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0.1 Introductory remarks

Quantum field theory (QFT) is the quantum mechanics of extensive degrees of freedom.
What I mean by this is that at each point of space, there’s some stuff that can wiggle.
Such a collection of stuff is called a field, and QFT really is just the quantum theory
of fields.

It’s not surprising that QFT is so useful, since this situation happens all over the
place. Some examples of ‘stuff’ are: the atoms in a solid, or the electrons in those
atoms, or the spins of those electrons. A less obvious, but more visible, example is the
electromagnetic field, even in vacuum. More examples are provided by other excitations
of the vacuum, and it will be our job here to understand those very electrons and atoms
that make up a solid in these terms. The vacuum has other less-long-lasting excitations
which are described by the Standard Model of particle physics, an important and
overwhelmingly successful example of a QFT.

Some examples of QFT are Lorentz invariant (‘relativistic’). That’s a nice simplifi-
cation when it happens. Indeed this seems to happen in particle physics. We're going
to focus on this case for most of this quarter. Still I would like to emphasize: though
some of the most successful applications of QFT are in the domain of high energy
particle physics, this is not a class on that subject, and I will look for opportunities to
emphasize the universality of QFT.

A consequence of combining quantum mechanics with special relativity is that the
number of particles isn’t fixed. That is: there are processes where the number of
particles changes in time. Later on (in (3.1)), we’ll understand in what sense it’s a
necessary consequence of Lorentz symmetry. The converse is false: particle production
can and does happen all the time in non-relativistic situations. This business of particle
production is a crucial point of departure and motivation for QFT, worth emphasizing,
so let me stop and emphasize it.

Few-particle QM. In classes with the title ‘Quantum Mechanics’, we generally
study quantum systems where the Hilbert space H; holds states of a single particle (or
sometimes a fixed small number of them), which are rays in H,;.

The observables of such a system are represented by hermitian operators acting on
‘H,. For example, the particle has a position X and a momentum p each of which is a
d-vector of operators (for a particle in d space dimensions). The particle could be, for
example, an electron (in which case it also has an inherent two-valuedness called spin)
or a photon (in which case it also has an inherent two-valuedness called polarization).

Time evolution is generated by a Hamiltonian H which is made from the position
and momentum (and whatever internal degrees of freedom the particle has), in the



sense that ik, [¢) = H|¢). Finally, the fourth (most ersatz) axiom of QM regards
measurement: when measuring an observable A in a state |¢)) € H, we should decom-
pose the state in the eigenbasis of A: A |a) = ala), [¢) =, |a)a|y); the probability
to get the answer a is | {a|y) |°.

—

By the way: The components of the state vector in the position basis (Z|i) = ¢ ()
is a function of space, the wavefunction. This looks like a field. It is not what we mean
by a field in QFT. Meaningless phrases like ‘second quantization’ may conspire to try
to confuse you about this.

An important point I want to convey (as in the first sentence above) is that a QFT
is an ordinary quantum-mechanical system, obeying these same axioms, but with a
different Hilbert space, involving a lot more degrees of freedom (dofs).

Now suppose you want to describe quantumly the emission of a photon from an
atom with an excited electron. Surely this is something for which we need QM. But
it’s not something that can happen within H;, since the number of particles changes
during the process. How do you do it?

In the first section of this course we’ll follow an organic route to discovering an
answer to this question. This will have the advantage of making it manifest that the
four axioms of QM just reviewed are still true in QFT. It will de-emphasize the role of
Lorentz symmetry; in fact it will explicitly break it. Actually, Lorentz symmetry will
emerge on its own!

‘Divergences’. Another intrinsic and famous feature of QFT discernible from the
definition I gave above is its flirtation with infinity. I said that there is ‘stuff at each
point of space’: how much stuff is that? Well, there are two senses in which ‘the
number of points of space’ is infinite: (1) space can go on forever (the infrared (IR)),
and (2) in the continuum, in between any two points of space there are more points
(the ultraviolet (UV)). The former may be familiar from statistical mechanics, where
it is associated with the thermodynamic limit, which is where the interesting things
happen. This limit is not the origin of the famous ‘divergences’ in QFT.

Every QFT is an Effective Field Theory. In fact, the origin of the famous
‘divergences’ is hubris, of trying to use a tool where it is not meant to be used. One
lesson I want to emphasize is that every QFT has a regime of usefulness. A QFT which
is not meant to describe everything in the world down to arbitrarily short distances is
called an Effective Field Theory (EFT). Some QFTSs have the decency to tell us when
they are wrong (they are called ‘non-renormalizable’).

Weak coupling versus strong coupling. Before getting into it, I want to ad-



vertise the existence of an important dichotomy. This quarter, we're going to study a
number of important and physically-relevant quantum field theories quite successfully.
This success can be attributed to the fact that these theories are weakly-coupled. As
we'll see, this means that we can understand them by starting from a large (very large)
collection of springs, and doing perturbation theory. To quote from Brian Skinner’s
great description of his own experience of learning this aspect of quantum field theory:
“So is the universe made of tiny springs...?” Yes, younger Brian, that is exactly what
we are saying.

Except: not every quantum field theory is usefully described by this machinery.
If the tiny springs are coupled to each other too strongly, then this starting point
isn’t so helpful for describing their groundstate and low-lying excitations. Among
the excitations of our vacuum, those that participate in the accurately-named Strong
Interactions have this property; so do lots of other quantum field theories that arise
in other ways, such as in condensed matter physics. What I mean by “this starting
point isn’t so helpful” is that the groundstate (the vacuum) may not be adiabatically
related to that of the free springs. The multiplicity of phases of matter is reflected in
the phases of QFT. Understanding this will be a job for the later quarters of the QFT
sequence. Understanding the simple cases well is a necessary first step.

Sources and acknowledgement. The material in these notes is collected from
many places, among which I should mention in particular the following:

Peskin and Schroeder, An introduction to quantum field theory (Wiley)
Zee, Quantum Field Theory in a Nutshell (Princeton, 2d Edition)

Le Bellac, Quantum Physics (Cambridge)

Schwartz, Quantum field theory and the standard model (Cambridge)
David Tong’s lecture notes

Many other bits of wisdom come from the Berkeley QFT course of Prof. Lawrence
Hall.

I also recommend the new book:
Fradkin, Quantum Field Theory: An Integrated Approach (Princeton)

which takes a similar perspective to mine.


https://gravityandlevity.wordpress.com/2010/08/29/so-is-the-universe-made-of-tiny-springs-or-isnt-it/
http://www.damtp.cam.ac.uk/user/tong/qft.html

0.2 Conventions

Following most QFT books, I am going to use the + — —— signature convention for
the Minkowski metric. I am used to the other convention, where time is the weird one,
so I'll need your help checking my signs. More explicitly, denoting a small spacetime
displacement as dz# = (dt, dZ)", the Lorentz-invariant distance is:

410 0 0

0 -1 0 O

0 0 -10
0 0 0 -1
In%
) o\ K
(spacelike is negative). We will also write 9, = 52; = (@, Vx> , and 0" = n*9,. Tl

use p, v... for Lorentz indices, and ¢, k, ... for spatial indices.

ds® = +dt* — di' - dif =, da’'ds” with " =1, =

D = d+1 is the number of dimensions of spacetime. The convention that repeated
indices are summed is always in effect unless otherwise indicated.

= means ‘equals by definition’. A = B means we are demanding that A = B.
A< B means A probably doesn’t equal B.

A consequence of the fact that english and math are written from left to right is
that time goes to the left.

A useful generalization of the shorthand A = % is
dk = %
2m

[ will also write ;zfd(q) = (27)%0@(q). T will try to be consistent about writing Fourier
transforms as

A ez Ak ek F(1) =
[ G = [atk e i = s@)
WLOG = without loss of generality. [FF = if and only if.

RHS = right-hand side. LHS = left-hand side. BHS = both-hand side.

IBP = integration by parts. WLOG = without loss of generality.

+O(z™) = plus terms which go like 2™ (and higher powers) when x is small.
~+h.c. = plus hermitian conjugate.

We work in units where h and the speed of light, ¢, and Boltzmann’s constant, kg,
are equal to one unless otherwise noted. When I say ‘Peskin’ I usually mean ‘Peskin
& Schroeder’.

Please email me if you find typos or errors or violations of the rules above.




1 From particles to fields to particles again

Here is a way to discover QFT starting with some prosaic ingredients. Besides the
advantages mentioned above, it will allow us to check that we are on the right track
with well-understood experiments.

1.1 Quantum sound: Phonons

Let’s think about a crystalline solid. The specific heat of solids (how much do you have
to heat it up to change its internal energy by a given amount) was a mystery before QM.
The first decent (QM) model was due to Einstein, where he supposed that the position
of each atom is a (independent) quantum harmonic oscillator with frequency w. This
correctly predicts that the specific heat decreases as the temperature is lowered, but
is very crude. Obviously the atoms interact: that’s why they arrange themselves in a
nice crystal pattern, and that’s why there are sound waves, as we will see. By treating
the elasticity of the solid quantum mechanically, we are going to discover quantum
field theory. One immediate benefit of this will be a framework for quantum mechanics
where particles can be created and annihilated.

What holds the atoms in a solid in place? Their interactions with their neighbors.
Here we use two pieces of physics input: these interactions are translation invariant, and
so only depend on the differences of positions V'(¢; —¢;), and they decay with distance,
so we won’t go too far wrong only considering interactions between neighbors.

As a more accurate toy model of a one-dimensional crystalline solid, let’s consider
a linear chain of particles of mass m, each connected to its neighbors by springs with
spring constant x. When in equilibrium, the masses form a regular one-dimensional
crystal lattice (equally spaced mass points). Now let g, denote the displacement of the
nth mass from its equilibrium position x,, and let p,, be the corresponding momentum.
Assume there are N masses and (for simplicity) impose periodic boundary conditions:
GniN = qn. The equilibrium positions themselves are

T, =na,n=12.N

In modern

physics, when

I  hear the

word ‘particle’

I reach for

my Fourier
analyzer...

— J. Ziman,
Electrons and Phonons.




where a is the lattice spacing.
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The Hamiltonian for the collection of particles is:
N >
H= Z (& + 5 (an — qnl)Q) +Aq*. (1.1)

Notice that this system is an ordinary QM system, made of particles. In particular,
the whole story below will take place within the fixed Hilbert space of the positions of
the N particles.

I've included a heuristic token anharmonic term Aq* to remind us that we are
leaving stuff out; for example we might worry whether we could use this model to
describe melting. A more precise form would be something like =2 Aido (q"*a&)j,
which describes the next terms in the Taylor expansion of some potential V' (¢, — ¢,—1)
about the equilibrium configuration. If the springs are stiff, then the positions will not
want to depart from their equilibrium values (g, — ¢,—1 < a) and, even if the \; are
all comparable, it might be a good approximation to ignore such terms. This partly
explains the ubiquity of harmonic oscillators in discussions of physics'. By the way, the
fact that a solid will suddenly melt if you heat it up or reduce the pressure sufficiently
is an indication of what I was saying earlier about the multiplicity of phases of matter
reflecting the multiplicity of phenomena in QFT — in a regime where the solid melts,
our starting point here in terms of harmonic oscillators will emphatically not be a good

description!

Now we'll just set A\ = 0. (It will be a little while before we turn back on the
interactions resulting from nonzero A; bear with me.) This hamiltonian above describes
a collection of coupled harmonic oscillators, with a matrix of spring constants V' =
KapQaQp- 1f we diagonalize the matrix of spring constants (which is a real symmetric
matrix and so has real eigenvalues), we will have a description in terms of decoupled
oscillators, called normal modes.

IThe rest of the explanation is that it’s the only system we can solve.
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Since our system has (discrete) translation invariance, these modes are labelled by
a wavenumber k”, i.e. the matrix of spring constants s, is diagonalized by Fourier
transformation:

N
o \/LN 2 e—ikmnqn’ Dy = \/_ Z —1ka:n (13)

(Notice that in the previous expressions I didn’t use boldface; that’s because this step is
really just classical physics. Note the awkward (but in field theory, inevitable) fact that
we'll have (field) momentum operators py labelled by a wavenumber aka momentum.)

The reason the Fourier kernel e** appears here is that it diagonalizes the translation

operator T defined by Tf(x) = f(x + a):

Telk:): = elk(:c+a) _ elkaelkx'

In case this expression seems at all mysterious, note that for our discrete, finite chain,
T is represented by the matrix

01
001
T, = 001
10 0o/
It might also help to introduce an auxiliary quantum system to think about this linear
algebra problem: label the (position) basis states by |n),n = 0..N — 1 (with the

argument of the ket understood mod N). Then the translation operator is
T =) |n—1)n|. Its eigenvectors are |k) = \ﬁ SOV eikan ).

Regulators: Here we have our first meaningful encounter with the two ways in
which divergences arise in field theory. Here, because NV is finite, k takes discrete values
(1 = e*Na); this is a long-wavelength “IR” regulator. Because of the lattice structure,
k is periodic (only e'**" n € Z appears): k = k + 27 /a; this is a short-distance “UV”
regulator. The range of k can be taken to be

2n(N —1
0<p< PNV
Na
2The inverse transformation is:
1 27 /a 1 27 /a
ikx ikx
= —= > g, pu=—= > *rpy (1.2)
VN k>0 VN k>0

10



Because of the periodicity in k, we can equivalently label the set of wavenumbers by”:

2
O<k§—7r or —E<k§: (1.4)
a a a

That is, because of the lattice spacing, there is a largest possible k, and a smallest
possible wavelength (which is just the lattice spacing a itself).

Summary: Because the system is in a box (periodic), k-space is discrete. Because
the system is on a lattice, k-space is periodic. There are N oscillator modes altogether.
The transformation from real space (modes labelled by n) to Fourier space (modes
labelled by k) is an N x N unitary matrix.

The whole hamiltonian is a bunch of decoupled oscillators, labelled by these funny

H = Z(pkp PPk L SRk ) (1.5)

LUR." wo

100

wave numbers®:

where the frequency of the mode labelled & is

k .. 06
Wy = 2’/%8111% (1.6)

- fun=vslk]

— ka

-2 -2 -1 1 2 a

Why might we care about this frequency in (1.6)? For one thing, consider the
Heisenberg (or Hamilton) equation of motion for the deviation of one spring:

i, = [a,, H] = i77. i0p, = [p.. H].
Combining these gives:
Mén = =K (g = Gn-1) + (@ = Gn41)) = =K (200 — o1 — 1) -
In terms of the Fourier-mode operators:

mQy = —k (2 — 2 cos ka) gy

Plugging in a Fourier ansatz in time q;x(t) = Y. e “!qx, turns this into a com-

pletely algebraic equation (i.e. no derivatives) which says w? = w? = (4”) sin? |k2|a“ for

3This range of independent values of the wavenumber in a lattice model is called the Brillouin
zone. There is some convention for choosing a fundamental domain which prefers the last one but I
haven’t found a reason to care about this.

“Note that ¢, = g} implies that gx = ¢*,, (and similarly for ps), so the expression (1.5) is nice and
hermitian.

11



the allowed modes. We see that (the classical version of) this system describes waves:

0= (W’ —w}) Qhw <zl (w? — V2K?) Gr- (1.7)

The result for small £ is the Fourier transform of the wave equation:
(07 —v202) q(x,t) =0 . (1.8)

v, is the speed of propagation of the waves, in this case the speed of sound. Comparing
to the dispersion relation (1.6), we have found

_%| — g |
Vs = ok k=0 = @ m

The wave looks something like this:

e e ie g\ e- e e[\t e e e et e Tie e

These are sound waves. So the story I am telling is a quantization of sound waves.
Soon we will understand quantization of electromagnetic (EM) waves, too. (Note
however that it is bad practice to use ‘quantize’ as a verb meaning some operation we
do on a classical system. Really the arrow goes the other way: classical mechanics is
a crude approximation to quantum mechanics. There can even be different quantum
systems with the same classical limit.)

[End of Lecture 1]

Another way to derive the equations of motion is by varying the action:

. 1 L 1
S[Q] = /dtL, L= ;pnqn — Jul = 5 zn:mqn — §lingqan. (19)

08
3¢, (1)

0 = _an — Kneqe-

12



By the way, you may have learned some other ways to think about the Lagrange
equations of motion. Forget them and use functional derivatives. The only thing you
need to know is

0qe(s)

0qn (1)

which says different degrees of freedom are independent. This is just the continuum

= 5,00(t — 5) (1.10)

limit in time of the statement
8q€a

8q’n6

that the values of the function at different times and places are independent. Here

- 5€n6a5
Qe = qo(to) and these are just ordinary partial derivatives.

We can put back the terms in the long-wavelength expansion (1.7) that we left out
in the wave equation in (1.7). If the next correction is of the form w? = v2k*+gk*+- - - |
then the corresponding wave equation is instead

(07 —v202 + g0y + -+ +) q(z,t) = 0. (1.11)

Notice that by dimensional analysis, since the 92¢ has two more derivatives than the
02q term, g/v? must have units of length?. What length scale is it that suppresses the
higher-derivative terms? The (tiny!) lattice spacing. More about the long-wavelength
expansion below.

What action produces this wave equation as its equation of motion?

sl = [t [ (J0a2 - Jor+ S +).

Here the independent variable that we must vary to get the equations of motion®

(0= 52?%)’ which is (1.11)) is g(x,t), a field. Thus, we have seen field theory emerge

from this lattice model of particles connected by springs.

Here is a slight generalization, by way of recap. Consider the slightly more general
class of (still quadratic) Hamiltonians

p, 1
H= — iy nm4nm-
a 2mn+2%;“ nd

°To derive (1.11) from this action, you’ll need to use the basic fact gggg = §(x —y)d(t — s) (plus

ordinary calculus); this is the continuum limit in space of the relation (1.10).

13



We allowed the masses to vary, and we made a whole matrix of spring constants. Notice
that only the symmetric part % (Knm + Kmn) of this matrix appears in the Hamiltonian.
Also k must be real so that H is hermitian. To simplify our lives we can redefine
variables

Rnm
Qn = vVMnQn, Pn - pn/\/ mp, Vnm = —

My My,

H = % (Z P+, vnm@n@m) .

Notice that [¢n, pm] = 10m < [Qn, Pu] = 105m.

in terms of which

Now since Vi, is a symmetric matrix, and hence hermitian, it can be diagonalized.
That is, we can find an N x N unitary matrix U so that UVUT is a diagonal matrix:

> UanVam (U1),,; = bapw? (1.13)

where I assumed that all the eigenvalues of V' are positive — otherwise the system would
be unstable. U is unitary means:

D Uan (UN), 5 =asr Y (U, ;U = am- (1.14)

(0

To take advantage of this, we make the change of variables to the normal modes

@a - Z Uom,Qn‘

Multiplying the BHS of this equation by U, we have the inverse relation

Qn=>_(U"),, G

«

Notice that Q,, = Q! is hermitian. This means

Qn - Q;rl - Z <UT)Zo¢ QL - Z (UT)na QL - Z QLUO‘W

Similarly, we define P, = > UanP.

Now let’s look at what this does to the terms in H (this first equation is sometimes
called Parsival’s Theorem):

> pP2=) Pip, = ;ZU,M (U"), PLPs =) ElPa.

(114)

af

14



Z Vanan - Z VanLQm - Z Z Uomvnm (UT)mB QL@B - ZWC%QLQ&-

af m

(1.13) Sasw?
The special case we considered earlier, x,,,, = (%(’T +77) - ]l) s Where each mass
is only connected to its two neighbors, is special in three ways:

1. First, it is local in the sense that only nearby springs couple to each other, so K,
is only nonzero when n and m are close together.

2. Second, it has discrete translation invariance, that is, it is invariant under
(Qn, P,) = (Qni1, Poy1). This is just because k,,, does not depend explicitly
on n and m. Because of the latter property, the normal modes are plane waves,
Upn = €@/ v/N which has the consequences that (U T) = U_k,» and hence that

f=Q.u

3. Finally, it has a certain additional symmetry that also has a right to be called

translation invariance from the microscopic point of view. This is the symmetry
under ¢, — ¢, + €, which shifts each mass by the same, arbitrary amount. This
doesn’t stretch the springs at all, and so is a symmetry of H. More precisely, this
symmetry arises because the potential depends on ¢, only through differences,
V=V (¢n — @m)-
Notice that the transformation on the field ¢, is non-linear, in the sense that
the field shifts under the symmetry (as opposed to a linear transformation like
q — Rq). This is related to the fact that the transformation takes one minimum-
energy configuration to another; in this sense, the symmetry is said to be spon-
taneously broken. An important general consequence of a non-linearly realized
continuous symmetry is the presence of a massless mode, a Goldstone mode.
We've already seen that there is such a massless mode in this system. This is an
example of Goldstone’s theorem. It’s a bit mysterious in this example, but will
become clearer later.

QM. So far the fact that quantumly [q,, p,/| = ihd,, 1l hasn’t really mattered in
our analysis (go back and check — we could have derived the wave equation classically)®.
For the Fourier modes, this implies the commutator

ak, Pr] = Z Uk U [, Por] = ihllz U Uprpy = 1h0g, i 1L

n,n’

In case you are rusty, or forget the numerical factors like I do, here is a concise summary of the

15



In the previous expression I called Uy, = —=e~¥#*» the unitary matrix realizing the
p p o y g
discrete Fourier kernel.)

To make the final step to decouple the modes with k& and —k, introduce the anni-
hilation and creation operators’

h 1 [hmuwy
For k#0: qi= S (ak + aik> . Pr = ?” 5 (ak — aik> ) (1.15)

They satisfy

[ak, aL,] = 5kk’ 1.

In terms of these, the hamiltonian is
H=3 ho (ala, + 1, m
- AR 2m

operator solution of the quantum harmonic oscillator:

2 1 hw 1
H:p—+fmw2q2: ?(P2+Q2) :hw<aTa+ 2>

2m 2
with 1 ]
a=— +iP), af=-— —iP).
7 (Q+iP) 7 (Q—iP)
Here I've defined these new operators to hide
Q= q, P= P

[q,p] =ikl <+ [QP]=iil <<= [aal]=1

The number operator N = a'a satisfies
[N,a] = —a, [N,a]=+al .

So a and a' are lowering and raising operators for the number operator. The eigenvalues of the number
operator have to be positive, since

0<[aln) |* = (n|afaln) = (n|N|n) = n (n|n)

which means that for n = 0 we have ajn =0) = 0. If it isn’t zero (i.e. if n > 1), a|n) is also an
eigenvector of N with eigenvalue n — 1. It has to stop somewhere! So the eigenstates of N (and hence
ofH:hw(N+%) are
0y, [1y=af|0), ...|n)=c,(ah)"|0)...
where we must choose ¢, to normalize these states. The answer that gives (n|n) = 11is ¢, = \/%
"You might notice that when k = 0,w;, = 0. This last step applies to the modes with wy # 0,

hence k # 0. The ‘zero-mode’ must be treated specially. It is neglected in many treatments of this
topic but actually has a lot of physics in it. If you are curious see this discussion, page 11.

16
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— it is a sum of decoupled oscillators, and a free particle describing the center-of-mass.

The discovery of Fock space. The groundstate is
‘O> = ‘O>osc ® |p0 = 0> ) where a ‘O>osc = 07 v k’ and Po |p0> = Po ’p0> :
We know this is the groundstate because H is a constant plus a bunch of squares, and

the squares all annihilate this state.

An excitation above the groundstate by the creation operator with wavenumber k

al |0) o< [one phonon with momentum 7ik) (1.16)

has energy hwy above the groundstate. (This is an eigenstate because [NV, a,t] = aL,

where Ny, = azak.) The excitation is called a phonon with momentum hk.® This is
what in undergrad QM we would have called “|k)”; we can make a state with one
phonon in a position eigenstate by taking superpositions:

lone phonon at position x) = Z ¢'** lone phonon with momentum hk) ~ Z ekzal |0) .
i i

This is the state that in single-particle QM we would have called “|z)”.?

The number operator (of the SHO with label k) Ny = aLak counts the number of
phonons with momentum k. The ground state is the state with no phonons — for this
reason we could also call it the ‘vacuum’. We can also make a state with two phonons:

k. K) = alal, 0)
whose energy above the groundstate is
E—Eo = Wi + Wy. (117)

Note that all these states have non-negative energy.

So this construction allows us to describe situations where the number of particles
N = )", Ny, can vary! That is, we can now describe dynamical processes in which the
number of particles changes. Let me emphasize: In QM, we would describe the Hilbert
space of two (distinguishable) particles as a tensor product of the Hilbert space of each.

81 put ‘proportional to’ rather than ‘equal’ in (1.16) because there can be a k-dependent normal-
ization factor. We’'ll see soon that Lorentz symmetry prefers a particular normalization here which
we will adopt.

9For now, the fact that |k) and |z) are related by a Fourier transform will have to serve for evidence
that Ak is the momentum of the particle we've just discovered. Later we will show that indeed the
state aL |0) has momentum %k above the groundstate.
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How can we act with an operator that enlarges the hilbert space?? We just figured out
how to do it.

We can specify basis states for this Hilbert space

()™ ()10 =

by a collection of occupation numbers ny, eigenvalues of the number operator for each
normal mode (and the center-of-mass momentum py).

Notice that in this description it is manifest that a phonon has no identity. We
only keep track of how many of them there are and what is their wavenumber. They
cannot be distinguished. Also notice that we can have as many we want in the same
mode — ny can be any non-negative integer. These are an example of bosons. (Further

evidence for this is that a}ia,t, = aL,aL.)

Lessons from the hard work of the first two lectures:

e Starting from a collection of particles, we chained them together, and made a
field; treating this system quantumly, we found a new set of particles. The new
particles (the normal modes) are collective excitations: their properties can be

very different from those of the constituent particles. For example, the constituent

53—, but the phonons have dispersion

particles have dispersion relation E(p)

relation E(p) = hw, /e s|pl-

And the constituent particles are distinguishable by their locations, but phonons
are indistinguishable from each other. The state of such indistinguishable par-
ticles is determined merely by specifying a collection of positions (or momenta)
and of spin states — we don’t need to say which is which (and in fact, we cannot).

e Notice that there are some energies where there aren’t any phonon states. In
particular, the function (1.6) has a maximum. More generally, in a system with
discrete translation invariance, there are bands of allowed energies. In the con-
tinuum limit (roughly a — 0 with the correct quantities held fixed), to which we
devolve soon, this maximum (which occurs at & = ) goes off to the sky.

e Lorentz invariance can emerge. The dispersion relation for the long-wavelength
(ka < 1) sound mode was w? = v?k?. This is the fourier transform of

(82 — v*V?) () = 9,0"d(x) = 0, (1.18)

a wave equation with Lorentz symmetry (if v is the speed appearing in the
Minkowski metric). To get (1.18), we had to ignore the O(a*k*) terms in the
long-wavelength expansion of the dispersion relation, 2(1 — cos(ka)). The lattice
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breaks Lorentz symmetry, but its effects go away for ka < 1. This point might
make you think that the Lorentz symmetry which is so precious to us in particle
physics could emerge in a similar way, but with a much smaller a than the lattice
spacing in solids. There are strong constraints on how small this can be (e.g. this
well-appreciated paper) so it is very useful to treat it as a fundamental principle.

e When N < oo, everything is completely finite. And yet we see that at low
energies the system is well-described by a quantum field theory. Even in the
thermodynamic limit, N — oo with fixed a, there is a maximum possible wy
(and a maximum possible k) for each phonon. This is a well-regulated QFT.
Observe the tension between the non-symmetric, safe lattice and the symmetric,
dangerous continuum.

[End of Lecture 2]

Phonons are real: heat capacity of (insulating) solids. The simplest demon-
stration that phonons are real is the dramatic decrease at low temperatures of the heat
capacity of insulating solids. At high temperatures, the equipartition theorem of clas-
sical thermodynamics correctly predicts that the energy of the solid from the lattice
vibrations should be T times the number of atoms, so the heat capacity, Cyy = OpFE
should be independent of T.

At low temperatures T' < Op, this is wrong. ©p is the tem- z»
perature scale associated with the frequencies of the lattice
vibrations (say the maximum of the curve wy above). The
resolution lies in the thermal energy of a quantum harmonic

oscillator for T' < w, the energy goes to a constant %hw,
independent Of T: o0 [J‘i liD |:5 2:{]

So the heat capacity (the slope of this curve) goes to zero as T — 0'".

Phonons are real: the Mossbauer effect. Here is another dramatic conse-
quence of the quantization of the lattice vibrations of solids, known as the Mossbauer
effect, first described in words. The nuclei of the atoms in a solid have various en-
ergy levels; when hit with a v-ray photon, these nuclei can experience transitions from
the groundstate to some excited energy level. If an excited nucleus somewhere in
the lattice gets hit by a very energetic photon (a «-ray) of some very specific energy

10More precisely, the energy in thermal equilibrium of our collection of springs is

Wk L—00,T<Op vk T q _
zk:fk/T—l = /ddkevsk/Tfl_ U;l_l ddqeq_lv q:vsk/T.

So the heat capacity is Cyy ~ T% — 0 as T — 0.

19


http://arxiv.org/abs/hep-ph/9812418
http://arxiv.org/abs/hep-ph/9812418

E, = AE = FEeitea — Eo, the nucleus can absorb and re-emit that photon. The
resulting sharp resonant absorption lines at £, = AE are indeed observed.

This sounds simple, but here is a mystery about this, depicted in the comic strip
below: Consider a nucleus alone in space in the excited state, after it gets hit by a
photon. The photon carried a momentum p, = E,/c. Momentum is conserved, and
it must be made up by some recoil of the absorbing nucleus. This means that not all
of the energy of the photon can go into exciting the nucleus. When it emits a photon
again, it needn’t do so in the same direction. This means that the nucleus remains in
motion with momentum Ap = p; — p>. But if some of its energy AE = Eqciteda — Fo
goes to kinetic energy of recoil, not all of that energy can go to the final photon, and
the emitted photon energy will be less than E, by Frecon = ?—fj. This can be as big as
Emax _ (2p)% _ (2By/c)?

roeoil = oxi = 5y (in the case of scattering by angle 7). So instead of a sharp

absorption line, it seems that we should see a broad bump of width % But we do

see a sharp line when scattering off a solid!

N

The solution of the puzzle is phonons: for a nucleus in a lattice to recoil requires
that the springs are stretched — it must excite a lattice vibration, it must create some
phonons. But there is a nonzero probability for it to create zero phonons. In this case,
the momentum conservation is made up by an acceleration of the whole solid, which is
very massive (its mass is NM where N is the nurr?ber of nuclei!), and therefore does

Py

not recoil very much at all (it loses only energy 577)""

HTet’s see this in terms of our solution in terms of Fourier modes. Periodic boundary conditions
and demanding that the particles are identical says that |{¢,}) = |{qn + a}) are the same state. In
terms of the &k = 0 mode, this is

=

1 N 1 N

—i0z, — . —
= — g € n = n+ Nal, i.e g =q +VDNa.
q0 TV 4 1(] (n 1q ) q0 qo0
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This allows for very sharp resonance lines. In turn, this effect —————=_

has allowed for some very high-precision measurements. The \ ,.-"/
different widths in these cartoon absorption spectra don’t /
do justice to the relative factor of N. An essentially similar - . , \ .

10 -05 00 05 10

effect makes it possible to get precise peaks from scattering W
of X-rays off of a solid (Bragg scattering) — there is a finite
amplitude for the scattering to occur without exciting any

phonons.

L L Lo
-10 -05 00 05 T

This is actually a remarkable thing: although solids seem ordinary to us because
we encounter them frequently, the rigidity of solids is a quantum mechanical emergent
phenomenon. You can elastically scatter photons off of a solid only because the atoms
making up the solid participate in this collective behavior wherein the whole solid acts
like a single quantum object!

Interactions. We now pause the celebration to point out some limitations of this
analysis. Many aspects of the above discussion are special to the fact that our Hamilto-
nian was quadratic in the canonical operators ¢, p. Certainly our ability to completely
solve the system is. In particular, the additivity of the energy of the excitations (1.17)
is an artifact of this limit where the Hamiltonian is quadratic.

Notice that the number of phonons of each momentum Ny = aLak is conserved for

each k (i.e. commutes with H). This is a lot of symmetry! But if we add generic cubic
and quartic terms in q (or if we couple our atoms to the photon field) even the total
number of phonons Y, N will no longer be a conserved quantity’”. So a description

This means that the wavefunction for the zeromode must satisfy

2n7
VNa

eiPodo — eipo(tIo+\/Na) = pg €

and the first excited state has energy

p3| 11 f2m)?
2m "=V 2Nm\a )

The factor of ﬁ is the suppression by the mass of the whole solid. (Recall that N ~ 102%4.)
I2Note that it s possible to make a non-quadratic action for conserved particles, but this requires
adding more degrees of freedom — the required U(1) symmetry must act something like

(¢",4*) = (cosbq',sinbq?).

We can reorganize this as a complex field ® = ¢ + ig? on which the symmetry acts by ® — el?®.
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of such particles that forced us to fix their number wouldn’t be so great.

For example, think about expanding a general cubic term > Ami@n@mq in os-
cillators. It has terms like

TooT T T T
akl akQ a'k37 akl a'kz akg’ a'k‘l akg akg’ akl akz akg

all of which change the number of phonons. A quartic term will also contain terms
like afafaa which preserve the number of phonons, but describe an interaction between
them, where they exchange momentum.

More generally, I would like to remind you again that not every QFT can be usefully
considered as nearly a bunch of harmonic oscillators. Finding ways to think about the
ones that can’t is an important job for later.

Towards scalar field theory. It is worthwhile to put together the final relation
between the ‘position operator’ and the phonon annihilation and creation operators'®:

h 1 ( -k, —.k? T 1
n=1l7" —— (e™ra +e‘x"a>+— 1.19

and the corresponding relation for its canonical conjugate momentum

_H /i - <1ka:  —ikan T) 1
Prn = i 2IU zk: VWi | € ag € g + \/NPO

The items in red are the ways in which p and ¢ differ; they can all be understood from

the relation p = uqg as you will see on the homework. These expressions are formally
identical to the formulae we’ll find below expressing a scalar field in terms of creation
and annihilation operators (such as Peskin eqns. (2.25) and (2.26) ). The stray factors
of p arise because we didn’t ‘canonically normalize’ our fields and absorb the ms into
the field, e.g. defining ¢ = /g would get rid of them. The other difference is because
we still have IR and UV regulators in place, so we have sums instead of integrals.

Path integral reminder in a box. [A useful reference is Zee §I.2] If we use the
path integral description, some of these things (in particular the continuum, sound-
wave limit) are more obvious-seeming.

Let’s remind ourselves how the path integral formulation of QM works for a particle
in one dimension with H = % +V(q). The basic statement is the following formula for
the propagator — the amplitude to propagate from position eigenstate |gy) to position
eigenstate |¢) during a time interval ¢ is

. q(t)=q - -
<q| 6—1Ht |q0> _ / [dq}elfo ds (§q27V(Q)) )
q

(0)=q0

13Note that relative to (1.15), we relabeled the summation variable k — —k in the second term.
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Here [dg] =N Hlj\fl dq(t;) — the path integral measure is defined by a limiting procedure
(M = & — o0, At — 0, fixed), and N is a normalization factor that always drops
out of physical quantities so I don’t need to tell you what it is.

