
convex in t. Convexity of a function implies that it lies above any of its tangents, and
in particular®,

InZ(t) >InZ(0) +t0InZ|;—o = In Z(0) + B (Ho), — B (H), -

On the right hand side we then have a bound on the free energy in terms only of
easy-to-compute quantities. (Consider what happens in the case of the ising model, If

we take Hy = ). s;h;.)

5.4 Spontaneous symmetry breaking

[Goldenfeld p. 56, Parisi p. 15]

Orders of limits. I made a big deal earlier (in §3) about the impossibility of
spontaneous symmetry breaking (SSB) in finite volume. There is more to say about
this. What does the free energy density (in the thermodynamic limit) look like as a
function of h near h = 07 It must be

f(h) = £(0) = my|n| + O(h7>")

24 Alternatively, we could just show that 02 In Z(t) = 82 ((H — Ho)?)_ >0

C
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so that the magnetization is

ms + O(h"1), h >0,
m = —8hf == B .
—my+ O, h<0

(If o were not larger than one, the magnetization would diverge as h — 0 and that’s
not happening, since it’s bounded (|m| < 1). I also imposed f(h) = f(—h) by Ising
symmetry.)

But before the thermodynamic limit, f(h) is a smooth function. This means the
two limits h — 0, N — oo are clashing violently:

ngréo 11113% %ahF =0 but }lgr(l) ]&eréo %&LF = +ms.
Yang-Lee singularities. Here is a toy model of how this can come about. Suppose
our system of volume V' is so tightly bound that only two configurations matter, the one
where all N spins point up, m = +V, and the one where they all point down, m = —V.
(All the rest of the configurations have such a large energy that we can ignore their
contributions to Z.) So a single spin s = £1 determines the whole configuration.

Then, in a field, we have

Z(h) = Z e Vs = 2 cosh BhV
s==1

V—oo

f(h) = —élog (2cosh pV), m(h) = Opf = tanh SRV =" m(h) = sign(h).

Where in h is the free energy F' o log(Z) singular?
When Z(h) = 0. For V < oo, the zeros of the partition
function happen at pairs of imaginary values of h

mih)
A0,

Refh) wwulluws Rafh)

-10 080

(2n + 1)ri

Z(h, =0) at h, =
(hn = 0) a TG

which in the thermodynamic limit V' — oo accumulate and
pinch the real axis. (They are shown for gV = 1,2,5 in
the figure at right.) These zeros are named after Yang and Lee.

Ergodicity breaking. There are many points of view from which SSB seems
paradoxical. For example if the equilibrium probability density is

po(s) = Z te PH®
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then the Ising symmetry H(s) = H(—s) implies directly that the magnetization van-
ishes:

m = (s) < (8)g = ZPO(S)S = 0.

What gives? Consider, at small A > 0 and finite N, the ratio of the probabilities
of two configurations: a reference configuration s, and the one related to it by a global
spin reversal. If m(s) = & >, s; is the magnetization in this configuration, then

—_= = e

—2BhNm(s) N*>Oo,hi(>],m(s)>(]
p(—s)  etPhNms)

0.

In the thermodynamic limit, if A # 0 one of these configurations is infinitely more
probable than the other! This is true no matter how small A is, even if h = 0. If we
reverse the sign of h, the other configuration wins. We've learned that

Jip Ji o) =900
is a different, restricted ensemble compared to the symmetric distribution py. It is
restricted in the sense that pi(s/m(s) < 0) = 0 — states with the wrong sign of
magnetization have no weight. So in this limit, our distribution only samples a subset
of the configuration space — it is not ergodic. This is a toy example of ergodicity
breaking, a concept which is much more useful in the physics of glassy systems. Very
roughly, from the usual point of view of ergodicity as underlying statistical mechanics,
in terms of time evolution, the claim is that starting from an initial configuration, the
probability of evolving to a configuration with the opposite sign of the magnetization
goes like e PAF where the change in free energy is AF ~ N9 N2 5. So we are also
claiming that SSB means that the N — oo limit and the ¢ — oo limit do not commute.
(If we take t — oo first, the system will explore all the configurations.) For a bit more

about ergodicity-breaking, see Goldenfeld §2.10.

Cluster decomposition failure. If we prepare the system in an initial configura-
tion with a mixture of & (or average over possible initial conditions with the appropriate
weight), as

Pq(s) = qp+(s) + (L = @)p—(s), q€[0,1]
then our expectation for the connected correlations are

(sisi)y = (si85), — (8i)q (85),
e e (1 - 2¢)*m? = 4q(1 — q)m?* # 0. (5.7)

They don’t vanish for arbitrarily-separated points!”> The demand that they should
is called the cluster decomposition principle; it is an implementation of the notion of

25For some intuition for the sense in which arbitrarily-separated points are correlated in these
ensembles, see the homework.
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‘locality’. SSB means that cluster decomposition fails for the symmetric distribution.
Only the non-symmetric ‘pure states’ with ¢ = 0,1 satisfy this demand (this is the
definition of ‘pure state’ in this context).

5.5 Phase coexistence

[Goldenfeld, §4] First, let’s recall some thermodynamics facts. I will speak in the
language of fluids, but with appropriate substitutions of letters, it can be translated
into physics of magnets or other examples. At fixed volume, the free energy which
is minimized in equilibrium is the Hemholtz one (the one we’ve been talking about),
F(T,V,N)=E-TS. If instead we fix the pressure P, the quantity which is minimized
in equilibrum is the Legendre transform of F', named for Gibbs:

G(T,P,N)=F+ PV,
in terms of which the first law of thermodyanimcs is
dG' = —=SdT + VdP + pdN.

The Gibbs-Duhem relation (basically, integrating the first law) says £ = —PV + TS+
1N, so that in fact G = uN is just proportional to the chemical potential.

Let’s consider a situation at fixed P where there is

Gl(—l—,:F, M) a first order transition, between two phases I, I1 (for
example, liquid and gas) where the order parameter
is the volume, or the density (equivalently at fixed N,
| \:/I \;I \'\/:%I since V.= N/p). Along the phase boundary, where

they exchange dominance, we must have
Gr=Gyy. (5.8)

Hence also p; = pyy; this is a condition for chemical equilibrium of the two phases.

Moving along the phase boundary, the condition (5.8) says

G(T +dT,P + dP,N) = Gy (T +dT,P + dP,N)

:dTaTGjlp +dPapG]|p
~—— ~——

=Sy Vi

and therefore we get the Clausius-Clapeyron equation for the slope of the coexistence
curve

apr _Sr—S8n
dT ViV

coexistence
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T c

gas The difference in the numerator is propor-
wiﬂtp tional to the latent heat of the transition, TAS =

T (S;— Syr). If phases I and II are not somehow

| (iavid S topologically distinguished (for example, by a dif-
P P ferent symmetry-breaking pattern), then there can

be a critical endpoint of the line of first-order transitions, where AS — 0, AV — 0, at
some (T,, P,).

The consequence of a first-order transition de-
pends on what is held fixed as the transition is
traversed. If we heat a fluid at constant pres-
sure P < P, (for example atmospheric pressure),

starting from 7' < T, (moving along the red verti-
cal line in the figure, and doing so slowly enough
that we stay in the equilibrium phase diagram
at every step) then first the fluid expands and
warms up. When it reaches the coexistence curve
Teoexistence (P), it starts to boil. While this hap-
pens, the energy goes into the latent heat convert-

ing I into I1, and the temperature stays fixed: we
are sitting at the point (Tioexistence(P), P) on the
coexistence curve in the (P, T) phase diagram, while the fraction z of the fluid which

is gas grows:
V=xVi+(1-2)V,, x=ux()
is some protocol-dependent function. Although V; # V,, the volume of fluid itself does
not jump. How do I know this? Bear with me a moment, the proof is at Eq. (5.9).
If instead we compress the fluid at constant T, starting at T" > T, in the gas phase:
1
Vv

a positive compressibility says that it fights back. It fights back until the volume
reaches V' = V)(T'), which is when P = P.jexistence(1'), beyond which the fluid starts to
condense.

8Vp’TE/€T>O

What do these isothermal curves look like? Let v = V/N = 1/p be the volume frac-
tion per particle. For an ideal gas, recall that Pv = T'. This is correct in general at high
temperature. For lower temperatures, van der Waals suggests some appealing simple
corrections which account for an interparticle interaction described by a potential like
we discussed in §3.6:
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e cach particle wants some amount of personal space, and therefore excludes some
fixed volume b: v — v — b.

e the energy per particle is decreased by the long-range attractive part of the
potential by an amount proportional to the density:
E E

a

[3

I N
T a ‘ 081

So the vdW equation of state is

P:v—b_UQ |

for some constants a, b (in the plot at right we see a = |

2,b=>5and T = 1,1.5,2 from bottom to top). This | j A —_—
has two nice new features for our present purposes:

e It has a critical T' = T, below which there is a line of first order phase transitions.
The critical point appears when P(v) = const goes from having one solution
(T > T, like the ideal gas), to having three. When this happens, 9,P = 9P = 0,
so that locally P ~ (v.—v)? is locally cubic. In fact, for the vdW equation of state,
this condition is exactly a cubic equation for v: Pyv® —v?(bPy+T)+av —ab = 0.

o (Relatedly), it has regions where kp = —%GVP\T < 0 which says that if you try
to squeeze it, it doesn’t fight back, but rather tries to help you squeeze it further.
Creepy! (The same thing happened in our study of the Landua-Ginzburg free
energy in §4.1 and this led to the picture of the swallowtail.)

e Note by the way that the vdW equation is a masterpiece of estimation: a, b can
be determined from high-temperature data and they give a (not bad) estimate
of the location of the critical point.

) What is the free energy doing while this is going
// \ on? At coexistence, in equilibrium, jy; = g, and the
“ / first law says
S 1%
| dp = ——<dT + —dP
v N N
lk/ . S0
liquid sotherm liquid V(P
0=pu—pg = / dp "= / VP) ip (5.9)
gas gas N

80



so the area under the V(P) curve is zero (and is the change in the Gibbs free energy),
along any path in equilibrium. This is true even for infinitesimal paths. Therefore, the
actual equilibrium trajectory of the free energy is a straight line between V, and V,,.
This is the Maxwell construction. It saves the convexity of the free energy.

The creepy self-squeezing regions of the equation-of-state curve are
exactly the ones which are removed by the phase-coexistence region.

At left here, I've made some pictures where a decreasing fraction
of the dots are colored red, in an attempt to depict the history of the
volume fraction of one phase in the other as the coexistence region is
traversed. What’s wrong with this picture? How could you make it
more realistic?

Notice that we are making a strong demand of equilibrium here, ef-
fectively taking ¢ — oo before N — oo. This failure of commutativity of
these limits is the same issue as in our discussion of ergodicity-breaking
above.
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6 Field Theory

Now we are going to try to see where Landau and Ginzburg could have gone wrong
near the critical point.

Here is a hint, from experiment. The hard thing about the critical point, which
mean field theory misses, is that fluctuations at all scales are important. I know this
because I've seen it, e.g. here and (with better soundtrack) here. Critical opalescence
is a phenomenon whereby a two-fluid mixture which is otherwise transparent becomes
opaque at a continuous phase transition. (The difference in densities of the two fluids
plays the role of the order parameter.) It is explained by the scattering of light by the
density fluctuations at all scales, at least at all the wavelengths in the visible spectrum.
These are the fluctuations we're leaving out in mean field theory.

At this point I want to remind you about the derivation of field theory that you
made for homework 5. There, you studied the Legendre transform of the free energy
F[h] at fixed field:

S[m] = F[h] — Z MR |m=1-8,, F-

In the thermodynamic limit, I claim that this is the same thing.

It’s easy to get confused about Legendre transforms and all that stuff, so it’s very
helpful to appeal to a simpler narrative of the origin of field theory, by exploiting
universality. Recall at the beginning of our discussion of Ising models in §3, [ mentioned
the many avatars of the Ising model. One I mentioned arose by considering a real-valued
variable ¢, at each point in space (or on some lattice).

That is: suppose we replace each spin s, by such a real variable, a factor in whose
probability distribution is
po(bg) x e PV (#2) (6.1)

where V(¢) ~ g(¢? — 1)? for large g. This probability distribution is basically zero
unless ¢ = +1, so this is no change at all if ¢ is big enough. Important piece of
foreshadowing: we are going to see that a large g at the lattice scale is not at all the
same as a large g¢* term in the coarse-grained action.

So we replace

=11 > - W/qusm Po(s)... E/ng e Pl V(@)

s T Sp==%1
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https://youtu.be/OgfxOl0eoJ0?t=1m40s
https://www.youtube.com/watch?v=2xyiqPgZVyw

The nearest-neighbor ferromagnetic Ising Hamiltonian becomes (up to an additive con-
stant, using s? = 1)

d d d
_JZ Z (5m+u3z - 2) = %JZ Z (59&+u - Sz)2 ~ %J Z ¢x+u x
z p=1 z p=1 \x// u:l ~a10,0
~q—d [dig

That is: the ferromagnetic coupling makes the nearby spins want to agree, so it adds
a term to the energy which grows when the nearby ¢,s disagree.

Altogether, we are going to replace the Ising partition function with

Z=3 10 / (Dgle I #rE(@)

where (I am calling the LG free energy density £ for ‘Landau’ or for ‘Lagrangian’.)
1 o 1 9 9 4
L(p) = §H(V¢) +§r¢ +E¢ +he+---

Our hope is that the operation ~~ does not take us out of the basin of attraction of the
Ising critical point. The constants , r, g are related in some way (roughly determinable
but not the point here) to the microscopic parameters. For some physical situations
(such as high energy particle physics!) this is a better starting point than the lattice
model. There is some coarse-graining involved in the ~» operation, and therefore the
dependence of k,r, g on § needn’t be linear, but it should be analytic. After all, the
miraculous phenomenon we are trying to understand is how physics can be non-analytic
in T" at some finite value of T'; we don’t want to assume the answer.

6.1 Beyond mean field theory

[Brezin, §9] So we want to understand the integral

7 = / [Dgle= 519, (6.2)
Mean field theory arises by making a saddle point approximation: find m which min-
imizes S[¢], 0 = gg) , and make a (functional) Taylor of the exponent about the
p=m
minimum:

Z:/D¢ —S[p=m+y]
/ S[ ]+(s¢x‘¢ mPzt3 5¢9@5¢y‘¢ m PPyt ) (63)
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In the second line I used the fact that the change of variables ¢ = m + ¢ has unit
Jacobian. I also used a matrix notation, where the position indices x,y are repeated
indices, and hence are summed. The saddle point condition means that the term in
the exponent linear in ¢, vanishes.

S[m]

The mean field theory answer is just Zy = e™>!"™. The first correction to mean field

theory comes by keeping the quadratic term and doing the gaussian integral:
Zy = 2y /[DSD]e_éfz Jy 2 Kayey

[End of Lecture 11]
where the quadratic kernel K is

_ S
Y 00400,

Notice that it depends on the background field m.

K, = (T +Im2 - /iV2> 5z —1y) .

2

d=m

How do we do the (gaussian!) ¢ integral?

_1 1 B IS o A
Hdgpxe sPeKaypy :OH)‘ 1/226 320 g 55
Vdet K
A

where A\ are the eigenvalues of K:

nyué’\) = V. (6.4)

I absorbed the constant C' into the —log Ay which we can choose to our advantage. So
the leading correction to the mean-field free energy gives

Who are the eigenvalues of the kinetic operator K7 If h and hence m are constant,
the problem is translation invariant, and they are plane waves, u,(x) = #ei‘ﬁ — the
eigenvalue equation (6.4) is

/5($ —y) (7’ + gmz - V2> ug(y) = <T + ng + q2) ug().

y J/

-

=)\q

Therefore, the free energy is

FOR] = Fye[h] + %V/ddqlog (7’ + 2m2(h) + q2>

r+q?

84



where I made a choice of A\ to be A(m = 0).

Making the Legendre transform (a little tricky, and requiring us to ignore terms
of the same size as the corrections to the first order approximation), we have I'[m] =
V~(m) with the answer to this order

1 +9m?
W = rm? 4 2 Tt 4 - /ddqlo (r m2 q). (6.5)

Shift of critical point, Ginzburg criterion revisited. So what? First let’s
use this to recover the Ginzburg criterion. The susceptibility, at h = 0, for T > T, is
X = Opm|p—o which (as you’ll verify on the homework) is related to the curvature of
the effective potential v by

1 g
=m0 = 02| meo = —/dd .

The phase transition happens when the correlation length goes to infinity; we showed

by the susceptibility sum rule (4.9) that & — oo is required by x — oo. So, while
in mean field theory the critical point occurs when » — 0, the fluctuation corrections
we’ve just derived shift the location of the critical point to

L1 _ g 1
0=x (Tc)—T(Tc)+§/ddqQ2+—r(Tc)-

You’'ll show on the homework that we can eliminate the (annoying, non-universal any-

way) parameter r from the discussion and relate the susceptibility near the transition
T-T. .
T. °

1 g 1
o (1_1/ddqq2(q2+r))'

for some constant ¢;. Everywhere here we are ignoring terms which are as small as

to the non-dimensionalized temperature t =

the corrections to the gaussian approximation. Since if g were zero, the integral would
be exactly gaussian (ignoring even higher order terms like ¢° for now), the corrections
must come with powers of g.

When is the correction to MFT actually small? The shift in the critical point is
of order ¢gG(0) =g [ ddqm + const, which is the same quantity we found in our
earlier discussion of the Ginzburg criterion for short-ranged interactions. As t — 0,
the integral (the ¢ — 0 limit of the integral) is finite for d > 4, but for d < 4 it blows
up at t — 0. More specifically, the corrections to MFT are small when gt% is small.
This determines the size of the critical region.

Now wait a minute: when we introduced the coupling g (at (6.1)) we said it had
to be big to give a good approximation to the Ising spins, but now I'm using an
approximation relying on small g. What gives? The answer is that coarse-graining can
make g shrink. Here we go:

85



6.2 Momentum shells

[Zee, Quantum Field Theory in a Nutshell, §VI.8 (page 362 of 2d Ed.)]

The continuum functional integral I've written in (6.2) is defined (to the extent
that it is) by taking a limit where the lattice spacing goes to zero as the number of
sites goes to infinity. This limit is dangerous and is the origin of the bad reputation
of the subject of quantum field theory. In its application to the lattice Ising model,
this isn’t a real problem, because the lattice spacing is a real thing. It provides an
ultraviolet (UV) cutoff on our field theory. To remind ourselves of this let me decorate
our expressions a little bit:

I = / [Dgle™ ] 2*#£(@), (6.6)
A

Here the specification [ A says that we integrate over field configurations ¢(x) = i ket gy,
such that ¢, = 0 for |k| = /3", k2 > A. Think of 27/A as the lattice spacing®® —

i=1""
there just aren’t modes of shorter wavelength.

Sin(kx)

We want to understand (6.6) by some coarse-graining
procedure. Let us imitate the block spin procedure.
Field variations within blocks of space of linear size na
have wavenumbers greater than fL—Z (These modes aver-
age to zero on larger blocks; modes with larger wavenum-
ber encode the variation between these blocks.)

So the analog of the partition function after a single blocking step is the following:
Break up the configurations into pieces:

olx) = / ke g, = o + 67 .

Here ¢= has nonzero fourier components only for |k| < A/b for some b > 1 and ¢~ has
nonzero fourier components only in the shell A/b < |k| < A. These two parts of the
field could be called respectively ‘slow’ and ‘fast’, or ‘light’ and ‘heavy’, or ‘smooth’
and ‘wiggly’. We want to do the integral over the heavy/wiggly /fast modes to develop
an effective action for the light /smooth /slow modes:

o Sefild<] = o= [ d2L(97) /[D¢>]e—fddxz:1(¢<,¢>)7 N _/ [Dg<]eSerl<]
A/b

where £, contains all the dependence on ¢~ (and no other terms).

26This cutoff is not precisely the same as have a lattice; with a lattice, the momentum space is

periodic: elF®n = elk(na) — GR+HEE) () for € 7, Morally it is the same.
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6.3 Gaussian fixed point

In the special case where the action is quadratic in ¢, not only can we do the integrals,
but the quadratic action is form-invariant under our coarse-graining procedure.

Consider

(T[) + T2k)2> .

DN —

Sulo] = [ drg0(a) (o= rad?) o(a) = [ komyo-b

The coefficient ry of the kinetic term (I called it & earlier) is a book-keeping device that
we may set to 1 by rescaling the field variable ¢ if we choose. Why set this particular
coefficient to one? One good reason is that then our coarse-graining scheme will map
Ising models to Ising models, in the sense that the kinetic term is the continuum
representation of the near-neighbor Ising interaction J ) (i) SiSi-

We can add a source Zé\ hq9_q to compute

hgh_g

ZI] = (e Eatat=o) = Z[o)e 2 X

and

1 0 0 1
(Pdq) = E@h_qéh—_qzz[h]'h:o = méq—&-q’ = G(q)dg+q'-
We can relate the parameter r to a physical quantity by our friend the susceptibility
sum rule:
d Gaussian 1
x= [ dzG(z)=G(g=0) =" -.
r

Here’s what I mean by form-invariant: because Sy does not mix modes of different
wavenumber, the integrals over the fast and slow modes simply factorize:

o~ Sentlé<] _ / (D> ]e=Sole”1=S0<] _ 7_o=Solo]

— the effective action for the slow modes doesn’t change at all, except that the cutoff
changes by A — A/b. To make the two systems comparable, we do a change of rulers:

N = bA, ¢l =0T gy,
so that

A
/gl 1 /
Su= [ 4005+ 1)
0
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where 1’ = b?r.

What we just showed is that this RG we’ve constructed maps the quadratic action
to itself. There are two fixed points, 1y = oo and rg = 0. The former is the high-
temperature disordered state. Near this fixed point, the parameter r( is relevant and
grows as we iterate the RG. No other terms (besides a constant) are generated. We
could say there is another fixed point at ry = —oo, which could describe the ordered
phase, but with ¢ = 0, the integral is not well-defined with rq < 0.

This is the same calculation we did of the random walk, the very first calculation
we did, with a lot more labels! The linear term in ¢ (the external magnetic field here)
would be relevant, just like the bias term in the random walk that we introduced in
§2.1. It is forbidden by the Ising symmetry.

Following the general RG strategy, once we find a fixed point, we must study the
neighborhood of the fixed point.
6.4 Perturbations of the Gaussian model

Just as with the spin sums, the integrals are hard to actually do, except in a gaussian
theory. But again we don’t need to do them to understand the form of the result. We
use it to make an RG. As usual there are two steps: coarse-graining and rescaling.

First give it a name:
o~ Jd'20L(6%) = /[D¢>]e—fddw£1(¢<,¢>) (6.7)
so once we've done the integral we’ll find
Zy = / [D<Je= I #=(£E=)+56%) (6.8)
AJb
To get a feeling for the form of 0L let’s parametrize the LG integrand:

L= %7(5@2 + ) gnd" + . (6.9)

where we include all possible terms consistent with the symmetries (¢ — —¢>, h —
—h, rotation invariance?”). Then we can find an explicit expression for £;:

[ dtaio767) = [ ata (Ge(007 + 3 @) 4 01 (0757 4. )

2TWhy impose rotation invariance here? For now, it’s for simplicity. But (preview) we will see
that the fixed points we find are stable to rotation-symmetry breaking perturbations. Its an emergent
symmetry.
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(I write the integral so that I can ignore terms that integrate to zero, such as 9p<0¢~.)
This is the action for a scalar field ¢~ interacting with itself and with a (slowly-varying)
background field ¢<. But what can the result 6 £ of integrating out ¢< be but something
of the form (6.9) again, with different coefficients?*® The result is to shift the couplings
Gn — gn+0g,. (This includes the coefficient of the kinetic term and also of the higher-
derivative terms which are hidden in the ... in (6.9). You will see in a moment the logic
behind which terms I hid.)

Finally, so that we can compare steps of the procedure to each other, we rescale
our rulers. We’d like to change units so that |, /b is a [, with different couplings; we
accomplish this by changing variables: k' = bk so now |k'| < A. So 2’ = z/b,0 =

0/0x" = b0, and the Fourier kernel is preserved el** = ¢i*'#'. Plug this into the action®

Sulo] = [ s (£(67) + 6L(6%)) = [ aa (%b @6%) + 3 (90 + d00) (6" + .

We can make this look like £ again (with ro = 1) by rescaling the field variable:
W2 (0'6<)° = (0'¢)? (i.e. ¢f = b2(Dg<):

1 n(d—2
Sea[$~] = /ddx’ (5 (@) + 3" (gn +6ga) b T ()" + \
So the end result is that integrating out a momentum shell of

thickness 6A = (1 —b~!)A results in a change of the couplings to

g, = b2 (g, + 6gn)

where

n(2 —d)

An
2

+d.

Ignore the interaction corrections, dg,, for a moment. Then we can keep doing this
and take b — oo to reach macroscopic scales. Then, as b grows, the couplings with
A, < 0 get smaller and smaller as we integrate out more shells. If we are interested
in only the longest-wavelength modes, we can ignore these terms. They are irrelevant.
Couplings (‘operators’) with A,, > 0 get bigger and are relevant.

The ‘mass term’ r¢? has n = 2 and ' = b?r is always relevant for any d < oo.

28 Again we apply the Landau-Ginzburg-Wilson logic. The idea is the same as in our discussion of
blocking for the Ising model. The result is local in space because the interactions between the slow
modes mediated by the fast modes have a range of order b/A. The result is analytic in ¢< at small
@< and there is no symmetry-breaking because we only integrate the short-wavelength modes.

29Really, the coefficient of (9'¢<)* should be b=2(1 4 dx). But dx turns out to be O(g2) so let’s
ignore it for now.
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This counting is the same as dimensional analysis: demand that SH is dimension-
less, and demand that the kinetic term (9¢)® stays fixed. Naive (length) dimensions:

[BH=S]=0, [z]=1, [d]=d, [0]=-1
The kinetic term tells us the engineering dimensions of ¢:
0= [Skinetic] =d—2 + 2[¢] - [¢] - 5 -

Then an interaction term has dimensions

" 2—d
0=1[8gn0"| =d+ [gn] + n[¢] = [gu) = —(d+n[¢]) = — (d+n 5 ) =-A,
— couplings with negative length dimension are relevant. This result is the same as
engineering dimensional analysis because we’ve left out the interaction terms. This is
actually correct when g, = 0,n > 3, which is the gaussian fixed point.

An important conclusion from this discussion is that there is only a finite number
of marginal and relevant couplings that we must include to parametrize the physics.
Further, if the interactions produce small corrections, they will not change a very
irrelevant operator to a relevant operator. This should mitigate some of the terror you
felt when we introduced the horrible infinite-dimensional space of hamiltonians M at
the beginning of the course.

Another important conclusion is that the gaussian Ising critical point is stable to
interactions in d > 4. It is of course unstable in the sense that r¢? is relevant. And it is
unstable if we allow terms with odd powers of ¢ which break the Ising symmetry. But
what is the smallest-dimension operator which we haven’t added and which respects
the Ising symmetry? According to our Gaussian counting, each derivative counts for
+1, and each power of ¢ counts for 2%1. If we demand rotation invariance (or even
just parity) so we can’t have a single derivative, the next most important perturbation
is g4¢*. Its dimension is Ay = 4 — d — it is irrelevant if d > 4 and relevant if d < 4. We
could have expected this, since it coincides with the breakdown of mean field theory
— above the upper critical dimension, the interactions are irrelevant and MFT gives a
correct accounting of the fixed point. In d = 4, the ¢* term is marginal, and it is an

opportunity for small interaction corrections to decide its fate.

[End of Lecture 12]
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6.5 Field theory without Feynman diagrams

[Brezin, Chapter 11] Before we do so systematically, let’s pursue the calculation we
did in §6.1 a bit further, now that we’ve learned to organize the integrals over the
fluctuations scale-by-scale.

Suppose we've already done the integrals over the shell: [ /i\/b dk, so that the effects
of the fluctuations with those wavenumbers are already incorporated into v()[m, b]. As
we argued, v [m, b] will take the same form as the more microscopic effective potential
v, but with some new values of the couplings, depending on b. And then let’s do the
rest of the integrals using this action (still in the quadratic approximation) and ask
how things depend on b.

If we're just integrating out the fluctuations with momenta in the shell above A/b,
in the quadratic approximation, we can just replace (6.5) with

1 g 1 /A ro + Lm? + ¢?
Oim, bl = ~rgm? + 2m* + = [ dql 2 . 6.10
YV lm, B = Grom” + Jmt 4 Wy qlog e (6.10)
_ 1 2 g(b) 4

I also added some subscripts on the couplings to emphasize that rg, go are parameters
in some particular zeroth-order accounting we are making of the physics, not some holy
symbols whose values we can measure. In the last line, we’ve defined running couplings
r(b),9(b).

From this expression we can read off

A gl
ro)=ro+2 [ L.
2 Japq+r
A slightly more useful parameter is the deviation from the critical coupling. The critical
point occurs when x = = 92 v|,n—0 — 0, which happens when rq is
c_ 9o ddq 2
n=y et O(g5)-

On the RHS here, we ignored the 7 in the denominator because it is O(g). This gives
the deviation in temperature from the critical point, by subtracting the previous two
displayed equations:
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(Note that ¢ = t(b) is merely a convenient relabelling of the coordinate rg; the relation

between them is analytic and ¢ depends on our zoom factor b.)

Now we must study the integral I. We've observed that I;(r,b — oo) blows up (by
taking b — oo we include all the fluctuations) when r — 0 for d < 4. Let’s start at

d = 4, where
A

3
¢dg Az
L(r,b) = K — 12 2T LK, logh. 6.11
4(r:0) 4//\/1) (2 +7) THalog (6.11)

The running quartic coupling is
395 dg

2 (g% 4 ro)?
d—4 395 .- 1. DP(r+A%) a2 ; 392

K= 1 <
9 MM TR A 07 79

9(b) = 93,Y|m=0 = g0 — + O(gg) (6.12)

Kilogh. (6.13)

Combining (6.12) and (6.11), we conclude that for d = 4

t(b) =r(1— %K}l logb).

3 2
g(b) =9 — %Kll log b.
(I may drop the subscripts on the ¢s sometimes.)

These expressions are useful because the b-dependence is explicit and we can derive
from them an infinitesimal statement:

— bOpt = t(b)k(g(t)). (6.14)

For the case above, k(g) = g + O(g?). Similarly,

3
—bOhg = By = K4§g2 + O(g%). (6.15)
These vector fields indicating the continous flows of the couplings with the zoom factor

are generally called beta functions.

The ordinary differential equation (6.14) is solved by

t(b) = toe” 7 k() (6.16)

Y

where tg = t(b = 1). If there exists a fixed point, g = g, with x(g,) # 0, then its
contribution to the exponent (the upper limit dominates) is

b b
d b—soc0 d
_/ _M“(QQ = —£(9y) ey
H 1 M
=logb
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Hence, in this case
t(b) = tob "9+ (6.17)
— that is k(g ) determines the critical exponent with which the IR value of ¢(b) diverges.

Why do we care about the IR value of ¢(b)? It determines the correlation length! We’ll
come back to this.

What is the solution of the beta function equation for the coupling in d = 47 To
save writing, let’s redefine gy = K499 and drop the tilde. The equation is

3
—bdyg = 593 + O(gg)

which is solved by
2 2 1 oo
olt) = ooz 2 Lo
2+ 3gplogb 3logb

There is an attractive IR fixed point at go = 0. This is part of the way towards justifying

(6.18)

my claim that perturbation theory would be useful to study the long-wavelength physics
in this problem.

In the case of d = 4, then, the interesting physics comes from the slow approach to
the free theory in the IR. To get something interesting we must include the flow, for
example in the solution for ¢, Eq. (6.16): since the flow of gy (6.18) never stops, we can
parametrize the flow by go and use the chain rule to write % = 90 g4 that

B(g0)
Y du /gO(b) k(g) p>1 1 g(b)
—r(go(p)) = —= dg ~ —log=——=
[ = [ 52 3 log 2
——’
=3, (1+0(9))

9

From which we conclude

to(b) "2 t (log b) ™3 (6.19)

This equation, a power law (remember that a log is a special case of a power law)
relation between the effective temperature and the zoom factor, will be useful below.

Extracting physics from the running couplings. Let’s use this information
to study the susceptibility and understand when the quadratic approximation is under
control.

First, physics is independent of where we start the flow:

X' (to, 90, A) = x ' (t(b), g(b), A/b) (6.20)

— this is what I called the Callan-Symanzik equation during the random-walk discussion
§1.3. Second, we use ordinary engineering dimensional analysis:

Al =—LIx =[] =-21g] =0
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This implies that the RHS of (6.20) is
X (E(b), g(b), A/b) = b~ X (t(D)b, g(b), A).