Recall that the key step in the derivation of this statement is the evaluation of the

propagator for an infinitesimal time step:
. . 2 .
<q2| 6—1HAt |q1> _ <q2’ e—lAtg—me—lAtV(q) |q2> + O(At2) )

An integral expression for this involving only numbers (no operators, no states) can be
obtained by inserting resolutions of the identity

1= = ( [l ) [ aataral) = [av [ adaier

in between the two exponentials. For a more extensive reminder, please see §2.4 of this

document.

Two quick but invaluable applications of the path integral:

1. The path integral explains the origin of the variational principle and the special
role of configurations that solve the equations of motion. They are points of
stationary phase in the path integral, where

08
0=——. (1.20)

dq(t)
In case you are not familiar with functional derivatives: From the definition of
the path integral as a limit it should be clear what is meant by this expression.
If we didn’t take the limit, the stationary phase condition is that S is extremized

in every direction ¢; = ¢(t;):

_ 0S8
- g
The functional derivative in (1.20) means the same thing but looks nicer because

0

we can pretend everything is smooth rather than discrete. Since ¢; and ¢; are
independent variables,

% = 0; and therefore %(t)
3qj 6Q(S)

With the help of the chain rule, this is the only functional derivative you need to

=0(t —s).

know how to take'.

Part of this statement is a discovery of the true role of A: its job is to make up
the units so that the exponent in %19/ is dimensionless.

HTf you are not yet comfortable with the machinery of functional derivatives, please work through
pages 2-28 through 2-30 of this document right now.
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2. Above I wrote a formula for the real-time propagator. FEuclidean path inte-
grals are also very useful, because they compute ground-state expectation values.
Here’s why:

The vacuum can be prepared by starting in an arbitrary state and acting with
e TH for some large T', and then normalizing (as usual when discussing path
integrals, it’s best to not worry about the normalization and only ask questions
that don’t depend on it),

|0) = Ne ™7 |any) .

To see this, just expand in the energy eigenbasis. This ‘imaginary time evolution
operator’ e HT has a path integral representation just like the real time operator,
by nearly the same calculation

e‘HT:/[DQ]e [or dr L) ) |4(0))g(—T))

Doing the same thing to prepare (0|, making a sandwich of f(q) and taking
T — oo we can forget about the arbitrary states at the end, and we arrive at

_OU@I0) 1 [ s, 6
(i) = B = 5 [1Dae 1ta /H@e  (q0)

(1.21)
where Z = [[],dg e >5%%) (here i, j are discrete time labels) and Sg[q] is the
euclidean action. Relative to the real time action, there is an important sign'®

Selal = [ dr (00 + Via).
This sign makes good sense — it means that configurations with large V' are

suppressed in the euclidean path integral.

This trick of using imaginary time evolution to prepare the groundstate is a
crucial one that we will use all the time below'®

In the special case where L is quadratic in ¢ and ¢, this can be written as

_ /Hd(b’ e~ D14

5By the way, I use square brackets for S[g|] to remind myself that S is a functional of ¢, a machine

that eats functions and spits out numbers — for each function ¢(7), S[g| is a number. But in fact my
main point here is that for our purposes there is not such a big difference between a functional and a
function of many variables (the values of the function at a discrete collection of points).

16Tn lecture, I mentioned that we don’t know how to do imaginary time evolution in the laboratory.
Here is one recent attempt to do it using measurements. A reason to believe that it shouldn’t be
possible to do this efficiently is that it can be used to solve NP complete problems (by encoding their
solution into the groundstate of a Hamiltonian).
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where D;; is the (real, symmetric) matrix which discretizes the action. Repeated
indices are summed. This is a gaussian integral. This is the path integral point
of view on why quadratic terms are special.

This discussion of path integrals has been for a single degree of freedom ¢. But
as we've seen, we can make a field theory by coupling together a collection of
such degrees of freedom ¢,,. The path integral measure for a field theory is just
the product of the measures for each of these ¢, — it’s just a matter of sticking
more labels on the integration variables.

1.2 Scalar field theory

Scalar field theory in one dimension. [Zee §1.3] The (real-time) path integral for
our collection of oscillators is

7 = /[dql e qu]eiS[(I]

with Slg fdt( 2 3mnd: —V({q})) = [dtL(q,4). The potential is V({q}) =
PO 3K (an qn) . Now suppose we have poor eyesight and can’t resolve the indi-
vidual atoms in the chain; rather we're only interested in the long-wavelength (small-
wavenumber) physics. Sometimes this is described as taking a continuum limit, a —
0, N — oo. Basically the only thing we need is to think of ¢, = ¢(z = na) as defining a

b Continuum Limit ¢(x)

smooth function: [Note that the continuum field

(n-1)a na (n+l)a

is often called ¢(x) instead of g(x) for some reason. At least the letters ¢(z) and ¢(x)
look similar.]

By Taylor expanding ¢(z,,_1) about ¢(z,), we have

(Qn_anl) ~a ( xq ’a: =nas aZf Qn —/dxf(Q(x))

2= [ldges

with [dg] now representing an integral over all configurations ¢(t,z) (defined by this
limit) and

/dt/dm 1(9,q)? — pv? (8,q)° — r¢* — ug* — L) = /dt/dxﬁ (1.22)
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where I've introduced some parameters p,vs,r,u determined from m, x,a... in some
ways that we needn’t worry about, except to say that they are finite in the continuum
limit. The --- includes terms like a* (9,¢)" that are small when k < L. s0 we ignore
them. L is the Lagrangian density whose integral over space is the Lagrangian L =

[ dxL.
The equation of motion is the stationary phase condition,

S i+ ?

0%q —rq —2ug® — ...

In this expression I have written a functional derivative; with our lattice regulator, it is

simply a(n extremely useful) shorthand notation for the collection of partial derivatives

0
Oqn *

From the phonon problem, we automatically found r = v = 0, and the equation
of motion is just the wave equation (1.8). This happened because of the symmetry
Gn — @n + €. This is the operation that translates the whole crystal. It guarantees
low-energy phonons near k& = 0 because it means ¢(x) can only appear in S via its
derivatives. (This is a general property of Goldstone modes; more on this later.)

[End of Lecture 3]

The following will be quite useful for our subsequent discussion of quantum light.
We can construct a hamiltonian from this action by defining a canonical field-momentum

m(x) = gT‘; = nudyq and doing the Legendre transformation:

H= Z (Pndn — Ly) = /da: (m(z)g(x) — L) = /d:v (Lx)? + w2 (0,q(2))* + 7¢* + ug* + ) .

2
(1.23)
(Here in the first step I wrote L =) L, to emphasize locality.) I emphasize that the
position along the chain x here is just a label on the fields, not a degree of freedom or
a quantum operator. This dramatic shift of perspective is why I am spending time on
this step. (Note that I suppress the dependence of all the fields on ¢ just so it doesn’t
get ugly, not because it isn’t there.)

The field q is called a scalar field because it doesn’t have any indices decorating it.
This is to be distinguished from the Maxwell field, which is a vector field, and which
we'll discuss next. (Note that vibrations of a crystal in three dimensions actually do
involve vector indices! We omit this complication.)

The lattice spacing a and the size of the box Na in the discussion above are playing
very specific roles in regularizing our 1-dimensional scalar field theory. The lattice
spacing a implies a maximum wavenumber or shortest wavelength and so is called an
“ultraviolet (UV) cutoff”, because the UV is the short-wavelength end of the visible
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light spectrum. The size of the box Na implies a maximum wavelength mode which
fits in the box and so is called an “infrared (IR) cutoft”.

If we also take the infinite volume limit, then the sums over k£ become integrals. In
this limit we can make the replacement

% Z ” /ddk’ L6 ~ (2W)d5(d)(k — k).
k

A check of the normalization factors comes from combining these two rules

Wﬂlz}j%yz/&%@m%@%—k%
k

Continuum (free) scalar field theory in d+ 1 dimensions. These continuum
expressions are easy to generalize to scalar field theory in any number of dimensions.
Let’s do this directly in infinite volume and set p = 1 by rescaling fields (i.e. ¢ = \/1q).
The action is

S[¢] = / A dt (%q's? - %vgw Vo — V(¢)> . (1.24)

This is almost what we would have found for the long-wavelength (ka < 1) description
of a d-dimensional lattice of masses on springs, like a mattress (except that there would
have been one ¢ for each direction in which the atoms can wiggle). The equation of

_ 6S[¢] _ 92 272 /!

For the harmonic case V(¢) = 3m?¢? we know what we’re doing, and (1.25) is called

motion is

the Klein-Gordon equation,

0= (00" +m?) ¢. (1.26)
(Notice that I've set vs = ¢ = 1 here, and this is where we have committed to a choice
of signature convention; take a look at the conventions page §0.2.). In relativistic
notation, the Lagrangian density is just £ = 1 (9,00"¢ — m?¢?). This describes free
continuum real massive relativistic scalar quantum field theory. (Match the adjectives
to the associated features of the lagrangian; collect them all!)

Let’s solve it by canonical methods. The canonical momentum'”

Ism = g—’g = gb
and the Hamiltonian (which we can instantly promote to a quantum operator by using

boldface symbols) is then
_ a. (m(x) lole, & 1 55
H—/dx( 5 +2US<V¢ V¢>+2m¢ :

1"More correctly, 7 is the canonical momentum density, since £ is the Lagrangian density not the
Lagrangian. But everyone always forgets the word ‘density’ in both cases.
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Note that all these terms are positive.

A translation invariant linear problem is solved by Fourier transforms:

/ddk e"”(ﬁk, and 7 (z /ddk e (1.27)

The hamiltonian is then

1 1 -
H= /ddk (iﬂ'kﬂ'k + 5 <U§k2 + m2> (,bkd)k)
where k2 = (—ik) - (ik) = k - k. Just as in (1.5), this is merely a sum of decoupled
oscillators, except for the coupling between wavenumbers k and —k. Comparing with
(1.5), we can read off the normal mode frequencies, aka the dispersion relation:
w,% = vglgz +m?.
w = twy is precisely the condition for the Fourier mode ik =iwt 6 solve the Klein-

Gordon equation (1.26).

We can decouple the modes with wavenumber k& and —k as above by introducing
the ladder operators'®

h 1 [hwyg
b = 1/2—% <ak +aik> D TR= T\ (ak — aik) . lag,al] = 2m)% Dk - k).
(1.28)
Their commutator follows from [¢(z), 7(y)] = 16 (z — y)'”. In terms of the ladder

operators,
1
H— /ddk iy (aLaHiLd) .

Combining the previous two steps (1.27) and (1.28), the field operators are

/ddk \/; Tay + e ‘“aL)
/ddk: \/7 Tay — e~ EfaL) . (1.29)

The mode expansions (1.29) contain a great deal of information. First notice that
¢ is manifestly hermitian Next, notice that from ¢(7) = qb(x 0) by itself we can-
not disentangle a; and ak, since only the combination a; + al ', multiplies eif 7 The

18Beware that the mode operators a;, defined here differ by powers of 27/ L from the finite-volume
objects in the previous discussion. These agree with Peskin’s conventions.
19T emphasize that this is really the same equation as our starting point for each ball on springs:

[qn7 pn’] = ih]l»énn’ .
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momentum 7 contains the other linear combination. However, if we evolve the field
operator in time using the Heisenberg equation (as you did on the HW), we find

. . [ h o R
(b(f? t) = elHt(é(f)elet _ /ddl{? 2_ <elk-w71wl—c—tak + e*lk-erletaL) . (130)
Wk

Indeed we can check that the relation 7 = ¢ holds.

Negative frequencies. Notice that the dependence on spacetime is via a sum of
terms of the form:

and their complex conjugates. These are precisely all the solutions to the wave equation
(1.26). For each k, there are two solutions to the second order ODE (02 + k* +
m?)¢r(t) = 0, namely ! with w = 4wy, one with positive frequency and one with
negative frequency. You might have worried that solutions with both signs of the
frequency mean that the world might explode or something (like it would if we tried to
replace the Schrodinger equation for the wavefunction with a Klein-Gordon equation).
This danger is evaded in a beautiful way: the coefficient of the positive frequency
solution with wavenumber k is the destruction operator for the mode; the associated
negative frequency term comes with the creation operator for the same mode, as a
consequence of reality of the field ¢ = ¢'. (Some words about antimatter might be
appropriate here, but it will be clearer later when we talk about examples of particles
that are not their own antiparticles.)

‘Momentum’. Finally, in a relativistic system, anything we can say about time
should also be true of space, up to some signs. So the fact that we were able to generate
the time dependence by conjugation with the unitary operator e (as in (1.30)) says
that we should be able to generate the space dependence by conjugating by a unitary
operator of the form e~ Here P is the last in a long list of objects in this section
with a claim to the name ‘momentum’. It is the conserved charge associated with
spatial translation symmetry, the generator of spatial translations. Its form in terms
of the fields will be revealed below when we speak about Noether’s theorem. For now,
let me emphasize that it is distinct from the objects p,,, m(x) (which were ‘momenta’ in
the sense of canonical momenta of various excitations) and also from the wavenumbers
k of various modes, which (when multiplied by &) are indeed spatial momenta of single
particles. (This statement gives us an expectation for what is the total momentum of
a state of a collection of particles which we will check below in §1.4.) In terms of the

momentum operator, then, we can write
Bla) = e p(0)e P

with P, = (H,P),.
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1.3 Quantum light: Photons

The quantization of the Maxwell field is logically very similar to the preceding dis-
cussion. There are just a few complications from its several polarizations, and from
the fact that quantum mechanics means that the vector potential is real and necessary
(whereas classically it is just a convenience). This is a quick-and-dirty version of the
story. I mention it here to emphasize that the machinery we are developing applies to
a system you have already thought a lot about!

Maxwell’s equations (with ¢ = 1) are:

V-B=0, V x E = —9,B, (1.31)
V- E = 4mp, V x B =08,E +4rnj (1.32)
(where the familiar electric and magnetic fields are B = —F% and ¢7*B* = —F¥),

The first two equations (1.31) can be regarded as constraints on E and B which mean
that their components are not independent. This is annoying for trying to treat them

quantumly. To get around this we introduce potentials A, = (®, A),, which determine
the fields by taking derivatives and which automatically solve the constraints (1.31):

— — -

, aka E=-VO®—9,A B=VxA.
Potentials related by a gauge transformation
A A=A-VA & =d+09\ (1.33)

for any function A(7,t), give the same E.B (or F),), and must be regarded as different
descriptions of the same physical situation. I emphasize for the first of many times
that the transformation (1.33) is not a symmetry of the Maxwell theory, but rather a
redundancy of our description. There is no such thing as ‘gauge symmetry’.

Nevertheless, the Bohm-Aharonov effect is proof that (some of the information in)
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the potential is real and useful, despite this redundancy??!%?. [End of Lecture 4]

We can partially remove the gauge redundancy by choosing our potentials to satisfy
Coulomb gauge
V-A=0.
In the absence of sources p =0 = j’, we can also set ® = 0. In this gauge, Ampere’s
law becomes (restoring factors of ¢ for rhetorical drama)

—

AV x <6 X /T) =V - (6 - A> AV2A = —0?A, e |0PA—AVEA=0|

This wave equation is different from our scalar wave equation (1.8) in three ways:

e we're in three spatial dimensions,

e the speed of sound vy has been replaced by the actual speed of light ¢ (which is
good since the waves in question are light-waves),

e the field A is a vector field obeying the constraint V-A =0. In fourier space
A(z) = [d%ke™T A(K) this condition is

0="Fk-Ak)

— the vector field is transverse.

20Tn case you haven’t seen it before: for a closed curve C, the object

fg A, (x)da" — ?{C A (z)dat = ?{; A, (z)dat + 7{0 Iy dx (1.34)

FTC
=0

is gauge invariant (by the Fundamental Theorem of Calculus), and hence can be physical. Indeed it
is physical: The phase acquired by particle of charge e moving along the path C is el o Audz” Thig
can be observed in an interference experiment.

21A brief warning about the previous footnote for future experts, please ignore if you're not in-
terested: actually the allowed gauge transformations are of the form A — A 4 ig~'dg, where g is a
single-valued function living in the gauge group, which is U(1) (not R, if charge is quantized). This
includes large gauge transformations. For example, if the system lives on a circle with coordinate
0 = 6 + 2, then the allowed functions are of the form g, () = €™ for some n € Z. The variation
of §s1 A under the transformation labelled by n is §o; A = §o1 A +i e g, dgn = §g A+ 2mn. The
second term is the winding number of the function g,,. But since this is 27 times an integer, the phase
acquired by a particle with integer charge ¢, el $s1 4 is still gauge-invariant.

22Tn fact, we also don’t know how to formulate quantum mechanics of a charged particle without
the vector potential. So this is another strong motivation to introduce it.
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In this discussion, we are starting from the continuum field
theory description, analogous to (1.22) for the case of sound
waves. If you read Maxwell’s original paper, you will see that
he tried hard to introduce an analog of the balls and springs
for the electromagnetic field, a particular UV completion of
his equations involving various interlocking cogs and gears

(as in the figure at right from his 1861 paper) I actually
don’t understand it; if you do please explain it to me.

An action that gives rise to Maxwell’s equations is

1 1 1
S[A] = /d4SC (_ZFMVF“V> = /d4x£MaxweH' EMaxwell = _ZF;U/F'“V = 5 (E2 — B2) .
(1.35)
oS

Note that we must regard A as the dynamical variable to obtain (1.32) by 0 = AL
(1.35) is beautifully simple and inevitable: the action should be a Lorentz scalar (mean-
ing that all indices must be contracted using 7),,,) and it must be invariant under (1.33).

What other scalar, gauge-invariant quantity can you make out of 4,7 #*

The canonical momentum of A is then 14, = % = E'. So the Hamiltonian
is*: Z
1 . .
H-— 5/d%; <E2 + c232> . (1.37)

Here £ = —0,A plays the role of field momentum 7(z) in (1.23), and B = V x A plays
the role of the spatial derivative d,q. We can immediately this as a quantum system
by analogy with the scalar case, by expanding A in terms of a basis of solutions of
the equations of motion and promoting their coefficients to creation and annihilation

23The condition of gauge invariance is easy to solve by writing only functionals of F. A single
F,, has Lorentz indices on it, which we need to contract if we want a Lorentz scalar. We could try
taking derivatives of it, but we’d need two derivatives to saturate all the indices, and 0*9" F},, = 0 by
antisymmetry of F},,. So we need at least two F's. There are actually other terms we can consider,

such as
0°F,,0,F". (1.36)

But notice that this has more derivatives than F?2, and will therefore be less important in the long-
wavelength limit. This doesn’t mean that it is absent, but we will ignore all the other terms for now
and think about them more later. (The brief version is: (1.36) has two more derivatives than the
Maxwell term; dimensional analysis then requires that its coefficient has dimensions of length-squared.
If we're interested in wavelengths much longer than this length scale then we can ignore (1.36).) The
logic I've just described is a simple example of the Effective Field Theory perspective on the world,
one which I hope to proselytize in this course.

24You may also recall that the energy density of a configuration of Maxwell fields is u =
% (E_"2 + B’z) . This result can be obtained either by Legendre transformation of Lyfaxwel, or from

TP, the energy momentum tensor, as you'll see on the HW.
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operators:

o 1 lkr fwgt AN ikeriwpt
t)_/d%mz( g al g (ke )

where

[aks’ ak’ /] - 6d(k k)585 (138)

Here we need w? = ¢?k? to solve the wave equation. There is a bit more to the Maxwell
equations: The polarization vectors 5(/2) conspire to make it so that there are only two
independent states for each k and they are transverse k- 53(/2;) =0,s0s =1,2. The
polarization vectors for a given k£ can be chosen to satisfy a completeness relation:

Z esi(l%)ezj(]%) = 0y — ]%i]%j . (1.39)

This says that they span the plane perpendicular to k. We can also choose them to be
normalized: é (k) - é5(k) = 1.

S

The field momentum is E = —8th

hw’k lk'/‘ it T oo —ik-Fiwgt
/ddk Z a —a (ke )

)

Also, the magnetic field operator is
B V X A /ddkz A /—lk X a“sgs ) ik-F—iwpt a;sé:(l%)e_ig'ﬁi_iwkt)

It seems like the canonical commutator should generalize according to

2

[p(z),m(2)] = ihd(x — ')~ [A), By (7)) = —ihd* (7 — )y

where i, j = 1..3 are spatial indices. This is not quite true. If we plug in the expressions
above and use (1.38) and (1.39) we find instead

A, (F), E; (7 ——1h/d3ke”"7“ U—/@/@)

Plugging these expressions into the Hamiltonian (1.37), we can write it in terms of
these oscillator modes (which create and annihilate photons). As for the scalar field,
the definitions of these modes were designed to make the Hamiltonian simple:

1
H-= Z fuwoy, <a£ At §Ld) )
ks
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As a small check, note that using this Hamiltonian and the canonical commutator, we
can reproduce Maxwell’s equations:

024 = —O,F = —%[H, E] = *V2A.

The last step is a little bit nontrivial.

So the groundstate is the state |0) annihilated by all the annihilation operators
ap |0) = 0,Vk,s. Higher-energy eigenstates of H can be made by creating photons,

e.g. algs |0) is a state with one photon. Like phonons, they are identical bosons.

The vacuum energy is

E—lzh _L /d%hk
LD AR DISE o

,S

The fact that ), is no longer a finite sum might be something to worry about. We
will see below in §1.6 that this vacuum energy has physical consequences.
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Consolidation of understanding.

So far in this chapter, we have studied systems of increasing complexity, all with a
quadratic Hamiltonian: the simple harmonic oscillator, a non-interacting scalar field,
and the EM field in vacuum (i.e. in the absence of charge). All these free field theories
have the same structure, in the following sense.

In the following, ReA = %(A+ AT) as usual. The normalization constant is

1 1 1
Hsno = %Iﬁ + émquQ = hw (aTa + 5)

[a,p] =ih = [a,al] = 1.

q=ReNa, p=mlmwNa.

1 1
Hcotar = /dI (2,[1/77 + ,uc (a ¢ > Zhwk (akak+ 2)

[p(z), w(z")] = ihd(z — 2') = [ay,al,] = ihd(k — k).

e <2Nkeikzak> , m(z) = plm (Z wk./\fkeimak> )
k k

€0C 1
Hgy = /d3x (2 E? + 5 B2> = Z Iy, (aksaks + 2)

k,s=1,2

A, (z), E;(2)] = ih (53@ — ')y — aia.;) — [ags, al,] = ho(k — k)6,

Tdr|w — 2|

_&(x) = Re (ZNkeiE'faksés(/%)> , f}(x) = plm (Z wkaeiE'faksés(/%)> )
k k

Note that E is the canonical momentum of A.

My point here is to emphasize the parallels between these three sets of equations.
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1.4 Lagrangian field theory and symmetries

[Here we fill in the bits of Peskin §2.2 that we missed above.| Let’s consider a classical
field theory in the Lagrangian description. This means that the degrees of freedom
are a set of fields ¢,(x), where r is a discrete index (for maybe spin or polarization
or flavor), and we specify the dynamics by the classical action. If the world is kind
to us (in this class we assume this), the action is an integral over space and time of a
Lagrangian density

Stol = [ d*as(s,0%0)
This important assumption is an implementation of locality.

This central object £ encodes the field equations, the canonical structure on the
phase space, the Hamiltonian, the symmetries of the theory. We’ve seen basically two
examples so far

1 1
Lxg = 3 PO ) — §m2¢2

and 1 1
———F,F" = _— (E* - B?
4e2” ¥ 2e2 ( )

with A, regarded as the independent degrees of freedom.

»CEM -

A word about units and dimensional analysis: in units with A =
¢ = 1, everything has units of mass to some power, called its mass

dimension. Energy and momentum p, = hk, have mass dimension object | mass dim.
+1. The space and time coordinates x* have mass dimension —1. The Dy 1
action goes in the exponential of the path integral measure | [ng]e% xh -1
and so must be dimensionless. So the Lagrangian density has mass % 1
dimension d 4+ 1. This means that the KG field has mass dimension S 0

©1 (and the mass m has mass dimension 1 (yay!)). hnd+1=3+1 L d+1
dimensions, with the Maxwell action, E ~ A, B ~ VA have mass [0) %
dimension 2 and A has mass dimension one (and e is dimensionless). A, 1
This is nice because then the covariant derivative 9, + A, has mass FE, B, F. 2

dimension one. Notice that E? + B? has dimension 4 which is good
for an energy per unit volume.

The equation of motion is

08
0=
dor ()
Note the functional derivative. You can check that in the special case when £ depends

only on ¢ and d,¢ (and no higher derivatives of ¢) this is the same as the Lagrange
EOM

oL oL
— _om
=95 = o)
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(for each r) which I cannot and don’t want to remember. Note that since we are
interested here in the bulk equations of motion, we ignore boundary terms unless we
are interested in field theory on a space with boundary. That is a worthy subject but
an unnecessary complication for now.

What’s special about ¢? From the path integral point of view, the field is just an
integration variable. By redefining the field by e.g. ¢ = & (x — B/C), we can make
the KG theory uglier

1 1
L=A+By+ 50;8 + 5Dauxa,m + ...

One way in which ¢ may be special is if there is a symmetry; for example a Z, symmetry
¢ — —¢ would forbid terms with odd powers of ¢ in the action. Sometimes, its
normalization is meaningful, like in the phonon example where it began its life as the
displacement of the atoms from their equilibrium positions. So you see that we are
not losing generality except in our neglect of interactions, and in our neglect of terms
with more derivatives. The former neglect we will repair little by little in this course,
by doing perturbation theory. The latter is justified well by the renormalization group
philosophy, which is a subject for next quarter.

Canonical field momentum and Hamiltonian. The Hamiltonian viewpoint in
field theory has the great virtue of bringing out the physical degrees of freedom. It
has the great shortcoming that it picks out the time coordinate as special and obscures
Lorentz symmetry.

The canonical field momentum is defined to be

oL
™) = e

Notice that this expression assumes a local Lagrangian density. 7 is actually a ‘field
momentum density’ in the sense that the literal canonical momentum is %@)L =
dzr(x) (as opposed to £). T will often forget to say ‘density’ here.

The hamiltonian is then
H = anQn — L= /ddx <Z ﬂ-r(l’)qgr(l’) - ﬁ) = /dd.T h.

Noether’s theorem and the Noether method. Yay, symmetries. Why do
physicists love symmetries so much? One reason is that they offer possible resting
places along our never-ending chains of ‘why?’” questions. For example, one answer
(certainly the one given in Weinberg’s text, but just as certainly not the only one) to
the question “Why QFT?” is: quantum mechanics plus Poincaré symmetry.
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They are also helpful for solving physical systems. Continuous symmetries are as-
sociated with conserved currents. Suppose the action is invariant under a continuous
transformation of the fields ¢, ¢(x) — ¢'(x). The invariance of the action is what makes
the transformation a symmetry®”. ‘Continuous’ here means we can do the transforma-
tion just a little bit, so that the action is preserved under ¢(x) — ¢(x)+eAp(x), where
€ is an infinitesimal parameter.

OK, now check out the following slippery maneuver: If the transformation with
constant € (independent of space and time) is a symmetry, then the variation of the
action with € = €(z, t) must be proportional to J,€ (at least assuming some smoothness
properties of the action), and so that it vanishes V¢ when € is constant:

S[o(x) + e(x)Ap(z)] — S[p(x)] = / dadtd,e(z)j* 2 — / dzdte(z)0,j" . (1.40)

But if the equations of motion are obeyed, then the action is invariant under any
variation, including this one, for arbitrary e(z). But this means that J,j* = 0, the
current j* defined by the first equation in (1.40) is conserved. These words are an
accurate description of the equation d,j* = 0 (called the continuity equation) because
it means that the charge

in some fixed region of space R can only change by leaving the region (assume the
definition of R is independent of time):

atQszddx atjoz—/ddw-j:/ i T
R R OR

where in the last step we used Stokes’ theorem.

This trick with pretending the symmetry-transformation parameter ¢ depends on
space is called the Noether method. More prosaically, the condition that the action is
invariant means that the Lagrangian density changes by a total derivative (we assume
boundary terms in the action can be ignored):

£<¢/; 8p¢/) SYmgetry £<¢’ ap,‘b) + 68,“7”
but on the other hand, by Taylor expansion,

calculus aﬁ 8£
L(¢,0,¢) M £(¢,8u¢)+e(a—¢A¢+mauA¢)
[

25 Actually, the action only appears in the path integral in the combination e So it is enough
for this object to be invariant. This requires only S +— S + 27mn,n € Z. This loophole is sometimes
very important; I hope you will see some examples in later quarters of QFT.

iS/h
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IBP oL oL oL

J/

By combining the previous two equations for £(¢'), we see that on configurations that
satisfy the EOM, 0 = 9,,j* with
oL

= ; (‘9(8—N¢T)A¢T - J". (1.41)

Notice that I put back the index r on ¢, at the last step to emphasize the summation®®

There is a converse to the Noether theorem, which is easier to discuss directly in
quantum mechanics. Given a conserved charge (), that is, a hermitian operator with
[H,Q] = 0, we can make a symmetry transformation of the fields ¢ by

56 = icQ, 4. (1.42)

We'll say that @ generates the symmetry, for the following reason. (1.42) is the in-
finitesimal version of the finite transformation

¢ — ¢ = Qe iC,

The object U = €!? is a unitary operator (since @ is hermitian) which represents the
action of the symmetry on the Hilbert space of the QFT. It is a symmetry in the sense

that it commutes with the time evolution operator e #¢,

Some examples will be useful:

e For example, suppose S[¢] only depends on ¢ through its derivatives, L(¢, 0¢) =
L(d¢). For definiteness, take S[p] = [ %Guqﬁ@“(ﬁ. Then there is a shift symmetry
¢ — ¢ = ¢ + €. Letting € depend on spacetime, the variation of the action
is S[p + e(x)] — S[¢] = [€0,0"¢, so the current is j, = J,¢. Let’s check the
converse: Indeed, the charge ) = L pace Jo generates the symmetry in the sense
that for small €, the variation in the field is

0 =¢' — ¢ =€ =ic[Q, ]

(if we were doing classical mechanics, we should replace i[Q, ¢] with the Poisson
bracket). Using our expression for the current this is

d0p = ie[/ddy@,gzﬁ(m)] =€

=7(y)

2680 far we've been doing classical physics. In QM, there is an extra ingredient, namely the path
integral measure. In fact, there are examples of transformations that preserve S, but where [d¢] is
not invariant. This is called an anomaly. More on this in a future quarter of QFT.
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which is indeed true. In this case the finite transformation is again ¢ — ¢ + €.

On the homework you’ve seen an example involving a complex scalar ¢, with
S[®, ®*] that is invariant under ® — e® = & + ie® + O(e?). This U(1) phase
transformation can be rewritten in terms of the real and imaginary parts as an
SO(2) rotation. The charge can be written as

Q= /dd:cj /ddp al,ap — bT )

where the two sets of creation and annihilation operators are associated with
excitations of ® and ®' respectively. (That is, make mode expansions of ¢, 5 as
we did for a single real scalar field, in terms of mode operators a; o respectively.
Then let a = a; +1ia,, b = a; —iay, up to numerical prefactors that I tried to get
right in the solutions.) So the particles created by a and b have opposite charge
(this is essential given the mode expansion ®; ~ ak+b‘: ) and can be interpreted
as each others’ antiparticles: there can be symmetry-respecting processes where
an a particle and b particle take each other out.

Consider spacetime translations, x#* — x* — a*. This induces a transformation
of the fields by

v 2
o(z) = dlx +a) = p(x) + a @—i—@(a ).
=A,¢
Our transformation parameter is now itself a four-vector, so we’ll get a four-
vector of currents T#. This will be a symmetry as long as the lagrangian doesn’t
depend explicitly on space and time (so d,£ = 0) but rather depends on space
o, Chainrule o l,cﬁ‘% +0 8,,¢%). Let’s use
the prosaic method for this one: the shift in the Lagranglan densi%y also can be

and time only via the fields (
found by Taylor expansion

L(6(x),06(z)) = L(6(z + ), 0oz + a)) ™ £ + aﬂd%c o avd% (0"L)

So the formula (1.41) gives

oL
T = 0,6 —L3".
90,0092

For the time translation, the conserved charge 79 gives back the hamiltonian
density h = m¢ — L obtained by Legendre transformation.  [End of Lecture 5]
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The conserved quantity from spatial translations is the momentum carried by the

field, which for the KG field is

P, = /ddx T = —/ddaz 70;0.

For the Maxwell field, this gives the Poynting vector.

There is some ambiguity in the definition of the stress tensor which you’ll study
on the homework.

Let’s check that the expression above for the conserved momentum agrees with
our expectations. In particular, in free field theory the total momentum of the
state ‘El, e §n> should be just the sum of the momenta of the particles, P =

Py hik (with interactions the story can be more complicated). Indeed

P, =— / d%z 70 = / d'kk:alay

agrees with this. (Notice that I used rotation invariance of the vacuum to not
worry about a possible constant term.)

We can do the same thing for spatial rotations, which act on a scalar field by
¢(x') = ¢(Rja7). An infinitesimal rotation is of the form R} = &} + w! where w
is an antisymmetric matrix (this guarantees that RRT = 1) specifying the plane
and angle of rotation. I'll leave it as an exercise to repeat the analysis and find
the conserved current(s) associated with rotation invariance.

Actually we can do the whole Lorentz group in the same manner. It acts on a
scalar field by ¢(z#) — ¢(ALx?). We'll say more about the rest of the Poincaré
group, ¢.e. boosts, later on.

Consider a scale transformation, also known as a dilatation:
o(z") = Ao p(Az™). (1.43)

Here dy4 is a number that can be different for different fields, called the scaling
dimension of the field. Classically, the scaling dimension is the same as the mass
dimension in the table above (? for a scalar field ¢, 1 for a vector potential A,,).
A system is scale invariant if it has no intrinsic length scale — no dimensionful
quantities in its definition; an example is the free Maxwell theory. You can study
the associated conserved quantity on the homework. I'll say a bit more about
scaling symmetry next.

The study of what is a symmetry of a quantum system of extended dofs is an
active subject. For a taste of recent generalizations, take a look at this recent

review.
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1.5 Naive scale invariance in field theory

The scale transformation plays a special role in our modern understanding of QFT.
This modern understanding of QFT is based on the renormalization group. This is
the idea that we should understand a system with many degrees of freedom scale-by-
scale, allowing for the possibility that our description may change depending on the
resolution of the probes with which we study it. The simplest case, then, is when the
system is the same at all length scales.

[The following discussion comes from the QFT lectures of Marty Halpern.] Consider
a field theory of a scalar field ¢ in D spacetime dimensions, with an action of the form

slol = [ s (0,00 — 407

for some constants p, g. Which value of p makes this scale invariant? One way to assess
this is to ask: when is g dimensionless?

Naive mass dimensions:
[S]=[n] =0, [2]=-1, [dP°z]=-D, [0]=1
The kinetic term tells us the engineering dimensions of ¢:
0 = [Skinetic] = =D +2+2[¢] = [¢p] = ——.

From the path integral representation, we see that quantum field theory in D = 1
spacetime dimensions s quantum mechanics of a single particle, where the role of the
field is played by the position of the particle.

Then the self-interaction term has dimensions
0= [Sinteraction] =-D+ [9] +p[¢] — [g] =D — p[¢] =D +p———

We expect scale invariance when [g] = 0 which happens when

Pp

i.e. the scale invariant scalar-field self-interaction in D spacetime dimensions is ¢pP-2.
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| D | 1] 2[3]4] 5 [6]..] D |oo]
[¢) —TT o0 [I1]32 2] B2
scale-inv’t p=pp || =2 | cox | 6 | 4| 10/3 L EE 2

* What is happening in D = 2?7 The field is dimensionless, and so any power of
¢ is naively scale invariant, as are more complicated interactions like g;;(¢)9,¢'0"¢’,
where the coupling g(¢) is a function of ¢. This allows for scale-invariant non-linear
sigma models, where the fields are coordinates on a curved manifold with metric ds? =

gijd¢id¢j :
So the case of D = 1 says we get a scale invariant theory by putting a particle in a
potential that goes like 1/¢>.

In dimensions where we get fractional powers, this isn’t so nice.

Notice that the mass term AS = [ d” xm;(;ﬁz gives

0=-D+2[m|+2[¢] = [ml=1VD <o

— it’s a mass, yay.

What are the consequences of this engineering-dimensions calculation in QFT? For
D > 2, an interaction of the form g¢” has

< 0 when p > pp, non-renormalizable or irrelevant

=0 when p = pp, renormalizable or marginal (1.44)

> 0 when p < pp, super-renormalizable or relevant.

Here I've given names to the different possibilities. To understand these names, consider
the ‘non-renormalizable’ case. Suppose we calculate in QFT some quantity f (say a
scattering amplitude) with [f] as its naive dimension, in perturbation theory in g.
This is what we’ll learn to do using Feynman diagrams soon. Even without knowing
anything else, we know the answer will be a series in powers of g:

f= Z g“cn
n=0
with ¢, independent of g. So

[T =mnlgl+lea] = lea] = [f] = nlg]

So if [g] < 0, ¢, must have more and more powers of some mass (inverse length) as
n increases. What dimensionful quantity makes up the difference? Sometimes it is

43



masses or external momenta. But generically, it gets made up by UV divergences (if
everything is infinite, dimensional analysis can fail, nothing is real, I am the walrus).
More usefully, in a meaningful theory with a UV cutoff, Ayy, the dimensions get
made up by the UV cutoff, which has [Ayy] = 1. Generically (i.e. in the absence of
cancellations): ¢, = &, (Ayy) ™™, where ¢, is dimensionless, and n[g] < 0 — it’s higher
and higher powers of the cutoff at each order in perturbation theory. This is how

non-renormalizable theories got a bad reputation.

Now consider the renormalizable (classically scale invariant) case: Here, [¢,] = [f],
for every n, since [g] = 0. But in fact, what you’ll get is something like

A
Co = &y log”™ (ﬂ> , (1.45)
Arr
where Arg is an infrared cutoff or a mass or external momentum, [A;g] = 1. This

means that scale invariance is actually broken by quantum effects! More crudely, it is
broken by the presence of the UV cutoff.

In this box, I use some things I haven’t explained yet to illustrate the claim (1.45).
Think of it as a preview. Some classically scale invariant examples (so that m = 0 and
the bare propagator is 1/k?) where you can see that we get logs from loop amplitudes:

A% A\ . . R
pimnD=4 =X ~[1*5) #nD=3 —,'ae"%%ﬁf“f‘-"ki_n"

[ Y e

— L [/ —I- ':L
¢®in D = 6: \f ;’ \A () In D=2, even the propagator for a massless
~

\

scalar field has logs:

The terms involving ‘renormalizable’ in (1.44) are somewhat old-fashioned and come
from a high-energy physics point of view where the short-distance physics is unknown,
and we want to get as far as we can in that direction with our limited knowledge (in
which case the condition ‘renormalizability’ lets us get away with this indefinitely —
it lets us imagine we know everything). The latter terms are natural in the opposite
situation (like condensed matter physics) where we know some basically correct micro-
scopic description but want to know what happens at low energies. Then an operator
like ~L7¢*® whose coefficient is suppressed by some large mass scale M is irrelevant

M?24
for physics at energies far below that scale. Inversely, an operator like m?¢? gives a
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mass to the ¢ particles, and matters very much (is relevant) at energies £ < m. In the
marginal case, the quantum corrections have a chance to make a big difference.

1.6 Casimir effect: vacuum energy is real

[A. Zee, Quantum Field Theory in a Nutshell, §1.9] This subsection has two purposes.
One is to show that the ), %hwk energy of the vacuum of free fields (such as the
radiation field) is real. Sometimes we can get rid of it by choosing the zero of energy
(which doesn’t matter unless we are studying dynamical gravity). But it is meaningful
if we can vary w (or the collection of ws if we have many oscillators as for the radiation
field) and compare the difference.

The other purpose is to give an object lesson in asking the right questions. In
physics, the right question is often a question that can be answered by an experiment,
at least in principle. Sometimes a computer simulation (even an imagined one) can
play the same role. The answers to such questions tend to be well-defined and are less
sensitive to our silly theoretical prejudices, e.g. about what happens to physics at very
short distances.

In the context of the bunch of oscillators making up the radiation field, we can
change the spectrum of frequencies of these oscillators {wy} by putting it in a box and
varying the size of the box. In particular, two parallel conducting plates separated by
some distance d experience an attractive force from the change in the vacuum energy
of the EM field resulting from their presence. The plates put boundary conditions on
the field, and therefore determine which normal modes are present.

To avoid some complications of E&M that are not essential for our point here, we're
going to make two simplifications:

e we're going to solve the problem in 141 dimensions

e and we’re going to solve it for a scalar field.

To avoid the problem of changing the boundary conditions outside the plates we
use the following device with three plates:

|« d—|+— L—d — |

(We will consider L > d, so we don’t really care about the far right plate.) The
‘perfectly conducting’ plates impose the boundary condition that our scalar field ¢(z)
vanishes there. The normal modes of the scalar field ¢(z) in the left cavity are then

¢; =sin (jrz/d), j=1,2,..
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with frequencies w; = #C. That is, the mode expansion for the scalar field in the left
cavity is

q(z,t) = Z qj(x)e “ita; + h.c. (1.46)
J

that is, relative to our previous expression, we must set ay = —a_; to satisfy the
boundary conditions. There is a similar expression for the modes in the right cavity
which we won’t need. We're going to add up all the %h/vus for all the modes in both
cavities to get the vacuum energy Ey(d); the force on the middle plate is then —d,Fj.

The vacuum energy in the whole region of interest between the outer plates is the
sum of the vacuum energies of the two cavities

Eo(d) = f(d) + f(L — d)

where

We have done something wrong. What?

Our crime is hubris: we assumed that we knew what the modes of arbitrarily large
mode number k (arbitrarily short wavelength, arbitrarily high frequency) are doing,
and in particular we assumed that they cared about our silly plates. In fact, no metal
in existence can put boundary conditions on the modes of large enough frequency —
those modes don’t care about d. The reason a conductor puts boundary conditions
on the EM field is that the electrons move around to compensate for an applied field,
but there is a limit on how fast the electrons can move (e.g. the speed of light). The
resulting cutoff frequency is called the plasma frequency but we don’t actually need to
know about all these details. To parametrize our ignorance of what the high-frequency
modes do, we must cut off (or regularize) the contribution of the high-frequency modes.
Let’s call modes with w; > 7/a high frequency, where a is some short time””. Replace

f(d) ~ fla.d) = h%lzu

) (§/>

i=1

— 1 _
T 1_e—a/d 1

2"You can think of a as the time it takes the waves to move by one lattice spacing. If we work
in units where the velocity is ¢ = 1, this is just the lattice spacing. I will do so for the rest of this
discussion.
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Answers that don’t depend on a have a chance of being meaningful. The thing we can
measure is the force on the middle plate:

F = —04Ey = —(f'(d) - f(L—d)

_ —h(<ﬁ+m+0( ))—(%+ﬁ+0(a2))>

azo _mh (1 1
24\ @ (L—d)?

L>da The
2t (L 0(d/L)) (1.48)

This is an attractive force between the plates. (I put the ¢ back in the last line.)

The analogous force between real conducting plates, caused by the change of bound-
ary conditions on the electromagnetic field, has been measured.

An important question is to what extent could we have picked a different cutoff
function (instead of e=™/%) and gotten the same answer for the physics. This interest-
ing question is answered affirmatively in Zee’s wonderful book, 2d edition, section 1.9
(available electronically here!).

For example, we could have regularized the sum by imagining that space is a lattice.
Then we can use our dispersion relation (1.6) in the sum:

5 :
—21/—sm‘7—7rz—csin‘§z;, N=d/ae€Z,j=1.N. (1.49)

You’ll have the opportunity on the homework to see whether this reproduces the same

answer as above?®.

281n response to my claim that the answers to physics questions will be independent of the regulator,
for reasonable choices of regulator, the following question arises: what happens if we just put a hard
cutoff on the frequency, so that

The & . mhe N(N +1)
f(d) ~ f(N,d) = 2d j_ﬂf'

Section 15.2 of Schwarz’s textbook explains how to extract the correct answer using this regulator.
The key point is that the number of modes N (a) is an integer but (b) it depends on the size of the
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The string theorists will tell you that Z;’il j = —%, and our calculation above
agrees with them in some sense. But what this foolishness means is that if we compute
something that is not dependent on the cutoff we have to get the same answer no

matter what cutoff we use?”. Notice that it is crucial to ask the right questions.

A comment about possible physical applications of the calculation we actually did:
you could ask me whether there is such a thing as a Casimir force due to the vacuum
fluctuations of phonons. Certainly it’s true that the boundary of a chunk of solid
puts boundary conditions on the phonon modes, which change when we change the
size of the solid. The problem with the idea that this might produce a measurable
force (which would lead the solid to want to shrink) is that it is hard to distinguish
the ‘phonon vacuum energy’ from the rest of the energy of formation of the solid,
that is, the energy difference between the crystalline configuration of the atoms and
the configuration when they are all infinitely separated. Certainly the latter is not
well-described in the harmonic approximation (A =0 in (1.1)).

A few comments about the 341 dimensional case of E&M. Assume the size
of the plates is much larger than their separation L. Dimensional analysis shows that
the force per unit area from vacuum fluctuations must be of the form

he

where v is a numerical number. v is not zero!

Use periodic boundary conditions in the xy planes (along the plates). The allowed
i 2mn, 2mn,
L, L,

We have to do a bit of E&M here. Assume the plates are perfect conductors (this

wave vectors are then

with n,, n, integers.

is where the hubris about the high-frequency modes enters). This means that the
transverse component of the electric field must vanish at the surface. Instead of plane
waves in z, we get standing waves: ¢(z) o sin (nmz/L).

cavity. This produces a rapidly oscillating force as d varies, and the wall actually only experiences the
average force.
These same issues arise in using the lattice regulator. See the homework for some hints.

29A point of view from which this equation is true is the following: The Riemann zeta function is
oo 1
i=1j°
of convergence (which does not include s = —1), but it defines an analytic function in that domain,

defined (for s in a certain region of the complex plane) to be ((s) = . This sum has a domain

and can therefore be analytically continued to a larger domain (for example by finding an integral

representation). The value at s = —1is ((—1) = —%. This is called zeta-function regularization. If
we use this value in Ey we get the same answer as above.
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The frequencies of the associated standing waves are then

wn(k) = cyf % YR n=0,1,2..

Also, there is only one polarization state for n = 0.

So the zero-point energy is

where it’s useful to define

Now you can imagine introducing a regulator like the one we used above, and replacing
!/ / -
Z . A Z e_a’w"(k)/ﬂ—.
nk nk

and doing the sums and integrals and extracting the small-a (and specifically the a-
independent) behavior.

The answer, v = —;—;, was predicted by Casimir in 1948 and first unambiguously

measured 50 years later.

Comments about the vacuum energy. One conclusion from the above calcu-
lation is that the vacuum energy is very UV sensitive — the biggest contributions come
from the highest-frequency modes. So even small changes in the short-distance physics
makes a big change in Fj.

We said earlier that the vacuum energy itself is hard to measure, because what
we measure is energy differences. But vacuum energy, like all kinds of energy and
momentum, gravitates. Positive vacuum energy, when dominant, leads space to inflate,
i.e. to expand in an exponential way in time (see the homework for a demonstration
of this statement). Observations of distant supernovae and of the cosmic microwave
background show that this is happening right now (for the last few billion years).

Partly because of its UV sensitivity, we can’t make a strong prediction for the value
of the vacuum energy density Fy — we simply don’t know what happens at wavelengths
shorter than an inverse TeV or so. Note that our calculation only works for fields
that are well-approximated by balls and springs, i.e. a quadratic lagrangian. This is
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actually true of the degrees of freedom of the Standard Model at the highest energy
scales we know about.

But the observed value of Ej is very small compared to the scales that appear in
particle physics. Our answer is [ APk ~ A% if we use A ~ TeV we are wrong by
60 orders of magnitude. So there must be some dramatic cancellation. We don’t have
a good explanation of this. The explanation could be that if the cancellation didn’t
happen, the universe would have expanded too fast for any structure to form, and
so we wouldn’t be here to ask the question. This anthropic explanation led the late
Steven Weinberg (against his own wishes) to predict a nonzero value of the cosmological
constant on the order of the observed value — a decade before the observation. This
kind of reasoning would be disappointing if correct, but cannot be discounted.

[End of Lecture 6]
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2 The path integral makes some things easier

2.1 Fields mediate forces

[Zee §1.3] Consider again our chain of balls on springs. Suppose a giant hand reaches
in and pushes the atom at position x,, a little bit. This can be described by adding to
the hamiltonian a term

0V (q) = —Ju(t)qn(?)

which applies a force J,,(t) to the nth atom. The giantness of the hand is reflected in
the fact that we treat J,(t) as a fixed c-number function — our little chain of balls do
not affect the giant hand.

We can ask, in the presence of such a force, what is the amplitude to go from state
I to state F'in time T

(F| e—ifOT dtH(t) 7)) = /[ng]eifdtddz(é(a(z)fV(¢>)+J(m)¢>(x)).

As you see, this is a quantity for which we have a path integral representation. Here’s
a reason to care about this quantity: take the initial and final states to be the ground-

state:
(0| e—ifOT dtH (t) 10) ~ e—ifOT diEgs(J)

If the time-dependence is slow enough, the answer is obtained by the adiabatic approx-
imation: just add up the instantaneous groundstate energy at each time step. This
is something we might like to know about, for example to compute the force exerted
on the giant hand by our field. Another motivation is that by taking (functional)
derivatives with respect to J(x), we can pull down powers of ¢(z); so this quantity is
a generating functional for correlation functions of ¢.

In order to be able to do this path integral, we retreat to the case where the action
is quadratic in ¢, so that

£(6) = 5 (2,600 — m*?)

1
IBP _§¢ (32 + m2) ¢ + total derivative. (2.1)

Going back to the lattice to make the integrals look slightly less scary, we have

oo M¢,N . D\ N M, .
W = /[Dcﬁ]eif(ﬁ”‘z’) :/ T dane2oeAmvitizee = —(2:1“2/1 Lo s ARy,
T it ©

Here repeated indices are summed as usual: ¢, Azyq, = 3, #(2)Azyé(y), ete... So
you can see that the matrix A multiplying the quadratic term in this gaussian integral
is (a discretization of) A, = =6 (z — y) (02 +m?). It is an NM, x N M, matrix.
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Its inverse A~! satisfies by definition AmA;y1 = 04y, which is (a discretization of) the
differential equation

— (O +mH)D(x —y) =5z —y). (2.2)
This equation says that D is a Green’s function for the operator —(9% +m?). The fact
that there is no special point in spacetime says A;yl = D(z — y) only depends on the
difference of its arguments.

Does this integral actually converge? The integral you’ll study on the homework is
of the form fR dqe_%qu , which surely converges if A is a positive matrix. Actually, this
is overkill — it is enough to replace m? — m? — ie to make all the integrals converge.
Here € is an infinitesimal, which means €2 = 0 and ce = ¢ for any positive c. Then each
f dgn; will have a factor of e~/ 4 which suppresses the integrand in the dangerous
large-field region?.

The equation (2.2) is translation-invariant and linear so you should not be surprised
that it is solved by going to Fourier space (in space and time):

D(z) = /dd+1k ek Dy 5 (g) = /dd+1k pikuet

in terms of which (2.2) becomes the algebraic equation 1 = (k* — m? + ie) Dy.. Hence
Dy = L — D(z) = /dd“k e (2.3)
TR —m? e a k2 —m? + i€’ '
Notice that the shift by e saves the day here: it keeps the integration contour from
running right over the pole at k? = m?, by moving slightly in the imaginary direction.
More explicitly, the denominator
2 —m?+ie=w? — k2 —m? +ie (2.4) Lo

i1s zero when

—utie
— — (o]
w=3+\kZ+m?—ic=*4(wp —1ie), wp =1\ k>+m?2
(k ) k —

[ARGTXe)
2 R k
In the second step I Taylor expanded \/wj —ie = \/wj o T
O(e)? and used the facts that wy, > 0, and that anything positive
times an infinitesmal is an infinitesimal.

'

We can then do the w integral by contours®': if ¢ > 0 (¢ < 0), we can close the

30You could worry that there could be other ways to make the integral well-defined (there are).
Another thing you might be bothered by is the boundary conditions on the fields and their relation
to the initial and final states. In the next subsection, we’ll say more.

31'We are using the Cauchy residue theorem fC dzf(z) = 2ni sz Res.—., f where z; are the poles of
f. To remember the sign, consider a small circle Cy counterclockwise around the origin and f(z) = 1/z,
s0 L =i [} df = 2ri.
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contour in the UHP (LHP) since the integrand goes like e™%¢ and the integral equals
the residue of the pole at w = £ (wy, — i€) (times 27i):

o—i(wit—F-7) (Wit —F-7) >

D(z) = —i/ddk (9@)— +0(—t)

2.5
2wk ka ( )

Here §(t) = 1 if t > 0 and 0 otherwise is the Heaviside function. We’ll learn to call this
time-ordered in a moment.

The propagator. Who is D(x), besides some quantity in terms of which we did a
Gaussian integral? As you’ll see on the homework, the inverse matrix can be extracted
via a two-point correlation function:

(A_l)z'j = / (H dQ> 64561297 = —i {qiq;) .

Putting back all the labels, the same manipulations show that

D~ y) = [ IDelo()o(w)e™)/2 L =i (olp(a)lw)0) (26)

— the amplitude to propagate an excitation created from the vacuum by ¢(y) to be
annihilated by ¢(z). The propagator, for short.

(Notice that if the system is Lorentz invariant (which starting from (2.1) it is) then
since D(x) is a scalar quantity, it can only depend on x through Lorentz invariants
made from z#, namely the proper distance z? = t* — 7, and the sign of ¢.)

Why the ‘7" in (2.6)7 For one thing, in the expression (2.6), ¢(x) and ¢(y) are
operators — the order matters. How do I know in which order to write them? (This is
in contrast with the path integral expression [[D@e™l¢(z)¢(y), where they are just
integration variables, numbers.) To reproduce (2.5) the thing to do is to time-order
them:

Dix—y)= 2 / DA $()$) i 2.7)
— (O[T d(x)é(y)[0) = 02 — 4°) (Olé()d(w)]0) + 6(5° — 2°) (0](y)b(x)[0)

To verify this, plug in the mode expansion (1.29) to see e.g.

d%k a%q
—e
2, /Wity
(where £k° = wy, ¢° = w, to satisfy the KG equation), which reproduces the first term
in (2.5)%.

2wk

©o()o)0) = [ st 0] oy o) = [

32The other ways of making the path integral well-defined correspond to other ways of ordering the
¢s, and other initial and final states.
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Now why should we care about the propagator? Look again at W[J]. We've learned
that (up to the addition of terms independent of .J),

1 1 1
J=—2 A aed™ 'y ) (2)D(x — y)J ———/dd“kj*—J.
1= [ [t @D - s = -5 [E
Here J(z) = [d™'ke** ], J; = J_ 4. (The last step is another instance of Parsival’s

theorem, or the statement that Fourier transform maps convolution to multiplication.
Just plug in to check.)

We get to pick J(z). Think of our chain of balls and springs as a 1+1d version of a
mattress. Let’s choose J = J; + J; to describe (in Zee’s words) two lumps sitting still

on the mattress: J,(x) = §*(x — z,),a = 1,2. Then J; = [ dae k00 (ei’;'fl + ei’;'@).
The interaction between the two lumps mediated by the mattress field ¢ will then be
described by the J;.J; cross-terms in W[J]:

7l :2//J1(:c)D(x—y)J2(y)+//JlelJr//JgDJQ (2.8)
:——/d:p /dy /dko = /fkkzelk(ZQi)le+... (2.9)

da” o 2.10
-f J @ (2.10)

ik T1—T2)
= +/dx /d3k:—+ (2.11)
k2 +m? — ie

where the ... represent the terms involving J? and J3.

For this choice of J, the Hamiltonian is time-independent, and
= (gs| e |gs) = e Feel DT, (2.12)

where |gs) is the groundstate of H(J), with eigenvalue E,(J). This equality will
become clearer in the next subsection. Therefore (2.12) says W = —E,(J)T. We

learn that .
ok
/ A% =
k2 4+ m?

where 77 = ¥y — ¥3. Notice that we can drop the ie now, because this integrand is
nonsingular for real k. In d = 1, there are poles at k = +im, and for x > 0 (z < 0) we
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can close the contour in the UHP (LHP) for free to get®’

27i ezl el
Fol) = —on o =~

or 2im om

Since x is the separation between the lumps, this means that our field has produced
an attractive force between the lumps

1
F=—0,Eu(J) = +§e—miw‘

which falls off exponentially with the separation between the lumps. The attractive
nature of this force is familiar to anyone who has sat on a bed next to another person.
The range of the potential goes inversely with the mass of the ‘force carrier’ ¢. The 3d

e—mr
T

(see footnote 33) is called the Yukawa potential.
[End of Lecture 7]

version of this potential

2.2 Euclidean path integral and Wick rotation

[Recommended reading: see Fradkin, chapter 5 for a slightly different perspective on
this story.] Here is a route to defining the path integral that makes clearer what is
going on with the initial and final states. Along the way, we will see that actually it

is the same as the replacement m? — m? — ie that we did above in the case of scalar
field theory)

For simplicity, let us focus on a single mode of the field — a single harmonic oscillator
1
Sla) =5 / dt ((9:)* — Q*¢*) — / Tq

(where if you like Q2 = k2 + m? for some fixed k). Consider the replacement 7 = it in
the action:

Slq] = —%i/dT (—(0:q)* — *¢%) + i/dTJq = +i/d7 <% ((0-q)* + *¢%) + Jq) .

33For convenience, here’s the integral in 3d:

/dgk AFT s 1 /°° k2dk /1d g1 /°° dkk sin kr
2oz @emz)y ka2 ) Y T enw ) ket e

—_——

_9sinkr
=2 kT

1 1 [ kelkr
- I | LA—
(27)2r (Qi /_oo Ve C)

1 1 .iMei(iM)T 67]&17'

(2m)2r 2i LT dmr
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With this replacment, the path integral becomes
ZE[J] _ /[dq]efdr(é((@-rq)2+ﬂ2q2)+Jq) _ /[dq]e_SE[q]. (21?))

This is a different integral than before if we regard 7 as a real variable. This integrand

suppresses configurations with large ¢, and large 0,q, and the integral is therefore

totally well-defined. The euclidean action is**

Silq] = /dT (% (0:) + 92%) + Jq) - /dr (%q (~0% 4+ %) g + Jq)

where (—0? + Q?) is a positive operator (meaning all of its eigenvalues are positive)™.
Call its inverse G (or G for short), which then, by definition, satisfies

(-02+ Q%) G(o,7) =6(0 — 1)

The fact that our system is time-translation invariant means G(o,7) = G(0 — 7).
We can solve this equation in fourier space: G(0) = [dwe™?G,, makes it algebraic:

1
Co = + Q2
and we have . .
_ plwo _ e L 214
G(o) /dw—uﬂ T 50" (2.14)

(This is the same integral we did above, but it will help to say it again. Do it by
residues: the integrand has poles at w = +iQ) (see the figure 1 below). The absolute
value of |o| is crucial, and comes from the fact that the contour at infinity converges
in the upper (lower) half plane for ¢ > 0 (o0 < 0).) The integral is thus completely

341t is called euclidean because the (0,¢)? has the same sign as the spatial derivatives (9,q)2, so
this is the action we get in euclidean spacetime with metric d,,,, rather than n,,. Exercise: put back
the spatial derivative terms and check that this is the case.

35 An important perspective on the uniqueness of the euclidean Green’s function and the non-
uniqueness of the real-time Green’s function: in euclidean time, the Green’s function is the inverse of
an operator of the form —92 + Q2 which is positive (= all its eigenvalues are positive) — recall that
—02 = p? is the square of a hermitian operator. If all the eigenvalues are positive, the operator has
no kernel, so it is completely and unambiguously invertible. If A = " \,|n)n|, then the inverse is
unambiguously A=t = > ﬁ|n>(n\ as long as none of the A\, = 0. This is why there are no poles on
the axis of the (euclidean) w integral in (2.14). In real time, in contrast, we are inverting something
like +0? 4+ Q2 which annihilates modes with 9; = iQ) (if we were doing QFT in d > 0+ 1 this equation
would be the familiar p> — m? = 0). These are called ‘on-shell states’, they are actual states in the
spectrum of the Hamiltonian of the system. So the operator we are trying to invert has a kernel —
it’s not actually invertible on the whole Hilbert space — and this is the source of the ambiguity. In
frequency space, this is reflected in the presence of poles of the integrand on the contour of integration;
the choice of how to negotiate them encodes the choice of Green’s function.
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Figure 1: Poles of the integrand of the w integral in (2.14).

well-defined with no ambiguity and the result is

Zp[J] = #/det Ge 2/ 4TS doI(N)Gp(r=0)J(9), (2.15)

Now we address several questions about this calculation.

1. What does the euclidean path integral compute? It computes ground state
expectation values. Why does the euclidean path integral put the oscillator into its
groundstate? This I explained already during our path integral review in the previous
section: The point in life of the euclidean path integral is to prepare the groundstate
from an arbitrary state:

/ [dgle™519 = (go] e PH|...) = ys(q0) (2.16)
qa(B)=qo

— the euclidean-time propagator e ®H beats down the amplitude of any excited state
relative to the groundstate, for large enough 3.

More slowly: the path integral representation for the real-time propagation ampli-
tude is

ey = [ s

On the RHS here, we sum over all paths between i and f in time ¢ (i.e. ¢(0) = ¢;, q(t) =
qr), weighted by a phase el /4L But that means you also know a representation for

S (e f) = tre™
f

— namely, you sum over all periodic paths ¢; = g in imaginary time 3 = it. So:
2(3) = tre M = Pldge K9 = ffagle St
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The LHS is the partition function in quantum statistical mechanics. The RHS is the
euclidean functional integral we’ve been using. [For more on this, see Zee §V.2]

The period of imaginary time, 8 = 1/T, is the inverse temperature. We’ve been
studying the limit as 8 — co. Taking f — oo means 7" — 0, and you’ll agree that at
T = 0 we project onto the groundstate (if there’s more than one groundstate we have
to think more).

2. What is the relationship between the Euclidean path integral we just did and
the real-time path integral that we started with? I claim that the real-time calculation
that keeps the oscillator in its groundstate is the analytic continuation of the one we
did above, where we replace

WMink = e_i(ﬂ/Z_e)wabove (217>

where € is (a familiar) infinitesimal. In the picture of the euclidean frequency plane
in Fig. 1, this is a rotation by nearly 90 degrees. We don’t want to go all the way to
90 degrees, because then we would hit the poles at £iQ2. The replacement (2.17) just
means that if we integrate over real wynk, we rotate the contour in the integral over w
as follows:

Li’)abo\m =

Wevdidean

ic‘m

RI &‘.(TE) 0> o

as a result we pick up the same poles at wapove = i) as in the euclidean calculation.
Notice that we had better also rotate the argument of the function, o, at the same
time to maintain convergence, that is:

. ! .
Weucl = —IWMink; weuclteucl = wMinktMink = teucl - +1tMink' (218>

So the answer to the question at the beginning of this long paragraph is: we are rotating
the contour of integration (in the complex t-plane) in the action integral.

So this is giving us a contour prescription for the real-frequency integral. The
result is the Feynman contour, and it is the same as what we got from m? — m? — ie:
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Figure 2: The Feynman contour in the wyrink complex plane.

depending on the sign of the (real) time separation of the two operators (recall that ¢
is the difference), we close the contour around one pole or the other, giving the time-
ordered propagator. For the case of a free scalar field, the replacement m? — m? — ie
had the same effect of rotating the real-frequency contour away from the poles. It is
also the same as shifting the frequency by 2 — 2 — ie, as indicated in the right part of
Fig. 2. This last prescription works even in a case where there is no m? term, i.e. for
a massless scalar field.

Notice for future reference that the euclidean action and real-time action are related
by

2 2
Seucl[@] = /dteucl% <(a?§d> + QZQQ) = _iSMink[Q] = _i/dtMink% ((afl\fnk> - QZQQ) .

because of (2.18). This means the path integrand is e~ = eiSmink,

Time-ordering. To summarize the previous discussion: in real time, we must
choose a state, and this means that there are many Green’s functions, not just one:

(| q(t)q(s) |v) depends on |}, unsurprisingly.

But we found a special one, the one that arises by analytic continuation from the
euclidean Green’s function, which is unique (as we discussed in Footnote 35). It is

G(t) = (T (a(t)q(0)))

the time-ordered, or Feynman, Green’s function, and I write the time-ordering symbol
T to emphasize this. I emphasize that from our starting point above, the time ordering
arose because we have to close the contour in the UHP (LHP) for ¢t > 0 (¢ < 0).

Let’s pursue this one more step. We can define the time-ordered product of more
than two local operators by induction, or equivalently in the obvious way: put them
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in the order of their times. The same argument tells us that the generating functional
for time-ordered correlation functions of ¢ is

Z[J)ie = /[Dq]eisﬂmzﬁmzieeif"q = <eifJ4> = (0| T/ 710y (2.19)

Here the time-ordered exponential on the RHS is defined by putting each term in its
Taylor expansion in time order. On the LHS we emphasize that the path integral is
defined by the ie prescription, by analytic continuation from the Euclidean integral.
With this prescription, the dependence on the choice of initial and final states in the
path integral goes away, because only the vacuum contributes.

This quantity (2.19) has the picturesque interpretation as the vacuum persistence
amplitude, in the presence of the source J. One reason to care about Z[J] is that its
derivatives give correlation functions:

o )
0T < |0) = | —i —i e In Z[J]] ;=
O otejotea)---10) = (=ize) (i ) - 2l
— it is a generating functional for such correlators of ¢s. So we see that in general,
the correlation functions that are computed by this “ie prescription” of Wick rotating
from Euclidean spacetime are time-ordered:

1 iS22 4. —
= / [DeleiSnm2—ic f(¢) = (O[T f()]0)

Causality. In other treatments of this subject, you will see the Feynman contour
motivated by ideas about causality. We’'ll discuss this in §3. This was not the logic of
our discussion but it is reassuring that we end up in the same place. Note that even
in 0+1 dimensions there is a useful notion of causality: effects should come after their
causes.

2.3 Feynman diagrams from the path integral

In this subsection we will be brave in one sense and cowardly in another. We’ll be
brave in that we are going to think about actual interactions, terms of higher order
than quadratic in the Lagrangian.

The previous subsection was a sophisticated discussion of QFT in 0+ 1 dimensions,
since we focussed on a single mode. To help demystify some more of the structure
we’ll discover in QFT, let’s regress even further, and consider the case of QFT in
0 + 0 dimensions. By the path-integral representation, this means ordinary integrals.
If everything is positive, this is probability theory — a very special case of QFT. My
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intention here is to develop some intuition about perturbation theory and Feynman
diagrams in a context where everything is under complete control.

Suppose we want to do the integral

Z(J) = / dq e 2™~ hd e = / dq e 5@ (2.20)

—0o0

It is the path integral for ¢* theory with fewer labels. For g = 0, this is a gaussian
integral which we know how to do. For g # 0 it’'s not an elementary function of its
arguments. (It’s a function with someone’s name attached to it, which basically just
means that we don’t know how to do the integral despite our best efforts.)

If you like, we are studying the probability distribution P(q) = e 5@. We'll be
interested mostly in the moments of the distribution (¢") = ffooo dqq™P(q), which are
the analogs of correlation functions.

We can develop a (as we’ll see, non-convergent!) series expansion in g by writing it

00 1 1 2
Z(J) = / dq e=2™ T+ (1 —~ %q4 + 5 (—%(f) + )

o0

as

and integrating term by term. And the term with ¢** (that is, the coefficient of

o ()" is

00 4n 0o 4dn
—im2¢24Jq 4n — 3 —1m?%q*+Jq —_ i l‘]ﬁ‘] 2_7T
/ dq e 2 q (&]) /_oodqe2 (&]) e2 3

—00

So, resumming the exponential series,

20) = /B (@) et (2:21)

Note the similarity, for ¢ = 0, with our expression for W[.J] in the previous subsections.

Wick’s Theorem is the key ingredient here. I think this is clearer in a slightly
more complicated example. Consider:

n=1
- ; i
l H d e_%QHAnm‘Y’m"FJRQn Z 1 __g Z 4 (2 23)
- & s\ 4 fn '
n=1 7=0 n
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If we are interested in a particular coefficient in this expansion in g and J, we can use
Wick’s theorem:

1 1 0, k odd
—Z(O) /H dqe éannmqm(]?u * o ln, = { . (224)

> (contractions), k even

What I mean by a contraction is associated with a choice of pairing of the ¢s in the
integrand; a pair ¢,g, produces a factor of (A™!) . So for example, the simplest case
is the familiar

%/que—;mm%%% = (A7 )y = (q:q;) = (35) .

The next one is
1 =
—Z<O) /H dqe_%QnAnmmeanQQna(JM = <12> <34> + <13> <24> e <14> <23> )

This is the statement that the moments of a gaussian distribution factorize, and are
determined by the covariance A~! (and the mean, which is zero here if we set J = 0).
For the special case with just one ¢, this is

1 1.2 2 3
—— | dge 2™ T gt =
7/ 4

since the three terms are the same.

Here is a proof of Wick’s theorem: by completing the square, the LHS of (2.24) is

1 @2m)N j(a J/2 J(A=1)J/2
majnl o .a]nk ( me ( ) ‘JZO - ajnl o 'aJnke ( ) |J:O'

But in order to get a nonzero answer here when we set J = 0, we have to choose a
pairing among the n;, and the result is the sum over such pairings (contractions) of

the product of (A™!)  for each pairing.

;N

Feynman diagrams. (2.21) is a double expansion in powers of J and powers of
g. This expansion can be described usefully in terms of diagrams. The idea of the
diagrams is to help us keep track of the combinatorics of the Wick contractions. Each
diagram is associated with an amplitude, and I will conflate the two. By the principle
of superposition (the amplitude for something to happen is the sum of the amplitudes
of all possible ways it could have happened), a physical quantity of interest is given by
the sum of the allowed diagrams.
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Here are the Feynman rules for this 0+0 dimensional field theory, say for the par-
tition function: the allowed diagrams are all graphs with 4-valent vertices (“interac-
tions”) and 1-valent vertices (“external lines”). There is a factor of 1/m? for each edge
(the propagator), and a factor of (—g) for each 4-point vertex (the coupling), and a
factor of J for each external line (the source). There is a further purely numerical
factor which you can figure out, but let’s not worry about it right now.