For d ~ 4, we found that
X~ (1 ~ Dog —) . (6.21)

This says perturbation theory (in go) breaks down (even for small go!) when golog A/v/t >
1. But for fixed physics (as in (6.20)), we can choose the zoom factor b = b* so that
the argument of the logarithm is

AV

1= o (6.22)

When does the zoom factor hit the sweet spot (6.22)? The answer is different in
d=4and d < 4.

Using (6.19), this happens when

AV = Vi) = Vi (log )0 & (%) (log ) = 33

which we can solve for b* in the limit ¢ < A (closer to the critical point than the lattice
scale):
2 t/A2<<1 t 2

(0%)~ PW. (6.23)

Putting this information back into the Callan-Symanzik equation for the suscepti-
bility (6.20), we have

Xt g0 A) = (07) 7 xTHE), g0(6), A)

(621 o)t |1 - go(") log < A )
—_——

1)

=0,by design
(6.23) t

(logt/A2)"* 020

This is a scaling law for how the susceptibility diverges as we tune the knob on our
thermostat towards the critical value.
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A comment on active versus passive RG. I've presented the condensed-matter
perspective on the RG here: there is a fixed, real cutoff, and the couplings run as we
integrate out longer and longer wavelength modes, i.e. vary the resolution with which
we look at the degrees of freedom.

Another perspective (which leads to the same conclusions!), taken by high-energy
physicists, is that the cutoff A is an artificial device. We should be able to vary
this cutoff without changing the physics, at the cost of changing the values of the
couplings at the cutoff. That is we regard the couplings at the cutoff (what I called
0, go above, the ones appearing in the Lagrangian) as depending on the cutoff A. To
make this precise, we must ask how the couplings in v(A) need to depend on A to keep
the physics from depending on this fictional division we are making between UV and
IR. We can think about the RG transformation as replacing the cutoff A with a new
(smaller) cutoff A/b.

Something we can measure, and which should not depend on our accounting pa-
rameter b, is the susceptibility (for 7" > T.):

go [P d%
2 P +ro

r=X" =0 |m=o =10+ %

(Such an equation, relating a physical quantity like y to something we can compute in
terms of the running couplings g, (b), is sometimes called a renormalization condition.)
We can invert this equation to figure out 7¢(b):

A gdg
=TTy @?+r

+0(g3).

Again we subtract the critical value of ry to get

. g d’q
to =19 —15= <1+;/m+0(93)>-

Near d = 4, this is

_ A/b
to—?“(1+ 2K41 \/F (1—3K4logb+ )

(where the ellipsis is independent of b).
Another quantity we can imagine measuring is the coupling g, a non-linear suscep-

tibility:

390 S ddq

9 (@ i) +O(g5)

9= 05 |m=o=go —
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—notice that this is the same equation as (6.12), but the BHS is interpreted differently:
now the LHS is a physical, fixed, measurable thing, and gy is a fake thing that depends
on the artificial parameter b. We can invert this equation to find gy in terms of g and

b:
392 /A/b ddq .
b) = — —— 40
90(b) = g+ =3 &1 o) +O(g°)

(where we studiously neglect higher order things). Near d = 4 this is

d—4 34>

1 A 5 3g> 5
go(b) = g+ 5 K4§10g— +0(g°)=9g— 7[(4 logb + O(g°) (6.25)

b/r

(where the ellipsis is independent of b). This reproduces the same beta functions as
above.

Two important generalizations. Now we make two easy but crucial generaliza-
tions of the d = 4 Ising calculation we’ve just done: namely Zs — O(n) and d — 4 —e.

O(n)| : [Goldenfeld, §11.1] by the LG logic, a O(n)-invariant and translation-
invariant free energy at fixed magnetization m® must look like

le = 1
Sle") = / d's (§V¢“ Ve + Sros"e” + (¢a¢“>2)

For n > 1, in expanding about the mean field configuration ¢* = m®+ %, we encounter
a distinction between the one (longitudinal) fluctuation in the direction of m* = mej
and the n — 1 transverse fluctuations. The quadratic part of this action comes from
the kernel

05 9o 9o
K = —n = ((—V2 r —m2) Oap + =mem ) Oy
Ty 5¢;5¢Z|¢> + 7o+ 6 bt 3 b Yy

[End of Lecture 13]
Its eigenvectors can be constructed using an orthonormal basis {e®}, in terms of which
we can choose m® = med and decompose ¢® = pred + plet, a = 1.n — 1. (L is for

longitudinal, 7" is for transverse, to the direction of the ordering vector m®.) Then K
is block-diagonal in this basis:

ng = | (0ab — €acs) <—V2 + 7o + @m2> +eger | =V2+ro+ 1/2 gom? Oy
6 —~—
—1/3+1/6

This matrix is made of one copy of the n = 1 Ising case with coefficient of m? equal to
go/2, and n — 1 degenerate copies of the same thing with ¢go/6. So the sum of the logs
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of the eigenvalues is

tryolog K =V /ddq <log (ro + %mQ + q2) + (n —1)log (7“0 + %mZ + q2> + const) )

Redoing the steps between (6.10) and (6.12), we find

392 2 a4 d—4 3 n-—-1
9:90—<%+(n—1)%0>/—q+0(g3)zgo—gg(§+ 5 )K410gb

so that the beta function is

n+8

B(g0) = K4 9% + O(gs)

The flow of the temperature is

n-+ 2

to(b) = to <]_ — 4o K4 log b> .

: If d # 4 the self-coupling term [ d?z ¢* in the LG action is not dimen-

sionless: [p] = %5¢, = [go] = 4 — d = €. Let’s extract powers of the UV cutoff to

make a dimensionless coupling gy — A¢go, so that the LG action is

Yo = ... + /dda:Aegoqb‘l.

Anticipating the result a bit, we are going to treat gy and € as being of the same order
in our expansion, so O(gy) = O(e) and O(g2) = Olegy) et cetera. Thinking of € as
small, then, the only change in (6.12) is

ddq

Fire (6.26)

2 A(b)|meo == A°go — 5092/

where by = % + ”T_l.

The the coefficient of ¢* in the effective action at scale A/b is
(A/0)" g(b) = 05 7(b)|m—0 = A°go — boKgAg log b+ O(gge) -

Here comes the magic: the key fact is roughly that “A¢ = 1 + elogA + O(e?)”; 1
put that in quotes because it is distasteful to take the log of a dimensionful quantity.
Systematically ignoring things that can be ignored (including the A° which is needed
in the previous equation for dimensions to work), this is:

g(b) = go (1 + elogb) — bogg log b + O(gge)
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(Again we absorb the factors of K, into g, go.)

By = —bOyg(b) = —ego + bogs + O(gp).

The crucial extra term proportional to €gy comes from the engineering dimensions of

Jo-

Where are the fixed points? There is still one at gy = 0, our
Bole)
old friend the Gaussian fixed point. But there is another, at ’

d=4

»_ € 2y _ 2
g —bo—l—(?(e) n+86—|—0(6>. M

This is the Wilson-Fisher fixed point (really one for every n
and d < 4). As was foretold, g is of order e.

The WF fixed point and the Gaussian critical point exchange roles as we decrease
d through four. For d > 4, the Gaussian critical point is IR attractive and governs
the critical behavior at long wavelengths: MFT is right. At d = 4, they collide and
this produces the weird logarithms in the approach to g = 0 that we saw above. For
d < 4, the Gaussian fixed point is unstable to the interaction term: the gy¢? term is a
relevant perturbation, since gy grows as we zoom out.

Correlation length critical exponent. Now we can look at the behavior of
the correlation length as we approach this critical point, by tuning the temperature.
Again, physics is independent of where we start the flow:

§(to, g0, A) = £(t(D), 9(b), A/D) (6.27)

—this is what I called the Callan-Symanzik equation during the random-walk discussion
§1.3. Second, we use ordinary engineering dimensional analysis:

[A] =—1,[§] =1,[g0] = 0, [t] = —2

— the correlation length is a length and so zooms like a length. From this, we deduce
that (the RHS of (6.27) is )

E(t(b), g(b), A/b) = bE(t(b)b?, g(b), A).

Now we can choose a convenient zoom factor, b. Again, we choose b = b* so that the
argument of the logs are all 1 and they go away:

H(b")
(A/0+)?

=1 (6.28)
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https://www.youtube.com/watch?v=sLlu_RpElBs

If b* — oo, then g(b*) — g,, the IR fixed point value, where

1(v%) X )y,

We can solve this equation for b*, using (6.28):

1
b* . t T 2-k(g%) t< A

which indeed blows up in the critical region ¢ << A — that is: this is an IR fixed point,
a fixed point we reach by zooming out.

Therefore
g(ta 907 A) — b*f(t(b*) (b*)2 — AZ’ 9*7 A) ~ (%)72*“9*)
= (1) (6.29)
Explicitly, £(go) = “2go + O(g3) means r(g.) = “2e + O(e?) so that
1 n -+ 2
=5t et O 6.30
Y= T dnrs OO (6.30)

Notice that all the information about the short-distance stuff has dropped out of (6.29)
(except for the stuff hidden in the twiddle, i.e. the overall coefficient) — only the physics
at the fixed point matters for the exponent.

We can do remarkably well by setting e = 1 in (6.30) and comparing to numerical
simulations in d = 3.
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6.6 Perturbative momentum-shell RG

[Kardar, Fields, §5.5, 5.6] T will say a bit about how to develop this perturbative RG
more systematically. We'll end up at the same place, but with more context. This
calculation is important enough that it’s worth doing many ways.

We'll do n-component fields, ¢*, a = 1..n with O(n) symmetry, in d = 4 — € dimen-
sions. Let’s decompose the action as

Sle] = Solo] + U,
with Sy the gaussian terms, as above. For n component fields, the gaussian term looks
like
1
/ d’k " (k)¢ (—k) = 5 (ro+mak?).
\‘,_/
=[¢[2(k)
(If it is not diagonal, do a field redefinition to make it so.) We assume the model has

a O(n) symmetry which acts by ¢* — Ri¢®, with R'R = 1,,x,. The most relevant,
symmetric interaction term (non-Gaussian perturbation) is the ¢? term

U= / d zug (¢ (2)p*(x))” = g / Hddk: Z M (Ky) %2 (ko) % (k3 )™ (ka)§ Zk )10z §asas
a1,2,3,4=1
(I've defined §(q) = (2m)%6%(q).)
We'll show that it’s not actually necessary to ever do any momentum integrals to

derive the RG equations.

Again we break up our fields into slow and fast, and we want to integrate out the
fast modes first:

— APtk ()2 ( otpk? .
ZA = /[D¢<]€ 0 = ( 2 >ZO,> <6 M[¢<,¢>]>07> .

The (...), . means averaging over the fast modes with their Gaussian measure, and Z -
is an irrelevant normalization factor, independent of the objects of our fascination, the
slow modes ¢..

The corrections to the effective action for ¢ can be organized as a cumulant ex-
pansion:

log <e—“>0’> = — (L{>07> —i—\% <<L{2>07> _ <Z/{>(2)’>> +OU?)

-~

1 2

Let’s focus on the first-order term first:
= Ulp<, ¢51), /Hdw (Zk><H ¢<+¢>>>
0
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It is useful to introduce a diagrammatic notation in which these 16 terms decompose
as in Fig. 1.

We can compute the averages over the fast modes by doing Wick contractions. This
is a fact about Gaussian integrals, which can be summarized by noting that
<€hA¢A>0 — eéhA<¢A¢B>ohB

where A is a multi-index over space and flavor labels and whatever else (to prove it,
complete the square). Then expand both sides to learn that

0, if m is odd

sum of all pairwise contractions, if m is even

(Pa, - Pan)o = {

By ‘pairwise contraction’ I just mean a way of replacing a pair of ¢s on the LHS with
(pa¢p). Each pairwise contraction is given by the ‘propagator’, which in our case is

58 (q1 + o) _ .
ro + @3ro T i

<¢i (Q1)¢b> (QQ)>0’> =
In the figure, these are denoted by wiggly lines. The slow modes are denoted by straight
lines. The 4-point interaction is denoted by a dotted line connecting two pairs of lines
(straight or wiggly).

g *12°0%4§ (Z qi> = G

Although the four fields must be at the same point in space we separate the two pairs
whose flavor indices are contracted, so that we can follow the conserved flavor index
around the diagrams.

Let’s analyze the results of the first order correction: The interesting terms are

A/s A 1
ls=—uy 2 _n ddk|¢<(k’)|2/ d"q

2
r
symmetry =4§aa 0 A/s 0 Troq

=ty
4= 58
has a bigger symmetry factor but no closed flavor index loop. The result through

O(u) is then just what we found previously:

A
1
T0—>T0+57‘Q:T0+4U0(n+2)/ q—2 2
A To T T2q
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o, bk dodd <Qr 2>-~- ¢ ~ (%)

EERCAD > )=

<, L !
4 °J><+(<¢’;\7L>>~— Swj\? = |

T

g - 4<<4’1>> = 0

Figure 1: 1st order corrections from the quartic perturbation of the Gaussian fixed point of the O(N)
model. Naturally, wiggly lines denote propagation of fast modes ¢~ , straight lines denote (external)
slow modes ¢.. A further refinement of the notation is that we split apart the 4-point vertex to
indicate how the flavor indices are contracted; the dotted line denotes a direction in which no flavor
flows, i.e. it represents a coupling between the two flavor singlets, ¢®¢® and ¢*¢’. The numbers at
left are multiplicities with which these diagrams appear. (The relative factor of 2 between 13 and 14
can be understood as arising from the fact that 13 has a symmetry which exchanges the fast lines but
not the slow lines, while 14 does not.) Notice that closed loops of the wiggly lines produce of n, since
we must sum over which flavor is propagating in the loop — the flavor of a field running in a closed
loop is not determined by the external lines, just like the momentum.

ro and v are unchanged. The second part of the RG step is rescaling

i=bq, o(k) = (o (k)

to restore the original action: we must choose ¢ = b'¥%2 to keep 7, = 75 (the unfamiliar
power is because ¢(k) = [ d?z¢(x)e'*™ scales differently from ¢(x)).

The second-order-in-ug terms are displayed in Fig. 2. The interesting part of the
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Figure 2: 2nd order corrections from the quartic perturbation of the Gaussian fixed point of the O(NV)
model. The left column of diagrams are corrections to the quartic interaction, and the right column
correct quadratic terms. In fact the top right diagram is independent of the external momentum and
hence only corrects rp; the bottom right diagram (that looks like a sheep) also corrects the kinetic
term.

Notice that the diagram at top right has two closed flavor loops, and hence goes like n?, and it
comes with two powers of ug. You can convince yourself by drawing some diagrams that this pattern
continues at higher orders. If you wanted to define a model with large n you could therefore consider
taking a limit where n — oo, ug — 0, holding ugn fixed. The quantity ugn is often called the 't Hooft
coupling.

second order bit
1 2
2= 5 <Z/{[¢<, ¢>] >0,>,connected

is the correction to U[¢p-]. There are less interesting bits which are zero or constant.
[End of Lecture 14]

The correction to the quartic term at 2nd order is

A/b 4

:510] = uian+32) [ T]@ho() H kS + o)

with
1 1
flbitka) = /ddq (10 4+ 12¢%) (1o + 12 (k1 + k2 — ¢)?) - /ddqm (14O +k))

— the bits that depend on the external momenta give irrelevant derivative corrections,
like ¢20%¢%. We ignore them. This leaves behind just the correction to u we found

before.
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There are also two-loop corrections to the quadratic term (diagrams with two
straight lines sticking out). Altogether, the full result through O(u3) is then the original
action, with the parameter replacement

9 7:2 b_d_2C2<7’2 + 5T2)
To — fo == b_d<2(7”0 + (57’0) + O(U%)
U Uo b73dc4 (UO + (SU())

The shifts are:
Ory = u28’3A(0)

=
drg = dug(n + 2) fA/bddquzq — A(0)u
dup = _5u0(8” +64) fA/bddq(eréq%Z
Here A is a new ingredient that we didn’t notice earlier: it produces a correction
to the kinetic term for ¢ (which is called ‘wavefunction renormalization’): A(k) =
A(0) + 3K?02A(0) + .... We can choose to keep 7y = 5 by setting
pd-+2
14+ uddzA(0)/ry

¢t = =02 (1+ 0(4d)) .