So for example if we are interested in the contribution going like g.J* in Z(.J) =
Z(J)/Z(0), it comes from

%/dqe—%m%ﬁ (...+%(Jq)4_|_...)< _%q4+...>

and we have to sum over all ways of contracting these 8 gs in the integrand. These
contractions correspond to the following three diagrams:

T b T

I J q
T4 |t X’ < (Lt)T}
E ) 17 T 7

I emphasize that only the topology of the diagrams matters: you can draw them
however you want preserving the connectivity. It’s useful, however, to put the external
lines in the same place in each diagram, in order to avoid over-counting.

[End of Lecture §]

A systematic method to draw all the contractions contributing to the term going
like J"g¢" is to

e first draw n dots (associated with the n Jgs) with one nubbin coming out,

e then draw / vertices (associated with the ¢ gg's) with four nubbins coming out.

1

e These nubbins represent the factors of ¢ in the integrand ﬁ i dqe’2m2q2q”+4é .

Jrgt- %@ Now draw all possible ways of connecting these nubbins by ‘propa-
gators’, that is, lines connecting the nubbins that indicate which ¢s got contracted
with which in each term on the RHS of Wick’s theorem.

There is a symmetry factor that comes from expanding the exponential: if the
diagram has some symmetry preserving the external labels; the multiplicity of diagrams
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does not completely cancel the 1/n!. Please do not worry about these numerical factors
right now.

As another (simpler and more important) example, consider the analog of the two-
point function when J = 0:
. qu q2 e_S(Q) . a

—2——=log Z(J = 0).

G= <q2> lj=0 = —f dge 5@ “om?

At J =0, the only external lines arise from the (two) explicit insertions of ¢, so this is
given by the sum of all diagrams with two external lines. In perturbation theory this
is:

o~ 0. 00.0 .o
= m 2 (1 —%gm_4 + §g2m_8 +(9(g3)) (2.25)

The Feynman diagrams we're going to draw all the time this quarter are the same
idea, but with more labels. Here is a too-quick preview: Notice that each of the gs in
our integral could come with a label, ¢ — q,. Then each line in our diagram would be
associated with a matrix ((mQ)_l) which is the inverse of the quadratic term g,m?,qy
in the action. If our diagrams havealioops we get free sums over the label. If that label
is conserved by the interactions, the vertices will have some delta functions. In the case
of translation-invariant field theories we can label lines by the conserved momentum

k. Each comes with a factor of the free propagator each vertex conserves

momentum, so comes with igd? (3" k) (27)”, and we must integrate over momenta on
internal lines [d”k.

2.4 Brief comments about large orders of perturbation theory

e The perturbation series for (2.20) about g = 0 does not converge. How do I know?
One way to see this is to notice that if [ made g even infinitesimally negative,
the integral itself would not converge (the potential would be unbounded below),
and Z,—_| is not defined. Therefore Z, as a function of g cannot be analytic in
a neighborhood of ¢ = 0. This argument is due to Dyson, and applies also in
most QFTs. This means there is more to QFT than perturbation theory: the
perturbation series does not define the field theory amplitudes.

The expansion of the exponential in the integrand is clearly convergent for each
q. The place where we went wrong is exchanging the order of integration over ¢
and summation over n.
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e The integral actually does have a name — it’s a Bessel function:

3m*

Z(JzO):\/%\/ﬁepKi(p), EE

(for Rey/p > 0), as Mathematica will tell you. Because we know about Bessel
functions, in this case we can actually figure out what happens at strong coupling,
when g > m?*, using the asymptotics of the Bessel function.

e In this case, the perturbation expansion too can be given a closed form expression:
1 (_ 1)n 22n+% 1 g \"

Z(J =0) =] — D (2n+ = Q-). 2.26

( ) m? zn: n!  (4h)n n 2) \mt (2.26)

e The expansion for G is of the form

o0
_ g\"
G~m™2) ¢ (—) .
Z T\ 4
n=0
1
When n is large, the coefficients satisfy ¢, 1 "z —%ncn (you can see this by

looking at the coefficients in (2.26)) so that |c,| ~ n!. Up to order-one factors,
¢, here is the number of diagrams with n vertices. This factorial growth of the

number of diagrams is general in QFT and is another way to see that the series
does not converge. It is called an asymptotic series.

e The fact that the coefficients ¢, grow means that there is a best number of orders
to keep. The errors start getting bigger when ¢, (%) ~ ¢, that is, at order
3m*

n ~ “5~. So if you want to evaluate G at a certain value of the coupling, you
g

should stop at a certain order of the expansion in n.

e [ said above that the fact that the perturbation series doesn’t converge means
that it doesn’t define the field theory amplitudes. What does it miss? To answer
this, consider trying to do the integral (2.20) by saddle point (at J = 0 for
simplicity):

0= S/(Q*) = mQQ* + %QE
(Note the resemblance to the equations of motion.) This has three solutions:

. [3!m?2
¢ =10, g.==i .
Vg

The expansion about the ‘trivial’ saddle at ¢, = 0 (where the action is S(q, =

0) = 0) reproduces the perturbation series described above. At the other saddles,

3lm? 3m?
S<%:ii m):—ll, (2.27)

9

65



m4
which means their contribution would go like e+327, which actually would blow

up at weak coupling, g — 0. These saddles are not on the contour of integration
and don’t contribute for small positive g, but more generally (as for example
when m? < 0), there will be effects that go like ¢ T, This is a function whose
series expansion in g at g = 0 is identically zero. You can never find it by doing
perturbation theory in g about g = 0. The general name for such contributions
is instantons.

A technique called Borel resummation can sometimes produce a well-defined func-
tion of g from an asymptotic series whose coefficients diverge like n!. The idea is

B(z) = Z %zm

m=0

to make a new series

whose coefficients are ensmallened by n!. Then to get back Z(g) we use the

:—/ dze 2"

and do the Laplace transform of B(z

dze=3/9m
/ dzB(z Z/Q—Zcmfo =¢ - —gzcmg =97Z(9).
0

This procedure requires both that the series in B(z) converges and that the

identity

Laplace transform can be done. In fact this procedure works in this case.

The fact that the number of diagrams at large order grows like n! is correlated
with the existence of saddle-point contributions to Z(g) that go like e=%/9. This
is because they are both associated with singularities of B(z) at z = a; such
a singularity means the sum of %" must diverge at z = a. (More generally,
non-perturbative effects that go like e=%/9"” (larger if p > 1) are associated
with (faster) growth like (pn)!. For more on this, see this classic work by Steve
Shenker.)

The function G(g) can be analytically continued in g away from the real axis,
and can in fact be defined on the whole complex ¢ plane. It has a branch cut on
the negative real axis, across which its discontinuity is related to its imaginary
part. The imaginary part goes like e~ 1ol near the origin and can be computed by
a tunneling calculation like (2.27).

How did we know Z has a branch cut? One way is from the asymptotics of the
Bessel function. But, better, why does Z satisfy the Bessel differential equation
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as a function of the couplings? The answer, as you’ll check on the homework, is
that the Bessel equation is a Schwinger-Dyson equation,

0= / aﬁ(something e 5) (2.28)
—0 ¢

which results from demanding that we can change integration variables in the
path integral. This equation is true for any choice of ‘anything,” as long as it
doesn’t grow too fast at large q.

The generalization of (2.28) in field theory is a way to derive True Facts that do
not depend on perturbation theory. For example, for a scalar field:

) o
0= /[Dqﬁ] 50(7) (anything e SM)

is true as long as ‘anything’ doesn’t grow too fast at large fields. As you’ll

study on the homework, this is the sense in which the equations of motion are
true quantum mechanically: the field gg(x) satisfies its equations of motion up to
contact terms, meaning except for when ¢(x) collides with some other operator
in the expectation value (like ¢(y) here).

For a bit more about this, you might look at sections 3 and 4 of this recent paper from
which I got some of the details here. See also the giant book by Zinn-Justin. There is a
deep connection between the large-order behavior of the perturbation series about the
trivial saddle point and the contributions of non-trivial saddle points. The keywords
for this connection are resurgence and trans-series and a starting reference is here.
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3 Lorentz invariance and causality

[Peskin §2.2, 2.3, 2.4] Now we take Lorentz invariance to be an exact symmetry and
see what its consequences are for QFT.

Relativistic normalization of 1-particle states. The Fock space of a real scalar
field is spanned by the states [p, - - - pn) o al ---al |0) where a,|0) = 0. Now it is
time to turn that o into an =. Fock space is a direct sum of sectors labelled by the
number of particles: Y, N =0, 1,2.... (Without interactions, the hamiltonian is block
diagonal in this decomposition.) In the no-particle sector, it is clear what we should
do: (0]0) = 1.

A one-particle state is [p) = ¢,al |0). How best to choose ¢,?

(This discussion is shaded because it contains equations that will not be true in the
normalization we’ll use below. In this regard, beware the section of Peskin called “how
?
not to quantize the Dirac equation”.) Suppose we choose ¢, = 1. Then

(K1) £ (0 a,a} [0) 27 (0] [ay, af] 10} = (2m)*5D (E - 7) = 6(F — 7).

Suppose the previous equation is true in my rest frame F. Since 1 = [ d?pg (p—k), we
see that d%pg(p — k) is Lorentz invariant.

To figure out more explicitly the Lorentz transformation properties of the delta

()= 3 %

If another F” is obtained by a boost in the x direction, pj, = A7p,,

function, we can use

zeros g of f

dp), dF
vyl -8By v 00 [pe ‘ Pa\
|- = T
7, 0 0 10| |p, £ /
v 0 0 01/ \p, _ Y (g_ _E
where we used E? = p% +m? = p2 + p° + m? and QE% = 2p, and fl%; =D
So
(> _ 1. VA T dpl, /= 77 /(d) 5 7
oV(p—k) = (@ — k)= =5 — k) = 69D — k). (3.1)
p dpy E

Which means that in F’ we would have

. E .
(FIp') 2 S - F).
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There is a special frame, it’s no good.

There is an easy fix:
Ip) = \/Qwﬁa;|0> .

In that case the calculation in the shaded text is replaced by
- (d
<k‘lp> VA § @ (k — p) = 20,8 (k - p)
while "
<k‘/|]5(> — 2Wp_p5(d)(k/ _p/)‘
Wp
So the expression is the same in any frame, yay.

Now you can ask why the factor of v/2. We'd like to use these states to resolve the
identity in the 1-particle sector, I; = >, |i)i|. I claim that the following expression
does this and makes Lorentz symmetry manifest:

1, = /dd+1k@2ﬂ'5(k2 —m?) E> <lg‘

_ /ddk/dkoe(ko) ’ <k0 _ E2+m2> ‘E> <E

2k0

d%% -\ /-

We used the general fact 6(f(z)) = >, r(z0)=0 mé(x — z9). Because of the §(k°),

\
only the positive-energy solution contributes.

So in retrospect, a quick way to check the normalization is to notice that the
following combination is Lorentz invariant:

%k _ / dleof (ko) A%k (k2 — m?) =

ka
Actually, this statement has a hidden assumption, that m? > 0. In that case, the

a4k

2wk/ .

4-vector kM satisfying k* = m? > 0 is timelike (or lightlike), and no Lorentz transfor-
mation connected to the identity can change the sign of kg, it can only move it around
within the interior of the forward lightcone (or the forward lightcone itself). So the
(ko) is Lorentz invariant.

Notice that our convenient choice of normalization doesn’t show that our Hamilto-
nian description of scalar field theory is actually Lorentz invariant. For example, we
have

[6(2), 7)) erer = 16(Z — )
at equal times, in one frame. What about other frames?

A second reason to study commutators is ...
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3.1 Causality and antiparticles

Causality in general: This is the very reasonable condition on our description of
physics that events should not precede their causes.

It will be worthwhile to think about how to implement this condition in a QFT.
(The following discussion is based on appendix D of this paper.) Suppose B wants
to send a message to A. How does he do this? He applies a unitary operator®®, call
it B (with B'B = 1), localized near B, to the shared state of their quantum many
body system [¢) 5. (Here E is for ‘environment’, the rest of the world besides A and
B.) Then A waits for a time ¢ and measures some observable A. To send a different
message, he should apply a different operator, say B’

Under the circumstances just stated, the expectation for A’s measurement of A is

(A), = (U] BT A B ) = (A1) — (BI[B, A1)
=A(t)

Therefore, if [B, A(t)] = 0, the expectation doesn’t depend on what B did. In fact,
replacing A with A" for any n and using ( [B,A(t)] =0 = [B, A(¢)"] =0 ) shows
that all the moments of the distribution for A’s measurement will also be independent
of what B did, so no message gets through®’.

So nonvanishing commutators are essential for sending information. Notice that
entangled states of well-separated local degrees of freedom (such as a Bell pair of
distant spins [Todr) — [doTr) € Ho @ H,) are insufficient for sending signals: whatever
we do to the spin at 0 has no effect on the outcomes of measurements of the spin at r.

36<Applying an operator’ is more complicated than it seems. Actually it means ‘changing the
Hamiltonian so that the time evolution operator is B’.

3TThe loophole-seeking reader (ideally, this is everyone) will worry that a distribution is not in
general determined by its moments. (For example, there are perfectly normalizable distributions with
finite averages but where the higher moments are all infinite, such as p(z) = ﬁ‘j:a/f on the real line:
<x2> = a?, but <m2”> = oo for n > 1.) What we would really like to show is that the conditional
probability p(a|B) is independent of B, in which case for sure A couldn’t learn anything about what
B did. Here a runs over the set of eigenvalues of the operator A, A |a) = a|a). That is

p(alB) = (¥ BT ™ |a) (a| e B |y)) = (Py(t)) — (B'[B,Pa(t)]).
—_——

=P, (t)

Does [A,B] = 0 imply that the projector onto a particular eigenvalue of a commutes with B? In a
finite dimensional Hilbert space, it does for sure, since 0 = [A",B] = )" a"[P,,B] is true for all 7,
which gives infinitely many equations for [P,, B]. In the case of infinite dimensional H I think there is
some room for functional analysis horror. On the other hand, any measurement has finite resolution.
Thanks to Sami Ortoleva and Chuncheong Lam for help with this point.
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Here’s a proof: the spin operators at 0, Sy and the spin operators at 7, S, commute:
[SE,S9] = 0, since Sp acts the identity on H, and vice versa. The groundstate of a
quantum field is somewhat similar: there is quite a bit of entanglement between nearby
points in space, but the equal-time commutators [¢(Z), ¢(¢)] = 0 vanish, so it can’t be
used to send instantaneous signals.

[End of Lecture 9]

Causality in relativistic QFT. [Peskin §2.4] In a Lorentz invariant
system, ‘precede’ is sometimes a frame-dependent notion. If A is in
the future lightcone of B, i.e. 0 < (xa—xp)* = (ta—1tp)*— (Fa—Tp)?
and t4 > tp, then everyone agrees that A is after B. This is the easy

case. But if A and B are spacelike separated, 0 > (z4 — zp)* =
(ta —tg)? — (£4 — ¥p)?, then there is a frame in which they occur at
the same time, and frames where they occur in either order. This is
the dangerous case.

spacelike

So: causality will follow if, for all local operators A, B, [A(z4),B(zg)] = 0 when-
ever x4 and xp are spacelike separated, 0 > (4 —xg)%. Recall that spacelike separated
means that there is a Lorentz frame where A and B are at the same time.

A general operator in a scalar QFT can be made from ¢s and J,¢s, so the general
statement of causality (in free scalar QFT) will follow from considering commutators
of

o(x) = ﬂ —ipu# T o Hipuat = () (=)
at different points in spacetime. Here we have decomposed the field into positive-
and negative-frequency parts. Notice that since ¢(*) (¢(7)) only involves annihilation
(creation) operators, [¢™)(z),#*)(y)] = 0 for any x,y. Using the ladder algebra
[a> aT] =1,

d'p

(e*ipu(r*y)” _ e“pu(r*y)“)
QWﬁ

(o). 0] = [

= / d™'p 276 (p? — mP)O(p°) (e e — eenlemy)®y - (3.9)

Vv
Lorentz inv’t

Here comes the slippery stuff: Suppose x — y is spacelike. Let’s choose a frame
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where they (the points labelled by z,y) are at the same time, and let A be the Lorentz
matrix that gets us there: A¥(x — y)” = (0, Azx)* = . Then we can change the
integration variable to p* = A¥p”, so that

pu( —y)* = p'nu (v — y)* = p7 Ao A, 27 = p,a*.
——
=Nop

Then

6(z), d(y)] &L <° / a1 2w (5 — m2)O() (7P - HFA) — 0. (3.3)

-~

odd under 5—> —5

We conclude that [¢(x), ¢(y)] = 0 if (z —y)? < 0, i.e. for spacelike separation. By now
you’ve computed enough of these commutators that you know this oddness is why the
equal-time commutator of ¢s vanishes; Lorentz invariance shows that this implies its
vanishing for all spacelike separation.

The same argument works for [¢,n] and [7,7]. For [¢, 7], the strict inequality
(z —y)? < 0 is important — they do not commute when light-like separated (this is the
Lorentzian version of coincident, (x — y)? = 0).

So: vanishing equal-time commutators (for nonzero separation) plus Lorentz sym-
metry implies causality.

Notice that the argument fails if (x — y)? > 0, since then we can’t get rid of the
time component of the exponents by a Lorentz transformation, and they don’t cancel.
It is possible to send signals inside the light cone.

Now let’s think more about the bit that is nonzero:

[6(x), ()] = [P (), 67 ()] + [¢'7) (), 6 ()]

J/
- -~

=At(z—y) =A~(z—y)

Because [a,al] oc 1, A% is a c-number, independent of what state it acts on. So, for
any normalized state [},

A*(x —y) = (W] Atz —y) [¢) = (0] A*(z —y) |0)
= (06" (2), ¢! ()] [0)
= (0] ¢ (2)e () 0) = (0] 67 (y) ¢ (2) ]0)
—_———

=0:¢T > a,a|0) =0

= (0l ¢(x)¢(y) [0)

where in the last step we again used ¢*|0) = 0 (and (0|¢~ = 0). *® This is a

3¥Note from the definition that A*(z —y) = [¢(F)(2), ¢ F) (y)] = —AF (y — z).
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vacuum-to-vacuum amplitude, or propagator®, in the sense that
o(y) |0) = |'particle created at y’)
(0] ¢(z) = (‘particle destroyed at 2’|

That is, AT is the amplitude to propagate the excitation created by the field from y

aty
M=y =3 (=== ey = [GRPEI 0 (3a)

p p

to x.

This integral can be done in terms of functions with names®, but the most useful
information is about its asymptotics in the very timelike ( ¢t = [2° — ¢°| > |7 — 7] )
and very spacelike ( [2° —¢°] < |Z — y] = r ) limits.

Atz —y)=q

e 2 =0 > F -l (v —y) =4

e, 2 =yl < F -yl (@ —y)r =
You can read more about how to arrive at these expressions in Peskin (page 27); the
spacelike case is related by a Lorentz boost (to the rest frame) to the calculation of the

Yukawa potential that we did in the last section.

Notice that this quantity (¢(x)¢(y)) is not zero outside the lightcone. There are
nonzero spatial correlations (and indeed entanglement) in the scalar field vacuum.
What gives? Nothing. Causality only requires the vanishing of commutators outside
the lightcone, which we already showed in (3.3).

The cancellation in (3.3) can be interpreted as destructive interference between
particles and antiparticles. It’s clearer for the complex scalar field, where ® = &) 4

®(-) with
B — / AP iy o) = [P iy
P’ p
\/ 2wy \/ 2wy,

(with the expressions for the + and — frequency components for ®* following by taking
hermitian conjugates).

39We’ll understand its connection to the time-ordered propagator just below.
408pecifically, in four spacetime dimensions and spacelike separation, (z —y)? = —r%, At(z —y) =
2 Ko (mr).
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So consider the analogous™

D(x —y) = (0] 2(x)®*(y) [0) = (0] [27 (2), 2"~ ()] [0) = A (x — y)

from [a, af]
D*(y — ) = (0] ©*(y)@(x) [0) = (0] [2*"(y), 2™ (2)][0) = — Ay (y — x)
————
from [b, b]
So if we consider the commutator,
(O] [@(x), @*(y)]0) = D(x —y) = D*(y — x)
S @) - @———pr———y)
p pa;tricle antip;;ticle!

then in the spacelike case, the antiparticle bit from the first term of the commutator
cancels the particle bit of the second, as above in (3.3). Antimatter makes QFT causal.

3.2 Propagators, Green’s functions, contour integrals

[This subsection is mostly in a different color because I am mostly skipping it in lecture:
we already learned all these things from the point of view of the path integral in the
last section. I'm leaving it in because it has nice pictures, and because it has a possibly-
useful summary of the discussion of choosing the contour for the frequency integrals in
the propagator.|

Any Green’s function for the Klein-Gordon operator (propagator for a real free
scalar field) can be represented as :

. i
Ac(x) = R 7R ——
C( ) /C P p* —m?
=[dpo faip

for some choice of contour C'. To see that this is related to the object we discussed
above, first note that the denominator is

PP —m? = (po — wp) (po +wp) . wyp= P p+m?

4INotice the annoying fact that the positive frequency component of ®*, ®*(t) is actually the

dagger of the negative frequency component of ®:

(q)*)(-i-) _ (Q(_))*.
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so there are two poles, which seem to be on the real axis; this means that our integral
is ambiguous and we need more information, indeed some physical input.
L~
We can specify the contour C' by taking linear combinations of Cy  (_ C,
which are small circles going clockwise around the poles at £wy. 6} @
wg= §ee

-“F
These basic integrals are (for a reminder about Cauchy’s theorem see footnote 31):

. i I
dlp et 1 /dd ——e P = AT (2). 3.5
/c+ he p? —m? p2wp~e = (@) 39

. ' 1. o
dlp et 1 _ /ddp e ey = —AT(—2) = TP A (1),

c p? —m? —2wy
These are the same A* we encountered in (3.4) as commutators of ¢(*).

These are two particular choices of contour, and others are also interesting. Consider
the retarded propagator,

Ag(z —y) = 0(2" — y°) (0][o(x), ¢(y)]]0) -
This is the Green’s function that governs linear response:

An(z —y) = L@,

6.J(y)

(T explain how to see this in §4.9; for now, notice that the 6(x°—1°) guarantees that the
response happens after the perturbation that causes it.) It is also a Green’s function
for the KG operator. We can reproduce Ag by routing our contour to go above the
poles in the complex p° plane: if 2% — y° > 0, then the factor e "@*~¥") decays when
Imp° < 0, so we can close the contour for free in the LHP, and we pick up both poles;
by contrast, if 2% — y° < 0, we must close in the UHP and we pick up no poles and
get zero. Notice that we could get the same result by replacing p® — p® + ie in the
denominator, where € is an infinitesimal (this means that €2 = 0 and ec = € for any
positive quantity c).

i L~

- B W YA

o “ ~0g-ic Qg -ic

[
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So Dr(z,y) = 0(2° — y°) (AT (2,y) + A7 (z,y)) = 0(2° — y°) (A% (z,y) — AT (y,2)).
If we route the contour below the poles, we get the advanced propagator, where the
response only occurs before the source. Surprisingly, the advanced propagator is some-
times useful in physics.

Another interesting way to navigate the poles is by replacing p? —m? with p? —m?2+ie.
This shifts the poles to

p’ = iwpm = tw, (1 — ie).
as id
-LJF

—y Cr . .
- o > 2@— 5 f}*—— This is called
g€

the Feynman contour, Cr, and we saw in the last section that it arises by continuation
from Euclidean spacetime. Consider again the euclidean propagator, where we get rid
of the relative sign in the metric :

. —i YD s
Ip(@) = [dp—p—— ; € i,
Dl +m

Its poles are at p? = +i\/p- p+ m?2, far from the integration contour, so there is no
problem defining it. Now consider smoothly rotating the contour by varying 6 from
0 to /2 — e in p° = €pP. The Feynman contour is the analytic continuation of the
euclidean contour, and the € is the memory of this.

To be more precise about this ‘smooth rotation’ of the contour, Tmn( ko)

we can use Cauchy’s theorem again, with the contour at right (the ko
figure is from Matthew Schwarz’s book). The semicircular arcs

are at |k°| = A, and give a contribution that decays like an inverse

power of A, and we must take A — oo. The integrand is analytic ~VRE 4 At
inside the contour, no poles, so the integral f X kez:—:; = 0. ' .
- VE2 + A e

\d

Therefore the real-frequency integral (the real axis) and euclidean |
integral (minus the imaginary axis contribution, with z? = it)
are equal.
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42In position space, the Feynman propagator is

e = 0(2") AT (2)+HO(—2") AT (—z) = O(2°) AT (2)—O(—2") A ().
If z° > 0 (< 0), we must close the contour in the LHP (UHP) and get A* (A7).
Recalling that A*(z — y) = (0|é(x)o(y)[0),

Ap(z —y) = (0] (0(z" — y")o(2)(y) + 0(y" — 2°)d(y)e(x)) [0) = (O] T (¢(x)(y)) |0) -

The T is the time-ordering symbol: the operators at the earliest times go on the right,
so we can regard time as increasing to the left.

The propagator is a Green’s function. So we’ve learned that

i

——— =A
pp—— (p)
is the Fourier transform of A(z), the momentum-space propagator (either retarded or
Feynman). From this we can see that A(z) is a Green’s function for the differential
operator 9,0™ + m? in the sense that

(0,0" +m*) A(z) = —id(z)

(by plugging in the Fourier expansion of A and of the delta function, @Y (z) =
fdde e 7?7 and differentiating under the integral). Notice that this did not depend
on the choice of contour, so this equation in fact has several solutions, differing by
the routes around the poles (hence by A*, which are solutions to the homogeneous
equation, without the delta function). On the homework, you will show this directly
from the position space definitions.

42You might worry about the fact that the exponential in the integrand grows or decays with A
depending on the sign of ¢. It’s not the exponential that kills the integral, but it also doesn’t cause a
problem:

The contribution from the first quadrant is of the form (for large A):

1 /2 —Atsin 6 ™ A>everyone T
3 [ v = I g - L) U L

(Here I just used Mathematica, where Lg(z) is called StruveL]0, x] in Mathematica and Iy(x) is
Bessell[0,x].) The contribution from the third quadrant is

s

2A2¢t°

1 3r/2 _ : ™ A>everyone
K/ﬂ dfe=Atsind — 55 To(At) + Lo(At)) ey

Thanks to Dominic Holland for alerting me to this potential problem.
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Physics preview. Here is a preview of the physics of the Feynman propagator.
Imagine we introduce some interactions, such as a cubic term in the Lagrangian, e.g.

L3 ¢p(x)pn(x)pr(x) + h.c. (3.6)

where the fields appearing here destroy or create particles with the names in the sub-
scripts. Here are two stories we might tell about a collection of such particles.

In both pictures, time goes to the left. In the first picture, a A~ emits a 7~

Y

becoming a A at spacetime point P. This 7~ propagates to ) where it is absorbed
by a p, which turns into an n. In the second picture, a p emits a 7 at (), and becomes
n; that 7* is absorbed by a A~ which becomes a A°.

The Feynman propagator includes both of these stories automatically.

Antiparticles going backwards in time. This story is clearer if we discuss the
complex scalar, where particles (created by af) and antiparticles (created by bf) are
distinct:

d% .
O(z)= | ——=a e P+ bT Hipz
0= [, e
ECI;:(I) =d- (z)

The commutator is

(D), *(y)] = [ (2), 2 ()] + [ (2), 2 ()]

-~

from [a,al], particles  from [b, bf], antiparticles

= Af(z—y) + Ap(z—y)
—_———

=—Af (y—2)

:/ dd-ﬁ-le—ip(x—y)ﬁ / dd—H —ip(z— y%‘ (37)
Cy pT—=m pT—=m

78



The propagator that we’ll really need to compute S-matrix elements is

Ap(x —y) = (0] T ((x)2*(y)) |0)

= 0(z" —y°) (0] @(z)®*(y) |0)
— (0] (2)®*~ ()|0)=(0| [+ (2),&*~ (1)]|0)=AF (z—y), particles
+ 0y’ — 2°) (0] ©*(y)®(x) |0)

=—(0][®**(y),2~ (z)]|0) zfAlf (z—y), antiparticles

Signals propagate inside the lightcone. Returning to our discussion of causal-
ity, we showed that in general [B, A(t)] # 0 is required for B to successfully send a
signal to A at time ¢. In a relativistic theory we can now say a little more. If A(0) is a
local operator at the point & = 0, then the support of A(t) is only in the region |Z| < ¢t,
the forward lightcone of the event (#,¢) = (0,0). By the support of the operator, I mean
the set of points in space where it acts non-trivially, i.e. as something other than the
identity operator. We know this because we showed that in a relativistic QFT, all local
operators commute for any spacelike separation. An operator that commutes with all
other operators is proportional to the identity.
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3.3 Interlude: where is 1-particle quantum mechanics?

Earlier, we started with non-relativistic quantum mechanics (NRQM) of a bunch of
particles and arrived at a QFT describing a different set of particles (phonons). But
I also said that everything is quanta of a QFT, including NRQM. Let’s take a break
from the development of QFT to see how that happens.

[Tong, §2.8] Consider a relativistic complex free massive scalar field ®, with mass
m. The minimum energy (above the vacuum) of a single-particle state is w,—o = m; in
its rest frame, the wavefunction is e=". Consider the change of variables:

O(Z,t) = e ™ (Z, 1) (3.8)

1
Vom
The Klein-Gordon equation is

1 —'t<” L 9
e (§ _2imi — v \1/)
V2m

where the terms with m? cancel; so far we've just changed variables. The non-
relativistic limit is |p] < m which says w, = \/p? + m? ~ m—l—%—i—- -+. The point of fac-
(E—m)t Py

)

~ € 2m

0=0!®— V& +m’d =

toring out the phase e~ is that the time evolution of ¥ looks like e~
so in the NR limit, |¥| < m|¥| meaning that we can ignore that term in the KG

equation. The remaining equation of motion is
10,V ! V2 (3.9)
i = —— cee .
‘ 2m

The --- are higher derivative terms coming from the expansion of the dispersion re-
lation, which I will now drop. This looks like the Schrodinger equation for a particle
in no potential, in position space, but that is a coincidence: ¥ is not a wavefunction.
This equation (3.9) is the eom associated with the lagrange density

L =iy — LWJ* VA
2m

which you can also get by plugging (3.8) into 9,,$*0*®), from which 7y = iV*, g« = 0.
( b
The ETCRs are then

[U(@), O ()] = 6T —5), [V, 9] =0=[T" 0]

and the Hamiltonian is )
H = /ddx—ﬁ\p* V.
2m
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The solution in terms of creation operators is then (a first-order linear ODE has a

= /ddpeiﬁ'fap, U*(z) = /ddpeiﬁ'fa;

with [a,, al] = (27)%0%(p — q) as before. The hamiltonian is then

single solution)

P

(with no normal-ordering constant — the vacuum of this non-relativistic theory is
extremely boring and has no dance of birth and death of the fluctuating particle-
antiparticle pairs).

The crucial point here is that the antiparticles are gone, despite the fact that the
field is complex. They disappeared when we dropped the second-order time derivative
(recall that a first-order equation has half as many integration constants as a second-
order equation). In the limit we’ve taken, we don’t have enough energy to make any.
(More precisely, we're promising to only study states where there is not enough energy
to make any antiparticles. ) The states are

al ---al |0)=|{p}), a,|0)=0

and these are energy eigenstates with energy H |{p}) = >, 2 % l{p}), a nice non-
relativistic (NR) dispersion for each particle. The particle-number symmetry is still
present ¥ — e~ W but now the Noether current is

i - K A\
= (qfxp SV + h.c.) - <p,j) .

Now we can find the QM of a single particle which cannot go away (since we
got rid of the antiparticles), with some position and momentum operators. In fact
the momentum operator is just the charge associated with translation invariance, and
takes the form (just like on the homework)

/WW%p

and P |{p}) = > o Pal{p}). What’s the position operator? A state with a particle at
position 7 is
B = v @)0) = [a'pe 7 ).

If we let



then indeed X |Z) = Z|Z). To see that the Heisenberg algebra [X,P] = i works out,
consider the general 1-particle state

) = [ oot o).

The function ¢ (z) here is the usual position-basis Schrodinger wavefunction. You can
check on the homework that

x0) = [ dastvio)le), P = [ate (Lo ) i)

which implies the Heisenberg commuator. Finally, the hamiltonian (3.10) gives the
time evolution equation

. V2
10, = —2—¢
m
which really is the Schrodinger equation.

Many particles that one studies in NR QM are actually fermions (e,p,n...) and
therefore not described by a scalar field. But in the 1-particle sector, who can tell? No
one. Later we’ll see the NR limit of the Dirac equation, which is basically the same,
but with some extra juicy information about spin.

Next we will speak about ‘interactions’. This term is used in two ways. In NR QM,
it is sometimes used to describe an external potential V' (x) appearing as an extra term
in the Schrodinger equation

VQ
10 = —%1? + V(z)v(2).

Such a term explicitly violates translation symmetry. It can be accomplished by adding
to the action the quadratic term

ASy = — /dd:vlll*(x)\lf(x)\/(x) = — /ddxp(x)V(x).

This says that nonzero density of particles at x costs energy V(z). A second sense of
‘interaction’” which is how it will be used forever below is interaction between particles.
With only one particle this cannot happen. NR QM theory does accommodate more
than one particle, and we can consider an interaction between them like

AS = — / 'z / AT ()0 (2)V (2 — )T ()W ().

If V(z —y) = §%x — y), this interaction is local.
[End of Lecture 10]
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4 Interactions, not too strong

4.1 Where does the time dependence go?

[Peskin chapter 4.2] Now we must get straight where to put the time dependence. Dif-
ferent ways of doing the book-keeping are called different ‘pictures’. At some reference
time, say ¢t = 0, they all agree: label states by [¢, 0) and operators by O(0). At a later
time, in picture P, these evolve to [¢, ) 5, Op(t). Physics, such as any amplitude like

P (0, 1| Op(t) [, 1) p (4.1)

is independent of P. Let’s assume the hamiltonian H has no explicit time dependence.

In Heisenberg picture (P = H), |1, t),; = |¢,0) for all time, and the burden of the
time dependence is all on the operators

Ou(t) = U (O0)Uy (). (4.2)
The Heisenberg equations of motion are
i0y =[Oy, Hy] (4.3)

so in particular Hy = 0 so Hy(t) = Hy(0) = H. Then (4.3) is solved by (4.2) with
Uy (t) = e ™ An example of an operator is the free field:

d?p . :
—ip,xH T _ipuat
2w, (e + bpet™ ™) [,

which you time-evolved this way on the homework. In fact, this equation is basically
the whole story of free field theory. The field makes particles that don’t care about

each other.

d
dt
only from explicit, external dependence in the definition of the operator (which will

not happen here), so Og(t) = O(0), and (4.1) then requires

90 = Un(t) [¢,0).

In Schrédinger picture (P = 5), <+ Og = 0,05 time dependence of operators comes

And the unitary evolution operator is
UH(t) _ e—iH(O)t — e—iHSt — US —U

so does not require a picture label.

Interactions. So, in an interacting field theory, all we need to do is to find U to
figure out what it does. For better or worse, this isn’t a realistic goal in general. This
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quarter we are going to focus on the special case where the interactions are weak, so
that the hamiltonian takes the form

H=Hy+V

where Hj is quadratic in fields (linear terms are allowed but annoying) and we assume
that the interaction term V' is proportional to a small parameter. This by no means
exhausts all interesting questions in field theory; on the other hand, a surprisingly
enormous amount of physics can be done using this assumption.

Interaction picture. (P = I) Under the circumstances just described, it is very
convenient to use a hybrid picture where the time-dependence of the operators is as
in the Heisenberg picture for the hamiltonian with V' — 0. This free field evolution is
solvable (and is what we’ve been doing all along so far):

O;(t) = U O0)U,, Uy(t) = e o, (4.4)

Note that in this picture, Ho(t) = Hy(0) = Hy. Equivalently, i0; = [O;, Hy|, where in
this expression, crucially, Hy = Hy(®;) is made from interaction picture fields, whose
evolution we know from above; for example, for a complex scalar,

d’p
\/ 2w

The catch is that the interaction-picture states are still time-dependent:

By(2,1) = (e 4 bjen).

4.1)!
ot On(t) [, 1), 2

-~

(et O1t)  |[¥,t);

=(p,0|UL ()O(0) U (£)|,0) =U{ (H)0(0)U, (1)

V¢, 1) which says that

[, 1), = US0)Un (1) [,0) = Ur(t) [1,0),  that is, Us(t) = US(6)Un(t).  (4.5)

In the interaction picture, the interaction hamiltonian itself evolves according to

d
i Vi=[Vi, o] = Vi(t) = UV (0)U,.

So for example, if V(0) = [ d%xg¢*(x,0), then using 1 = UyU] repeatedly,

UIVIO)y =g [ d'aUjo(w.0)0, = g [ daUfote.00,Ufole, 00,0000, = g [ d's (r(w.0)".
This trick wasn’t special to ¢ and works for any local interaction:
(V(#); = Vo (¢1(2))

84



— just stick the interaction-picture-evolved fields into the form of the interaction at
t =0, easy.

How do the states evolve? Notice that [U],Uy] # 0, if the interactions are inter-
esting. So

O [, ), = 0, (Ur(t) [v,0)) = 9, | Ud(2) Unlt) ¥, 0)

—e—iH(0)t ——i(Hp+V)t

= Ul |iHy—iH | Uy |,0)

=-1v(0) =UT (DU, (8)]0,t)
= —iUJV(0) Uy U, U [, ), = —1USV (0)U, [, 1), - (4.6)
=1 =V(t)

Here V(t) = V;(t) is the interaction-picture evolved interaction Hamiltonian. We've
learned that

i@t |?/1,t>[ = V<t) |w7t>l

Alternatively, the interaction-picture evolution operator satisfies

10,U;(t) = V(U (t).

Notice how this differs from the Heisenberg evolution equation (4.3): although the full
H is time-independent, V;(t) actually does depend on ¢, so [V (¢), V()] # 0, and so the
solution is not just a simple exponential. We’ll find a nice packaging for the solution
next in the form of Dyson’s expansion.

Peskin’s notation for this object is U;(t) = U(t, to)|i,=0. We can figure out how to
change the reference time from zero as follows:

0,8y, = Ur(t) [1,0), |, '), = Ur(t) [9,0) = [¢,0) = UJ(¢') [¢,t)
W, t), = U, (U [, 1),
N———

=U(t,t)

From which we infer that

Ult,#) = U U (U} (U (¢') = ettt

From now on we drop the P = I subscripts: everything is I.

Definition of S-matrix. What are we going to do with the evolution operator?
Here is a basic (only slightly naive) three-step framework for doing particle physics
(not yet for making predictions):
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e At time t;, specify (e.g. measure) all the particle types, spins, momenta in the
form of an initial state |¢) in the QFT Hilbert space.

e Wait. At time t, the state is
Ut,ti) i) = [v:1) -
e At time ¢y, measure all the particle data and get some state |f).

Quantum mechanics says that the probability for this outcome is

12
| (LU ) |0 [
(One way in which this is significantly naive is that the space of outcomes is continuous,
so we must instead make probability distributions. More soon.) Because particle
interactions are a fast-moving business, a useful idealization is to take t;, - —oo and
ty — 00, and let
S = (f19i), §=U(o0,~o0)

the S-matrix (S’ is for ‘scattering’).

This has only three ingredients: initial state, time evolution operator, and final
state. Let’s focus on the middle of the sandwich some more:

Dyson expansion. We need to solve the equation

O |, t) = =iV (¢) |¢,t), with initial condition |, ¢;) = |i).

Here’s a “solution”:

.t) = i)+ (=) [ daV () o)

as you can check by the fundamental theorem of calculus. The only small problem is
that we don’t know |1, ¢;). But we can use this expression for that too:

o) =l + (-0 [ anvin) (1 + () / () 6.
— i) + (=) /titdtlv(t1)|i>+(—i)2 /tfdtl /tt AtV (1)V () [0, £2)

Why stop there? Two comments: (1) This generates a series in V'; so this is a good
idea when V o« A < 1. (2) Notice the time-ordering: the range of integration restricts
t1 > to, and the earlier operator V' (t) is to the right. The result of doing this infinitely
many times is

0 t tq tn—1

0, 1) = Z(—i)”/ dtl/ dty - / dt V0V (t) - V(t) i) = Ut 1) i)
— t; t; t;
’ (47)

Since (4.7) is true for any [i), it tells us a formula for U.
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To review, the equation we are trying to solve is:

i0; |1, t) = 10U |, ;) = i0,UU" |2, t) .
N——
=V (t)[4,t)

This is true for all |+,t), so it means i0,UUT = V. Multiplying the BHS on the right
by U gives
= o, U = —-iVU.
We might expect that an equation like this has a solution which is something like

P .
S 6_1Vt.

Now we must deal with what Lawrence Hall calls “the wretched n!”. Starting from
our series solution (4.7),

i—l / dty / dts - / dt,V )V (ts) - V(L)

(—i) /dtl/ dts - - / dt, T (V(t)V (L) - V(ts))

—i)”m /t dt, /t dty- - /t it T (V) (h)---V(E))  (48)

In the first step I used the fact that the operators are already time ordered (this followed

Il Il
M8l| Méﬁu

S
I
o

from the differential equation we are solving, since the V' always acts from the left). In
the second step we used the fact that the time-ordered integrand doesn’t change if we
permute the labels on the times. So we can just average over the n! possible orderings
of n times. If we pull out the time-ordering symbol, this is an exponential series:

Ut t) =T (e*iffi dt’V(t’>> '

The time-ordered exponential is defined by its Taylor expansion — it’s really just a
recipe (or nice packaging) for generating the Dyson expansion.

4.2 S-matrix
Taking the times to 400 in the previous equation gives an expression for the S-matrix:

S =U(—00,00) = T( —E dvit ) : (4.9)
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The practical value of these expressions is that they give a (compact) recipe for evalu-
ating the time evolution operator as a series in powers of the small parameter in front
of V(0): we know V/(t) in terms of things like a,a’, can pull them down term-by-term.

I should have called the previous expression the ‘S-operator’, since the thing we
are after is really the S-matrix elements, (f|S i), for which we still need (i| and |f).
Here we encounter some small trouble. Can we just use the states like \/Q_%a; |0)
(the eigenstates of the free hamiltonian) which we’'ve grown to love? In fact, even the
vacuum |0) is not an eigenstate of the actual Hy+ V (since [Hyp, V] # 0), so it will not
stay where we put it. The vacuum of the interacting theory [€2) is itself an object of
mystery (a boiling sea of virtual particles and antiparticles), and the stationary excited
states are too (a particle carries with it its disturbance of the vacuum). We’ll learn
to deal with this in perturbation theory, but here’s an expedient: pick a function f(t)
which is zero at one end, one in the middle, and then zero again at the far end. Now
replace the interaction hamiltonian V' with f(¢)V(¢). Then, if we take t; < the time
before which the interaction turns on, and ¢y > the time after which we turn it off,
then we can use the free hamiltonian eigenstates. This is in fact wrong in detail, but
it will get us started. We’ll fix it later in our discussion of the LSZ reduction formula.

Example. Let’s think about ‘scalar Yukawa theory’. Simplifying the notation a
bit, the whole Lagrangian density is

1 1 1 1
L= 3 GOV P — §M2¢2 + 58@*8% — §m2<I>*<I> + L (4.10)

with  L; = —g®*do.

In terms of our notation for perturbation theory, H = Hy + V, this means V =
— f d%xL;. The mode expansions are

d% . .

_ —ipx T ipx

o= [ e )
d% . .

o —ipx T _ipx

0= [ T ()

where I've written w, = /M2 +p% E, = \/m?+ ¢*>. Notice that ® — e P is a

symmetry; the conserved charge is

q:Nc_Nb~

But the ¢ particles are not conserved.*?

43You might notice a possible problem with this theory: what happens to the quadratic term for ®
when ¢ is very negative? Let’s not take it too seriously.
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https://www.youtube.com/watch?v=Xs7r5xfucPs

Artisanal’’ meson® decay. [Tong §3.2.1] The interaction £; can change the
number of ¢ particles. What is the amplitude for a ¢ particle to decay to a ®-anti-®

pair? So consider

= 2w,d] [0), |f) = \/2E,2E,b! cl [0).

The S-matrix element between these states is
(31 = 17 (14 (D) [ g,z + 06" ) 1

where all operators are in interaction picture. The first term dies because (f|i) = 0. In
the O(g) term, the time-ordering doesn’t matter because all the operators are at the
same time. The ¢ ~ a+a' takes a one-particle state into a superposition of states with
zero and two ¢-particles. We need to end up with zero ¢-particles. The leading-order
nonzero term is

= —ig/der1 (f| 2rD, \/_ eike akaL]0> 2w,

=" (k—p)|0)
d%

ddk1
= —ig / A e ‘px (0| by, cg/AE, Ey, / ‘klbe
\/2Ey,

44 Artisanal means doing something by hand when it can be automated. We are doing it this way
now to understand the process of mechanization that we will introduce next.

45Notice that ¢ is just like the field we discussed earlier (in §2.1), which mediates an attractive force
between sources with a range 1/M. In £; we have replaced the force J exerted by the ‘giant hand’
with g|®|?, where ® is now also a dynamical variable.

lk:gx T |0>

The effect (that a scalar field of mass M mediates an attractive force of range 1/M) is named after
Yukawa. The context in which Yukawa thought about this was the atomic nucleus. An atomic nucleus
is made up of a bunch of nucleons (protons and neutrons), all of which have non-negative charge and
therefore repel each other by Coulomb interaction. But somehow, nuclei stay together. Yukawa’s idea
was that there is some short-ranged but very strong force holding them together, and the ¢ particle
is the mediator of the force. M, then, is what determines the size of the nucleus, and the quanta of
¢ are called pions.

And the role of the nucleons is played by (the quanta of) ® in our story here. That’s why I made ®
a complex field, because nucleons carry some conserved charges and are not their own antiparticles.

This model has a number of shortcomings. One is that the nucleons are actually spin-half fermions
and not scalars. We'll learn how to fix that in §5, and it’s not a real problem. I will call the particles
created by ¢ and b' snucleons and anti-snucleons, respectively, in recognition of the fact that they
are scalars.

A second problem is that we’ve left out the information that distinguishes protons and neutrons,
and also there are various species of pions. This ‘isospin’ symmetry information is easy to include
and very helpful. A more important shortcoming is the fact that a ‘very strong force’ is required to
overcome the Coulomb repulsion. This is accomplished by the fact that the coupling g is not very
small in a realistic model, and perturbation theory in ¢ is not always so great.

Meson is an old-fashioned word for a scalar particle, and more specifically is another name for pion.
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— _ig / 401 peilata—pz _ _ig(27r)d+15d+1(Q1 +q2 — p)

This is a small victory. The delta function imposes conservation of energy and mo-
mentum on the transition amplitude. In the ¢ rest frame, p* = (M, 0) which says the
amplitude is only nonzero when ¢; = —g and when M = 2./|q1|?> + m?. Notice that
this can only happen if M > 2m.

How do we get from this amplitude to a probability? We have to square it:
2
Pri ~ |sz"2 =g (5d+1(pf _pi)) .
The square of a delta function is infinity. What did we do wrong?

Not so much, we just asked a dumb question. Here is where it helps to be a physicist.
Consider:

(5d+1(p))2 — 5d+1(p)5d+1(0) — 5d+1(p)/dd+lx€i0x — 5d+1(p)VT

where V'T"is the volume of spacetime — the size of the box times how long we're willing
to wait. There is a nonzero probability per unit time per unit volume that a ¢ particle
in a plane wave state will decay. We’'ll get its lifetime out momentarily.

On the homework you'll do a few more calculations of amplitudes by this artisanal
method. For more complicated examples, it will help to streamline this process, which
is the job of §4.3. [End of Lecture 11]

4.3 Time-ordered equals normal-ordered plus contractions

[Peskin §4.3] We have an expression for S in (4.9) involving only time-ordered products
of operators. If we stick this between states with just a few particles, the annihilation
operators in there very much want to move to the right so they can get at the vacuum
and annihilate it, as is their wont. Wick’s theorem tells us how to help them do this,
along the following lines:

Wick: T(¢..0) =: .. + 7 (4.11)
have want

In the previous schematic non-equation, I introduced a notation for a normal-ordered
product : ¢ - - - ¢ : which means each term has all the annihilation operators to the right
of all the creation operators, for example

co(@)p(y) = ¢ (2)p () + ¢~ ()T () + ¢ (2)dT (y) + ¢ (x)o (y). (4.12)
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Normal-ordering difficulty. There is a sticky point in the definition of normal
ordering. The issue is: what is the result of normal-ordering a c-number? We are
defining normal ordering as a lexicographic operation of moving symbols around, not
as a linear operator. If we tried to define the normal-ordering operation to be linear,
then we would need to have

ala —:aal:—:1:.
~—~

=aaf—1

But (0] : afa: [0) = (0] : aa’ : |0) = 0 so we would need to have (0] : 1 : |0) £ 0, which
means we would require the shocking-looking equation:

?

:1:=0

that is: the normal-ordered product of a c-number would be zero. This definition
(which, beware, differs from Peskin’s) would have the advantage that the vacuum
expectation value (VEV) of any normal ordered product is zero (with no exceptions
for c-numbers). The price is that we wouldn’t be able to put the normal-ordering
symbol around the c-number bits, as Peskin does.

Instead we’ll define : ¢ := ¢ for ¢ a c-number. More generally, let A, B, C' be the
positive- and negative-frequency bits of some fields. Then

:ABC ... .= | AB'C.
A~

only afs only as

Peskin writes N(---) =: ---:. Notice that with our definition (and Peskin’s)

(0] : anything except a c-number : |0) = 0.

A comment about fermions. Later we will use anticommuting operators, which
have

+ C pCr = {ck7 p} 6(k p) {CJIENC;[)} =0.
In particular, the equation (c;) = 0 is an algebraic realization of the Pauli principle.

The cost is that even the ¢~ bits generate signs when they move through each other.
In that case, we define the normal ordered product as

:ABC---:= [ AB'C'- (—1)*
NN

only afs only as
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where P is the number of fermion interchanges required to get from ABC--- to
A'B'C"---. Keeping track of these signs, and replacing commutators with anticommu-
tators, everything below goes through for fermion fields.

Let’s go back to (4.12) and compare with (4.11). Because [¢F, ¢*] = 0, the order in
the last two terms doesn’t matter. So (4.12) can differ from the time-ordered product
only in the first or second term. If y° > 20, it differs by [¢"(y), ¢ (7)) = AT(y —x) =
—A~(z —y), and if 2° > ¢°, it differs by [¢"(z), ¢ (y)] = At(z — y). Altogether
this produces the Feynman propagator Ag(x — y), which we’ll denote as Ap(x —y) =

—
o(z)p(y), and call a contraction:

1 o(@)P(y) =T (¢(x)0(y)) —Ar(z —y) =T (6(x)d(y)) —d(x)(y). (4.13)
More generally, writing ¢, = ¢(z,), Wick’s theorem says

t1 O =T (¢1 -+ ¢n) — (all contractions) (4.14)

where a contraction is defined as the price for moving a pair of operators through each
other to repair the time ordering, as in (4.13), and denoted by the symbol in (4.13).
For a pair ¢(x)¢(y), this price is Ap(z — y).

For example, for four fields, the theorem says

1 1 1
T(1- ) =1+ s+ (¢1¢2 P304 1 +5 mOTe) + (P102¢3¢4 + 2 more)

Notes: The fully-contracted bits are numbers, so (with Peskin’s convention) it doesn’t
matter if they are inside the normal-ordering symbol. For a product of n fields, there
n : .

(L ) (= many) contractions. But if

are [ i n\ (4 n n\ (6\ (4 4
2 1) \2 6)\4) \2 n/2]
we take the vacuum expectation value (VEV) of the BHS, all the terms that aren’t

c-numbers go away.

Here’s the idea of the proof of (4.14) [Peskin page 90], which is by induction on the
number of fields m in the product. We showed m = 2 above. Assume WLOG that
29 > .- > 1Y or else relabel so that this is the case. Wick for ¢ - - - ¢, says

T (P11 Om) = \qb,l/ o+ O + (all contractions w/o ¢ )
=¢7 +o1

The ¢; term is already in the right place and can slip for free inside the normal-ordering
sign. The ¢; needs to move past all the uncontracted ¢;>08; this process will add a
term for every possible contraction involving ¢;. |
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4.4 Time-ordered correlation functions by diagrams

[Peskin §4.4] Time-ordered correlation (or Green’s) functions of local operators will be
useful:

GO () = (QU T (6 (21) -~ 0 () |90

Here, the operators are in Heisenberg picture for the full hamiltonian H = Hy + V,
and € is its actual lowest-energy eigenstate, H |Q2) = Fq|(2).

The fourier transform is also useful:

GO (py - py) = / NS / g, e SEIPEG) (g

Notice that there is no need to restrict the momenta on which G depends to the
mass shell p? = m?, that is, G (p) is a function of the p; even when p; are off-shell: these
Green’s functions contain “off-shell” information, more information than is available in
just the scattering matrix. However, something special will happen when the external
momenta are on-shell. As you can see from the free two-point function, (4.16), they
blow up on the mass-shell. The existence of a singularity of G on the mass-shell is a
general fact, and their residues give the S-matrix elements:

G(pr--- p%m H 72 —m +165(p1"'1?n)~ (4.15)

The precise version of this is the content of the LSZ theorem, about which more later.
46

In the free theory of a real scalar, we know something about these:

G(Q) (:[‘1,.1:2) = AF(SC1 _ x2) — x.iij]_

free

d d o
G2 (p1,p2) = 8 (1 + p2) — 5 i+ p) - v h (4.16)

p? —m? + ie
The higher correlations of the free field are Gaussian, in the sense that they are sums
of products of the two point functions:

G (w1 2a) "= Ap(12)Ap(34) + Ap(13)Ap(24) + Ap(14) Ap(23)

. - 1 | 1

:%+[T+X.(4.17>

2z 4 1 1 3 q

46Big picture comment: This is a long chapter. We are working our way towards a useful and
correct perturbative expansion of the S-matrix, from which we can extract observable physics. So
(4.15) explains a reason to care about time-ordered Green’s functions.
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Expectations. Our next goal is to construct a perturbative expansion in the case

o

of V.= [d?22¢%(z). We expect a correction to G™ of order A of the form: />‘/*\

1 4

Perturbative expansion of time-ordered correlators. We’ll do this in three

steps: (1) Relate |©2) to |0). (2) Relate ¢g to ¢r. (3) Wick expand and organize the
diagrams.

Step (1): [Peskin page 86-87] Some preparations:

e Fix the additive normalization of the hamiltonian by Hy |0) = 0.

e Label the spectrum of H by |n), so

1= S )l = (2K + 3 n)nl. (4.13)
n n#Q

This is a very scary sum over the whole QFT Hilbert space, really an integral.

e Assume that (©2]|0) # 0, where |0) is the free vacuum. A necessary condition for
this is that the actual Hamiltonian is in the same phase of matter as the H.
Let’s keep the volume of space finite for awhile.

Now consider
(017 208 (0l (nl T =37 (0fn) (] e 7T + (0]62) (2] 7T
n n#Q

Now imagine giving T" a large negative imaginary part, 7' — oo(1 — i€) Since Ey < E,
for all other n, we can make the contribution of €2 arbitrarily larger than the others.
Multiplying by e/ (0|Q) gives

<O| efiHTeiEoT <0| 6iHoTefiHTeiEoT

: (OlHo=0 .
Q= 1 _ = 1
(«l Too(1-i0) ( (0[€2) > Tso0(1—ic) ( (0]€2) )

Since T' is infinite anyway, we can shift it to 7' — T — ty without change:

ot

)

<

iHo(T—to) ,—1H(T'—t0) piEo(T—t0) \ T iEo(T—to)
<Q| _ lim <0| € € € (1: lim <O‘ U[( 7t0>e )
T—00(1—ic) (01€2) T—00(1—ic) (01€2)
(4.19)
Do the same for |2) (rather than just taking the dagger of (4.19)):
) = lim Uslto, ~1)|0) (4.20)

T—o0(1—ie) e~iEo(T+to) <Q|0> '
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Now step (2), relate ¢y and ¢;: in terms of the field ¢ at some reference time ¢
(could be zero), we have ¢; = Ul Uy, ¢y = U};¢Uy and therefore ¢y = UL Uy, ULU,, =
U1T¢1UI, using (4.5). Now put together the Green’s function. First assume z° > 3

Gz, y) = QT (bu(x)ou(y)) Q)
G199 i [(e—iEo(T—to) <0|Q>)_1 (0| U (T, to)

T—o00(1—ie)
UF(2°, o)1 (2)Ur(2°, %) - U (4, to)or () Ur(y°, to)
Us(ty, =T) [0) (72 T+0) (0)0)) ']

=l (ePRTH00) )70 UL ")) U ", 4o w)U (v, ~T) [0)

T—o0(1—ie) ~~
=T (o(x)p(y)U(T,~T))

In the last expression I've gone back to implying the I subscripts on the interac-
tion picture fields. In observing that the big underbraced product is time ordered we
are appealing to the Dyson formula for the interaction-picture evolution operators,
e.q. U(t, ') = T (e iy dt"V(t")> — 50 it is a sum of time-ordered products, evaluated
between the times in the argument. Notice that I did something slippery in the first
step by combining the factors into one big limit; this is OK if each factor converges
separately. If 4 > 2%, the relation between the first and last expressions is unchanged.

What’s the denominator? The norm of the vacuum is one, but we can assemble it

from these same ingredients, (4.19) and (4.20):

1=(QQ) = lim (7257 (0Q) )~ (0| U(T, 1)U (to, —T) |0)

T—o00(1—ie)

—U(T,~T)

Therefore

O1T ((@)oy)e 7+ V) o)
GP(z,y)= lim -
Tos(ici) (| T <e—if,Tdt’V(t’)> 10)

The same methods give the analogous formula for G (z; ---x,) for any number
of any local operators. Now we can immediately perturbate to our hearts’ content
by expanding the exponentials. Let’s do some examples, then I will comment on the
familiarity of the prescription for 7', and we will see that the denominator is our friend
because it cancels annoying (disconnected) contributions in the numerator.

Examples. For V = 24", let’s study the numerator of G®(z,y) in the first few
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orders of \:

Gl (. )
= (O[T (o(a)oly)e™ e 34'0)) j)
=01 Toe)o) 00+ - [ 72 01T (G)s)6()6()0(:)6(:) 0) + OO
—are—y)+ o [ (3¢< oty >é> I00:) + 1-36()00IONG) ) + O0)
= +< Q — + @(X)

% Y X N

(4.21)

The O()\?) contribution is

3 (_4—1?) / A 1d™ 2 (O T (6(@)@(y)o(=1) o(z2)") [0)

With ten fields, there will be five propagators in each diagram. The ingredients that

% 7
we must connect together are: : )( . The answer is
Ty X

(=5 —w8)r - () (LR)r 00 S + -

For example,

up to the symmetry factor.

Feynman rules for ¢* theory in position space. The set of diagrams at order
A" is made by drawing one external vertex for each x;, and m internal vertices, and
connecting them in all possible ways with edges (propagators),

{diagrams} = {A} = {A} U {4} U---
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where A,, gives contributions proportional to A™. Let’s call M4 the amplitude associ-
ated to diagram A, and the Green’s function is G™(z; - z,) = 3, M4. (Warning:
I won’t always be so careful about distinguishing between a diagram and its associated
amplitude.) To get M g4,

Put a Ap(y; —y;,) for each edge 4 where y may be an external

point x; or an internal point z,. If A were zero, this would reproduce the diagrams
we drew above for the free theory.

Put a —i\ [ d¥™'z, for each vertex )( (notice no ).
. 1“ .
Multiply by the symmetry factor s(A). The symmetry factor is defined to be
s(A) = |Aut(A)|7!, the inverse of the order of the automorphism group of the
diagram, that is: the number of ways of permuting the ingredients of the diagram
which map the diagram to itself (fixing the external legs). Symmetries of the
diagram mean that the sum over contractions fails to completely cancel Dyson’s
wretched % and the < in the interaction term. For example, in the diagrams in

al
(4.21), the symmetry factors are:

1 1 1

(=8 ==y o(Q)=gre=g

In the right diagram, we can reflect the loop across the vertical. In the left
diagram we can exchange the two loops, and we can independently reflect them
across the vertical. Do not get hung up on this right now. Much more important
to understand is the structure of the set of diagrams, which we get started on
next.

Let’s do the numerator of G through order A%

O\ :

O\ + l ‘

(:8)+(11?)+(x?)+(£)+--- +><

Notice that only the last term here is “fully connected” in the sense that you can’t divide
the diagram up into disjoint pieces without cutting propagators. The other diagrams
follow a simple pattern: the first three are obtained from the O()\°) diagrams by
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multiplying by a figure-eight bubble; we can denote this as G(()4)G§0), where G\ denotes
the order-A™ fully-connected contribution to G, The second set is a convolution of
G(()Q) with G?). The last term is G(14). Notice that the numbers in the superscripts in
each term add up to the number of external legs, and the numbers in the subscript add
up to the number of powers of \. [End of Lecture 12]

o) - (:%)1’.” = +(L_2':g)+_.. =A%)
+>2/+... +><:>< i I_,_}D\/

(4.22)
Here we see a new ingredient: there is a term G(()4)%(G§O))2. Note that the rules above
about adding the numbers still hold. The % is part of the symmetry factor associated
with the exchange of the two figure-eights.

The exponentiation of the disconnected diagrams. [Peskin page 96] There
are some patterns in these sums of diagrams to which it behooves us to attend. (The
following discussion transcends the ¢* example.)

To discuss many diagrams at once, it will be useful to introduce the notion of
blobs: a blob (with some lines sticking out) is the sum of all diagrams with the same
external lines. (In momentum space, we’ll have blobs with external lines labelled by

The general diagram has the form:

(‘_.‘:;@ Q- @@
(e s B

Thdhles”

Only some of the components are attached to the external legs; for a given diagram
A, call the factor associated with these components A. (note that A, need not be
fully connected). The rest of the diagram is made of a pile of ‘bubbles’ of various
types V; (each one internally connected, but disconnected from the external lines) and
multiplicities n; (e.g. V; could be a figure eight, and there could be n; = 2 of them, as
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in the second term indicated in (4.22)). These bubbles (or ‘vacuum bubbles’) would be
there even if we didn’t have any external lines, and they would have the same value;
they are describing the fluctuations intrinsic to the vacuum. The amplitude associated
with the general diagram is then

ni n2 n
il You o Ve

nl! ng! na!

My =My, -

where the n;! factors are the most important appearance of symmetry factors: they
count the number of ways to permute the identical copies of V; amongst themselves.

The numerator of G is then

Gglﬁ)merator = <O|T <¢1 T '§Z5n€_ifv> |0> == ZMA = ZMAC Z ‘/1711 . ‘/2712 e VO?Q

| | |
P A, (=0} ny: No: Nea-:
= ZMAC eV V2. eV
Ac
=) My (4.23)
Ac

— the bubbles always exponentiate to give the same factor of eX:"s, independent of
the external data in GG. In particular, consider the case of n = 0, where there are no
external lines and hence no A.:

GO erator = (0| Te IV (0) = 1. 2V

numerator

But we care about this because it is the denominator of the actual Green’s function:

<0‘ T (¢1 tee ¢n€_ifv) ‘0> _ Gl(azznerator _ ZM
<0‘ Te-ilV |O> G(o) . Ac -

numerator

G™ (4.24)

And with that we can forget all about the vacuum bubbles. So for example,

G? = — QO + QL + E) + ~Q— +O()‘3)
GW = « 1l * X +(£)+..+>< +>2’+- s X+

Notice that in this manipulation (4.24) we are adding terms of many orders in
perturbation theory in the coupling A. If we want an answer to a fixed order in A, we
can regard anything of higher order as zero, so for example, it makes perfect sense to
write

o (1484884 - -
(1+8+88+-) +O) = < Wy TOM) =g .+ O(N).

G2 —
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(I only drew one kind of bubble in the previous expression since that one was easy to
type (it is not the number eight, but the figure-eight diagram!) but it is intended to
represent the sum of all connected vacuum bubbles.)

Momentum space Green’s functions from Feynman diagrams. In translation-
invariant problems, things are usually a little nicer in momentum space. Let’s think

é(n) (p]. . .pn) = H / dd+1xie_ipixiG(n) (':E]. e xn)
=1

Again, this an off-shell Green’s function, a function of general p, not necessarily
p? = m?. It will, however, vanish unless Y, pf = 0 by translation invariance. Con-
sider a fully-connected contribution to it, at order AV. (Well get the others by
multiplying these bits.) In ¢! theory, we need to make a diagram by connecting
n external position vertices z; to N 4-valent vertices z, using Feynman propagators
Ap(ya —yp) = [d"FgeilWam yB)q’m, where {ya} = {z4, x;}. Since each propa-
gator has two ends, the number of internal lines (by the fully-connected assumption)

about

is )
N, = # of enc;s of lines _n +24N _ g LON.

The associated amplitude is then

Mo =
Ny
/dd+1aﬁ1---dd“mne_izl'pm(—i)\)]v'S(FO)/ddHZl"'/ddHZNHAF(?/A —Yp) =
r=1

dd+1 _“dd+1 " —i). pix; —i\ N | FC /dd+1 /derl /dd+1 i(ya—vyB)ar i
/ T Tpe (—iN)™ - s(FC) zNH qre” —q T

(4.25)

For example, consider a particular contribution with n = 4 external legs and N = 2
interaction vertices:

Notice that we are doing a silly thing here of labelling the momenta of the external
lines (the first n momenta ¢;—;_,). Here’s why it’s silly: Look at the integral over
x1. Where is the dependence on x;? There is the external factor of e %1 that
we put to do the Fourier transform, and there is the propagator taking z; to =z,
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Ap(z) — 21) = fderlqle*i(xl*Zl)qlm. So the integral over x;
1 €

/dd“mei“(plql) =" 1 — @)

just sets p1 = q1, and eats the f d%'¢,. The same thing happens for each external line,
and reduces the number of momentum integrals to N; — n.

Where is the dependence on z5?
/dd+122 e~ 172(p3+patastde) — 6d+1(p3 4+ pa+ g5+ QG)-

Similarly, the z; dependence is all in the exponentials:

/dd+121 e V71 (=a5s—g6+p1+p2) 6d+1 ((]5 +qs — p1 — pz)'

These two factors combine to set p; +ps2 = p3s+ps = —¢5 — ¢s: momentum is conserved
at the vertices. Notice that in the example ¢5 — ¢ is not determined.

So each internal vertex reduces the number of undetermined momenta by one. One
combination of the momenta is fixed by overall momentum conservation. So we have
left

N,—n—(N—1):N—g+1 (4.26)

momentum integrals. This number is > 0 for fully connected diagrams, and it is the
number of loops in the diagram. (This counting is the same as in a Kirchoft’s law
resistor network problem.) In the example, N; =2 — 2+ 1 = 1 which agrees with one
undetermined momentum integral.

Here’s a proof that (4.26) is the number of loops in the diagram: place the N 4+ n
internal and external vertices on the page. Add the propagators one at a time. You
must add N + n — 1 just to make the diagram fully connected. After that, each line
you add makes a new loop. So the number of loops is Ny — (N +n — 1), which is the
same as the number of momentum integrals (4.26).

In practice now, we need not introduce all those extra ¢s. Label the external lines
by p1---pn, and the loop momenta by k., = 1..N. In the example, we might do it

for which the amplitude is

Ny, .

. d+1 1
Mrpc(pr-p) = (=N sEFECHV S p) / I ek IT e
loops,a=1 lines,r *"
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(You might notice that the integral over k is in fact formally infinite, since at large k
it goes like ~ log(A). Try to postpone that worry.) The propagators for the
external lines Just factor out, and can be brought outside the momentum integrals.
Let’s celebrate my successful prediction, for this particular graph, that there would be
poles when the external particles are on-shell, p? = m?. (It would be more correct to
call it Lehmann, Symanzik and Zimmerman’s successful prediction.)

So here are the momentum space Feynman rules for Green’s function in ¢* theory:

= p2_ni12 = Ap(p) Notice that since

Ap(z —y) = Ap(y — ), the choice of how we orient the lines is not so fateful.

e Every line gives a factor of —

\§\
2 . Y .
e An internal vertex gives )X "~ (—i)) [ditlze i 2ipiz = (—1)\)5d+1(zipi),
\

A
momentum conservation at each vertex. So, set . p; = 0 at each vertex (I've as-
sumed the arrows are all pointing toward the vertex). After imposing momentum
conservation, the remaining consequence of the vertex is

X SN

e Integrate over the loop momenta Hgild‘iﬂqa for each undetermined momentum
variable. There is one for each loop in the diagram. You should think of these
integrals as just like the Feynman path integral: if there is more than one way
to get from here to there, we should sum over the amplitudes.

e Multiply by the wretched symmetry factor s(A).

e For G(p), multiply by an overall ﬁdH(Z p) in each diagram.

e An external vertex at fixed position, ~— = ¢7ipT, (Such vertices would arise
if we wanted to compute G(x) using momomentum-space feynman rules. ) More
generally, external vertices are associated with the wavefunctions of the states we
are inserting; here they are plane waves.

Comment on 7' — oco(1 — ie). [Peskin p. 95] What happened to the limit on 77
It’s hidden in the integrals over the vertices:

T
/dde e X% = lim / 420z (O T a) (4.27)

T—}OO(I—ie) -T
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One end of the integral z° = 00 is going to be infinite unless >, ¢Yz" € R, in which
case it just oscillates. We can fix this problem by replacing each ¢° with ¢° — ¢°(1 +1ie)
to cancel the factor of 1 —ie (using €2 = 0). Then the integral (4.27) is just a delta func-

= |

—.LJF

—5

tion. This means that the integrals will look like:

But this replacement is what we are already doing by the Feynman contour prescrip-
tion. That is: if we use the Feynman contour for every propagator

. i
Ap(x) = R T —
F() /CF q P —m? +ien
with ez = € then this problem goes away — this discussion forces us to choose the same
€ in the two places.