Now let’s make the RG step infinitesimal:
b=¢"~1+0¢

d
{dro = 27‘0 + —(;L(jfr),j\dQA ug — AU% + O(Ug)

n d
o — (4 — dyup — 2HEEEZ02 + O(ud)

(6.31)
(ro+r2/A2)2

To see how the previous thing arises, and how the integrals all went away, let’s
consider just the O(ug) correction to the mass:

. drg S
— o+ 0020 = 52 (g + 4 +2/ 4o
o =10 E (7"0 u(n + 2) o o o (uo)

1
d 2
= (1+260) <r0 + dug(n + 2) K4A A ol + O(uo))

B dug(n + 2) J 9
- <2r0 + e K4A® ) 60+ O(ug). (6.32)

Now we are home. (6.31) has two fixed points. One is the free fixed point at the
origin where nothing happens. The other (Wilson-Fisher) fixed point is at

w . 2up(n2)KgA? d=d—e | py2 9
{TO B r§+raA? - 2n+8r 2A e+ O( )
x _ (r*4raA?)? d=4-¢ 1
U0 = I8 K Al = 1 (n+8) e+ O(e ?)
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Figure 3: The ¢* phase diagram, for ¢ > 0. If 79(¢ = co) > 0, the effective potential for the
uniform ‘magnetization’ has a minimum at the origin; this is the disordered phase, where there is no
magnetization. If ro(¢ = oo) = Vi < 0, the effective potential has minima away from the origin,
and the groundstate breaks the O(n) symmetry; this is the ordered phase. Too far to the right, wug
is too large for us to trust our perturbative analysis. Experimental and numerical evidence suggests,
however, that there are no other fixed points nearby, i.e. that there are actually no dragons.

which is at positive uj if € > 0. In the second step we keep only leading order in
e=4—d.

Now we follow protocol and linearize near the W-F fixed point:

d (57’0 . 57”0

The matrix M is a 2 x 2 matrix whose eigenvalues describe the flows near the fixed

point. It looks like

n+2
M _ 2 — n_+8€ .
O(e?) —e

Its eigenvalues (which don’t care about the off-diagonal terms because the lower left
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entry is O(e?) are
n+2

n+8
which determines the instability of the fixed point and

Yy =2 — e+ O(€?) >0

Yo = —€+O(?) <0 ford <4

which is a stable direction.

So ¥, determines the correlation length exponent. Its eigenvector is dry to O(e?).
This makes sense: ¢ is the relevant coupling which must be tuned to stay at the critical
point. The correlation length can be found as follows £ is the value of s = s; at which
the relevant operator has turned on by an order-1 amount, i.e. by setting £ ~ s; when
1 ~ 0rg(s1). According to the linearized RG equation, close to the fixed point, we have
dro(s) = s¥70r0(0). Therefore®

1

sy = (0r0(0)

This last equality is the definition of the correlation length exponent (how does the
correlation length scale with our deviation from the critical point 6r¢(0)). Therefore

1 1n+2\)\ " o 1 n+ 2 )
——=(2(1-= ~— (14— :
v m (( 2n—1—86>) + O(e%) 2<+2(n+8)6)+0(€)

7 Scaling

Scaling functions from the RG. [Goldenfeld, §9.4, 9.2] Consider a renormalization
group near a fixed point with one relevant parameter, which transforms as

T = Ry(T).
At the fixed point T, = Ry(7%). Near the fixed point
T —T, = Ry(T) — Ry(T},) = Ry(T —T,) + O(T — T,)?

where as in §1.5, R, = OrRy|r,, which is already diagonalized, so that

1
Ry =0b" gy, = glog Ry.

30T find this kind of argument very slippery; the next section is an attempt to make it and its ilk

more systematic.
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T-T,
T

t' = tob¥ and under n RG steps as

Letting tq = , the reduced temperature transforms under a single RG step as

) = ¢ (b))

Since the correlation length & is a length, it transforms as ¢ = £/b (think of a
blocking transformation whereby b? lattice sites are blocked, so a fixed length is smaller
in units of the new lattice spacing). Under n steps,

e =g (t™) = &(ty) /b"

which says

E(to) = b€ (™) = b€ (tb™").

1/yt
o (5) e
to

where b is some order-one number. Then we have

Now choose b so that

£(to) = (670) " £(b) as to — 0.

Here £(b) is the high-temperature correlation length, far from the critical point, which
we can regard as a constant, independent of ¢;. Comparing to the definition of the
correlation length critical exponent £(ty) ~ t5” this says

v=—. (7.1)

Similarly, the (singular part®' of the) free energy density transforms as

d/yt
o) =gy =1 () = () s

From this we learn, for example, that the specific heat
cy ~Off ~ it
has a =2 — %. Comparing to the expression (7.1) for v, we have
2—a=vd

which is called the Josephson scaling relation.

31That is, not including the constant C in (3.12), which doesn’t scale.
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All the variables. More generally, there are many more couplings. For example,
for the Wilson-Fisher fixed point (in 2 < d < 4) there are two relevant couplings
t,h (the latter of which breaks symmetries), and a long list of irrelevant operators
which I'll call K3, K4. Let us suppose that we have already diagonalized the matrix
RS = OgaRP|k—k, at the fixed point, and ¢, h, K3, Kj... are the coordinates in the
eigendirections, with scaling exponents v, yp, y3, ¥4.... The statements about relevance
above say v, yn > 0,3, ys < 0. (Note that the quartic coupling is in the list of irrelevant
perturbations of the WF fixed point for 2 < d < 4.) Then

ft h, K3, Ky...) = b~ f (tb¥, hb¥n | K3b¥® | K b¥...)
= b f (DY, bR KCgb™ ) Kb

(7.
(7.
_ td/ytbfdf (b, h (t/b)—yh/yt K, (t/b)_y3/yt K, (t/b)_y4/yt ) (7.
(
(

0 W N

20 gd/ypd g <b, h(t/b)"/% 0,0, )

)
)
)
)
=1>°F (h/t*), A=y,/u. )

7
7

=2RS

The last expression for the free energy density is in terms of a scaling function F—
which basically just means a function of dimensionless arguments. The existence of
this function implies all the so-called hyperscaling relations (such as the Josephson one
above) which relate various exponents.

An important disclaimer about the ¢ — 0 limit in (7.5): the limit f(¢, h, K3) as
K3 — 0 may not exist. In that case, K3 is called a dangerous irrelevant variable. An
example where this happens is at the gaussian fixed point in d > 4, with K3 = g, the
quartic coupling. If the quartic coupling is zero, then for ¢ < 0, the partition function
blows up, so the limit ¢ — 0 does not commute with g — 0. Despite the fact that ¢ is an
irrelevant perturbation, g > 0 is crucial for determining the saddle point configuration
of m when t <0.

Corrections to scaling. In experiments or simulations, ¢ isn’t really zero. So the
contributions from irrelevant operators are not exactly zero. For example, by a similar
argument to (7.5), the susceptibility is

_ h _
XT(tuha"'> = |t| ’YF)?: <t_A7K3t y3/yt7"')

and even though y3/y; < 0, the second argument of the scaling function is not actually
zero. On the other hand, if K3 is not a dangerous irrelevant variable which affects the
vacuum structure, then F'(x,y) will be analytic in y near 0, so we can Taylor expand:

Xr(t,hyo) = [t (As + BeKslt|9/% 4+ ..2)
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For h = 0, A4, B+ are non-universal constants. The term with A gives the leading
singularity |¢|~7, but the term with B, which goes like |[t|~77¥*/% can also be singular
at t — 0 and if so must be included in a comparison with experiment or simulation.

Two relevant couplings. If we also keep track of the external field, the singular
part of the free energy is

e (R
Fu(t ) = [t P (W) A=yu/u

The =+ label is to allow for the possibility of different scaling functions for ¢ > 0 and
t < 0. F.(0), which describes h = 0, fixed ¢, must be a constant so that e.g. ¢y ~
02 fsln=o ~ [t|*. Fi(oc0) describes the behavior ¢ — 0 at fixed h, which is constrained
by

h
M - —Tilahfs ~ t2ia7AF/i (W) . (77)

When h = 0, we require M ~ t%, so we learn that
f=2—a—-A=2—a—y/y. (7.8)
When t = 0, we must have M ~ h'/°. If Fl(z) "7 2* then (7.7) is

M ~ h)\|t‘27a7AfA)\ (7:8) h)\|t’67A,\ )

which requires both § = A\ and A = %.
[End of Lecture 15]

Scaling for the correlation function. A similar scaling argument can be made
for the spin-spin correlation function, G(r,{K}) = (m(r)m(0)),. On the one hand, G
transforms as

G =G (r/b,{K'}) = G(r/b, tb", hb""...).
Notice that the separation between the points is just like another coupling with dimen-
sions of length. On the other hand, I claim that

G =G (r {K}).

This follows if we regard G’ as the correlation function of the block spins (see Goldenfeld
§9.8). The input is: Z(K') = Z(K), G(r, K) = 03,0, In Z(h) (hence the factor of b=2¥»
comes from the rescaling of k) and finally the factor of b*d comes from the fact that a
block spin contains b? spins.

If we choose b = ¢t~ Y% then

G(r,t,h...) =t~ 2d=vn) 0 G (rt/ve, 1, ht—nlv) (7.9)
z(rtl/yt)ﬂ(d*yh)\}; (rtl/yt 7ht*yh,/yt)
r 2@ o (gt g mon /) (7.10)
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from which we learn that 2(d — y,) = d — 2 + n (as long as Fg(z,y) is smooth as
z,y — 0).

Of all the greek letters we defined (o, 3,7,0,v,1,A) only two combinations are
independent — they all depend on the two exponents w;,y, associated with the two
relevant perturbations of the fixed point in question.

Data collapse. The main reason to care about scaling functions is the phenomenon
of data collapse. If we plot, say, the magnetization as a function of temperature, for
various values of the external field, we’ll get a different curve M (t) for each h. On the
other hand, (7.7) presents M (¢, h) as t° times a function of the single variable h/|t|>.

AN
This formula is valid for small |hl,|t|, but arbitrary h/t. It PP k<o A
implies that if we plot M/|t|® as a function of |h|/[t|®, all T e
of the data will lie on two curves, one for t < 0 and one for

t > 0. At right is a cartoon of what this looks like.

/\IH{HA
Even better, if we plot an observable which
has scaling dimension zero, then we don’t

scaling collapse of binder cumulant

need to divide by powers of . An example dota cotapse

of such a variable is the Binder cumulant, “ s
M4 ) ] o 2 o

g = % - 3<<M2>>2 . Here is some data  :. H

from some small monte carlo simulations of ¢

the 2d ising model the data collapse for the o ."‘. o

Binder cumulant, as well as the crossing at B e TS B e
T. (see the discussion below on finite-size
scaling).

7.1 Crossover phenomena

[Cardy, chapter 4, Goldenfeld §9.9]. A crossover refers to a smooth change between two
behaviors as a parameter is varied, the opposite of a phase transition. There are many
reasons why critical behavior might be absent; examples include symmetry breaking,
finite volume, disorder.

Suppose we take a critical system with some symmetry and perturb it by a small
symmetry-breaking term. For example, consider the Ising fixed point, perturbed by
a small magnetic field. There will no longer be a sharp transition between high and
low temperature, but what does the critical theory say about the behavior of physical
quantities?
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Our scaling function expression for

Fi(hot) = [t Py (%)

tells us that when h = 0 we see the expected critical behavior, e.g. ¢, ~ [t|~*. On
the other hand, when h ~ t2, something else happens — the dependence on ¢ in the
argument of the scaling function matters; ty = h'/2 is called the crossover temperature.
When h > t2, instead we see the limit 2 — oo of Fy(z) “L° 215, which gives instead
cy ~ t=eA0+9) g completely ‘wrong’ critical exponent:

o ty <t<1
cy ~ ‘
1% e SR L N A g o

So watch out for residual magnetic field when trying to measure critical exponents.

O(3) — O(2) xZy. [Here I am really just re-typing Cardy §4.2] Above we considered
a Zo-symmetric fixed point, perturbed by something which broke all the symmetry.
Consider instead an O(3)-symmetric fixed point which breaks the symmetry down to
O(2) X Zs. A definite lattice model is provided by 3-component rotors S; = (57, SY, S7)
with S, - S; = 1 on a lattice in 2 < d < 4, with

—H =) J;S- S+ D(S).
i 7

The O(3)-symmetric fixed point is named after Heisenberg. The Landau theory looks
like
1 = 2 1 aa a ra\2 2
£:§(v¢) + 56" + u (9°9°) + De?

A A

For large D > 0, the perturbation encourages large | Tn l
S, = £1, and we can just forget S*Y, it’s an Ising ":7’#5(\/ ™ "—_"I'_e‘
model. For large D < 0, |S*| < 1, and we forget S, | ! ufz |
it’s just an XY model — an O(n) model with n = 2. \ - H'/
For finite D, we don’t know a priori, but we can l |’ ﬂ\ [
connect the dots of the phase diagram as at right. XY order "\ismg order

! ~ >D

Near D = 0,7 =TH let t = T;EH , and we can write a scaling function using the

scaling near the Heisenberg fixed point
£.(t. D) = bif, (tb"yf’ , Db”yD> = |tFenw <D|t|—yD/yf’ ) (7.11)
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where y/? is the dimension of ¢ as a perturbation of the Heisenberg fixed point, H,
and yp > 0 is the dimension of D, which is relevant at that fixed point. In the
second expression we did the familiar step of choosing tb"i' = some order-one number.
¢ = yp/yl! is called the crossover exponent; notice that it is determined by data of the
Heisenberg (UV) fixed point.

Soat D =0, cy ~ 02 f, ~ |t|~*# where ay is the specific heat exponent at H. The
crossover happens when Dg|t|™® ~ 1, i.e. |[t| ~ tx = DY, the crossover temperature.
What happens for larger Dg?

Here’s a piece of physics input: for |t| < tx, we should see Ising behavior, ¢ ~
|t|=*2. This is because the trajectory (A in the figure above) will spend a long time
near the Ising fixed point. This input constrains the scaling function ¥ in (7.11):

ey ~ [t[7m W (D|t|~%) = Du/¢ (D|t|=*) "/ W (D|t|~¢) = Dn/¥ (tD/?)

where U is another scaling function. Demanding the Ising singularity at te(D), we have

!

e~ A(D) (t — 1.(D)) ™

which requires
] (tD*1/¢) ~a (tD*1/¢ —b) ~* . (a,b constants)
which in turn implies
cy ~ aD(er—en)/é (t _ bDl/d)) e

This tells us two interesting things about measurable quantities: (1) the peak in ¢y
across the ising transition varies with D as ¢y ~ D@ ~@n)/¢ (grows, since a; > ap).
And (2), t. ~ DY? is the shape of the phase boundary; notice that this is determined
completely by properties of the UV fixed point H. Since it turns out ¢ < 1, it is shaped
like a cusp, as in the cartoon above.

7.2 Finite-size scaling

[Cardy §4.4, Goldenfeld §9.11] Another important example of a crossover phenomenon
comes from departing from the thermodynamic limit. Simulations happen in finite
volume, say V = L? < oo. This means that there are no sharp phase transitions.
Nevertheless, we can use the RG to predict what the physics will look like if we simulate
a system in a critical regime of its parameters. The prediction is in terms of the infinite-
system critical temperature and the critical exponents, and therefore can be used to
extract this information from simulations.
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The system size L enters through the combination L = Na where N is the number
of sites on a side. An RG step replaces a — ba, holding L fixed. Therefore N — N/b.
Assuming that N does not appear explicitly in the RG map (this is violated by long-
range interactions), we can add the parameter N to the list of arguments of the singular
free energy density:

fs (ty h‘7K37”' 7N71) = bidfs (tbytahbthK3by37”' 7N71b)7

i.e. N7! acts just like a relevant parameter with dimension yy = +1. Goldenfeld gives
a nice definition: a relevant parameter is one that an experimenter has to adjust to
reach the critical point; the inverse system size N~! certainly must be adjusted to zero
to have any critical behavior.

Then, for simplicity at h = 0, we can write a scaling function by the hopefully-
standard-by-now trick of running b to an appropriate value:

£ (6, N71) = P B (Nt
The argument of the scaling function is
N_1|t|_yN/yt — N_1|t|_1/yt _ N—1|t|—l/ — N_lfoo

where £, is the would-be correlation length at L = oo for the given couplings.

Having done the RG business, I can write L = Na instead of ¢

/N

N, where a is the microscopic lattice spacing. If L > &, we

K00

are in the thermodynamic limit. Around [t| = tx ~ L™Y"  ulton s ounde
the crossover temperature, something (gradually!) happens,
and below this temperature, the answer depends on the |

thermaodynamic limit
X—~vo
system, the dependence on ¢ is analytic. €

finite-size geometry and boundary conditions. For a finite

To understand this regime, let’s rewrite the scaling function so that the analytic
dependence on t is manifest:

fo (6. L71) = [tPF (L7']H™) (7.12)

o]

= e (L) T F (L) = LT F (L) (7.13)

where F is a new scaling function. The fact that NV is finite means that F(z) is analytic
in its argument. This leads to powerful conclusions. In particular, it enormously
constrains the functions which blow up at a critical point, such as the susceptibility
xr (t, L) ~ 02 fs ~ L7 (tLl/”), or the correlation length &, or the specific heat

cv (6, L71) ~ OF fs ~ LOVE" (tLM").
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Instead of a divergence, each of these functions will have v nty
a maximum at some value of ¢, determined entirely by the AR
scaling function F” — say z is the location of the maximum Z2/ TN
of F(z). This means that the location of the peak in ¢ is to = 7/
zo/ LYY ~ L7V — we know its dependence on system size! / ”

Furthermore, the height of the (finite!) peak as a function of — T
L is determined by the prefactor L®/". e

For example, consider the correlation length itself:

§(t, N7') = ¢ (tb¥,bN ) (7.14)
=tF (N~'t") (7.15)
=t (Lt™) F (L'"t) (7.16)
= LE (tL'") . (7.17)

For L — oo at fixed t < 1, € ~ t" requires F(x) "< 2. For fixed L, t — 0, we
have € ~ L, and F(z) = A+ Bz + --- is analytic near 0. But this implies that

¢t L") =A+BtL" + -

so that at the critical value of the couplings, K, for any L, this is £(0,L71) = A. If
we plot £/L as a function of K for various L, all the curves will cross at the critical
coupling.

A similar argument applies to the magnetization (which is

easier to measure)

—Y ~ -\1 ok M A
M (b= 0,17 =5 By (L) = Loty gy TS

where FM(y) V20 A 4 By + - - - is analytic near 0 since this
is the finite-size limit. Thus

M (t, L™ -
%:A+Bmyt+..- | . »
— the curves will cross at the critical coupling K = K.

(i.e. t =0).
This allows us to determine the critical value of the coupling, and y,,. (Probably, keep-
ing track of the leading irrelevant operator is a good idea.) We can then determine

v =1/y; as well by
M
~ BLV
O (Lyh_d) BL

i.e. log(LHS) =log B+ % log L.
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e The finite-size scaling analysis (up to (7.13)) applies equally well if the system
geometry is L X L x oo or L x oo X oo. The difference is that the scaling function
F” will be different. In the former case, the system is effectively one-dimensional,
and F” is still smooth. It can be determined by a transfer matrix calculation.
In the latter case, F" is determined by the critical behavior of an auxiliary 2d
system. Cardy has a bit more detail on this point.

e This account of scaling and scaling functions is completely ahistorical. The idea
of data collapse was known and used long before it was justified by the RG in
the way I've described.

[End of Lecture 16]

8 The operator product expansion and conformal

perturbation theory

[Cardy, chapter 5] Some of the information in the beta functions depends on our choice
of renormalization scheme and on our choice of regulator. Some of it does not: for
example, the topology of the fixed points, and the critical exponents associated with
them. Next we discuss a point of view which makes clear some of the data in the
beta functions is also universal. It also gives a more general perspective on the epsilon
expansion and why it works. And it leads to the modern viewpoint on conformal field
theory.

Operator product expansion (OPE). Suppose we want to understand a corre-
lation function of local operators like

(Qi(21)d;(w2)®)

where {®} is a collection of other local operators at locations {x;}; suppose that the
two operators we’ve picked out are closer to each other than to any of the others:

|I1 - $2| < |I1,2 — Il|, Vi.

Then from the point of view of the collection ®, ¢;¢; looks like a single local operator.
But which one? Well, it looks like some sum over all of them:

(Gi(21)$;(12)@) = Cji(wr — ) (Gi(21)®)
k
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where {¢} is some basis of local operators. By Taylor expanding we can move all the
space-dependence of the operators to one point, e.g.:

(wa—m1)" =2

P(x2) =€ 7 (a1) = ¢a1) + (w2 — 21)"Oud(w1) + -+
A shorthand for this collection of statements (for any ®) is the OPE
Gi(w1)¢;(w2) chk T1 — T2)Pk(21) (8.1)

which is to be understood as an operator equation: true for all states, but only up to
collisions with other operator insertions (hence the ~ rather than =).

This is an attractive concept, but is useless unless we can find a good basis of local
operators. At a fixed point of the RG, it becomes much more useful, because of scale
invariance. This means that we can organize our operators according to their scaling
dimension. Roughly it means two wonderful simplifications:

e We can find a special basis of operators {O;} where
(6:(2)85(0), = ~55- (32)
(here, for the simple case of scalar operators) where A; is the scaling dimension
of ¢;. The % indicates that this correlator is evaluated at the fixed point. (8.2)
defines the multiplicative normalizations of the ¢;. This basis is the same as the
operators multiplying eigenvectors of the scaling matrix R, in (1.6), and the Ay
are related to the eigenvalues (by yx = d — Ag).

Given (8.2), we can order the contributions to ) , in the OPE (8.1) by increasing
Ay, which means smaller contributions to (pp®).

e Further, the form of Cjj; is fixed up to a number. Again for scalar operators,

Cij
Oi(21)05(w2) ~ > s I2’2ﬁ+Aj_Ak Op(21) (8.3)
k

where ¢, is now a set of pure numbers, the OPE coefficients (or structure con-
stants).

The structure constants are universal data about the fixed point: they transcend
perturbation theory. How do I know this? Because they can be computed from
correlation functions of scaling operators at the fized point: multiply the BHS of
(8.3) by Ok(z3) and take the expectation value at the fixed point:

Ciik!
(0;(21)O0j(2) Ok (3)) Z vy — :cz!jAkHAj—Ak (O (21)Op(3)),
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(8.2) Cijk 1
A¢+AJ’*A/§ |$1 _ x3|2Ak

(8.4)

|21 — 29

(There is a better way to organize the RHS here, but let me not worry about
that here.) The point here is that by evaluating the LHS at the fixed point, with
some known positions T1,23, We can extract c¢;jy.

Confession: I (and Cardy) have used a tiny little extra assumption of conformal
inwvariance to help constrain the situation here. It is difficult to have scale invariance
without conformal invariance, so this is not a big loss of generality. We can say more
about this later but for now it is a distraction.

Conformal perturbation theory. Suppose we find a fixed point of the RG, H,.
(For example, it could be the gaussian fixed point of N scalar fields.) Let us study its
neighborhood. (For example, we could seek out the nearby interacting Wilson-Fisher
fixed point in D < 4 in this way.) For definiteness and simplicity let’s think about the

equilibrium partition function
Z =tre ¥

— we set the temperature equal to 1 and include it in the couplings, so H is dimension-
less. We can parametrize it as

H=H+)_ Z g:a®0;(x) (8.5)

where a is the short distance cutoff (e.g. the lattice spacing), and O; has dimensions of
length™® as you can check from (8.2). So g; are de-dimensionalized couplings which
we will treat as small and expand in*?

Then
Z = Zy <€_ Yo i giati OZ($)>
—~ .
=tre—H*
S~y [ d*z
= Z, (1 - Zgz/<02(m)>* ad-A
d%x,dx
i1 Zglgj | SR OOy,
Ha dz,
Zgzg]gk || | 55550 000w, + . ).
Comments:

32Don’t be put off by the word ‘conformal’ in the name ‘conformal perturbation theory’ — it just
means doing perturbation theory about a general fixed point, not necessarily the gaussian one.
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e We used the fact that near the fixed point, the correlation length is much larger
than the lattice spacing to replace Y, ~ & [ d%a.

e There is still a UV cutoff on all the integrals — the operators can’t get within a
lattice spacing of each other: |z; — z;| > a.

e The integrals over space are also IR divergent; we cut this off by putting the
whole story in a big box of size L. This is a physical size which should be
RG-independent.

e The structure of this expansion does not require the initial fixed point to be a
free fixed point; it merely requires us to be able to say something about the
correlation functions. As we will see, the OPE structure constants c;;;, are quite
enough to learn something.

Now let’s do the RG dance. We'll take the high-energy point of view here: while
preserving Z, we make an infinitesimal change of the cutoff,

a—ba=(1+d)a, 0<dl<K1.

The price for preserving Z is letting the couplings run g; = ¢;(b). Where does a appear?
(1) in the integration measure factors a®=4:.

(2) in the cutoffs on [ dxydxy which enforce |z — z2| > a.

(3) not in the IR cutoff — L is fixed during the RG transformation, independent of b .

The leading-in-0/ effects of (1) and (2) are additive and so may be considered separately:
(1) Gi=(1+80" g = g+ (d — Ai)gidl = gi + 0rg;
The effect of (2) first appears in the O(g?) term, the change in which is

Az dix
(2) Z gzga/ S )/ﬁ (0i(21)0;(x2)),
m LQE

-

Ap—A;—Aj
=2k Cijl|T1—m2|TFT TR (O,

ijk

So this correction can be absorbed by a change in g, according to
1
Oagk = —0l5 801 > cingigi + O(g”)
]
where the O(g?) term comes from triple collisions which we haven’t considered here.
Therefore we arrive at the following expression for evolution of couplings: 7 d—g = (019 + d29) /o0

dg
d_ﬁk =(d— Ap)gr — §Qd E Cijk9i9; + O(g”) . (8.6)
ij
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3 At g = 0, the linearized solution is dgx/gx = (d — Ap)dl = g ~ el which
translates our understanding of relevant and irrelevant at the initial fixed point in terms
of the scaling dimensions Ay: gy is relevant if Ay < d.

(8.6) says that to find the interaction bit of the beta function for g, we look at all
the OPEs between operators in the perturbed hamiltonian (8.5) which produce g5 on
the RHS.

Let’s reconsider the Ising model from this point of view:

H = —% S J(w—2)S@SE) —h S S(@)

12

—% S U —2)5@) ) —h Y 8@ + A Y (S@)? —1)°

/ddx (% (6@5)2 +roa~2¢? + uga® et + ha‘l_d/qu) (8.7)

12

In the first step I wrote a lattice model of spins S = =+1; in the second step I used
the freedom imparted by universality to relax the S = 41 constraint, and replace it
with a potential which merely discourages other values of S; in the final step we took
a continuum limit.

In (8.7) I've temporarily included a Zeeman-field term h.S which breaks the ¢ — —¢
symmetry. Setting it to zero it stays zero (i.e. it will not be generated by the RG)
because of the symmetry. This situation is called technically natural.

Now, consider for example as our starting fixed point the Gaussian fixed point, with

1 /5 \2
H,o= / d'as (w) .
Since this is quadratic in ¢, all the correlation functions (and hence the OPEs, which
we’ll write below) are determined by Wick contractions using

(B}, g = — "

0= |7y — 2o 2

33 To make the preceding discussion we considered the partition function Z. If you look carefully you
will see that in fact it was not really necessary to take the expectation values (), to obtain the result
(8.6). Because the OPE is an operator equation, we can just consider the running of the operator e~
and the calculation is identical. A reason you might consider doing this instead is that expectation
values of scaling operators on the plane actually vanish (O;(x)), = 0. However, if we consider the
partition function in finite volume (say on a torus of side length L), then the expectation values
of scaling operators are not zero. You can check these statements explicitly for the normal-ordered
operators at the gaussian fixed point introduced below. Thanks to Sridip Pal for bringing these issues

to my attention.
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It is convenient to rescale the couplings of the perturbing operators by g; — ﬁgi
to remove the annoying €2, 1 /2 factor from the beta function equation. Then the RG
equations (8.6) say

@~ (14d/2)h = ciingig

dro __

W= 2r0— > Cijro9id;
dug _ Yy
a — €Uo— Zij Cijug9iJj

So we just need to know a few numbers, which we can compute by doing Wick con-
tractions with free fields.

Algebra of scaling operators at the Gaussian fixed point. It is convenient
to choose a basis of normal-ordered operators, which are defined by subtracting out
their self-contractions. That is

O, =: ¢" := ¢" — (self-contractions)
so that (: ¢" :) = 0, and specifically®!
Oy =¢* — (%), Os=¢"—6(¢") >+ (¢*) . (8.10)

This amounts to a shift in couplings rqg — 7o + 3u (¢?),. The benefit of this choice of
basis is that we can ignore any diagram where an operator is contracted with itself.
Note that the contractions (¢?) discussed here are defined on the plane. They are in
fact quite UV sensitive and require some short-distance cutoff.

34The coefficients in (8.10) disagree with Cardy’s book. Here’s where these numbers come from.
The self-contractions are annoying both because they are more terms, and also because they are
infinite. We want to define the O, so that they are both orthonormal and finite. When I write
<¢2>, you can imagine that I am separating the locations of the two operators by some cutoff €, so
(¢?) = (¢(e)9(0)) = €*79; the goal is to subtract off all the bits which are singular as € — 0, and then
take the limit.

We can do this inductively. In particular, O,, is orthogonal to the identity operator Oy = 1 says
(Op) = 0. This fixes Oy = ¢? — (¢?). To save writing let Gy = (¢*(z)). Now let

Os = ¢* + ad® (¢*) +b(¢*) = ¢* + ad®Go + 3bG3.
First we demand
!
0 = (O4) = 3G§ + aG} + 3bG]
which requires 0 = 3 + a + 3b. The next demand is that

0 = (O4()0(0)) = (¢ (2)¢%(0)) — (") G2 + a ((#*(2)Gog?(0)) — (¢?) G3) + 3bG3 (04(0)) (8.8)
= 3G} + 12G,Go — 3Gy + a (2G,Go + G — G§) = G, Go(12 + 2a) + G0.  (8.9)

which requires a = —6, and hence b = +1. Notice, however, that this changes nothing about the
operational definition (omit self-contractions). Thanks to Aria Yom for questioning the expression in
(8.10).
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To compute their OPEs, we consider a correlator of the form above:

IANCEY E’E

(On(21) O (22))
By &

We do wick contractions with the free propagator, ¢«

but the form of the propagator doesn’t matter for  ¢a ﬁ

the beta function, only the combinatorial factors.

If we can contract all the operators making up O, 96

with those of O,,, then what’s left looks like the b6 E - =41

identity operator to ®; that’s the leading term, if

it’s there, since the identity has dimension 0, the 46 S I

lowest possible. More generally, some number of 46 - . +

¢s will be left over and will need to be contracted —° %/ t

with bits of ® to get a nonzero correlation func-

tion. For example, the contributions to Oy - O are depicted at right. In determining

the combinatoric factors, note that permuting the legs on the right does not change

anything, they are identical.

The part of the result we’ll need (if we set h = 0) can be written as (omitting the
implied factors of |z; — 2|22 ~2 necessary to restore dimensions):

050y ~ 21+ 405+ Oy + - -
050, ~1205+804+ ---
0,0, ~241+9609 + 7204 + - --

Notice that the symmetric operators (the ones we might add to the action preserving
the symmetry) form a closed subalgebra of the operator algebra.

At h = 0, the result is (the N = 1 case of the result in §6.6)

dug _

&0 — g —4r3 — 2 - 12rqu — 96u
= €up— 7“8 — 2 8roug — 72u3

and so the (N = 1) WF fixed point occurs at ug = u} = €/72,19 = O(?).

The difference numerical numbers in the values of the fixed point couplings come
from our different parametrization (recall that we shifted the definition of r when
we switched to a basis of normal-ordered operators in (8.10)) — that is not universal
information. We can extract something universal and independent of our choices as
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follows. Linearizing the RG flow about the new fixed point,

d
% = 2rg — 24ugro + - - -
gives
d 24 1
o _ (2 — ﬁe)dﬁ = rgn~ e 729t = (eg) g
To

which gives v = 1 + e+ O(e?).
[End of Lecture 17]
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9 Lower dimensions and continuous symmetries

[Cardy §6, Goldenfeld §11]

9.1 Lower critical dimension

Mean field theory gets better as the number of dimensions grows, so naturally it gets
worse when the number of dimensions shrinks. For low enough d, the fluctuations
completely destroy the order at any finite temperature. For the Ising model, this lower
critical dimension is d = 1; that is, T, is zero for an Ising chain. Recall our (Peierls’)
understanding of this: if we fix the spins to be up at one end of the chain, then the
free energy cost for making a region of down spins is

AFy=FE—-TS~4J—-2TInL

where L is the system size — the domain walls can be in any of L places. For any
T > 0, for large enough L, AF] is negative (hence favorable). In contrast, in d = 2, the
energy of the domain wall is 2JL4"1 = 2JL, while the entropy is of order log u* (the
domain wall is a self-avoiding but closed random walk of length of order L; at each of
~ L steps it has of order g = z — 1 choices of direction to go), so

AFy ~ L(2J —Tlnp)

which, for small enough 7', is positive for all L.