The factors of T give another perspective on the exponentiation of the vacuum
bubbles. Consider the diagram:

: X )b = (—iA)QH/dd“piédH(pl + )" (o1 +p2) -

The two delta functions come from the integrals over the positions z,w, and we can
restore sense by remembering this:

<5d+1(p1 +p2)>2 = 5d+1(p1 + po) /dd+122 = 5d+1(p1 +p2)2TV

where V' is the volume of space. This factor arises because this process can happen any-
where, anytime. There is one such factor for each connected component of a collection

of vacuum bubbles, so for example the diagram (O()O O()O) is proportional to

(VT)2. But the free energy o log Z = log G(*) should be extensive, oc V7T'. Therefore,
the vacuum bubbles must exponentiate.

The whole two point function in momentum space is then (through order \?) :

é(Q): 3 no I) + 12(2 n E) + b—@—ﬂ +O(/\3)

Ny=o Ne=1 N =2 Ptttk
(4.28)
I draw the blue dots to emphasize the external propagators.
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Here’s an easy one: in the ¢* theory, G = 0 (in either position or momentum
space) when n is odd. Technically, we can see this from the fact that there is always a
¢ left over after all contractions, and (0|¢|0) = 0. Slightly more deeply, this is because
of the ¢ — —¢ symmetry of the action.

4.5 From correlation functions to the S matrix

Next we would like to unpack the physics contained in the correlation functions that
we've learned to compute in perturbation theory. The first interesting one is the two-
point function.

Recall our expression for the momentum-space two-point function (4.28) in terms
of a sum of connected diagrams, ordered by the number of powers of . Let’s factor
out the overall delta function by writing:

G (p1,p2) =4 ’ (p1 + p2)GP (p1).
It will be useful to re-organize this sum, in the following way:

. 000,

+

1
B
i

e

+

& +
® % 8
4
+

1
F

Here’s the pattern: we define a diagram to be one-particle irreducible (1PI) if it cannot
be disconnected by cutting through a single internal propagator. So for example,

& is 1PI, but _QSL is not; rather, the latter contributes to the bit with two

1PI insertions. Then

é(2)(p): — + + _|_...

So that we may write equations without pictures, let

—iX(p) =
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denote the 1PI two-point function. ¥ being 1PI means that the external lines sticking
out of it are ‘nubbins,” placeholders where propagators may be attached. That’s why
there are no blue dots at the ends.

Now suppose we know Y. It is known as the self-energy, for reasons we will see
next. Then we can write

~ i i i i i i
G® — —in —in (4T - 4.
(») e p—— pg_mg( i (p))p2 — pQ_mg( i (p))pQ_mg( i (p))pg_mgﬂL
o b > 2+
- P p>—mg  \p*—mj
i 1 i
= = . 4.29
pPomil— = pP—mi— X(p) (4.29)

We see that the self-energy shifts the m? of the particle — it moves the location of the
pole in the propagator. In the interacting theory, m2 + X(p)|pol is the physical mass,
while mg (what we’ve been calling m until just now) is deprecatingly called the ‘bare
mass’. [End of Lecture 13]

For p? ~ m?, we will write

GO (p) = (pzl_—ZmQ + regular bits) (4.30)
This equation defines the residue of the pole, Z, which is called the ‘wavefunction
renormalization factor’. It is 1 in the free theory, and represents the amplitude for
the field to create a particle, and the other terms, which are not singular at p?> = m?,
represent the amplitude for the field to do something else (such as create multiparticle
states), and are absent in the free theory. Unitarity (positivity of norms of states)
requires Z < 1. (Perhaps you will see this in 215B. See here for an argument.) Notice
that if we know X only to some order in perturbation theory, then (4.29) is still true,
up to corrections at higher order.

The notion of 1PI extends to diagrams for G2 (p - --p,). Let

Gpr(pr-+p)

where the blob indicates the sum over all 1PI diagrams with n external nubbins (notice
that these do not have the blue circles that were present before). This means Gip;
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does not include diagrams like:

a

or

Notice that 1PI diagrams are amputated — their external limbs have been cut off, leaving
just nubbins.

This is almost what we need to make S-matrix elements. If we multiply the n-

2 .2
point function by [, & \/;1 we cancel out the propagators from the external legs.

This object is naturally called the amputated n-point function. (It differs from the

1PI n-point Green’s function because of diagrams like this one @

which is amputated but not 1PIL.) If we then take p? — m?, we keep only the part of
G which is singular on the mass-shell. And here’s why we care about that:

Claim (the LSZ reduction formula):

- S ntm P2 _m2\ .
S = (i SV B = T (i 220 600 b= = )

a=1

(4.31)

where P, € {p;,k;}. In words: the S-matrix elements are obtained from Green’s
functions by amputating the external legs, and putting the momenta on-shell. Notice
that choosing all the final momenta p; different from all the initial momenta k; goes a
long way towards eliminating diagrams that are not fully connected.

This formula provides the bridge from time-ordered Green’s functions (which we
know how to compute in perturbation theory now) and the S-matrix, which collects
probability amplitudes for things to happen to particles, in terms of which we may
compute cross sections and lifetimes. Let us spend just another moment inspecting the
construction of this fine conveyance.

Why is LSZ true? Here’s the argument I've found which best combines concision
and truthiness. [It is mainly from the nice book by Maggiore §5.2; I also like Schwartz’
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chapter 6; Peskin’s argument is in section 4.6.] The argument has several steps. The
field operators in this discussion are all in Heisenberg picture.

1. First, for a free field, the mode expansion implies that we can extract the ladder
operators by:

V2wia, = i/ddx elhe (—iwg + O0r) Gfree()
\/kaaL = —i/dd:c e (Fiwg + 0;) Brree(T) (4.32)

Notice that the LHS is independent of time, but the integrand of the RHS is not.

2. Now, recall our brontosaurus expedient (introduced previously after (4.9)): turn
the interactions off at ¢+ = +00.'” This allows us to write the field in terms of
some pretend free fields of mass m (not mg!)

TS Zig,
¢($) {tj/too Z%d) Ei):) :

The factors of v/Z are required to get the correct two point functions (4.30) near
the mass shell. The mode operators for ¢;, are called a™ ete. ®in, out are free
fields: their full hamiltonian is Hy. They are in Heisenberg picture, and the
reference time for ¢, ou is 00 respectively. Since they are free fields, we can
use (4.32) to write

V2w0ra™T = —j / A%z e R (4iwy, + 0y) i (2) = —iZ71/2 / d%x e % (diwy, 4 0)) o(z) |7

where in the second step we used the independence on time in (4.32), even though
#(x) is not a free field. An expression for a®f obtains if we take ¢ — +o0
instead.

3. Now make this expression covariant using the fundamental theorem of calculus:

/_2Wk (a(in)T . a(out)T) _ iZ—1/2/ dt@t </ ddZL’ e—ikm (1wk + at) ¢(x)>

o0

_ izl/2/dd+1$ efikzatQ¢_¢ . 8152 e*iku"f“
—_———

(62 _m2)€7ikz

4"Here’s why this is really bad: nearly everything we might scatter is a boundstate. For example:
atoms, nuclei, nucleons etc... But if there are no interactions there are no boundstates. Please see the
comments below this list for the explanation of why this works.
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IBP iZ_l/Q/dd“me_”“ (D + m2) o(x) (4.33)
In the last step we made a promise to only use wavepackets for external states,

so that we can do IBP in space.

4. Now, here’s where the S-matrix enters. Assume no subset of the incoming mo-
menta Y . k; is the same as any subset of the outgoing momentum ) | i Dj-

(D1 pn| STy - )

_ Q|H outSH mT
_ Q\T(Haomsnam)

= <Q|T(Ha;;uts (i - az‘f“)ﬁ 1“*) )

2

(4235) iZ*1/2 / dd+1x1€7ik1z1 <Q‘ 7' (H azuts (D + m H al in )
2
_ iZ—1/2/dd+1x1€—ik1x1 (D + m2) <Q| T (H OutS(b Il Han )

2

In the last step, X comes from where the 0., hits the time ordering symbol. This
gives terms that will not matter when we take k? — m?, I promise.

5. Now do this for every particle to get

(01l Sl k) = [T [ d®y; e¥miz 12 (@, 4 m?)
[T, [dita; e *@ii 7712 (O, + m2) (Q To(x) - o(y;)S Q) + X

The x and y integrals are just Fourier transforms, and this says that near the
mass shell,

n+m

b ) = [T s (el S+ el

(where P, € {pj;, k;}) which is the same as (4.31).

Comments about LSZ.

e An apparently important role is played in the derivation of LSZ by our bron-
tosaurus expedient (after (4.9)). The reason this crazy-seeming trick works is
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the locality of interactions. In a scattering experiment, we scatter well-localized
wavepackets that start and end far away from each other, and therefore do not
interact at the beginning and the end. Although we calculate S-matrix elements
of plane waves (not localized at all), this is also just an expedient — if you forced
me we could figure out how to write the formula for wavepackets instead. No
physics conclusion would be different.

The real content of the ¢y, dous business is adiabatic continuation — we are la-
belling the (low-lying) eigenstates of the full Hamiltonian by those of the free
theory. This does not always work! There are at least two failure modes.

The most dramatic is when the eigenstates are not particle states at all, but
rather some kind of soup of excitations. This is what happens in a conformal
field theory (CFT), and is sometimes called unparticles. In this case, not only

does our formula for the S-matrix not work, but the S-matrix itself is not so
well-defined.

Less dramatic is when there are asymptotic particle states, but they are not
simply related to the quanta of the fields in the Lagrangian. This happens any
time there are boundstates, like positronium in QED. But it happens even more
dramatically in QCD, where our microscopic Lagrangian description is in terms
of quarks and gluons, but the quarks and gluons are confined, and the asymp-
totic particle states are instead all colorless composites called hadrons (protons,
neutrons, pions ...). The next item shows that LSZ also teaches us how to deal
with this.

In our discussion of QFT, a special role has been played by certain fields called
¢. Suppose we have some other (say hermitian) local operator O such that

(p| O(2) Q) = Zoe™”

where (p| is a one-particle state made by our friend ¢ (we could put some labels,
e.g. for spin or polarization or flavor, on both the operator and the state, but
let’s not). Such an O is called an ‘interpolating field” or ‘interpolating operator’.
And suppose we have information about the correlation functions of O:

Gg'(1-+n) = (Q|T (Or(x1) - On()) |2) -
In this case, there is a more general statement of LSZ:

Haei (Za_lﬂif dd+1xae—ipama (Da + mg))
ILe, (Zb_l/ % [ d gpetime (O, + mg)) GO (1)
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= {ps}SHpik)  (4.39)

This more general statement follows as above if we can write O, e VLo in.-

This more general formula allows us to scatter particles that are not ‘elementary’
in the sense that they are just the quanta of the fields in terms of which we write
our Lagrangian.

(So, for the example of positronium, which is a boundstate of an electron and a
positron, we can take O(z) = (7). (z) where 9, is the field that annihilates
an electron. This operator has some nonzero amplitude to create a state with a
positronium atom from the vacuum: (positronium, ¢| O(x)|Q) = Zel4*))
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4.6 Interlude: old-fashioned perturbation theory

I'm skipping this section in lecture. You might enjoy reading it anyway.

[Schwartz, chapter 4] I want to take a brief break from the inexorable building of
theoretical machines to demonstrate some virtues of those machines. It will explain
what I was really mumbling about when I said that the Feynman propagator involves
antiparticles going backwards in time.

Consider a system which is a small perturbation of a solvable system H = Hy +
V. Suppose that the initial system H, has a continuous spectrum, so that there are
eigenstates at every nearby energy. Then given an eigenstate of Hy, Hy |p) = E |p), we
expect an eigenstate of H with the same energy H [i)) = E'|¢). Palpating the previous
equation appropriately gives

1
E—H0+i€
—_——

=I1

) = le) + V)

(the Lippmann-Schwinger equation). This represents the perturbed eigenstate as the
free one plus a scattering term, in terms of the ‘propagator’ II. The i€ is a safety factor
which helps us negotiate the fact that £ — Hj is not actually invertible. To write this
entirely in terms of the known free state |p), iterate. Let V' |¢)) = T |¢) where T is the
transfer matriz:

V) = ) + 1T |p) .

Now act on both sides with V to get V' [¢)) =T |p) =V |p) + VIIT |p), which will hold
if

T = V+VIT = V+VI(V+VIT) = V+VIVAVIVAVIVIIV 4 - - = < . _1VH) 1%

Given a complete set of eigenstates of Hy, with ). |¢;) (@i = 1,

Ty = (| T i) = Vi + Vi l1(5) Vi + Vi () Vi IL (k) Vig + - - -

where V; = (¢s|V |¢;) gives the first Born approximation, and II(j) = =%, and
J

E = E; = Ey, energy is conserved.
For a vivid example, consider the mediation of a force by a boson field. Let

1

V= L [t (00100010 + 9,010, 5

where ‘¢’ is for ‘photon’ and ‘e’ is for ‘electron’ and ‘y’ is for ‘muon’ but we’ve omitted
spin and polarization information, and got the statistics and charge of the electron and
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proton wrong, for simplicity. Consider the free eigenstates |i) = |p1, p2), (f| = (75, P4l
where 1,3 represent electron states and 2,4 represent muon states respectively. (I
introduce two kinds of fields here to avoid the presence of some extra diagrams.) Then,

1
Tyi= Vp Vin— Vi +
! N +;fEi—En +

P1,27P3,4
= 0

What are the possible intermediate states |n)? It has to be an e, a p and one ¢, as
in the following visualization (not a Feynman diagram in the same sense we’ve been
discussing):

“ \/« b \/ '

7

Time goes to the left, as always. The wiggly line represents the quantum of ¢. You
see that there are two classes of possibilities: |ng) = |ps,py;p2), |[na) = |[P1;Dy, Pa)-
Consider them from the point of view of particle 2. In the first (R) case, o absorbs a
photon emitted by particle 1, after the emission happens:

VE = (p3,py, 02| V [p1,02) = (03,05 V |p1) (p2|p2)
——’

=1
- g/ddx (0%, 03| Wel@)(2) W (2) [p') = g/ddx (py| ¢£x) |O>A<p3| W (z)? ‘p1>l
=e 1T =2e~i(F3-F1)®
= ef" (51 — 7s — 7,) (4.35)

— momentum is conserved. Note that energy is not, E; # E, (or else the denominator
is zero).

The other possibility is [n4) = |p1;py,ps), which means o feels the effects of a
photon it emitted, which is later absorbed by e; (!).

d, o — —
Vid = (pap,| V [p?) = e (0> — Py — ).
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Altogether, to leading nonzero order,
o2

1 d d I
Tfi:Zan Vioi = Z /dde5 (pl_p3_p7>5 (p2_p4+p’y)E-—E.

Ei o En n=R,A

A bit of kinematics: let the ¢ have mass m,, so for a given p,, E, = ,/[p,[? +m2.
Notice that these are real particles, they satisfy the equations of motion. For the R
case, the intermediate energy is

Ef:E3+E$+E2:E3+\/|ﬁ1—173|2+m3+E2
SO
Ei—El=FE\+E,— (E3+ E+ By)=F — E3— E' = —AE - E,

where AE = E3 — E; = Ey — E4 (by overall energy conservation). Momentum conser-
vation means p, = P — Py = P3 — P1 SO

B} = \/|171—Z73|2+m3= \/|ﬁ2—]74|2+m3:E55E7-

Therefore
E,—EY=E +FE,—(E,+E,+E)=+AE-E,.

The sum of these factors is

Z e? B e? n e? B 2E762 _9p e
N b, — E, -AE—-FE, AF-E, AE? — E% Tk2 — m?y'

2

Here we defined k* = p§ — pf = (AE,p,)*, and k* = k,k* is a Lorentz-invariant
inner product. Ignoring the normalization factor 2FE., this is the Lorentz-invariant
momentum-space propagator for the ¢ particle with four-momentum k*. Notice that
there is no actual particle with that four-momentum! It is a superposition of a real
particle going forward in time and its (also real) antiparticle going backward in time.
If we followed the ie that would work out, too, to give the Feynman propagator.
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4.7 S-matrix from Feynman diagrams

Here is a summary of the long logical route connecting Feynman diagrams to measur-
able quantities:

4
g, %;r

Final state phase space,
S state normalization
e

LSZ
G = <UT (384, 9,1 0D

T-00(1-ig),

Feynman contour

<n|=T(hg+% e-jf‘v’][u)

Wick,
exponentiation of
vacuum bubbles

r<«X

One step is left.
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S-matrix from Feynman diagrams. Now we resume our inexorable progress
towards observable physics (such as cross sections and lifetimes). The end result of
the previous discussion is a prescription to compute S-matrix elements from Feynman
diagrams. In a translation-invariant system, the S matrix always has a delta function
outside of it. Also we are not so interested in the diagonal elements of the S matrix
where nothing happens. So more useful than the S matrix itself are the scattering
amplitudes M defined by

(f1 (S =) i) = (2m)* s+ (Z pr— sz-) iMy; . (4.36)
f i

(The object i/\/lggdﬂ(z p) is sometimes called the transfer matrix. The i is a conven-
tion.)

The rules for the Feynman diagram calculation of M (for ¢* theory, as a represen-

tative example) are:

1. Draw all amputated diagrams with appropriate external nubbins for the initial
and final states. For a diagram with Ny loops think of Ny, letters that are like k&
or g or p to call the undetermined loop momenta.

2. For each vertex, impose momentum conservation and multiply by the coupling
(—i\). Label each (oriented) edge with a momentum variable.

3. For each internal line, put a propagator.

4. For each loop, integrate over the associated momentum f a1,

A comment about rule 1: For tree-level diagrams (diagrams with no loops), ‘am-
putate’ just means leave off the propagators for the external lines. More generally, it

means leave off the resummed propagator (4.29). For example, a diagram like >{

is already included by using the correct Z and the correct m. Note that in all of the
diagrams to follow, the external lines are actually just nubbins, in this sense.

Example: snucleon scattering. [Here we follow Tong §3.5 very closely| Let’s
return to the example with a complex scalar field ® and a real scalar field ¢ with
Lagrangian (4.10). Relative to ¢* theory, the differences are: we have two kinds of
propagators, one of which is oriented (because ® is complex), and instead of a 4-point
vertex that costs —i\, we have a 3-point vertex for ¢&*® that costs —ig.

Let’s consider 2 — 2 scattering of ® particles [recall HW 5 or see Tong §3.3.3 for
the artisanal version of this calculation], so

|Z> = |ﬁlaﬁZ> ’ |f> = |ﬁ37ﬁ4> with |ﬁ27ﬁj> = 2Eﬁi 2Eﬁjbiﬁ‘ib;r?j ‘O> .
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The Feynman rules above give, to leading nonzero order in g,

't

iMosas = + //
i i

- (0 4 .

(pl—p3)2—M2+1e (pl—p4)2—M2+1e

The diagrams depict two ‘snucleons’ ® (solid lines with arrows indicating snucleons

) . (4.37)

versus antisnucleons) exchanging a meson ¢ (double gray line, with no arrow) with
momentum k = p; — p3 = py — p2 (first term) or k = py — p1 = po — p3 (second term).
Time goes to the left as always. Notice that here I am being careful about using arrows
on the lines to indicate flow of particle number through the diagram, while the extra
(light blue) arrows indicate momentum flow.

The two diagrams included in (4.37) make the amplitude symmetric under inter-
changing the two particles in the initial or final state, as it must be because they are
indistinguishable bosons.

Some useful names for the Lorentz-invariant kinematic variables in a 2 <— 2 process:
the diagrams in (4.37) are called the ¢-channel and u-channel diagrams, according to
the momentum flowing in the internal line. They are named after the Mandelstam
variables t = (p; — p3)? and v = (p; — p4)?. I claim that when p; and p, are on-shell
(p? = m?* = p3), both t and u are strictly negative so that the ies in (4.37) can be
ignored. There is one more Mandelstam variable for 2-to-2 scattering, s = (p; + p2)2.
They are not all independent, but satisfy s+t +u = 24 m?

i=1"1 -

The meson in these diagrams is a “virtual”, or off-shell, particle in the sense that

it does not satisfy its equation of motion k? # M?. As we saw in §4.6, each of

these diagrams is actually the sum of retarded and advanced exchange of real on-shell

particles. I think the notion of virtual particle is just a book-keeping device and should

not be taken too seriously. Notice that the more virtual is the intermediate state
(i.e. the more k? differs from M?), the smaller is the amplitude.

Mediation of forces. Consider the non-relativistic (NR) limit of the snucleon-

snucleon scattering amplitude (4.37). In the center-of-mass frame p'= p) = —p, and
2

§ = f = —p In the NR limit, [p] < m, and so p¢ = m(1 + } (%) 4o

Energy-momentum conservation says p; + ps = ps + p4, so |p/| = |p] < m as well.

In this limit, the meson propagator (in the first diagram) depends on (p; — p3)? =
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(P —p)?— (p—p)* ~ —(p— p)? so the amplitude reduces to

1 1
iM:+ig2< — + — )
F-P)+M (F+7) + M2

Now compare to NR QM. The scattering amplitude in the COM frame for two particles
with relative position 7" and potential U(7) is, in the first Born approximation,

1Apom (P — 1) = —1 nr (F| U(F) [P)ng = —i/ddrU(F)e‘i(ﬁ—ﬁ')'F

where the two-particle state with NR normalization is

1 1
|15>NR - m |P1,p2> = % |p1,p2>~

The two diagrams in the relativistic answer come from Bose statistics, which means we
can’t distinguish p— +p’ from each other; to infer the potential we can just compare
the first diagram, (2m)2iApem (P — p') = +ig? to find:

(£)°

(7 —7)° + M2

1
(P—p')>+M?

/ddr U(7)e 0P = — Myg timis = —

which means, in d = 3, (see footnote 33 for the integral)

=\ (%)2 —Mr
U(r) =— yrmaE

This is the Yukawa potential again. It has a range, M !, determined by the mass of
the exchanged particle. If we take M — 0, it becomes the Coulomb potential. The
sign means that it is attractive, even though this is the potential between particle
and particle; this is a general consequence of scalar exchange. Notice that in d = 3,
the Yukawa coupling between scalars has 0 = |[ d*zgp®?] = —4+ 3 + [g] so g/m is
dimensionless.

A brief warning: while it is satisfying to make contact with something familiar
here, the way we actually measure any such potential is by scattering the particles and
measuring cross-sections.

[End of Lecture 14]

Two more examples with the same ingredients are useful for comparison. If we
instead scatter a snucleon and an anti-snucleon, so |i) = \/2Ez /2E§2b;1 C;;Q |0), then
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the leading diagrams are

Mo as = H /L\

— (—ig)? L (43)
(p1+p2) M2+1€ (p1 — ) M2+1€

This one has a new ingredient: in the first diagram, (which is called the s-channel
diagram after s = (p; + ps)? = F2,y) the meson momentum is k = p; + py, which
can be on-shell, and the ie matters. This will produce a big bump, a resonance, in the

answer as a function of the incoming center-of-mass energy /s = /(p1 + p2)?.

Finally, we can scatter a meson and a snucleon:

iMopap = }(\< K

= (— . (4.39
(p—i—k) —m2+16 (p—k)? —m2—|—16 )

Now the intermediate state is a snucleon.

4.8 From the S-matrix to observable physics

Now, finally, we extract some physics that can be measured from all the machinery
we've built.

Lifetimes. [Schwartz, chapter 4; Peskin §4.5] How do we compute the lifetime of
an unstable particle in QFT? Consider such a particle in its rest frame, p* = (M, 5)“
Let dP be the probability that the particle decays (into some set of final states f)
during a time 7. The decay rate is then dI' = +dP, the probability per unit time. I
put a dI' to indicate a differential decay rate into some particular set of final states.
If we sum over all possible final states, we can make a practical, frequentist definition
of the decay rate, with the idea that we have a big pile of particles and we just count
how many go away in some time window:

# of decays per unit time

r

1
— 4.4
# of particles T (4.40)
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where 7 is the lifetime.

Fortunately for us, particles that are stable in the free theory can decay because
of weak interactions; in such a case, we can relate dP to an S matrix element for a
process that takes one particle to n particles, (f| S[i) = Sp1 <{pj Ty (M, 6)) (To
get the full decay rate I' we would have to sum over n and the possible final states of
each particle.) So:

1 1UISIP
dr = —dP = — T Y (4.41)

Here are two new ingredients:

(1) dIly is the volume of the region of final-state phase space, dIl; o H?Zlddpj. We
are allowing, as we must, for imperfect measurements. We will normalize the
density of final states so that [dII = 1. Putting back the IR and UV walls of
our padded room as in (1.4), we take the continuum limit (N — oo) of

l . 2w

NL, fﬁ’ Z:]_N

€T; = p =

which requires, for each spatial dimension,
sz . £Z N—>oi>;£ﬁxed /dI — I, and LA Z . iz_ﬂ' N—)o&_l)lﬁxed /d _ 7!
T N4 N on 2T LN £ p=r

This gives
dil = [ [ va‘p;,
1

j=

a factor of the volume of space V = L? for each final-state particle.

(2) The normalization factors (f|f) (i|¢) are not so innocent as they look, partly
because of our relativistic state normalization. Recall that [p) = 2@5&; 0), the
price for the relativistic invariance of which is

. P
(FIp) = V22 - (0]aall0) = 2w (5~ F)
—_————
=(0l[a,.ap]|0)=4" (k)
Therefore,
d

(plp) = Qwﬁﬁd(O) = 2wy (/ dx ei(po)x) = 2w;V.
Therefore, for a 1 — n process in the rest frame of the initial particle,

iy =V2Mal|o) = (i|i) =2MV
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=15 = ) =H 2w; V) (4.42)

where I've abbreviated w; = wj; and evaluated things in the rest frame of the
decaying particle.

Now it is time to square the quantum amplitude

(F1(S =) [iy = 6™ (pr) (f] M i)

(pr =Y. pi—Y_ py is the total momentum change) to get the probability (4.41). Again
we encounter a 42, and again we use (2m)4T164"1(0) = TV. So we have

(1S = 1) i) [2 = 8708 (pr)| (Fl M [i) 2 = VTE (pr) | M2
and therefore (as long as f # i),

1
2MV T} (2w, V)

dP = TV§* (pr) |M|2HVddpj

T
= —M|M|2dHL1 (4.43)

where all the factors of V' went away (!), and

d%p; a

_ j ¢d+1
dHL[ = H ' 2_35 (pT)
final state,j

is a Lorentz-invariant measure on the allowed final-state phase space. You can see that
this is indeed Lorentz-invariant by the same calculation that led us to stick those 2w;s

in the states. One more step to physics:

17T
dl’ = —dP = —— 2411 2 —dH
T 7oqp Ml = IMI 537 e
dynamlcsw._/
kinematics
|M| —dHL] .

On the RHS is all stuff we know how to calculate (recall the Feynman rules for M that
we listed after (4.36)), and on the LHS is a particle decay rate.

The boxed formula gives the decay rate in the rest frame of the unstable particle.
In other frames, the lifetime gets time-dilated. This must be true on general grounds
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of special relativity, but we can see this directly: in a general frame, the normalization
of the initial state is not (i|i), . pame = 2M but (i|i) = 2E. Therefore

Frest frame E
r M -

rest frame rest frame

and 7 =17 y=>T

Cross sections. If we are not in the convenient situation of having in our hands
a big pile of particles that are stable in the free theory and decay because of not-too-
strong interactions, we need to be more proactive to get physics to come out: we have to
smash the particles together. When doing this, we send beams of particles at each other
and see what comes out. We will treat these beams as perfectly collimated momentum
eigenstates; if something goes wrong, we’ll make a more accurate representation and
put them in better-localized wavepackets. A quantity that is good because it is intrinsic
to the particles composing the beams is the scattering cross section, o, defined by

NyNp
A

where A is the common area of overlap of the beams A and B, and N4 p are the

do

Number of events of interest =

< 7
number of particles in each beam. “5%?‘\@ (Peskin does a bit more
gt

worrying at this point, for example, about whether the beams have constant density of
particles.) By ‘events of interest’ I mean for example those particles that end up going
in a particular direction, for example in a solid angle d€2(6, ¢). Restricting to events of
interest in a particular direction gives the differential cross section, 3—6. The notation
is motivated by the idea that o = [ dQde.

all directions

The cross-section is the effective cross-sectional area of the \ i

beam taken out of the beam and put into the particular state -

\<~

of interest. Here is a picture (adapted from Schwartz’ book)
which I think makes vivid the idea behind the definition of

a cross section:

Z

Now we relate o to the S-matrix. The scattering rate dwy; = dl;fi is the scattering
probability per unit time, for some fixed initial and final particle states. In a beam,
this is related to the cross section by

d
da:—,w
J

where j is the particle current density (aka the particle flux), which for the case of
scattering from an initial state with two particles A + B — ... is

(4.44)

. relative velocity of A and B |v4 — U]
I = volume Vv
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The number of particles in each beam does not appear in (4.44) because the BHS
is intensive, and this is the point of introducing o: it’s independent of details of the
experiment like how many opportunities the particles have to interact. Putting together
these statements, we can relate the cross section to the scattering probability:

do = P re——
J Tj T |vs— gl

dPy;. (4.45)

In (4.45) we used a practical frequentist expression for (4.44), analogous to (4.40) for
decay rates. And just as in the discussion of lifetimes above,

-\ 2
apy; = WS

(1) (i)
Everything is as before except for the different initial state:
0} =1Pa,p) = (i]1) = 2waV)(2wsV).
Squaring the amplitude gives
T 1

dP = = ———|MJ*dll; ;
V 2w A2w B | | L
the only difference is that we replace ﬁ with the factors for the 2-particle initial state.
Finally, do = %Mdf’ gives

1 1
do = ——
2wA2wp |Us — U]

| M|2dT ;|

Again all the IR-divergent factors of V' and T went away in the intrinsic physical
quantity, as they must.

Two-body phase space. [Schwartz §5.1] To make the preceding formulae more
concrete, let’s simplify them for the case of n = 2: two particles in the final state,
whose momenta we’ll call p;,ps. Note that overall momentum conservation implies
P1 + p2 = pour; we can use this to eliminate p,. In that case

a1, d%pidip,
dll,; = _ P2
LI $ <p1T) 2F, 2F,

i
= S(Ey+ Ey— FE de
4(27)24-@) B B, (Br+ By = Eon)  dpy

=dd=1Qp?~tdp,

1 dp!dp
- 4(27-[-)d71 E1E2 9(]91)5(37)
CoM 1 dd_lpr72 E1E2
of Eon —my —
120 BB, Fon dzd(z) O(Ecpy —my — ma)
=1
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In the last step, we went to the center-of-momentum frame where poy = 0, and we
used the fact that p; > 0 means F(p1) > my, Ea(ps = poym — p1) > meo.

2 — 2 scattering in d = 3. Let’s be completely explicit in the special case of 3
spatial dimensions, which is sometimes of interest. Let the initial momenta be k4, kp.
In particular, the relative velocity factor is

|U4 — UB] CoMt: Ea=—F ] + ks = |/€A|—ECM
Ex,  Ekp Ey, By
Therefore p ) i
o P1 2
— = ————— |\M|?0(E — — . 4.46
<dQ>COM G EEy iy e ) (440)

Warning: for identical particles in the final state, one must be careful about over-
counting in the integral over angles, since a rotation by 7 exchanges them. In this case

_1 do
0 =3 f47‘r dQ2g5-

4.9 Why care about Gy?

[Hartnoll, 0903.3246, §3.1; Fradkin, QFT, §10.9] From discussions of QFT in particle
physics, you might be hard-pressed to understand why in the world anyone would care
about real-time Green’s functions other than the Feynman Green’s function. Here
I would like to try to ameliorate that situation. I will describe another way to get
observable physics from QFT.

Recall that the retarded Green’s function for two observables A and B is
Glin(w,F) = =i [ 47 adt & F7(0) (A1), B0, 0))

0(t) = 1 for t > 0, else zero. As I will explain now, we care about this because it
determines what (A) does if we kick the system via B.

What I mean by ‘kick the system via B is perturb the Hamiltonian. Consider a
time dependent perturbation to the Hamiltonian:

SH(t) = /dD‘le(t,f)B(f).
And we’ll be interested in the resulting change in the expectation value of A:

(A(D)(t) = Tr p(t) A(Z)
=Tr po U LA, D)U(2) .
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Here we can take the density matrix py to be py = e ?H°/Z the thermal state, or its
limit when 3 — oo, limg_, e P /Z = |Q)Q), the projector onto the groundstate. In
interaction picture with Hipa = H + 0H(t), the time evolution operator is U(t) =
Te it/ WA 4nq A(t, ¥) evolves by the unperturbed Hamiltonian, H. (Note that H
may be of the form Hy+ V with Hj solvable, but this assumption is not necessary for
what follows.)

But suppose that §H is small, so we can linearize in the small perturbation:
t
(A)(.7) = ~iTx o [ dY[A( D). 5H()
t
= —i/ AP dt ([A(t, ), B(t, )] f (¢, 2)

_ / dP2' Gy (z, ') f(2) .

Fourier transforming the preceding equation, we find

-,

5<A> (w’ ]g> - GiB(wv E)f(w’ k) . (447>
These equations are sometimes written in terms of the susceptibility matriz x ap
6 (A) = xapf

(in position space this is a convolution, and in momentum space it is just a product).

Linear response, an example. Consider a system with a conserved charge. Take
as the perturbation an external electric field, F, = iwA,, which couples via 0 H = A, J*
where J is the electric current. That is: B = J,.

And we’ll be interested in the response of the electric current, so A = J, as well. It’s
safe to assume (J),_, = 0 (this is called Bloch’s Other Theorem), so (4.47) specializes
to

Ey(w, k)

w

<J<w7 E>> = G.?J<w7 E)Az(wv E) = G?J(“Jv E)

Recall that Ohm’s law J = oF defines the conductivity o. (Really it is a tensor
since J and E are both vectors, but don’t worry about that now.) Therefore we have
the

P
Kubo formula: o(w, k) = Gis(w. k)

iw

I have glossed over some important subtleties in this derivation in order to quickly
convey the idea; for a more complete treatment, please see Fradkin §10.10.
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There is a lot more to say about the analytic structure of Gg (because of causality
(the factor of 6(t)), it is analytic in the upper-half frequency plane) and its relation
to the time-ordered Green’s function. In fact, they are both determined by the same
information, namely the spectral density (for which see e.g. here).

[End of Lecture 15]
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5 Spinor fields and fermions

[Peskin chapter 3] Now we need to confront the possibility of fields that transform in
more interesting ways under Lorentz transformations. To do so, let’s back up a bit.

5.1 More on symmetries in QFT

Lightning summary of group theory.”® A group G = {g;} is a set of abstract
elements,

1. two of which can be multiplied to give a third g1¢9; € G.
2. The product is associative (g192)93 = g1(9293)
3. and has an identity element gog; = ¢; for all g;

4. and every element has an inverse, Vi, 3g; ' such that g;g; ' = go.

The order of G, denoted |G|, is the number of elements of the group. G is abelian if
the product is commutative.

A Lie group is a group whose elements depend smoothly on continuous parameters,
g(0). These then provide local coordinates on the group manifold. The dimension
of a Lie group is the number of coordinates (to be distinguished from |G|, which is
continuously infinite for a Lie group).