In contrast with this case of spontaneous breaking of a discrete symmetry, the
domain walls of a continuous symmetry are floppier, and this raises the lower critical
dimension. If we fix the order parameter to have one value at one end of the system
and some other value at the other end (a distance L away), the transition from one
to the other can be made gradually, so that the order parameter gradient is Vo ~ %;
the energy density is (V)2 ~ +> and the energy is [ d?z(V¢)? ~ L2 which is much
cheaper than JL! for an Ising domain wall.

Rigidity of the order parameter. This notion we just defined and estimated —
the free energy cost for twisting the boundary conditions of the order parameter for
a spontaneously-broken continuous symmetry — is an important and useful one, called
the stiffness or rigidity. The origin of the name is as follows: the Hamiltonian govern-
ing a collection of atoms has continuous translation symmetry; in a crystalline solid,
this continuous symmetry is spontaneously broken down to a discrete subgroup pre-
served by the lattice. The discussion here applies to this case as well. Translating the
whole solid doesn’t change the spacing between atoms; it is a symmetry operation and
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doesn’t change the energy. Translating different parts of the solid by slightly different
amounts will therefore cost a small energy, proportional to the gradient of the trans-
lation. The excitations of the solid therefore include large-correlation-length modes
(Goldstone bosons) @ (x) which appear in the energy only through their derivatives.
When experiencing such an elastic deformation, the solid will exert a restoring force,
encoded in the energy functional for u by terms like K [ 9;u;C7"u; (analogous to
| K (69)2) The fact that a solid is rigid is a consequence of spontaneous symmetry
breaking, and this concept of rigidity generalizes to other cases of SSB. We’ll have more

to say about the stiffness of magnets.

Hohenberg-Mermin-Wagner-Coleman Theorem. Consider an O(n) model,
with n-component rotors §T at each site, gr . 5} = 1,Vr. If the system orders, we can
write the spin as S, = (\/1—703, 7,), where &, is an n — l-component vector pointing
transversely to the ordering direction, describing the fluctuations about a particular
ordered state — we will assume 02 < 1. The action for these fluctuations (known as
spin waves in the context of magnetism) is

S = —% ; Jppr 00 = const + g/ddr (60)2 +0 (604) } (9.1)

As we observed before, there is no ‘mass term’ o< o?. This is because o parametrizes
the orbit of the chosen magnetization by the broken continuous symmetry, which must
all have the same energy. The only way it can cost energy to change the magnetization
is if it varies in space; therefore the action can depend on ¢ only through its gradient
Vo. Therefore the correlation length is infinite everywhere in the ordered phase, and
we are justified in using the continuum approximation in (9.1). The parameter K ~ %
is the spin stiffness.

The fluctuations of o go like

1 _Slo aussw,n integral 6@ k:r
(ea()en0)) = 5 [1DAe o (r)on(0) LT S ath
We care about this because it corrects the expectation value of the spin:
1
n—1 d%k
=1- — 9.3
T (9-3)

And now here’s the Crucial point: in d = 2, this fluctuation correction to the magne-

tization goes like ~ In LA. Tt diverges with system size, which clearly means it’s

k2
not a small correction to the leading term. (Notice that the form of the integrand is not

exactly correct far from k£ = 0 in the Brillouin zone, but it is the infrared divergence at
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k = 0 which is the story here.) The singularity from the long-wavelength fluctuations
is only worse if d < 2. The way out is that our assumption that there was ordering in
the first place was wrong in d < 2. We conclude that it is not possible to spontaneously
break a continuous symmetry in d < 2°°. A more proofy proof of this statement is on
the homework.

9.2 Kosterlitz-Thouless phase and phase transition

Although there is no magnetization for n > 2 in d < 2, there can still be a low-
temperature phase which is distinct from the high-temperature disordered phase, and
separated from it by a continuous phase transition. This is a new kind of phase tran-
sition, where the crucial degrees of freedom at the transition are not those of the order
parameter, since there is no order parameter. To understand this, let’s focus on the
case n = 2,d = 2 which is the most interesting.

Let ®(r) = Si(r) + iS2(r) in the rotor description above. ®(r) could also be
the macroscopic wavefunction of a superfluid, where the broken symmetry is the one
associated with particle-number conservation. The action can be parametrized as

il = [ (Swar o (op - ) ) < K Lo (v0)' 4
2 4 Up 2

In the second step, we focussed on the universal physics by considering ug large, with
fixed ro/ug. This has the effect of making the longitudinal excitations very costly
— the walls of the potential become very steep about the circle of minima. Writing
®(r) = ) ( wto (7")), the longitudinal excitation &(r) is very hard to excite and

we can forget about it. We defined K = , /Z—g, but recall that the overall coefficient

of the action is J/T, and this is what determines K. The angular variable 6 is the
Goldstone mode — it only appears in the action via its derivatives.

The spin Green’s function is

= ((r)®(0)") (9.4)
o (€l(Pr)=00)) (9.5)
— o3 {(0-0(0)?) (9.6)

35 Actually there is an interesting exception to this statement, involving orientational order. For a
discussion of this exception (as well as the history, an interesting extension, and a generalization of
the theorem) see this new paper by Halperin.
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where we used Wick’s theorem in the last step. This correlation function of the Gold-

stones is
((6(r) = 6(0))*) =2 ((6(0)*) — (#(r)6(0))) (9.7)
A=1/a B . r>a 1
2 Ak {10,7) (1 —€*) = logr/a . (9.8)
/0 < kl > ( ) 2rK
Therefore ) 7
G(?") = T'in, n= ﬁ = % (99)

At the last step, we restored the factor of 1/7 in the action. Important comments:

e 7 is indeed the anomalous dimension of the spin operator, defined as usual for a
critical theory by G(r) ~ r?=4=". But this is not at a critical point, this behavior
occurs everywhere in a whole phase.

On the other hand, at high temperatures, we know that the correlations must be
short-ranged (for example, using the (convergent!) high-temperature expansion),
G(r) TZ7 e=1/¢. The distinction between these two asymptotic behaviors of G (r)

is sharp, and they represent different phases.

The low-temperature phase is consistent with the Mermin-Wagner theorem —
there is no disconnected piece of G = Geonnectea- 1t is called algebraic order or
quasi-long-range order. In between there must be a phase transition of some kind,
which we will understand below.

e K is not a redundant variable. In much of our previous discussion of scalar
field theory, we removed the coefficient 75(V¢)? of the kinetic term by redefining
¢ — /T2¢. For the goldstone mode 6 (and more generally), its normalization is
fixed by its periodicity § = 6 + 27. Changing K really changes the theory.

e And indeed, the exponent n varies with K and hence with temperature! K is an
exactly marginal perturbation of a scale-invariant theory— it parametrizes a line
of (different!) fixed points.

Why isn’t (9.9) an exact statement for all temperatures? In our computation of
(9.9) we neglected the important fact that 6 ~ 0+ 27, 6 is compact. This means that in
addition to the smooth configurations which lead to (9.9), there are other, topologically
distinct, configurations where as we move around in a loop in space, # wanders around
on the circle, and only returns to itself up to a multiple of 27. That is, there can be
configurations of 6(r) and loops C' for which

7§ dF- V0 =2rn, neZ. (9.10)
C
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We say that the loop C' encloses n vortices. The presence of a vortex is topological
because the winding number n is an integer, which therefore cannot vary continuously.

(9.10) says that VO ~ %, from which we can estimate that the energy of a vortex is

1 2 — 2
Eone vortex — §K/d T <V9> = WJlOg L/(I

where L is the system size. Notice that this diverges in the thermodynamic limit: a
net number of vortices is not a finite energy configuration. To have finite energy, the
largest loops must contain a net number zero of vortices. However smaller regions may
contain vortices (n > 0) and antivortices (n < 0). The energy of a vortex-antivortex
pair (a vortex dipole) separated by distance R is

R
E, ;~ / ﬁ ~log R/a,
a T

finite in the thermodynamic limit. We estimated above the energy of a single vortex,
but what is its free energy? Its entropy is

N2
Sone vortex = 10g ( # of possible locations ) = log < )

a
so that

+oo, T <wJ/2,

Fone vortex — Eone vortex_TSone vortex — (ﬂ—J - QT) log L/(Z -
—0Q, T>7TJ/2ETKT.

This gives us an estimate (it turns out to be exactly correct) for the transition tem-
perature between the low-temperature, algebraically-ordered phase, and the high-
temperature disordered phase.

[End of Lecture 18]

KT transition. To give a more quantitative account of the transition, we must
explicitly include the vortices in our calculation. To this end we deform our theory of
the Goldstone field # by introducing a fugacity for vortices — adding a vortex lowers
the energy by yq. Formally we can do this by changing the action to

2

S = /dQZL’K% <69>2 — yo/a;—zx (V(z) +Vi(z)).

In this expression V() is an operator which creates a vortex at position x, and VT(z)
creates an antivortex at x. V(z) is an example of a disorder operator — it is defined by
its effects on the spins: for example

(V(x)--), = / [Dg]e—s[e] e
configurations of 6 with fcl di- Ve = 2r
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where C, is any curve containing the point z. (Here (- - -), denotes an expectation value
in the theory with yo = 0.) By some cleverness (following Cardy), we will figure out
what we need without finding an explicit expression for V; such an expression can be
found as part of a duality map (see Cardy §3.3 or Herbut §6.3). Notice that an expec-

—E/T —nKlogL/a Ljfo 0

tation value with only a single vortex will be (V(z)---), e ~e

b

but expectations with zero total vortex number (V(z)V(0)*---), will be finite.

Granting this starting point, the partition sum is now a function of two variables:

Z(K, o) <eyo Jv+vh > (9.11)
< +yo V+VT) + y§2/ /VT > (9.12)
R / d T1d27’2 <V(?"1)VT(7°2)>0 4. (9.13)

The terms with odd powers of yo vanish by the fact that they have a net number of

E —00

vortices, and therefore e™ = 7> = 0, zero Boltzmann weight.

In the last line (9.13), the vortex-antivortex correlator <V(T1)VT(T2)>O = ¢~ Blrur2)
is just the partition function for the spin waves in the presence of a vortex at r; and an
antivortex at ro. We can find the resulting free energy FE(r1,r2) by saddle point (since
the integral over smooth configurations of 6 is gaussian), i.e. just solve the equations
of motion

V20 =0, (9.14)

(away from the vortices) with boundary conditions demanding the appropriate winding
number around 71, 79. The solution is

O(r) = O(F — ) — O(F — 72), where O(7) = the angle between 7 and 7.
The resulting free energy is*°

E(r1,rs) = 2nK In 2 1+ 27K,
a

36To get the important and confusing factors of 27 correct, a perhaps more useful expression for 4
comes from noticing that the vortices are sources of 6: integrating over a small region R; containing

the point rq
/ v%:f A7 -V = 2.
Rq C,

1

Therefore, we must have V20 = 27 (§(r — r1) — §(r — 72)) whose momentum space solution is

2
9(7") — 27.‘_/%6%7‘ (eikrl _ eikrz) .

- %K/(W) (27) K/ ’f)
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with ris = |7 — 75|. The additive constant, which is associated with the energy in the

core of the vortices, we can absorb into a rescaling of yo: yo — yoe ™8¢ =

ViV, = (2) 7

a

y. Therefore
we conclude that

— we learn that the scaling dimension of the operator V' is Ay = wK. The scaling
behavior of y is then y(b) = 0Vy(1) with yy =d — Ay =2 — 71K
dy
fy="P=@-mK)y (9.15)
— y is irrelevant for v = 2 — 7K x T — Txr < 0, and relevant for x > 0. Here
Tkt = mJ/2 as in the estimate above.

To complete the RG equations we need to know how the temperature variable x
runs. Either T or x is the coupling associated with the ‘energy operator’ (90)%. We
know a few things a priori: if y = 0, it doesn’t run. Only even powers of y can appear
since the total number of vortices and antivortices must be zero (hence zero mod 2).
Therefore, near x = 0,y = 0, the RG equation for x must have the form

By = T Ay? 4+ O(yh). (9.16)

A fancier argument (in Cardy’s book) uses the OPE: Comparing (9.15) with our general
form in terms of OPE coefficients (8.6), we see that the OPE between V' and the energy
operator has the form V - (90)> ~V + ---. A general fact of CFT (Cardy §11.2) says
that the OPE coefficients c;;, are completely symmetric, and this means that we must
have V- V* ~ (96)* + - --. Comparing to (8.6) them implies (9.16).

Equation (9.16) has a nice physical interpretation.

Notice that the equation we solved for the behav-

ior of the @ field in response to the vortices (9.14) 0 Ay

is Coulomb’s law in d = 2, where 6 plays the role | (anti)vortex =+ charge

of the electrostatic potential. K plays the role of K dielectric constant

the dielectric constant of the medium. The running | 27K logr | Coulomb potential, d]:—feiE'F
of x (equivalently K') in (9.16) is dielectric screen- | yy in (9.17) polarizability, g

ing of the Coulomb field € by the charge-anticharge
(vortex-antivortex) pairs.

which is the same integral as we saw in (9.8):

ak T a1
/ﬁ<1—e ) =~ %lnr/a—i—cst.
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The combined RG equations

dy dx
—_— = _— = A 2
T A
imply that % = +, which integrates to Ay? — 2% = a constant determined by the

initial conditions. The flow lines in the xy plane are hyperbolae, except for the special
initial condition where the constant is zero, which is the lines y = +x/v/A. The line
y = —x/v/A is the critical surface of the KT critical point at © = y = 0. Any initial
condition above this line flows off to the upper right, large = and .

disordered phase,

I free vortices
1\ \./ §
partial screening, T, T

algebraic order K

Figure 4: The Kosterlitz-Thouless phase diagram. The red line is the critical surface of the KT fixed
point; to its right is the disordered phase, where the flows end up at large x,y. The thin blue line is
a cartoon of a family of initial conditions for different values of the temperature, including the fact
that the bare value of y goes like e=™5¢ = ¢=#/Tand hence is small for small T'.

To understand what happens at large x,y, consider the vortex polarizability (the
analog of the polarizability of the dielectric medium, the fluctuations of the average
dipole moment):

_ 5 o\ 0 : = 5
Xv = ZR: R <n(R)n(O)> = g Vi H o E ZR:Rn(R) (9.17)

where n(R) is the number of vortices at the site &, and therefore S P Rn(R) is the
vortex dipole moment. The vortex number fluctuations satisfy

(n(Ryn(0)) = 0+ y22e 5RO 1 O(y) =y (g) R

where the y? term comes from configurations with a single vortex at R and and an
antivortex at 0 (or vice versa, hence the factor of 2). Thereore

xv =y ZRQ_%K + O(y*) — oo for T > Tkr.
R
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Infinite polarizability means free charges: it means an arbitrarily small electric field E
moves all the £+ charges to opposite ends of the sample. By the same token, it means
an external charge is completely screened beyond the correlation length £. Everywhere
in the previous sentences ‘charge’ means ‘vortex’.

Let’s return to the spin stiffness, the free energy cost for twisted boundary con-
ditions. More precisely, consider the system on a torus, and consider the boundary
conditions 6(z, L) = 6(x,0),0(L,y) = 0(0,y) + . We can relate this to the periodic
BC problem by defining

0(z,y) = bo(z,y) — ax/L

where 0y(z,y) is periodic. In the gaussian approximation, the free energy density is

K() ) K() )\ 2
=5 ()
y W =5(z) *
where the --- comes from the periodic bit, which does not care about a. The spin
stiffness is defined to be .
= L282f gauglan Ko.

Including the effects of fluctuations and vortices and all that — in the low-temperature
phase — the stiffness is kK = K (¢ = o0), the running coupling evaluated in the far
infrared. This is because, in the low temperature phase, the vortex fugacity flows to
y(0o) = 0, and we return to the gaussian model, with a renormalized coupling K (o0).
Therefore:

T <T,: k=K(oc0)varies with T’

T=T.: k=K(x)=K.= %, a universal value

T>T.: k=0

where we know the answer for 7' > T, because the finite correlation length means
Oaf o< e7/¢ — the influence of the boundary conditions is short-ranged, and so the
leading bit of the free energy doesn’t care about «a.

s &

M T

We conclude that across Txr, the spin stiffness jumps by
a universal amount AK = 7% This has been measured in »-»"—\A
v

TC

superfluid films. =

4+

Te
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Screening by vortices. Above I may have made the § function equation for x
seem mysterious. Actually, it can be directly calculated by considering the renormal-
ization of the stiffness, i.e. its screening by vortex-antivortex pairs. Here we go:

[Chaikin-Lubensky §9.4] We'll compute the running of the stiffness parameter K
by computing the stiffness in the presence of nonzero y: that is, we compute the free
energy in the presence of a uniform gradient of :

0(z) = Oo(x) + @ - 7

where @ parametrizes the twist around the two directions and 6 is periodic. We can
further decompose the periodic bit

Oo(z) = 0,(x) + 04(x)

into a smooth piece 6, which satisfies 0 = €;;0,0,0,, and a vortex piece, which satisfies
€,;0,0,0, = 2mn, (but 0 = §;;0,0;0,). Then the free energy defines the renormalized
stiffness K%

F(a) — F(0) = %LZKR()P (9.18)
= —Intre " — F(0) (9.19)
- %LQKa “Intr ( ~H(a=0) KIWGO) — F(0) (9.20)
= %LZK 2 - /d2 /d2 "(0:0(2)0;0(2")) ciaj + O(at).  (9.21)

(Note that we are still working in the convention where 7" = 1.) In the second line we
expanded out S = 1K [ d?z (00, + @)*. Since [ d*20;0,(x) = 0 for all configurations,
only 6, contributes to (9.21).

The defining condition of 6, (that is, €;;0,0;0, = 2mn,) tells us that in momentum
space,

—1€jigi
(0,6,)(q) = ;;q 2mn,(g).
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Therefore®” :
Kf =K — (27TK)2/d2:E (0:0(2)9;60(0)) (9.22)
<nv(q)nv(_Q)> ]

= K — (27 K)*lim :

q—0 q

(9.23)

Net vortex neutrality implies (n,(q)) 0 0, plus rotation invariance, implies that

(no(q)ny(—q)) = %quQ + O(q")

where Y, is exactly the vortex polarizability defined above. Therefore

1 d? —27rK+2
K=K = 5(2r )% / a—f (g) + Oy (9.24)
1 © 1 32K

Let’s take the high-energy point of view on the RG: we change the cutoff a — ae’ and
demand that the physics (K%) is invariant. This is accomplished by replacing

ae’ drr3—27K

K—>K(€):K—cy2/

(where ¢ > 0 is a constant) and
y = y(€) = ye'®.
This reproduces our RG equations:
— O K = Oy = Ay? (9.26)
Oy = (2 — K (0))y(0) + O(y°) = zy. (9.27)

37 A little bit more detail which justifies the first line in (9.22): Claim 1:

((9:0:)(91)(9;600)(a2)) = F(a)(2m)*6% (a1 + 42) (655 — didj) = G-

Claim 2: .
(0:6,)(0)(D0,)(—q) = <q?nv<q>n,,<—q>.

Claim 1 follows from 0 = 8;0;0,, which implies ¢} G;; = q%Gij = 0. Translation invariance implies
Gij < §(q1 + g2), and rotation invariance implies Gi; = A(¢?)d;; + B(¢?)qiq;-

Claim 2 follows from ¢€;;0;0;0, = 2mn,, i.e.V x 697] = 2mn,z. Taking curl of the BHS gives
V x (V x Vb,) = —V2(V8,) = V x 2wn, % which says

—iejiq;
(96y)(q) = q; 211, (q)-
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10 RG approach to walking

10.1 SAWs and O(n — 0) magnets

[Brézin, ch 8; Cardy ch 9; the original reference is (brief!) P. de Gennes, Phys. Lett. A38
(1972) 339.]

At each site ¢ of a lattice (actually, it could be an arbitrary graph), place an n-
component vector §;; we’ll normalize them so that for each site i n = §;-5; = ' (s%)?,
and we’ll study the hamiltonian

= —KZ 5; - 5
(i5)

(I have named the coupling K to make contact with our previous discussion of SAWs).
Denote by dQ(s) the round (i.e. O(n)-invariant) measure on an (n — 1)-sphere, nor-
malized to [dS2(s) = 1. The partition sum is

= / H dQ(s;) e H)

k
k
- / GOSN
k=0 | (i)
Kk NZ(G
= /HdQ 55 . (10.1)
graphs G (ij)eG

Here we are doing the high-temperature expansion, and further expanding the product
of factors of the Hamiltonian; we interpret each such term as a graph G covering a
subset of links of the lattice. N;(G) is the number of links covered by the graph G.
Now we can do the spin integrals. The integral table is

/ d0(s) =

/dQ(s)sasb = O

/dQ(s)sasbscsd = nL+2 (0ap0cq + 2 perms) (10.2)

where the second follows by O(n) invariance and taking partial traces. The generating
function is useful:
- foﬂ df sin™ 2 e® 089 xP fo df sin" 2 cos? 0

falz) = /dQ( )’ o dfsin™ 20 B Z p' Jo dfsin" 20

~
=0,n odd

S/
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S n? n—0 x?
=1 S =14 —. 10.3
+p; p! 2Pn(n+2)---(n+2p — 2) = fol@) +2 (103)

Let’s interpret this last result: it says that in the limit n — 0, each site is covered
either zero times or two times. This means that the graphs which contribute at n — 0

avoid themselves. **

Returning to n > 0, since (s%s?) = 0 if a # b, the value of the spin is conserved
along the closed loops. We get a factor of n from the spin sums >, from closed
loops. Only closed loops contribute to Z. So Z 30 1, yay. Less trivially, however,
consider

G=(r K) = <SSZISZ:1> = Z_I/HdQ(si)e_H(s)sési.

Doing the same high-temperature expansion to the numerator, we get contributions
from loops which end only at sites 0 and r. In the n — 0 limit all the closed loops go
away from both numerator and denominator, leaving

G (r, K) ") KM, (7) (10.4)
p

where M,(7) is (as in (2.4)) the number of SAWs going from 0 to 7 in p steps. This is
the generating function we considered earlier! The quantity G in (2.6) is actually the
correlation function of the O(n — 0) magnet!

Summing the BHS of (10.4) over r, the LHS is > G''(r, K) = x"'(K) ~ (K.—K)™
near the critical point of this magnet. The RHSis > > KPM,(R) = > M,K? — oo
which K — K. (from below), from which we concluded earlier that for large walks,
M, PR ptaP (with a = 1/K., a non-universal constant which is sometimes fetishized
by mathematicians).

Furthermore, the quantity ¢ in (2.7) is actually the correlation length, G (r, K) ~
e”"/¢. At the critical point, £ ~ (K, — K)™ means that R, ~ p”, which determines
the fractal dimension of the SAW in d dimensions to be Dgaw = lim,,_so m, where

v(n,d) is the correlation-length critical exponent for the O(n) Wilson-Fisher fixed point
in d dimensions.

[End of Lecture 19]

38Cardy has a clever way of avoiding these spherical integrations by starting with a microscopic
model with a nice high temperature expansion (namely H(s) = Z<ij> log (1 + K35; - §;)) and appealing
to universality.
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10.1.1 SAW:RW: WF:Gaussian

In the same way, the Gaussian fixed point determines the fractal dimension of the
unrestricted walk. This can be seen by a high-temperature expansion of the Gaussian
model. (For more on this point of view, see Parisi §4.3 - 4.4.) Alternatively, consider
unrestricted walks on a graph with adjacency matrix A,;;, starting from the origin 0.
Denote the probability of being at site r after n steps by P,(r). Starting at 0 means
Py(r) = 0,0. For an unrestricted walk, we have the one-step (Markov) recursion:

Pun(r) == 3 A Po(0) (10.5)

where the normalization factor z = ) , A, is the number of neighbors (more generally,
the matrix A could be a weighted adjacency matrix and z could depend on 7). Defining
the generating function

G(rlg) =) q"Pu(r)
n=0
the recursion (10.5) implies
(30 = L40,) G(rla) = b (10.6)
In words: G is the correlation function of the Gaussian model with

4= / H d¢'r‘€_ ZT'/’!' P (5r’r_gAr’r>¢T .

For the hypercubic lattice with spacing a, this is

G(rlg)= [ d'p -
B 1—2%" cosap,

The long-wavelength properties (for which purposes the denominator may be replaced

by p?+7 as r ~ g—1) of the Gaussian model near its critical point at ¢ — 1 determine

the behavior of large unrestricted walks, and in particular the RMS size ~ /n and

fractal dimension is 2.

And the Gaussian answer is the right answer even for a SAW in d > 4. We could
anticipate this based on our understanding of the fate of the WF fixed point as d — 4
from below. How can we see the correctness of mean field theory for SAWs in d > 4
directly from the walk?

There is a simple answer, and also a more involved, quantitative answer (next).
The simple answer is: the random walk has fractal dimension D = 2 (if it is embed-
ded in two or more dimensions and is unrestricted). Two-dimensional subspaces of
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R? will generically intersect (each other or themselves) if d < 4 (generic intersection
happens when the sum of the codimensions is < 0, so the condition for intersection is
underdetermined). For d > 4, they generically miss each other, and the self-avoidance
condition does not have a big effect.

10.1.2 Worldsheet theory of the SAW

[Cardy §9.2] Consider the following statistical model of a chain of N monomers at
positions 7; in d dimensions:

—»

— /Hddn exp (— Z (THI ) uad225d 7, )

The first term insists that neighboring monomers be spaced by a distance approxi-
mately a. The second term penalizes a configuration where any two monomers collide.
We used factors of the chain-spacing a to render the coupling v dimensionless.

Now zoom out. Suppose that a < & so that we may treat the polymer as a
continuous chain, 7(¢; = ia*) = ;. In taking the continuum limit we must take ¢ ~ a?
in order to keep the coefficient of the 72 term independent of a. The exponent becomes
the Edwards hamiltonian:

2
HE[T] = /dt (%) +uad4//dt1dt25d(F1 _FQ)

This is a ‘worldsheet’ point of view: it is a 1d system of size Na?, with a long (infinite)
range interaction. a plays the role of a UV cutoff.

If w = 0, so the walk does not avoid itself, dimensional analysis ([r] = 1, [t] = 2 and
demanding the kinetic term be dimensionless) gives

r(t) ~a ( t2)1/2 (10.7)

and r does not scale when we rescale the cutoff a — ba,t — t.

RG: The interaction strength wa®* is independent of the cutoff when d = 4. It is
irrelevant for d > 4, giving back the MFT result (10.7), as promised.

For d < 4 it seems to grow in the IR, and we might hope for an IR fixed point u*,
and a resulting anomalous dimension for the operator r:

a—ba, r—=>b""r, t—t.
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Here is a clever (though approximate) argument (due to Flory) that suggests a value
for x. At a fixed point, the two terms in H must conspire, and so should scale the
same way. For general x, the kinetic term and the potential scale respectively as

KE — KEb 2%, V — Vpi-itde

suggesting that = = %. Dimensional analysis says

P
r(t) =af (%) ~ 15

and therefore the RMS walk size is

1+ 3
=r(t=N)~ N, V=" pioy = —.
R T( ) y V 2 |Fly d—|—2

This isn’t too bad; in fact it’s exactly right in d = 2. See Cardy Chapter 9 for more
on this, and see the homework for a more quantitative approach to the value of v.

A comment on ‘power counting’.

How did we know from the engineering dimensional analysis that v was irrelevant
when d > 47

Let me describe the analogous argument in the case of field theory with local inter-
actions. Consider the gaussian critical point in d dimensions Sp(¢] = [ d?z(V)?, so

that the length dimensions of the field are [¢] = Z%d. Perturb by Sinteraction = [ d g¢F.

2—d
0 = [Sinteraction] = d + [g] + plgp] = [9] = —(d + p[¢]) = — (d+pT) .
The coupling is dimensionless when [g] = 0 which happens when

_ 2
S d-2]

this case is naively scale invariant, at least until we study the fluctuations. For d > 2,

P = DPd

the coupling g has length dimensions

> (0 when p > pg, non-renormalizable or irrelevant
P —DPd
Pd

lg] =d-

=0 when p = pg, renormalizable or marginal

< 0 when p < pg, super-renormalizable or relevant.

Consider the ‘non-renormalizable’ case. Suppose we calculate some physical quan-
tity f with [f] as its naive dimension, in perturbation theory in g, e.g. by Feynman

f = Z gncn
n=0

diagrams. We’'ll get:
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with ¢, independent of g. So

[fl=nlgl+lca] = el = [f] = nlg]

So if [g] > 0, ¢, must have more and more powers of some inverse length as n increases.
What dimensionful quantity makes up the difference?? The dimensions are made up
by dependence on the short-distance cutoff A = 2. which has [A] = —1. Generically:
o = G (M) where ¢, is dimensionless, and n[g] > 0 — it’s higher and higher powers
of the cutoff. But this means that if we integrate out shells down to A/b, in order for
physics to be independent of the zoom parameter b, the microscopic coupling g(b) will

have to depend on b to cancel this factor. In particular, we’ll have to have

g(b) = gob’”[g] b2 .
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10.2 RG approach to unrestricted lattice walk

We showed above that the generating function G(r|g) for unrestricted walks on a
lattice (from 0 to r) satisfies (10.6), which says that it’s a Green’s function for the
lattice laplacian. The data of the Green’s function is encoded in the spectrum of the
adjacency matrix

Ajvs = evs. (10.8)

J7g

This determines G via 1

1—eq/z’

Glilg) = ) vjof

The eigensystem of A encodes the solution to many physics problems. For example,

we could consider a continuous-time random walk, where the probability p;(t) for a
walker to be at site ¢ at time ¢ satisfies

Opi = (5ij2j - Aij)pj (10‘9)

where z; = >, A;; is coordination number at site j, which addition guarantees 0 =
> Ops, the conservation of probability. The solution is then

pi(t) = Ze’(z’e)tvgvjpj(()) :
€,J

Alternatively, we could think of these as the equations for the normal modes of the
lattice vibrations of a collection of springs stretched along the bonds of the lattice. In
that case, this spectrum determines the (phonon contribution to the) heat capacity of
a solid with this microstructure.

Previously, we solved this problem using translation symmetry of the lattice, by
going to momentum space. Here I would like to illustrate an RG solution to this
eigenvalue problem which is sometimes available. It takes advantage of the scaling
symmetry of the lattice. Sometimes both scaling symmetry and translation symmetry
are both present, but they don’t commute.

Sometimes, as for most fractals, only the self-similarity is present.
So this method is useful for developing an analytic understanding
of walks on fractal graphs, or more generally the spectrum of their :
adjacency matrix. I believe the original references are this paper
and this one. Roughly, we are going to learn how to compute the P&
phonon contribution to the heat capacity of the broccoflower!

Let’s solve (10.8) for the case of a chain, with A;; = ¢(0; j11+9;,-1). I've introduced
a ‘hopping amplitude’ ¢ which can be regarded as related to the length of the bonds.
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The eigenvalue equation can be rewritten as
t
V; = g (UZ‘_1 + Ui—H) . (10.10)

Notice that if 7 is odd, then the entries on the RHS only involve even sites. So this
equation eliminates v; at the odd sites in terms of the values at the even sites. Plugging
this back into the equation for an even site gives

t2
€Uy = t(Vg—1 + Voq1) = " (Vo9 + Vo + Voy + Voy42)
t2
= Uy = 2 _op (Vor—2 + Va12) -
~———
=t'/e

This is the same equation as (10.10), but with half as many sites, i.e. the zoom factor
is b= 2.

t' is a renormalized hopping ampli-

tude:

tl B t2 B (t/6)2 2t 2t

€ 222  1-2(t/e)? / ﬁ/‘
This is a recursive map for the ratio x = = CoETe 114 ™

t/e. Actually, it can be mapped to the // /E f
logistic map y — ry(1 — y), with r = 4, 2
by the change of variables y = 4z~! — 2. |

A lot is known about this map.

We can regard this recursion as a rule
for growing the lattice (and all of its eigenvectors) starting from a small chunk of the
stuff. How do we reconstruct the eigenvectors recursively? Suppose we start with a
chain of 2"*! sites and suppose we know an eigenstate v™ for this case with ¢, # 0.
There is a solution on a lattice with twice as many sites with

n,e n,e
:t :t '7 n " n
ntLe i nen ntle, Y + v 0

Ugj =V Vg T
en

where e,fﬂ =+V2—€,.

Let’s cheat and remind ourselves of the known answer for the °

2 toos(ka)
spectrum using translation invariance: E(k) = 2t cos ka ranges / r' .
from —2t to 2k as k varies over the BZ from 0 to 27 /a. Let’s use _1; ‘ \Z\/ . L 5
this to learn how to understand the iteration map. N
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For the chain, the map has three fixed points, at x = 0, %, —1. Let’s think of fixing
E and varying the initial hopping rate. If ¢ty € (—E/2, E/2) (that is, if |E| > 2t is in
the band gap) then ¢, .., — t* = 0 eventually reaches the fixed point at x = 0 (as in

the left figure). More precisely, it goes like ¢, "=' Ee~2"> for some .