A (linear) representation R of a group assigns to each abstract element g of the
group a linear operator Dg(g) on some vector space H, R : g — Dg(g) in a way
that respects the group law (it is a group homomorphism): meaning that Dp(ge) = 1l
and Dg(g1)Dr(g2) = Dr(g1g2).* If we choose a basis of the vector space, then Dg(g)
determines a matrix. Two representations R and R’ are regarded as the same R ~ R’ if
they are related by a change of basis on H, Dr(g) = S~'Dr/(g)S (with S independent
of ¢g!). A reducible representation is one for which the matrices can be made block
diagonal by a basis change. A reducible representation is equivalent to Ry @& Ry @ ... a

Dg, 0

direct sum of irreducible representations, Dp ~ 0 Dg,

48This is a big subject, which I'm going to try to present efficiently. A whole quarter on the subject
is here.

49Gince the overall phase of a vector in H is unphysical, quantum mechanics allows for projective
representations where the group law is only satisfied up to phases. We’ll see an example below.
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The dimension of R is the dimension of H as a vector space. Notice that different
representations of the same group G can have different dimensions!

What properties of G are inherent in all of its representations? For the case of
Lie groups, one answer is the Lie algebra relations. Consider a (say n-dimensional)
representation of a group element near the identity (which let’s label the identity
element gy = e = g(# = 0) by the coordinate value § = 0):

DR<9(9 ~ 0)) =1 + i@aT,‘% + 0(02), 1.€. T]% = —i@gaDR(g(H))|9:0

where T} are the generators of G' in the representation R. In a basis for the vector
space, they are n X n matrices.

The generators T determine a basis of the tangent space of G
at the identity, 7.G (or equivalently, by the group action, at
any other point). A finite transformation (in the component
of the Lie group that is continuously connected to the identity
element) can be written as

Di(g(0)) = ¢~

which is unitary if T = T'.

Given two such elements Dg(g(61)) = e %% and Dg(g(hs)) = e %%, their prod-
uct must give a third:

Dr(g1)Dr(g2) = Dr(g1g2) = e 74 (5.1)

for some ¢3. Expanding the log of the BHS of (5.1) to second order in the s (see
Maggiore chapter 2.1 for more detail), we learn that we must have

1
02 =0} + 0> — éegegfbca +0(0)?

which implies that
T, 7] = i 2T (5:2)

which relation is called the Lie algebra g of G, and the fs are called structure constants
of g or G. f does not depend on the representation. For those of you comfortable
with differential geometry, an easy way to see this is that the commutator is the Lie
bracket between two tangent vectors (which gives another tangent vector). Note that
the normalization of the T is ambiguous, and rescaling T rescales f. A common
convention is to choose an orthonormal basis

1
tr7T? = 55“”. (5.3)
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Notice that we often use lowercase letters to denote the algebra g and uppercase letters
to denote the group G, which is natural since the algebra generates small group trans-
formations. The Lie algebra is defined in the neighborhood of the identity element,
but by conjugating by finite transformations, the tangent space to any point on the
group has the same structure, so the Lie algebra determines the local structure every-
where in the group. But it doesn’t know about global, discrete issues, like disconnected
components, so different groups can have the same Lie algebra.

Any set of matrices obeying (5.2) provides a representation of the Lie algebra. By
exponentiating them, we get a representation of the Lie group. This is the best way to
think about representations of Lie groups.

A casimir of the algebra is an operator made from the generators that commutes
with all of them. Acting on an irreducible representation (= one which is not reducible
= irrep), where all the states can be made from each other by the action of products
of generators, it is proportional to the identity.

Example: representations of the rotation group. This will be a fancy pack-
aging of familiar stuff which will make the step to Lorentz transformations painless (I
hope). Recall from QM that generators of rotations about the axes z,y,z = 1,2,3,
Ji=123 satisfy the Lie algebra so(3) = su(2):

[J%,J9] = i€k J*, (5.4)
So the structure constants are f,ij = €5y, A Casimir of this algebra (meaning that
it commutes with all the generators) is J> =Y, (J%)?, which acts as j(j + 1)1 on the
spin-j representation, whose dimension is 2j + 1, any non-negative integer. A finite

rotation on H is
D(n,0) = e "I

where n is a unit vector and 6 is an angle, so three real parameters. Familiar matrix
solutions of (5.4) are its action on vectors, where the generators are 3 x 3 matrices:

(Jij=n))” & = —ie7"
(with €'#* = 1) and its 2d representation on the Hilbert space of a spin-1 object:

_ )

:]i .1 = -0 .
(=3) 2
Also, its one-dimensional representation, on a scalar, has J(ijzo) =0, so elfi=0 = 1I.

More generally, the 2j + 1 dimensional representation is D(;) () = e™*"/* with

(Jg)mm/ = 5mm/m, (Ji)mm/ = (Jl :i: iJQ)mm/ = 5m',mi1\/(j :F m)(] :l: m + 1)7
(5.5)
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with the basis labels taking the 25 + 1 values m,m’ € {—j,—j+1---5—1,7}. You can
check that these matrix elements reduce to the above three examples for j = 0,1/2, 1.

Notice that the rotation algebra (5.4) is the statement that J* itself transforms as
a vector (j = 1) under infinitesimal rotations. What I mean by this is: the action of G
on H by |[t)) — Dg|v) implies an action on linear operators on H by O DROD}L.
Relabelling the reference axes x, %, z that we used to label J* by a rotation g produces
a rotation by the same angle in the 3d representation. The reference axes themselves
transform in the spin-1 representation:

(D=1 (9))} 37 = Dr(g)'3* Dr(g), (5.6)

the infinitesimal version of which is (5.4) (or maybe its complex conjugate). More

generally, the equation
[J, K] = ieV* Kk
is the statement that K transforms as a vector.

O(d) for general d. Some of what I have said so far about rotations is special to
rotations in d = 3. In particular, the notion of “axis of rotation” is (d = 3)-centric.
More generally, a rotation is specified by a (2d) plane of rotation; in d = 3 we can
specify a plane by its normal direction, the one that’s left out J* = 1¢*.J7% Notice
that only the bit of J7* antisymmetric in j < k appears here, so we assume it is
antisymmetric. In terms of these generators, the so(3) lie algebra is (using € identities)

[T, M) = i (87077 4 g7 g7k — ik it — 63Tk (5.7)

The RHS here must be antisymmetric under exchange i < j or k < [ orij < ki, and
is largely determined by these properties. The vector representation is

(J8)) o = =i (6™ — ™)) (5.8)

(that is, there is a —i in the ij entry and an i in the ji entry and zeros everywhere
else). In d = 3, the spinor representation is

J9 . =¢
(3)

] i .
ok = o' o). (5.9)

Define the group O(d) by its action on the d-dimensional vector representation:

d x d real matrices O preserving lengths of vectors under n; — O;n; : |On|? = In|? =
n'ndd;;,Vn'

O'O =1 or, in a basis, (Ot)ijéjk(’)kl = ;. (5.10)
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In words: O(d) transformations preserve the bilinear form §;;. Looking in the connected

component with the identity”, o
O = ¢ 10777 (5.11)

(5.10) implies that the generators J%, i,j = 1..d satisfy (5.7). Reality of O for all 6%
says that for each ij, J¥ is a pure imaginary matrix, and Q'O = 1 says that each

Ji is an antisymmetric matrix: (J¥)" = —J%, or more explicitly, (J9)y = — (J9),.
There is a @—dimensional space of such things, and one good basis is given by (5.8)
for general d. This agrees with the d = 3 case above where there are % = 3 such
generators.

0—i

; > = 02, and the finite
10

A special case is SO(2) where the one generator is T’ = <

transformation is

e = 1cos B +io%sin f = ( cos 3 smﬂ) )

—sin 3 cos 3

As we reviewed above, SO(3) has a representation of every positive integer dimen-
sion. Similarly, SO(d) has representations besides the d-dimensional, vector representa-
tion (5.8). For example, for general d, we can make a spinor representation of dimension
k if we find d k x k matrices +* that satisfy the Clifford algebra {~',+’} = 26" (as the
Paulis do for £ = 2,d = 3). Then I claim that the objects Jsginor = 1y, 47] also satisfy
the so(d) Lie algebra, (5.7). More on this soon.

U(N). Another important example is the Lie group U(NN) defined by its V-
dimensional representation as N x N complex unitary matrices I = MTM = MMT.
This one doesn’t arise as a spacetime symmetry, but is crucial in the study of gauge
theory, and already arose as an example of a global symmetry on the homework. We

can generate these
M = 71" (5.12)

by any hermitian N x N matrices T, since T = T in (5.12) implies MT = M~1. A

50For real matrices O'O = 1 says 1 = det OO = (det 0)°, so det © = +1 gives two disconnected
components. The component with det O = 1 (containing the identity) is called SO(d). The other
component is obtained by multiplying by a diagonal matrix with an odd number of minus signs on
the diagonal, parity transformation.
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basis is given by the following set of generators satisfying (5.3):

1
mﬂNxN
N(N—-1)

5— 2+ N =N 2 of these. Only the last one has a nonzero
trace. The ones called T}/ and T,/ only have nonzero entries in the ij and ji place,

fori#j: (T9)" = % (6787 + o7%a7), ()", = % (57%0] — ki), TN =
Altogether there are

and are like o® and o? respectively. A finite transformation is

_:ipaga s N2-1 pama s N2pN2
elBT —e iy o, peT 616 T

/G J/
WV vV
=M —e—i8N? V2N

where the first factor has det M = 1 (since log det M = trlog M = —i Zivjfl ptr (1) =
0) and the second is just a phase. The subgroup with det M = 1 is called SU(N). This
shows that U(N) = (SU(N) x U(1))/Zy. (The quotient by Zy is because the matrix
M = diag(w, ..w),w” =1 is an element of SU(N), so we have two ways of making it
as an element of U(N).)

A special case is SU(2) which has N? — 1 = 2% — 1 = 3 generators, which are 2 X 2
and are T* = 0 Pauli matrices. So SU(2) and SO(3) have the same lie algebra. They
are not the same group, though, since SU(2) is twice as big: a 27 rotation is not the
identity (but squares to it). Half-integer spin representations of SU(2) are projective
representations of SO(3) — the SO(3) group law is only satisfied up to a phase (in fact,
a sign).

The matrices above (neglecting T 2, which just commutes with everyone) satisfy
the Lie algebra (naturally) called su(N). As for su(2), this algebra has other represen-
tations besides the defining (sometimes called fundamental) N-dimensional represen-
tation displayed above. [End of Lecture 16]

Lorentz group. The Lorentz group can be defined, like O(d) above, as the linear
transformations preserving (proper) lengths of vectors. This implies

n=An\ de n,= (At)u "N N7 . (5.13)

There are four disconnected components of solutions to this condition. As for O(d),
taking the det of both sides of (5.13) implies that such a matrix has det A = +1; the

131



two components are called proper and improper Lorentz transformations, respectively.
The pv = 00 component of (5.13) says
2 N2 2
- - M) = ()P

2

which has two components of solutions, AJ > 1 (orthochronous) and AJ < —1 (not

orthochronous).
. / 2 isin here
Below we will focus on the proper, or- T T \ "
thochronous component. The other three T
components are obtained by multiplying Tawr =
one of these by one or both of the follow-
ing extra discrete symmetries (whose action A=t \'\? A
1 S PN
on (real) vectors is P = and L
( ) ( —]13x3) T § A= T

' (_1 ngxg)' - \

(A warning about time reversal: In order to preserve the time evolution operator

e~ while reversing t and preserving the Hamiltonian, the time reversal transformation

T must also be accompanied by complex conjugation K : i — —i, and the combined
operation 7 = T ® K is therefore antilinear or antiunitary. Such a transformation
acts on a linear combination of operators by ¢;O; + 20y + T (10 + c205) T ! =
GTOT L+ &TOT L)

The identity-containing component is called SO(1,d). More generally O(m,n) is
the group of linear operations preserving the matrix with m —1s and n +1s on the
diagonal, which I will also call 7,,,,. For any m, n, all the steps leading to the associated
algebra (5.7) (and generators in the m + n dimensional representation (5.8)) are the
same as for SO(d) with the replacement d;; — 7, (and &7 — 0), with the metric of
appropriate signature. We will nevertheless resort to some special features of the case
d = 3 to build representations.

5.2 Representations of the Lorentz group on fields

Consider a Lorentz-invariant field theory of a (finite) collection of fields ¢, = (¢1...¢0n, Y0, Ay - - -

Together they form a (in general reducible) representation of the Lorentz group

¢r(x) = Drs(A)gs(Az)
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where D,¢(A) is some (finite-dimensional) matrix representation, and A specifies an
element of SO(1,d) in the defining representation. So far we know two possibilities:
the scalar (one-dimensional) representation, where D(A) = 1, and the vector (d + 1-
dimensional) representation, where D(A) = Ais a (d+1) x (d+1) matrix in the defining
rep. (We can also take direct sums of these to make reducible representations.)

But there are other irreps. To find more, let’s think about the algebra in more
detail by extracting it from the representation on 4-vectors

VH S V= A“yvya A(eaa 5a) = exXp —i0" Tr%t _iﬁa TSOOSt

Let’s find the £ by building the Js and Ks: with the time component first, the matrix

representations are
; 0
J'= : 5.14
(* ) (5.14

where the 3 x 3 matrix is (J'), = —ie* (with ¢! = 1) and
i\J s i i\0
(K)o =id: = (K'); (5.15)

and other components zero. To check this, consider a boost in the x direction:

o L v By
O i o= (51 1o =m0 |10 516
1sy0 1oy
In the last step we used v = ﬁ = 1+ O(B?). That is, 6V° = pVL iV =

BVO, §V2%3 = (0. The other boosts are related to this one by a rotation. In (5.16), we
only checked the infinitesimal transformation; but this is enough, by the uniqueness
of solutions of linear first-order differential equations: 9sA(f) = —iKA with initial
condition A(f = 0) = 1 has a unique solution, and so our solution must be the correct

one. We'll use this strategy several times below.

Notice with slight horror that the boost generators are not hermitian, and hence the
finite boost operator defined above is not unitary. This is a symptom of the fact that
the Lorentz group is non-compact (in the sense that its group manifold is not compact:

cosh 8 sinh 3
51In case you are wondering, the finite transformation is e ##X" = | sinh 3 cosh 3 . Note
oo
that the parameter [ here is the rapidity; it is additive under successive finite boosts, unlike the

velocity (though they agree when infinitesimal: tanh 3 = 2.) I apologize for using the letter 3 in an
unfamiliar way.
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think of the orbits of rotations on a 4-vector (a sphere, compact), and the orbits of
a boost on a 4-vector (a hyperbola, non-compact)). For (faithful) representations of
non-compact groups, ‘unitary’ and ‘finite-dimensional” are mutually exclusive.

The commutators of these objects are®

[J¢, 9] = ik gk [J, K] = ie9F K* (5.18)

(which are respectively the statements that the rotation and boost generators each

form a vector) and
(K, K] = —ie* J* (5.19)

which says two boosts commute to a rotation. Notice that these equations are not
changed by the (parity-like) operation K — — K, J — J.

Now consider J* = % <fj: 1[?) (Don’t confuse these 343 operators with the

raising and lowering operators for so(3) from (5.5).) The observation that K — —K
changes nothing implies that they satisfy

L) =0, L) = ik,

two independent su(2) algebras, which will be called left and right. Formally, we’ve
shown that as algebras over the complex numbers, so(1,3) ~ su(2), x su(2)g. But
we know what the representations of su(2); x su(2)r are! We just have to specify
a representation of each factor, i.e. an irrep is labelled by j; and jg, two positive
semidefinite half-integers. And we can label states in an irrep by (j., mr, jr, mg) with
mr/r € {—jr/r- -+ jr/r}; this has dimension (2j; 4+ 1)(2jr + 1). Thus, we have the
following table 1 of possible Lorentz representations of fields:

Let me emphasize here that we are identifying the possible ways that the Lorentz
group can act on fields, not on the particle excitations of such fields. That’s why it’s
not a problem that the action is not unitary. The resulting unitaries on the Fock space
will come later.

2Like we did for O(d), we can slick this up, and generalize to other SO(1,d) by collecting the
generators into an antisymmetric matrix J#¥ with components J7 = ¢k jk joi = Ki = — Ji0

(exactly as E, B are collected into F*). This object satisfies the direct analog of (5.7)
[, 97 = L (T T (5 ) (517)

and the fundamental (d + 1-dimensional vector) representation matrices solving this equation are

(JH) g = =i ("85 — (n > V).
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(J4,7-) dim Preview of physics
(0,0) 1 scalar
(5,0) 2 left-handed Weyl spinor
(0,1) 2 right-handed Weyl spinor
(3.00®(0,)=(3,3) | 2x2=4 4-vector
(3,0)®(0,1) 24+2=4 Dirac spinor (reducible)
(1,0) & (0,1) 3+3=06 | VW =4,V V¥ = V¥ antisymmetric tensor
(1,1) 3x3=9 SHY = Sk, St =0, traceless symmetric tensor

Table 1: Lorentz representations on fields.

Weyl spinors. Let’s focus on the first nontrivial entry in the table. This is a

U

2-component field 1) = < y > on which 2 x 2 Lorentz matrices act as

2
Dy (6, 8) = e (07455,
But the fact that it’s a singlet of SU(2)r means that
) 1 )
0=Jy = §(J —iK)",
that is, J = iK when acting on 1, which says that the nontrivial generators act as

Jiah = %(J +iK)hp = %(J + J)p = J.

But we know a 2 x 2 representation of this object: j(l = %5’ and hence K = —i%&.
2
You can check that these satisfy the three relations (5.18), (5.19). Therefore

Yo (e*iée-oféﬂ-o)a%ﬁ - (g%a-(ﬁﬁ@))aﬂ% = M, s

(Please don’t confuse the rapidity 8 with the spinor index (.) Notice that this matrix
M is an ordinary rotation with a complexified angle; it is actually an SL(2, C) matrix,
a general 2 X 2 complex matrix, with unit determinant. It is common to call the (%, 0)
representation a left-handed (L) Weyl spinor. The nomenclature is motivated by the
fact that parity takes J* =1 (J £iK) — J¥.

For the (0, %) or right-handed representation, y, the same story obtains but now
<j+> ‘ 8 X5 = 0 and hence J = —iK. Note the dotted indices to distinguish reps of the
two SU(2)s. Therefore

Yo (e7B0HI7) By = () By = (02M70%), Py

[0}

(5.20)

135




In the last step of (5.20) we used the identity
0’7 o? = —4. (5.21)

Please don’t get too hung up on dotting the indices, since as we’ll see, there are ways to
turn an L spinor into an R spinor. (For example, the parity operation K — — K, J — J
interchanges the two.) Also, notice that (5.20) shows that if a left-handed Weyl spinor
transforms as ¢y — M1 then

0_21/)* SN O'QM*'(/)* — (O_QM*O_Q) 0_2,¢*
transforms like a right-handed Weyl spinor.

Invariants. In order to write Lorentz-invariant local lagrangians, we need to know
how to make Lorentz-invariant quantities out of products of fields and their derivatives.
For example, given Lorentz vectors V# U#, the object V*U, = V#U"7),, is a Lorentz
scalar (by the defining property of the Lorentz matrices). Can we make a singlet from
two Weyl spinors, (1,0) ® (3,0)? Yes: we know (e.g. from basic QM) that SU(2)
representations combine as %@ % = 0@ 1 where the triplet (spin one) part is symmetric
and the singlet (spin 0) is the antisymmetric combination, 1| — J1. More explicitly,
Valpe®® = 1,£% is a singlet. To see this explicitly:

(i0'21/1> — i0_2€—%(5+i9)~0'1/)

= exp —% <§+ 15) - (0%50%) | (i0%v)

(G20 _
which means that if ¢, — M,"1, then
= (io2w)" B (etz(B+i0)-F =B (M!
wa_(lo_w)an (62 10)5a_w (M )Ba
so 1), is invariant. Notice that on Weyl spinors, we raise and lower indices with

f = (i0%)* = ( 01

ap
1 0) which is a good idea because it is an invariant tensor, as
we just showed.

The same story holds for the (0, %) “right-handed” Weyl representation, that is, we
can also make a singlet out of two of them using an epsilon tensor. Writing out the
matrices again:

Xd = X/;EBd — <e§(5i9)'0t>dﬁ.xﬁ' = XB (67%(57i9)'a> K
B

which is indeed the inverse transformation of (5.20).

136



(3,4) = vector. | Next, we will show that the (1,1) = (3,0) ® (0,1) representation is

indeed a 4-vector. Introduce the following ‘intertwiners’:

O—gd = (Hada 6:045!)# ) 5Za = (lldaa _6:o'¢a)# .
Our next job is to show that these objects eat a L and an R Weyl spinor and spit out
a vector, or vice versa. That is, for example, I claim that if V, is a vector then V0%,
transforms as (3,0) ® (0,1), as the notation strongly suggests. And given any two L
and R Weyl spinors ¢, x, ¥*a%,x*V,, is a singlet.

To summarize:

1504 8)0
(0,1) 2 Yr = Mpipg = e2T 107y
You can see from this expression and o?0'0c? = —(0%)" that 0?Mjo? = My and

therefore oy} € (0, 3).
Claim: for any two right-handed spinors &g, 1R, the object 5}%0“7/% is a (complex)
4-vector. To see this, first notice (using of = o) that ¢}, — §L€+%(i9+ﬂ)v’ SO

f}{Uu?ﬂR . 6}%\e%(ieﬁb’)-ﬂgue%(ﬁ%ﬁ)ﬂ VR

;A(Q,IB)MVUV

where

A(B, B)", = (eI, (5.22)

is the vector representation of the Lorentz transformation with rotation g and boost
p. To check this, it suffices to check the infinitesimal version (by the uniqueness of
solutions to linear first-order ODEs):

0 (5}30”1/112) = 0¢hop + Ehot SR
= ¢}, (% (i0 + B) ol + O’“% (—i0 + B)’ aj) Vg

g;r%%gﬁjgij LAf =10
ekt (ot o) ity 0 o) o it
—_—— —_——
—95ij =—2iclikgk

On the other hand, using the form of the vector Lorentz generators (5.14), (5.15), the
transformation of a vector is

6V“:—.'K‘j#y+.6' lelu VI/:
(i8; (K7) i6; (/)" ) {B@VO—(ngjime Lifp=1
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which is just the form we’ve found. ]

A few more claims and consequences:

e Since the vector representation matrices K, J in (5.14), (5.15) are pure imaginary,
the matrices (5.22) are real for any 6, f and we can impose the reality condition
V# = (VH)* consistent with Lorentz orbits. This is not true of the Weyl spinors
by themselves.

e Similarly, for any &7,y 526“;/@ is a (complex) 4-vector. Notice that we need to
use the 6*, so that

“w
5 (elorvn) = = (=Bl ovn, Bielvn + endiélonun )
e Our explicit calculation was about 5120“@@. But we showed that ﬂ% transforms
like a xz. So x¢oh,¥% is a vector, too. And x§oh %V, is Lorentz invariant.

e Notice that SL@DR is not Lorentz invariant (even if & = ), it is rather the 0

component of a four-vector. The dotted index can be a bit helpful in reminding

us that ¢} ¢, is not a singlet, since if the index on (¢1), is undotted then (1#2)
has a dotted index.

On the other hand, given an R and an L spinor,

0¢], = &}, (+i0 — B) - 0 /2
the combination fzzﬁR 1s Lorentz invariant, since

6 (Shu) = ¢l (% (0—5) 0+ (-i0+): a) vn=0. (5.23)

e Two more occasionally-useful facts:

} VO V3 YTy
Viou=\y1 fqp2 oy

)HMW%M
Also, det V*o,, = V*V, is Lorentz invariant.

5.3 Spinor lagrangians

Given a Weyl spinor field ¥ i, we'd like to make a local lorentz-invariant lagrangian
of the form L <¢R,¢L,OM¢R,8M1¢;>. The sort of obvious generalization of the KG
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lagrangian is 1/)}% (O + m?) vg, which transforms like @Z)Lz/) r, which is not boost invariant.
On the other hand, the object @DLJ”’(/JR is a vector, and we can find another index with
which to contract by taking a derivative:

Lyvey) = U i0,0n = Whidnon + v - (iV) vn

is a nice Lorentz invariant kinetic term. The factor of i is to make i0,, hermitian, so
. IBP .
‘C{LIVeyl =1 (81177”%) (UM)T ¢R = @/};r{o-ula,u’@/}R = ‘CWeyl'

Notice that we neglected the total derivative 0, <w;r%a“1/13> which does not change the

equations of motion.

For a left-handed field, the Lorentz-invariant Weyl lagrangian involves 6 = (1, —a)":
Lwey1 (Y1) = 1?25“13“1%'
What about mass terms? For a single R Weyl field, we could use the € tensor:

YRIO* YR + h.c. = Y1y — Yothy + hec. (5.24)

is Lorentz invariant. It is not invariant under ¥ — e%Yp, it violates the particle
number. This is called a Majorana mass term. Neutrinos may have such a term, but
electrons don’t. (Notice that it would be zero if the components v, were commuting
objects. We will see that in fact they are anticommuting objects and (5.24) is not
zero.) [End of Lecture 17]

Dirac spinors. To make a particle-number-conserving Lorentz-invariant mass
term, we need one of each L and R, and the Dirac mass pairs them up via the in-
variant wTLwR + h.c.. We can slick this up with some nice packaging, by combining the
two 2-component spinors into one 4-component spinor W:

()e o) o= ()

- 0 1
v=(vhort) =9 (i, 1) =0

Then we can package the whole thing beautifully as

Now let

Lo = Vkio"Quon + 600 —m (i + vl ) = ¥ (199, — m) w

0 ot
b= . .2
v (W 0) (5.25)
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The equations of motion are

as . .
Oza—@:(w“au—m)\llz(lﬂ—m)‘ll.

Being explicit about indices, the Dirac equation is 0 = (iy5,0,, — mdep) ¥y with a,b =
1..4.

Notice that by dimensional analysis of the kinetic terms (that is, demanding that
[Skin = [ U9, 0] =0, [¥] = 2L P=*3/2, 50 [m] = 1, so m is indeed a mass. Its sign
has not been fixed (and I will probably mix up m and —m at various points).

e The Dirac (or gamma) matrices v satisfy the Clifford algebra

{97} = 29", (5.26)

Any set of D matrices satisfying this equation can be combined to form a repre-
sentation of so(1, D — 1) in the form
i
Tbirac = 700"7"]

That is, these objects satisfy the algebra (5.17). (If you want to see the algebra
involved in this statement, see David Tong’s notes.) This works in any dimension.
The representation is reducible for D even. The size of the matrices required to
represent (5.26) grows exponentially with D.

e Notice that the equation (5.26) is not modified by a change of basis in the spinor
space. The particular basis of gamma matrices we’ve chosen in (5.25) is called
the Weyl basis. It makes the reducibility of the Dirac rep manifest, since the
resulting so(1, 3) generators J* are block diagonal:

J'LW Weyl_basisi 0 ot 0 o”
Dirac - 4 gt 0 ’ g’ 0

i [(ot5? — oVcH 0
4 0 oto? — g¥ot

; —20° 0 L 5 ] )
1 0 20 =—50'®0 ifu=0v=1
o
- . —[ot, 0] 0 L iih ) , (5'2,7)
T\ g o) TR @l =iy =]
—lo", o

So you see that in the Weyl basis, we already know that these satisfy the so(1, d)
algebra since it is just the Lorentz generators for the Weyl, and Weylg repre-
sentations in blocks. This proves that it works in any basis, since the algebra is
basis-independent.

140



e This 4-dimensional Dirac representation is not the 4d vector representation. We
can see this in several ways: It is complex (the generators are not pure imaginary),
though more on this below. It is reducible (we built it by adding together two
irreps!). And it is definitely different because, using (5.27), we have, e.g. J'? =
103 @1, so

Apirac(0 = 272) = ei2m 2 (5.2 erroll _ cog +sinmod @ 1= —1.

A 27 rotation gives minus one. This is just as for the spin—% (projective) repre-
sentation of SO(3).

e The Weyl spinors ¢, 19 are irreps. What’s the big deal about the Dirac rep?
Only that the electron is a Dirac spinor (and some other folks are too). Neu-
trinos could be Weyl spinors. There are several possibilities: perhaps there is
a secret (heavy, non-interactive) partner with whom the neutrinos pair up by a
Dirac mass; perhaps lepton number is violated by a Majorana mass term; these
possibilities are not mutually exclusive (see the homework).

e Other bases of the gamma matrices are possible and sometimes useful. If we
replace y* with
A s At = UAPUT, U s U =UT

for some 4 x 4 unitary U then this gives an equivalent representation, since
{3*,7"} = 2n* still and hence J* = UJ* U will still solve so(1,d).

A particular useful other basis is the Majorana basis

Tm = o2 0 »m = 0 iot »Tm = o? 0 Tm = 0 —io?) "’

They have the property that they are all imaginary, which means so are the
resulting Lorentz generators J+”, which means that all the matrix elements of
eifwm’ are real. So it is consistent to impose a reality condition on the spinors
in this basis, 1, = n,. (The reality condition can be imposed in any basis, but
in another v£ = U5*UT, the condition looks like (U*)' Uy = ¢*.) This 4d real
representation is still different from the vector; a proof is that a 27 rotation is still
—1. A good analogy is (real scalar):(complex scalar)::(majorana spinor):(Dirac
spinor). For example, a Majorana spinor particle will be its own antiparticle, just

like for a real scalar.

e The Dirac equation (i —m) ¥ = 0 implies the wave equation. Act on the BHS
by

(id +m) (BHS) = 0= (i +m) (i) — m) ¥
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= (—7“7”@&, — mg) v

1
= Y h/ua /YV] + {V”; ’VV} a,u,au _m2 v
2 N—— —— ~—~—

antisymmetric =2nHv symmetric

= — (82 +m2) v,

e The equation of motion for ¥ can be obtained by taking the dagger®, or by IBP
n »CDirac:

e
Liiree = U (—i o, — m) U + total deriv

9SDirac _ J) 'e
500:8‘3—\11—\11(—18,ﬁ“—m).

e The Dirac lagrangian is real if m = m*, since we already checked the kinetic
terms.

e Lorentz transformations of Dirac spinors. We have ¥(z) — e s /birac U (A~12) =

A%\I/(A_lx) with A% = <M 0

0 2 M* 2). The Dirac conjugate spinor transforms
o o
as

_ . v T _
U s et (i) 10 = UTA0AT! = TAT
2 2

Here we used that the 75 components of Jpia. are hermitian and commute with
7° (same for L, R), while the 0i components are antihermitean and anticommute
with 7% (opposite sign for L, R). This makes it clear that the mass term WV is
Lorentz invariant.

The gamma matrices also provide nice packaging of the relation we showed above
between vectors and bispinors®:

ATHO)Y* AL (0) = A" (0)y". (5.28)

This means that any product of gamma matrices between two spinors V#1#n =
Ukt ... #nf i a tensor, in the sense that VA #n AL, e N, YR
(A tensor is defined to be an object that transforms this way under Lorentz

53In doing so, note that ° = (VO)T, but the spatial ones (V)T = —4 are anti-hermitian. This
compensates the fact that the Js acquire a minus sign in moving through the 4° in 0.

54This is really the same equation as we showed above. In terms of Dirac fermions, its infinitesimal
version is,

(1 + ie . JDirac) ’Y“ (1 - ie : JDiraC) = (1 - 19 : Jvector)u V’YV7

which follows from
[’YH’ J]g?rac] - (J\ecitor)u V7V7

the infinitesimal version of the statement that v* is a Lorentz vector.
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transformations.) To see this, just use VF1"#Hn \I/Ailv“l .- -7“”/\%\1/, insert
2

1= A%Ail in between each pair of gammas, and use (5.28).
2

Notice that any combination of A Wkt ... y#n s which is symmetric under

Haphn
interchange of a pair of indices can be related using the Clifford algebra to a
tensor with two fewer indices. Let v* = %[7“,7”] be just the antisymmetric
bit, and similarly for more indices. In fact, any bispinor 'y, W¥, ¥, can be decom-

o YV FW where the As are totally
antisymmetric. This follows from counting: 4 x4 =1+44+6+4+ 1.

posed as a sum of these tensors: > A

Consider the object v° = iy9y14243 = —ﬁew,pgy“v”ypv". The factor of i is

chosen so that (7°)" = 7°. Notice that (v°)* = 1 so its eigenvalues are +1. Since
it contains one of each of the other four gamma matrices, it anticommutes with

v
irac

each of them: {7°,4*} = 0,Vu. Since the Lorentz generators J&.  are quadratic

in s, this implies [v°, 57 ] = 0, i.e. 74° is a Casimir, proportional to the identity

on irreps, indeed £1. By direct calculation, in the Weyl basis,

5 Weyl basis —1
T 1

is +1 on right-handed and left-handed spinors, respectively. This means that the

chirality projectors Pr; = H;—”S project onto R/L spinors, respectively, Pa /L=

Pg/r. Notice that Py = +#Pr and Pgy* = " Py.

Our basis of bispinors can be rewritten using v°. Using v**7 = —ie"**°~% and
YHP = +ietP7y,~° we can make a basis of (hermitean) bispinors as in the
table below. The modifier ‘pseudo’ here refers to the properties under parity; for

Bispinor | multiplicity representation
VAN 1 scalar
Uy 4 vector
iUy 6 antisymmetric tensor
AR 4 pseudovector
iv~yS W 1 pseudoscalar

example, in terms of ¥ = (@/JL ¢R), consider iUy°W¥ = i (wEwR — 7”#%)- It is
Lorentz invariant (since it is of the form (5.23)), but under parity P : ¢y <> ¥g
(that is, parity acts by 4° on Dirac spinors) it goes to minus itself.

Why care about these bispinors? One reason is that we can make 4-fermion
interactions out of them. For example, Uy* ¥ . \TJ%,,\IJ is a Lorentz-invariant
local interaction term which we might add to our Lagrangian.
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Another reason is that the vector combinations play an important role:
=T = ot g + ULa Yy

is the Noether current associated with the symmetry ¥ — e~ *U of the Dirac
Lagrangian. You can directly check that d,j* = 0 using the Dirac equation.
Similarly, the azial current

b = Uy U = Photpr — Pl ot
would be the Noether current associated with the transformation ¥ — =17,
This transformation rotates the L and R bits oppositely, and is only a symmetry
if m = 0. Indeed, the Dirac equation implies that 9,5t = 2im¥~>¥. For £ > m,
the breaking of this symmetry by m can be ignored and it is still useful®®. The
- 1£4°
Tyt ( 27 ) U

involve only the Weyl components and are separately conserved if both j# and

combinations

m

J& are conserved.

e Notice that gamma matrices have a lot in common with quaternions.

Coupling to the electromagnetic field. Here’s another purpose for the current.
Suppose our spinor field is propagating in a background electromagnetic field with
vector potential A,. The whole thing should be Lorentz invariant, so we should be
able to couple them via a Lorentz-invariant Lagrangian. How can we resist adding
Lpy = —ejtA, for some constant e (blame Ben Franklin for the sign). The full

Lagrangian is then
Ui (0, +ied,)y" —m]¥

and the Dirac equation is modified to
0= ({iy"D, —m)V, where D,V = (0, +ieA,)V

is the gauge covariant derivative in the following sense: D,¥ e‘ia(m)Du\If under
U — e @W(z), A, - A, + 19,a. We could have used the demand that the action
respects this transformation to determine the coupling to A, to replace d, — D,,.