Such an orbit which asymptotes to t — 0 can be described by decoupled clusters —
the wavefunction is localized. 1 learned about this from this paper.

In contrast, one with finite or infinite asymptotic ¢ is associated with an extended
state. This happens if |to| > FE/2 (so that E € (—2t,2t) is in the band). Then
t, > |E|/2 for all n, and we have a nonzero effective hopping even between two sites
that are arbitrarily far-separated.

The fixed point at ¢, = E/2 is the state with k£ = 0, i.e. the uniform state.

n=0
2 3

n=2

The procedure works for other examples, too, including
some without translation invariance, where the spectrum can

be quite different. Consider the Sierpinski triangle lattice.

[from Domany et al, linked above]

EAl :t(Bl+B2+B4+B5). (1011)

€Bl = t(Al + A5 + B2 + Bg), EB4 = t(Al + A4 + B5 + Bﬁ),
€By = t(Ay + Ay + By + B3), €Bs = t(Ay + As + By + Bs),
EBg = t(AQ —|— A5 + Bl + Bg), EBG = t(A4 + Ag —I— B5 + B4)

Eliminating the B sites by solving the previous six equations for them in terms of
the A sites and plugging into (10.11) gives an equation of the same form on a coarser

lattice
t2

e— 3t

€A = U'(As + Ay + Ay + As), 1 =

Zoom factor is b = /2. In terms of the dimensionless ratio z = t/e,



http://journals.aps.org/prb/abstract/10.1103/PhysRevB.51.9310

2000

Here’s a way to visualize the huge qualitative difference from
this map relative to the result for the chain. Plot, as a func-

-3

tion of some initial x = t/e, the value of the nth iterate, for
some large value of n (here 10° x 2). For the chain (shown at
the top), every = which starts in the band stays in the band 3

(xn, > 1/2 if zy > 1/2), and vice versa. For the Sierpinski
case, we get this Cantor-like set of localized states. Here the
spacing on the z-axis is 1072; if we scan more closely, we’ll

find more structure.

10.3 Spectral dimension

Here’s one more notion of dimension, for a graph embedded in R?, following Toulouse
et al. Think of the graph as a Debye solid, that is, put springs on the links of the
graph, each with natural frequency w? = K/m. The normal modes of this collection of
springs have frequencies w with w? /w2 which are eigenvalues of the adjacency matrix.

The density of states of such modes for small w is an ingredient in the heat capacity
of the resulting model solid. Denote by p(w)dw the number of modes with frequency
in the interval (w,w + dw).

For a translation-invariant system in d dimensions, the modes can be labelled by
wavenumber and p(w)dw = d% which at w — 0 (in the thermodynamic limit) is
governed by Goldstone’s acoustic phonon with w = v,k and therefore p(w) oc w1t
More generally, we define the spectral dimension dg of the graph by the power law

relation
N—oco then w—0
p(w) ~ w.

Sometimes it’s called the diffusion dimension. It is a useful idea! One cool application
is to figuring out how many dimensions your average spacetime has when you do a
simulation involving dynamical triangulations. (See §5.2 of this paper.)

Now suppose that instead of translation-invariance, we have dilatation invariance,
1.e. self-similarity. The number of sites for a graph I' of linear size L scales as

N(L) ~ LPr

where Dr is the fractal dimension. This means that if we assemble a scaled up version
whose linear size is scaled up by b, we have N(bL) = bPr N (L) sites. And it means,

39Thanks to Daniel Ben-Zion for help with these figures.
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just by counting eigenvalues, that the density of states per unit cell must scale like
pL(W) = bDFpL/b(w). (1012)

Consider L finite so that the spectrum {w,} is discrete, and focus on the nth
eigenvalue from the bottom, for some fixed n. If we knew that this eigenvalue scaled
with system size like

w(L/b) = b"w(L)
then
prp(w) = b pr(wb™) (10.13)
ﬁ pL(w) (101241013) bDF_xpL(wb_x) b:,-oi,l/z wD[‘z*a;

Claim: The smooth part of the spectrum of the Sierpinski fractal solid does scale
like b* for some x which we can determine. A more earnest pursuit of the equations

(10.11) implies that

()~ () - () (o= ()
WA(LJ2) = ALY+ 3+ Ow?) = (L)

_ log(d+3)
— = 2log 2

(We used b = 2 since the number of sites per edge of the triangle is halved at each

decimation step.) This means that the smooth part of the spectrum behaves as

Dr—
plw) ~w =

10.4 Resistor networks

The resistor network on a Sierpinski d-gasket is studied here. The scaling with size
of the conductivity of stuff made from such a graph can be related to its spectral
dimension.

Unlike the paragon of nerd-sniping problems (the resistor network on the square
lattice), this problem cannot be solved by going to momentum space.

Consider sending a current I into one corner of a Sierpinski gasket. By symmetry,
a current //d must emerge from the other d corners.

Call p(a) the resistance of one bond with lattice spacing a. Now we want to compute
the effective, coarse-grained resistance p(ba) for b > 1. The symmetry of the problem
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forbids current from crossing the middle of the triangle, and this allows us to compute
the voltage drop between the input corner and any of the others. Specifically, this
voltage drop is preserved if

d+3

plba) = Z—— pla) = b p(a)|p=2

d+3
_log Gy

log2

Now if we iterate this map ¢ times so that b’ = % for some macroscopic L, then the

resistance of the whole chunk of stuff is
p(L) ~ L*
and the conductivity of the stuff (in J=cFE , an intensive quantity) is

L2—d L
olb) = o(L)

with scaling exponent t =d — 2 + (.

Exercise: relate ¢ to the spectral dimension d;.
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11 RG sampler platter

I didn’t get this far in lecture, but the goal of this section is to convey some more the
huge range of applications of the renormalization group perspective.

11.1 Disorder

[McComb p.60; Creswick, chapter 3.]

I want to emphasize that RG of couplings is a subset of RG of probability distribu-
tions.

So far in this course, we've been studying clean systems, ones whose couplings
are the same at each location. It is often important and interesting to consider the
case where the couplings are only uniform on average. Just encoding the values of the
couplings in one realization of the system is then quite a job, never mind computing the
resulting free energy. But for large systems, we can often appeal yet again to the central
idea of statistical physics and choose the couplings from some probability distribution.
(A physical quantity for which this assumption works is said to be ‘self-averaging’.)

This probability distribution will then itself evolve under the RG.

Let’s consider a case where we can study this in detail, namely the nearest-neighbor
Ising ferromagnet on hierarchical graphs. Such a graph can constructed by a sprouting
rule: at each step of the construction, replace each link with some given motif. For

example, the sprouting rule [ — > OQO produces the diamond hierar-

chical lattice. 1 denote the new sites in black. The beauty of this construction for
our purposes is that decimating the black sites precisely undoes the construction step:

Cov\:\'nc": _,_/ \ \
: o.um'\'.!. \ Q
The generalization which replaces each link with ¢ segments is called the Berker

—_

AN

lattice, I think. For ¢ = 3, this looks like: @u

146


https://www.youtube.com/watch?v=vC8tnpjd4Es

Let v(;, = tanh 3J;;. Consider tracing over the black sites A and B in
the figure at right. Using the high-temperature-expansion formula, this
isn’t hard:

A
\ 2
sa,sp==+1 54,88 links, (i ) < 2 4
=2 (1 + vivasesc) (1 + vsvascsa) )
= 2% ((1 + v1v2v3v4) + (V1V9 + V3v4)8¢SD)
= 2%(1 + vyvpv3vy) (1 + v's¢sp)
with V1V + V3V
/ 1V2 + U3Vs
y) = —— 11.1
v (Ul U4) 1 + V1UV2V3V4 ( )
In the clean limit where all couplings are the same, this is
, 202
v = i
1+ vt
This has fixed points at
v*=0,1,0.0437 . (11.2)

Just as we did for the Ising chain in §3, we can study the behavior near the nontrivial
fixed point and find (here b = /2) that v ~ 1.338. Redoing this analysis to include
also a magnetic field, we would find y;, = 1.758 for the magnetization exponent.

But now suppose that the couplings are chosen from some initial product distribu-
tion, independently and identically distributed. Some examples for the bond distribu-
tion to consider are:

Random bond dilution: P(J) =z
Source of frustration: P(J) = xd(J — Jo) + (1 — z)d(J + Jp)
Edwards-Anderson spin glass:  P(J) x exp ———

After the decimation step, the distribution for any link evolves according to the
usual formula for changing variables in a probability distribution, using the RG relation
(11.1):

P'(v') = /dvldvzdvgdv45(v' — v (v1..04))P(v1) - - - P(vy).
The preceding relation is then an RG recursion equation for the distribution of couplings

P(v) — (R(P)) (v). As usual when confronted with such a recursion, we should ask
about its fixed points, this case fixed distributions:

Puv) L / vy duadvsdvsd(v — o (v1.02)) Pe(vr) - - - Pu(vs). (11.3)
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We know some solutions of this equation. One is
P.(v) =10(v —v,)

with v, given by one of the solutions in (11.2).

Another set of fixed points is associated with bond percolation. Here’s what I mean
about percolation. Consider the 7' — 0 (or J — o0) limit of a ferromagnetic NN Ising
model on a graph, with one catch: For each pair of neighbors, we randomly decide
whether or not to place a link. This is a model of bond percolation. This is realized in
our system here by a distribution of the form

P,(v) =xz6(v—1)+ (1 —xz)d(v).
Plugging this ansatz into the map gives
Pi(v) = (z* +42%(1 — 2) 4+ 22*(1 — 2)*) §(v—1)+ (42*(1 — 2°) + 4z (1 — z)* + (1 — 2)*) 6 (v)

where the terms come from enumerating which of the four bonds is zero. So: the
distribution is self-similar, but the bond-placing probability x evolves according to

r— o =222 — 2t

So each fixed point of this map gives a solution the fixed-distribution equation (11.3).
They occur at

0, nobody’s home
=41, everybody’s home

@, percolation threshold on the DHL.

We can study (a subset of) flows between these fixed points if we make the more
general ansatz

p(v) = xd(v —v) + (1 — x)0(v)

with two parameters vy, z. Then we get a 2d map, much more manageable, if the
evolution preserves the form. It almost does. The evolution rule can be estimated by

2= —zt+ 2

z'vy = (V) p = /dva’(v). (11.4)

The result is

2ol = / v / f[ldm(v _ v'(vl..m))UH p(w3)
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U1V + U3Ug + V34
= dv; ;
/H 1 + V1U203V4 HP(U )
2.2

:m1+ -+ 423 (1 — z)v] + 227 (1 — z)?0g.

In the second line we used the delta function to do the v integral.

Indicated by the thick black link is the critical surface of Qm’i"kﬂ\ L
the clean Ising fixed point at x = 1,v = v*. The percolation | N -Féo
fixed point at x = x,,v = 1 is unstable to the clean Ising fixed e

point. Besides the structure of the phase diagram, we can 4 Va t\‘:\“
infer the angle at which the Ising critical surface approaches o/

r =, To(z) =" —log(;ﬁ*). L——“’% X

Strong-disorder RG. There is a simplifying limit where the distribution of the
couplings is very broad. Such a distribution is sometimes an attractive fixed point
of the RG, called a strong-disorder or even infinite-disorder fixed point depending on
the extremity. This limit is simplifying because then we can order the RG analysis
by looking at the largest coupling t; = €2 first, and we can use % < 1 as a small
parameter. A useful reference is this paper by Altman and Refael. A more detailed

but scarier discussion is this review.

Let’s analyze the example of an adjacency matrix of a graph with random values
of the hopping parameter for each link. For simplicity let’s think about the case where
the graph is a chain.

So we want to solve

0 t Vi—1 (U
tl' 0 ti+1 V; =€ (5

tiv1 0 tiyo Uiyl Uiyl

With some random ¢; chosen from some broad distribution, so that individual ¢; will
be very different from each other. Consider the largest t; = 7, and assume that it is
much bigger than all the others, including its neighbors. Then we can eliminate the
two sites connected by the strong bond by solving the 2 x 2 problem

0T\ (vi-1) _ ¢ (Vi1
T 0 V; o V; ’
More precisely, we can eliminate these two sites v;_1,v; in terms of their neighbors
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using their two rows of the eigenvalue equation:

0 tg Ve Ve
te 0T Vicn | | Vi
T 0 tr V; N (4
t. 0 Ur Uy
-1
— Vi—1 [ —¢€ T tg
v, ) \T —e¢ t,
The result of plugging this back into the neighboring rows of t, T 4
the equation is to make an effective hopping between ¢ and r of ""3"—'?._1 i _::“ '
approximate strength
tot, \L
tor ~ fr : (11.5)
L. ___0 - aD—
(I approximated ¢ < T.) L 4, "
fr

This RG rule (11.5) (which we could name for Dasgupta and Ma in a slightly more
fancy context) is very simple in terms of the logs of the couplings, ¢ = log 7T/t :

(=G0+¢
— they just add. Here ¢ € (0,00) and ¢ = 0 is the strongest bond.

Let’s make an RG for the probability distribution using this rule. The first step is
to reduce the UV cutoff, by decimating the highest-energy or shortest distance degrees
of freedom. Here the UV cutoff is just the largest hopping parameter, 7. Then the
new effective bonds have the distribution (in the log)

Prnl) = / e / T A PC)PG)S(C = Co— ).

Imagine we start the RG at some initial strongest bond 7. Then I' = log 7/7T says
how much RGing we’ve done so far. The second rescaling step puts the distribution
back in the original range, which requires shifting everyone

T T —dT dT
Q_lOg(t_i>'_>10g( ‘. )——Q—?—Q—dF
This moves the whole distribution to the left: P(() — P({ +dl') = P(¢) + dT'P'({) +
Oo(dr), i.e.

drcscalop(c> = dP—(OdF

d¢
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The change in the full distribution from adding in the new bonds is

dnew bondsp(<> = dFP(()) Pnew(<>~

strongest bond

And the full evolution is

T =T po [T [T PGP - G- 6)

This equation has a simple solution:

Pr(() =fD)e ' —= orf=—f = f(I)=

M=

— as we zoom out we approach a non-normalizable distribution. This is an infinite-
randomness fixed point.

What is this analysis good for? For one thing, we can estimate the fraction of
undecimated sites at each step. Each time we decimate a link, we remove two sites.
Therefore, the number of undecimated sites evolves by

dN = —2Pp(0)NdT.
Approaching the fixed point, Pr(0) = f(I') = £, so the solution is
Ny Ny

N =2~ gy

The average distance between surviving sites is L(I") ~ a N]\(f%) ~ al? ~ alog?(Ty/t).

Here’s an attempt at a physical application. Let’s go back to using the spectrum
of the (random-entry) adjacency matrix to determine the heat capacity of a Debye-
Einstein solid. Let’s add in a diagonal (Einstein) spring constant:

2
Di
7 )
So the spectrum of normal modes is
w2=wi(1+e,)
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where €, are the eigenvalues of A. And we take A;; = (0,41 + 0;,—1) t; and choose ¢;
from the strong-disorder distribution found above.

To find the heat capacity at temperature 1/3, we should run the RG from some
initial UV cutoff 7y down to the T associated with temperature 7', which is of order
w—TOQ. Because of the breadth of the distribution, the bonds with ¢ < T2 are likely to
have t < T? and we can ignore them. Any site not participating in a bond produces a
simple equipartition contribution AE = kgT (i.e. it adds a constant to Cy/) as long as
1/8 > Q. Sites participating in a bond have w < T and are frozen out. So the heat
capacity is

Cyv(B) = N(T)

where N(T') is the number of undecimated sites when the temperature is 7', which
means here that the RG scale is 7 ~ T?2. So this model produces a crazy dependence

on the temperature,
1

TR p———
Y log¥(1?)

11.2 RG viewpoint on matched asymptotic expansions

[Goldenfeld chapter 10]

It is possible to get anomalous dimensions even from systems without any stochastic
element (i.e. thermal fluctuations or quantum fluctuations). It is even possible to get
them from /linear differential equations. The latter is demonstrated, for example, by
this analysis. (I apologize that I have not found the time to figure out how to explain
this without all the surrounding complications.)

Goldenfeld gives an extended discussion of a diffusion equation, perturbed by a
nonlinear, singular term, called the Barenblatt equation.

11.3 RG approach to the period doubling approach to chaos

[Creswick ch 2, Strogatz, Dan Arovas’ 200B notes!]
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