The solutions of the Dirac equation in a background EM field are no longer solutions
of the KG equation:

0= (ip + m) (i) — m) ¥ = (iD,iD,"y" —m*) ¥ .

55Beware that the coupling to gauge field also breaks this symmetry, quantum mechanically. This
is called the chiral anomaly; more later.
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Whereas mixed partials commute, [0, 0,] = 0, the covariant derivatives need not:
D, D,] = ¢€i(0,A, — 0,A,) = €iF,,

so the antisymmetric term matters:

. i
0 = ((E)M +ied,)” + 61[’7”, VN Fu + m2> v
| B+if) -5
Weyl basis . 2 ( 2
= 0,+1eA,)” —e . . +m* | v. (5.29
(0, +ieA,) (5-18) 2 (5.29)
In the last step we used the form of the Lorentz generators Jh! == 1[v* 4] in the

Weyl basis. This extra term (relative to the gauge covariant scalar wave equation) is
an intrinsic magnetic dipole moment of a Dirac particle. This is a consequence of the
Dirac equation with implications for the non-relativistic limit.

Notice that we could add extra terms coupling the spin to the EM field strength
EDM - F,uu (gmqjiryuy\ll + ge\ijify#’/ry5\11)

but now [ge ] = —1 so these coefficients (which would change the magnetic and electric
dipole moments respectively) are suppressed by the inverse of some new mass scale (a
priori independent of m), which is presumably large or we would have noticed it, and
hence we will ignore such terms for a while.
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5.4 Free particle solutions of spinor wave equations

[Peskin §3.3] To understand a quantum scalar field, we had to know that the solutions
of the KG equation were plane waves e P* with p? = m? (then we associated a mode
operator az with each solution and added them up). To do the analog for spinors, we’ll
need to know the free particle solutions.

Let’s focus on the Dirac equation. This implies the wave equation, so solutions can
be made from superpositions of plane waves with p? = m?

U(z) = e u(p)
but the Dirac equation places a further restriction on the constant spinor u(p):
0= (y.p" —m)u(p).

Let’s assume m # 0 and solve this in the rest frame, py = (m, 6) Then we can find
the answer for general p* (with p° > 0) by a boost: u(p) = A%u(po).

0 = (my" — m)u(po) = m (‘]fl _“ﬂ) u(po)

which is solved by u(pg) o (g) for any 2-component spinor £&. The fact that there are

two solutions for each p is the “intrinsic two-valuedness” associated with spin % It will
be convenient to normalize the solutions by

u(po) = Vi @ Cde=1

1
We can choose a basis for such s which diagonalize o3, e.g. £ = (0) JE2 = ((1)) in
the standard basis for the Paulis. £ is an ordinary non-relativistic spinor.

Now, under a boost in the z direction (suppressing the x,y components which

(B () G- Cte) o

remain zero),
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56

and the positive-energy solution of the Dirac equation becomes

= (3(7 ) v (9

'

u(po) — A%(W)U(po)

")
cosh(n/2) Il —sinh(n/2) 3
—0

VE+DPP+E—-p3P_ )¢
VE—-pP.+E+p3P_ )¢
VE+p3c3P, +\/E+p3c3P_) & (\/p_ag)

VE —p3c3P, +/E — p3c3P_) ¢ VP oé

In the final expression, we define the square root of a matrix by its action on eigenstates.

The last expression also works for any boost direction since it’s rotation invariant.
Using the identity
(p-o)(p-0)=p° (5.34)

(check it on the homework) we can check directly that this expression actually solves
the Dirac equation for general p:

o ()~ (32) (50 - () (9

Negative-energy solutions. So far we've found two independent solutions of
the Dirac equation for each p. But if we think about Fourier transforming the Dirac
equation just in space, we get four linear first-order ODEs (for each p), which should
have four linear-independent solutions.

Just as for the KG equation, there are also negative-energy solutions with the same
P (which are not related to the previous by any orthochronous Lorentz transformation):

U(x) = v(p)e™™, p*=m?p" >0

56Some useful kinematical relations: adding and subtracting

2coshnp=e"+e T=2E/m (5.31)
2sinhn =e"7 —e™" =2p/m (5.32)
(with p = p?), we learn that e*” = Q%ﬂ’, and therefore

n/2 -n/2 E E— n/2 _ g—n/2 E E—
cosh/2 = ¢ =\/ +p+\/ P sinhp/2= S :\/ tp_ JE-p
2 2m 2m 2
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where the Dirac equation further imposes (erm) v(p) = 0, solved by

(If we wish to compare solutions with the same spatial momentum as we studied for
the positive-energy solutions, we should write ¥(z) = v(—q¢)e™ %%, with ¢ = —p. Notice
that the spinors are a function of just a 3-vector, since p® is determined by the wave
equation.)

Normalization. A Lorentz-invariant normalization condition is
w’u" = 2m£§§r =2md,, Vv = —-2md"’.
This is equivalent to the following statements about the Lorentz-variant quantities:
ui(p)us(p) = 2Epgifs = 2E,0,s UIUS = +2Ep77;[775 = 2E,0,s.

Notice that for each 7, 0 = @ (P)v*(p) = v"(P)u(p) (but (u”)' (P)v* () # 0). It will
also be useful below to note that ul(p)vs(—p) = 0.

Completeness relations. Suppose we choose a basis of two-component spinors:
o = € (€)' (5.35)
s=1,2
Then
2
S{,\-8 \/p'Uﬁs) 1 - 1 (5.35) \/p-a\/p-5 (\/p-o')
u(p)u(p) = _ ) (&) Vp-0,(8) Vp-o) = _ _
521;2 phew zs:(vp'gf <( ) &) ) (vVp-a) Vpoypo

(5:39) <pm_ p.a> —y - prm=p+m. (5.36)

0 m

Similarly, > 00 = p — m. Note that these completeness relations for spinor polariza-
tions are analogous to the relation I quoted for photon polarizations (1.39).

Helicity. Define the helicity operator, acting on one-particle states

. L 1 /5
h=p-S=p" Jhyue =0'= ).
p p Dirac p 2 ( O'Z>
p = % is a unit vector, so h2 = 1 /4 and the eigenvalues are £1/2, which are called
right-handed and left-handed. (Sometimes people normalize the helicity so that h =
+1.) Naturally, positive-energy (massless) Weyl R/L spinors are helicity eigenstates,
with h = £1/2 respectively, since the R/L Weyl equation is 0 = pol F p'o?, and
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po = |p]. More generally, consider the ultra-relativistic limit of a Dirac spinor, where

E = \/p? +m? — |p], with (WLOG) p = 2p?,

;

1

el
Ve

Ve ]
Ve (]

1

\

B3 2E

"3 oE

o O = O O = O O

. ifot=+1

. ifod=-—1

These are helicity eigenstates. More generally, any ultrarelativistic spinor wavefunction

can be decomposed into a linear combination of such helicity eigenstates. For massive

particles (away from this limit), you can switch the helicity by outrunning the particle;

it is not Lorentz invariant.
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5.5 Quantum spinor fields

What did we need to build the Fock space of a relativistic scalar field? A quick
recapitulation: For each mode, we had ladder operators, a # af, and a number operator
N = afa which was hermitian and hence observable. The ladder operators are so called

because

[N,a] = —a, [N,af]=a'. (5.37)
This says that given a number eigenstate N|n) = n|n), we can make others by
N (aln)) "2” (n— 1) (aln)) and N (at [n)) “Z” (n + 1) (a' |n)). And we know n > 0

since 0 < |aln) |> = (n|N|n) = n(n|n), so there must exist a lowest ny that we can’t
lower any further, a|ng) = 0, but then ng|ng) = N|ng) = afa|ng) = 0, so ng = 0.
——

Hence, a ladder of eigenstates of N with eigenvalues 0,1,2, 3, ....

OK, but here’s why I just did that: the necessary equation (5.37) did not require that
[a,al] = 1. In fact, (5.37) would also follow from the anticommutation relation (for

each mode)
aa' +ala={a,a’} =1, {a,al=0={al al}.

To see this, note the identity [AB,C] = A{B,C} — {A,C}B, so
[afa,a] = a'{a,a} — {a',a}a = —a.

But now 0 = {a,a} = 2a® means a? = 0 and (aT)2 = 0: the ladder has only two rungs:
|0) with a|0) = 0 and |1) = a'|0), and there is no |2) o (&ff)2 |0) = 0. This is Pauli
exclusion.

For multiple modes, we can take
{az-,a;} =0;5, {a,a;}=0= {aj,a;}.
And states look like
ala! |0) = £00001,00...001;,0000) = —ala/ |0) (5.38)

we have to remember the order in which the quanta are created to get the sign right (the
overall choice is a convention, but relative signs are physics). This is Fermi statistics.

Given a field, how do we know whether to use commutators or anticommutators? A
practical answer: try both and one of them will be bad somehow. The general answer,
with Lorentz invariance, is the spin-statistics theorem: fields with half-integer spin are
fermionic, and those with integer spin are bosonic. Schwartz, §12 has an illuminating
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discussion of many points of view on the connection between spin and statistics. T’ll
say a little more below.

a.e - lpl‘ +

\/_ P

Anticommuting scalar fields? Consider a real scalar ¢(z f

h.c., with m = ¢ and

H= %/ <7T? + (ﬁqg)? + m2¢2) _ /ddp% (a;ap + apaL) :

You see that if {a,, a;,} = ﬁd(p —p') then we get a hamiltonian which is just an infinite
constant, independent of the state. Not such a useful energy functional. We also get

{¢(z),7(y)} = 0.

The situation is even worse for a complex scalar, with ®(z f \/— (ape_im + b;eip‘”) )

Then with anticommutators we get

P p P

no assumptions 1
A L/&%?%(#ﬁ +b,bl) wb}‘i/ﬁ% wp (aja, —byb,) +cst (5.39)

and the energy is unbounded below. We could alternatively allow negative norm states
or non-local anticommutators. Is that any better?

Dirac Hamiltonian From the Dirac lagrangian, we have the canonical momen-

tum density II = = iU~? = iUt and the hamiltonian density
h=TV— £ = ivigu £ = w@yv+n0w%mwm&. (5.40)
———
—=iT~00, ¥

Following our nose and writing the operator-valued field as a sum over all solutions
of the eom weighted by ladder operators, we have®’

/ s(p) —ipx S+U ( )eipxb;T)
(,dp 5= 12

(@ (p)e™*ast + v°(p)e *b3) (5.41)

‘/2wp 12

where, as for the scalar, we implicitly set p = wj.

The hamiltonian is then (using the last expression in (5.40))

H:/ﬁm

5TIf you haven’t already, open your copy of Peskin and cross out equation 3.92, which describes

‘how not to quantize the Dirac equation’.
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= [t [T [ S (a1 by (e g — g
p 7 s

This is of the form u'u — vfv + ufv — viu. In the first two terms, the x integral is
fd?’xei(p*q)‘” = §®)(p — ¢) while in the mixed uv terms, we have § = —p. We use the
spinor identities

ul(p)us/ (p) = v;[(p)vsl (p) = +2wydss, UZ(P)W(—IS)) = vl(p)us/(—p) =0
and get (no assumptions about commutators or anticommutators yet)

H = /d3p Wy Z (afjaf, —bibsf) . (5.42)

s

Now, if [b,bf] = 1, this is >, wWp(Ny — NJ) + constant and the world explodes in a
spontaneous shower of antiparticles lowering the energy by coming from nowhere. But
if instead we have anticommutation relations,

{(b,(p),ba(a)} =" (p— ) .

then this is
H = [@, 3 (N2(p) + NU(p) + const

s

and all is well, H — Ey > 0.7

This gives canonical equal time local anticommutators
{U(Z)a, (s} 1 = 16T — §)0ab

or

Comments on the spin-statistics connection. [Schwartz’s very nice §12] Two
more comments about spin-statistics. First, the general pattern seen above continues
for all spins. The crucial ingredient is that with Lorentz invariance, integer-spin fields
have Lagrangians that involve two time derivatives:

Ly 3 ¢, 00" = ¢, &+ ...,

%8Here we only used {b,bf} = §, without any assumption about the commutators or anticommuta-
tors of a. You could ask why we can’t have [a,a’] = 1 still. That would just be gross. Slightly more
scientifically, we can show (see below) that the Lorentz invariance of the propagator would fail.
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while half-integer-spin fields have Lagrangians with a single time-derivative:

‘CZ—i-% > %Eap...vgﬁaudjgm .

In the former case, this means the Hamiltonian density is bz = ¢,._¢", while in the

other case, I‘)ZJF% = Qﬁip“.@twa’)'“, leading to the same relative signs we found in (5.39)
and (5.42).

The statistics are defined by the swap operation as in (5.38). More generally,
consider a two-particle state |¢1(x1)p2(x2)) where we temporarily label the particles 1
and 2, and the wavefunctions ¢; o are localized at positions x; 5. The swap operator
acts to interchange the positions of the particles

SWAP15 |¢1 (1) da(2)) = €% |da(1) 1 (2)) -

As you can see, we've allowed for a phase to appear; k is a label depending on the
species of particles.

In d > 3, the phase €!* can only be a sign, 1. To see this, ask: how do we
implement the swap operator? More generally, if the particles are identical, what can
happen in between two states with a particle at x; and 2?7 We must move the particles
on some trajectory which ends up with 1 — 1,2 — 2 or 1 <» 2 at the end. Let ¢ = the
angle by which particle 1 went around 2. ¢ is a topological property of the trajectory
of the two particles. But in d = 3, ¢ is defined only mod 27, because there is no
non-trivial linking of curves in 341 dimensions. You can see this by visualizing the

following figure in three plus one dimensions:

So the phase ¢, must be ¢, = wr with k € Z, a property of the particles (in fact,
twice the spin), so that in d > 3,

SWAP 15 |1 (21) b2 (2)) = (—1)% | (21) 1 (22)) .

In d = 2, there is a lot more to the story of particle statistics (because two curves in
2+1 dimensions can have a topologically-nontrivial linking).

Now, this swap of two particles can be accomplished using Poincaré transformations
(Lorentz times translations), as follows. First translate by xo —x;. Then rotate around
x1 by 7.
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-9

[ B

Therefore, whatever phase ¢, is going to happen under interchange is already built into
the rotation matrices (translations don’t produce any phase (at least in the absence of
a magnetic field)).

Note that I am demanding that the statistics phase ¢, depends only the topology
of the path by which we exchange the particles. So the phase we get from the protocol
above is the answer for any other protocol which may not just be a rotation.

On a Dirac spinor particle at rest, the action of a Lorentz transformation is (recall
our expression for the Lorentz current)

P",a) = Ay (0)% A%, (0)p”, 1) , (5:43)

with A1 (0) = e~ 0w Ibirac . (Here |p,a) = ul(p)|p,r), and |p,7) = \V/2wyal, . |0).) For
the particular case of a rotation in the zy-plane, this is a diagonal matrix
o7 /2

. ' —i0°/2 .
(9 = 9,227 ﬁ = 0) = 619203®HL/R = € ei9z/2 — . =

o—i07/2

A

(NI

These factors of i are a direct consequence of the fact that the 27 rotation gives —1,
so a 7 rotation gives +i (where the sign depends on the spin o).

Now suppose the initial spin of each particle is in the Z direction (if not, the state will
not be an eigenstate of A), so that (e.g. for the o, = +1 eigenstate) ¢; = (1,0,1,0) —
AYy = (1,0,1,0) = ith;. Then the Poincaré transformation that implements the swap
of two such particles is

Ty, M8 = 72) [ty (1) () = (1)2 [ (F0)ha (1)) = — [y (F)tba( 1)) -

For either spin (as long as the spins of the two particles are the same), the two 7 rota-
tions combine to give a (—1) — Fermi statistics follows from the spinor representation
matrices.

Dirac propagator. [Peskin §4.7] Now we will efficiently redo the story of interac-
tion picture perturbation theory and Wick’s theorem for Dirac spinor fields. The story
differs by just a few very important signs.
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Time ordering for fermions is defined with an extra minus sign:
T (Ai(z1) - An(zn)) = (=) P Av () - A (), 28 > a) > - > 20,

where P = the number of fermion interchanges required to get from the ordering 1...n
to the ordering 1’...n" (mod two). Similarly, normal ordering is

cABC - = (-1)FA'B'C -,

where on the RHS all annihilation operators are to the right of all creation operators,
and P is defined the same way. °” Wick’s theorem is then still

T(ABC---) =: ABC'--- : 4all contractions.

The possible contractions of Dirac fields are:

U(z)W(y) =0, U(x)¥(y) =0, ¥(x)P(y)=Sr(x—y),

where Sp is the Feynman propagator for the Dirac field, i.e. the time-ordered vacuum
two-point function. It is

y)[0) ~0(y° = 2°) (0] B*(y) ¥° () |0)
v, (1) 10) —0(y° — 2°) (0] " (1)) () |0)

J

~

=¥ (2),8)7) (y)}|0)=5+ OFS (), w7 (2)}0)=5—
The ST bit, made only from as, is a c-number

Salw —y) = {TP(2), T (y)} = e ui(p)ﬂil( ) {a, 2,7}

=4 (p—q)5°*'
_ e ip(z—y) u
I >

(5g6)(

le—"_Tn)a,b
d’ :
= / P (id. +m),, e~ ip(z—y)

2&)5

59Why the extra signs? One way to see that they must be there is if they weren’t everything would
be zero. With the sign, the following two choices for a normal ordered product are equivalent:
Cayaal = (—1)2aiapaq = (-1)3ala,a

pTq-T TqTp?

but without it, we would conclude that the LHS would be zero.
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) 3.5

. dsp Cip(z—
= <1@x+m)ab/ﬂﬁe p(z—y

-~

=At(z—y)
— d-élpe—ip(:v—y) ! (¢ + m)
2 _ 2
c+ pr—=m

S/

ab

The same calculation for S~, the bit involving {b, b'}, gives the same integrand, the
only difference, as for the complex KG field, is the contour Ct — C~. Getting the same
integrand with the same sign required the relative minus (the red one above, which
came from the fermionic definition of time-ordering) which for bosons came from the
sign in the commutator [b, b’] = bb" — b'b. Adding the two terms together, we learn
that the momentum space Dirac propagator is

= . i(p+m)  i(p+m) i

S(p) = = = . 5.45
A D e R T o

(These matrices all commute with each other, so my cavalier manipulation of them
can be done in the eigenbasis of p without trouble.) It is not a coincidence that the
numerator of the propagator is the polarization sum: ) u®(p)u®(p) = p + m.

The position-space Feynman propagator comes from integrating (5.45) over the
Feynman contour, as for scalars:

i .
Sp(r —vy —/ d*p e~ iP@Y),
F( ) Cr p_m

Fermions and causality. Earlier I made a big deal that we need commutators
to vanish outside the lightcone to prevent acausal communication. But the Dirac field
WU (z) doesn’t commute with W(y) for spacelike # — y (rather, they anticommute). Why
is this OK? What saves the day is the fact that we can’t measure a single fermion
operator. The operators we can measure (such as the number density of fermions Wi,
or their momentum density \I/Tiﬁlll) are all made of even powers of ¥ and U. And
these do commute outside the lightcone.

A principle that would make this restriction on what we can measure precisely
true and inevitable is if fermion parity is gauged. By ‘fermion parity’ I mean the
transformation that takes W — —W for every fermionic operator in the world. By ‘is
gauged’ I mean that this transformation should be regarded as an equivalence relation,
rather than a transformation that relates distinct physical configurations. In that case,
a local operator with an odd number of fermions would not be gauge invariant.

60This point of view, that locality should be built into the Hilbert space, and that therefore that
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5.6 Feynman rules with spinor fields

[Peskin §4.7] We can now write down Feynman rules for Dirac fermion fields. They
follow from an analysis exactly parallel to what we did earlier by interaction-picture
perturbation theory for scalars, with a few extra signs, and a few extra matrices in
spinor space.

As always in these notes, time goes to the left, so I draw the initial state on the
right (like the ket) and the final state on the left (like the bra).

1. An internal fermion line gives

which is a matrix on the spinor indices (not shown).

There are four possibilities for an external fermion line of definite momentum.

—
2. .. . 4 =  VUlk,r) = u" (k). Here |k,r) = \/2wka,:m |0), and this

follows just from the mode expansion (5.41).

1

4, = Dk, ) = (k).

3. e .. = (k,r|¥ = @ (k).

5.V i, = (kI =07(R).

6. Some advice: When evaluating a Feynman diagram with spinor particles, always
begin at the head of the particlee-number arrows on the fermion lines, and keep
going along the fermion line until you can’t anymore. This will keep the spinor
indices in the form of matrix multiplication. Why: every Lagrangian you'll ever
encounter has fermion parity symmetry, under which every fermionic field gets
a minus sign; this means fermion lines cannot end, except on external legs. The

fermion parity should be gauged, is advocated forcefully by Wen, Quantum Field Theory of Many-
Body Systems (Oxford, 2004) in Chapter 10. It is not clear how to include gravitational degrees of
freedom in this principle.
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result is always of the form of a scalar function (not a matrix or a spinor) made
by sandwiching gamma matrices between external spinors:

pry TE— o ——0 = Z @ (p)a (pile of gamma matrices), u” (p)s
ab.=1.4

Furthermore, in S-matrix elements the external spinors u(p), v(p) satisfy the equa-

tions of motion (p —m)u(p) = 0, a fact that can be used to our advantage to

shrink the pile of gammas.

There can also be fermion lines that form internal loops (though not at tree level,
by definition). In this case, the spinor indices form a trace,

Z (pile of gamma matrices),, = tr (pile of gamma matrices) .

a

We'll learn to compute such traces below (around (6.3)); in fact, traces appear
even in the case with external fermions if we do not measure the spins.

7. Diagrams related by exchanging external fermions have a relative minus sign.

8. Diagrams with an odd number of fermion loops have an extra minus sign.

The last two rules are best understood by looking at an example in detail. A good
example of a QFT with interacting fermions (simpler than QED) is the Yukawa theory
of a Dirac fermion field plus a scalar ¢ and an interaction density

V=gp0¥ — = —igd". (5.46)

Notice that in 3 4+ 1 dimensions, [g] = +4 — [¢] — 2[¥] =4 — 1 — 23 = 0, the coupling
is dimensionless. This describes more realistically the interactions between nucleons
(which are fermions, as opposed to snucleons) and scalar pions, which hold together
nuclei. It also is a crude sketch of the Higgs coupling to matter; notice that if ¢ is some
nonzero constant (@), then there is a contribution to the mass of the fermions, g (¢).

To understand rule 8 consider the following amplitude in the Yukawa theory with

interaction (5.46): ——— It is a contribution to the meson propagator.

It is proportional to

S GuadeaBa ()W) T V) = 3 badea 1)) BV ) D)

abed abed
= (=1)da0eaSy (v — y)SE(y — x) = —trSp(z — y)Sp(y — ). (5.47)
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[End of Lecture 19]
[Peskin page 119] To understand rule 7 consider YW — WV (nucleon) scattering

2 A
in the Yukawa theory: The blob represents the matrix

rl

element

—ifVdiz

0 <p37“3;p47“4| Te |P17“1;Z927‘2>0

(up to a factor of —id(>_ p)) where the initial state is

[p1715 par2)y = v 2“’12”23;11Ta;? 0)

— note the convention for the order of anticommuting creation operators. The final
state is then

0 (p3r3; para| = (|Z937"3;2047’4>0)T o (0] ajay; = —(0]aay;
where note that the dagger reverses the order.

The leading contribution comes at second order in V:

0 (psr3; para| T <%(i9)2/d421 /d4z2 (\I’q’¢)1 (\If\Ilng)2> |P1T1;p27‘2>0

To get something nonzero we must contract the ¢s with

each other. The diagrams at right indicate best the pos- .

sible ways to contract the fermions. Exchanging the roles | r 22,
I

of z; and 2 interchanges two pairs of fermions so costs e

no signs and cancels the %
The overall sign is annoying but can be fixed by demand-

.ll
ing that the diagonal bit of the S-matrix give /\\ | ¥ 2,
.*?.

(D3pa| (L + ...) [p1p2) = +0(p1 — p3)0 (P2 — pa) + - -

The relative sign is what we’re after, and it comes by comparing the locations of fermion
operators in the contractions in the two diagrams at right. In terms of the contractions,
these t— and u— channel diagrams are related by leaving the annihilation operators
alone and switching the contractions between the creation operators and the final state.
Denoting by 31,2 the fermion creation operators coming from the vertex at 2,

(0] ay, ap:sai al... + (0| Ap, ap3a];a£
= (0] ay, a/psai al... — (0] ap@l ap3a£
—— —— N
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In the last expression the fermion operators to be contracted are all right next to each
other and we see the relative minus sign.

While we're at it, let’s evaluate this whole amplitude to check the Feynman rules
I've claimed and get some physics out. It is

e—iq(zq—zg)i B o . N
St = —g2/d2’1d22 /#qm (6 122(p1 pd)um(pg)url (p1) - e 21 (p2 p4)u7“4(p4)u7“2(p2) — (3¢ 4)) )
¢

In the first (t-channel) term, the integrals over 215 gives §(p1 — p3 — q)$(ps — p2 — q),
and the ¢ integral then gives d(p; + p2 — ps — pa), overall momentum conservation. In
the second (u-channel) term, g = p; — py = p3 — p2. Altogether,

(S —W)g = 8 (pr)iM
with, to leading order,

. . L _ 1
iM = —ig’ (t — (Uswr) (tguz) —

2
m¢ u—md)

(ﬂ4u1) (U3U2)> (548)

with ¢ = (p; — p3)?,u = (p1 — ps)®. This minus sign implements Fermi statistics.

Yukawa force revisited. In the non-relativistic limit, we can again relate this
amplitude to the force between particles, this time with the actual spin and statistics
of nucleons. In the COM frame, in the NR limit, p; = (m,p),p2 = (m,—p) and
ps = (m,p'),ps = (m,—p'). In the non-relativistic limit, the spinors become u; =
(%g) — /m (2) so that dsu; = a(ps)u(p)™ = 2m&l.&, = 2md,,,,. Let’s
simplify our lives and take two distinguishable fermions (poetically, they could be proton
and neutron, but let’s just add a label to our fermion fields; they could have different
masses, for example, or different couplings to ¢, call them gy, ¢g2). Then we only get
the t-channel diagram. The intermediate scalar momentum is ¢ = p; — p3 = (0,5 — ')

SOt:(pl—p?))z:—q_Q:—(ﬁ—ﬁ)z and

. . 1 2 Sr1r3 STror

iMyrcom = 19192—672 n mi4m HrTB T
Recall that this is related to the S-matrix element by S(34 «+ 12) = 54(Zp)i/\/l.
Compare this to the NR Born approximation matrix element

2m8(E, — Ey) (—10/(@) 677 = wr (7,751 S 17, 1)

4
1
= E a3 —— S(34+ 12
T4 / p4g QEZ ( <— )
——

1
Vv 2m4
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ig192
= 216(E, — E,/)§""s 22
mo(Ep — Ep) @+ m3

where in the second line we summed over possible final states of the second (target)
particle, and corrected the relativistic normalization, so that yg (7'|P) yp = 63 (p—17).
This is completely independent of the properties of the second particle. We infer that

_ _gqigee "

the scalar mediates a force with potential U(x) ' Tt is attractive if g1g2 > 0.
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6 Quantum electrodynamics

6.1 Feynman rules for QED

The Lagrangian for QED is

- 1 _ _ 1
Lopp =V (i —m) ¥ — ZFM,,F“” + eV AW =T (i) —m) ¥ — Z—lFWF’“’. (6.1)

Why is this the form of the interaction? It is the simplest gauge-invariant and Lorentz-
invariant we can make out of a spinor and a vector field. Notice that ¥ has dimension
3 and A has dimension 1 so the coupling e is dimensionless. The theory is classically
scale invariant (and therefore has a chance to be renormalizable). There are other in-
teractions we can add, but they all involve more derivatives or more fields and therefore
are irrelevant, in the sense that they are suppressed by some new mass scale M, and
their effects therefore become unimportant for questions about energies £ < M. A

good example is
c

M
This term shifts the magnetic dipole moment of the ¥ particle. You may have heard

6L = —F,, Uy"¥ . (6.2)

about the high-precision measurements of ¢ — 2 of the muon that people have done.
One way to describe what they are doing is measuring the coupling c.

For efficiency, I'm going to just write down the Feynman rules for QED. Then
we’ll come back and understand the form of the photon propagator in the following
subsection.

The new ingredients in QED (relative to field theories we’ve studied above) are the
propagating vectors, and the interaction hamiltonian density V = eW#WA,. The rest
of the Feynman rules are

9. The interaction vertex gets a

?W\ — _ ie,yﬂ

10. An external photon in the initial state gets a €(p), and in the final state gets a
¢ (p).

11. An internal photon line gets a

~— = (e (- O R



where m, = 0 (it’s sometimes useful to keep it in there for a while as an IR
regulator) and the value of £ is up to you (meaning that your answers for physical
quantities should be independent of ¢).

Spinor trace ninjutsu.
The trace is cyclic: ~ tr (AB---C) =tr (CAB---). (6.3)

Our gamma matrices are 4 x 4, so  trll = 4.

(6.3) 5 {(1°7"}=0

try* = tr (75)2 ¥ tryPyiy —try* = 0. (6.4)
The same trick shows that the trace of any odd number of gammas vanishes. The idea
is that an odd number of gammas is a map between the L and R subspaces, so it has
only off-diagonal terms in the Weyl basis.

u v clifford

tryHy —try Ay + 20 trll () —try#y” + 8t = trytyY = Ant. (6.5)

ey yPy7 = 4 ("0 + 070 — 7). (6.6)
Why is this? The completely antisymmetric bit vanishes because it is proportional to
~v® which is traceless (by the same argument as (6.4)). If any pair of indices is the same
then the other two must be too by (6.5). If adjacent pairs are the same they can just
square to one and we get +1; if alternating pairs are the same (and different from each
other) then we must move them through each other with the anticommutator. If they
are all the same we get 4.

tr7“7”7p7”75 = —4jevre,

6.2 QED processes at leading order

Now we are ready to do lots of examples, nearly all of which (when pushed to the
end) predict cross sections which are verified by experiments to about one part in
137.5" Here 15z ~ a = % is the small number by which the next order corrections are
suppressed. 2

617 guess it is this overabundance of scientific victory in this area that leads to the intrusion of so
many names of physicists in the following discussion.

62This statement is true naively (in the sense that the next diagrams which are nonzero come with
two more powers of e), and also true in fact, but in between naiveté and the truth is a long road of
renormalization, which begins next quarter.
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Did I mention that the antiparticle of the electron, predicted by the quantum Dirac
theory (i.e. by Dirac), is the positron? It has the same mass as the electron and the
opposite electromagnetic charge, since the charge density is the 0 component of the

electromagnetic current, j# = U~*W, so the charge is
/d3xj0(a:) = /\IffyO\If = /\I/T\If = /d3pz (al ;a,, — bl b.).

So b creates a positron. Notice that such an antiparticle is a logical consequence of
demanding a Lorentz-invariant theory of a massive spin-half particle with a conserved
particle number.

[Schwarz §13.3, Peskin §5.1] Perhaps the simplest to start with is scattering of
electrons and positrons. We can make things even simpler (one diagram instead of
two) by including also the muon, which is a heavy version of the electron® and asking
about the process utu~ < ete™. At leading order in e, this comes from

IMM+M7<_G+67 =

—i <77lw - (1_61-32]%]{:1’) (

L2
with & = p; + p2 = ps + p4 by momentum conservation at each vertex. I've labelled
the spinors according to the particle types, since they depend on the mass.

= (_i&—ﬁ, (p?))’yuv&l (p4) )muons —iev™ (p2),yl/u$1 (pl ) )electrons (67>

Ward identity in action. What about the k,k, term in the photon propagator?
I claimed that physics does not depend on € in its coefficient — this is called the Ward
identity. The spinors satisfy their equations of motion, Pur = meuy (where uy = upy
for short) and Vo, = —MeDs. The k, appears in the combination

k027 uy = vy (?1 +3252> uy = Vg uy + VP uy = (m —m)ou = 0.

(The other factor is also zero, but one factor of zero is enough.) Therefore
o2
M = ;’113”)/#’04 . ?72’7“'&1

63Who ordered that? (I. Rabi’s reaction to learning about the muon.) I hope you don’t find it too
jarring that the number of ‘elementary’ particles in our discussion increased by three in the last two
paragraphs. People used to get really disgruntled about this kind of thing. But here we have, at last,
uncovered the true purpose of the muon, which is to halve the number of Feynman diagrams in this
calculation (compare (6.17)).
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where s = k* = (p; + p2)? = E%,,, is the Mandelstam variable. And I am relying on
you to remember which spinors refer to muons (3,4) and which to electrons (1,2).

Squaring the amplitude. We need to find MT (the dagger here really just means
complex conjugate, but let’s put dagger to remind ourselves to transpose and reverse
the order of all the matrices). Recall the special role of 4° here:

’YZ[YO = Y0V ’Yg = "o-
This means that for any two Dirac spinors,
(‘E’Y“%)T = ‘1’27“‘111-

(This is the same manipulation that showed that the Dirac Lagrangian was hermitian.)

So

62

Mt = ~ (007" uz) (@y,v)

and therefore

et o _ _
|M/ﬁu*<—e+e | = _2\( vgy"uz) (Uzy 04)/'\(U1'7/ﬂ}2) (U27uul)4~ (6.8)
ont in

These objects in parentheses are just c-numbers, so we can move them around, no
problem. I've grouped them into a bit depending only on the initial state (the electron
stuff 1, 2) and a bit depending only on the final state (the muon stuff 3,4).

Average over initial, sum over final. In the amplitude above, we have fixed the
spin states of all the particles. Only very sophisticated experiments are able to discern
this information. So suppose we wish to predict the outcome of an experiment that
does not measure the spins of the fermions involved. We must sum over the final-state

> o) ) = (p, =) = 00 pa)os (pa)

84 54

spins using

(where I wrote the last expression to emphasize that these are just c-numbers) and
ZU,SS pg ub p3) (ZZ}3 + mu> " .

Looking at just the ‘out’ factor of |[M]? in (6.8), we see that putting these together

165



produces a spinor trace, as promised:

Z(ﬂ(m) ’yab v(pa)y") (0(pa)y %du *(ps)a)

g

53,54
' (?4_mu)bc

= Yo (P, — Mo Vea(Py + M) da

= tr (v“ <p4 — m#> Y (Zi)g + m#>> (6.9)

= DapPaotry* Py T — mitryty”
(6:5),(6.6) y v
4| vl + phpk — ps - pan®” —min® (6.10)

=p34

Diagrammatically what just happened was that we took a copy of MT and a copy of
M; summing over sz, 54 glued the muon lines together to make a loop (at least for the
purposes of the spinor index sums):

4 54
(Muons are in blue in this figure.) [End of Lecture 20]

If also we don’t know the initial (electron) spins, then the outcome of our experiment
is the average over the initial spins, of which there are four possibilities. This is
because, in this circumstance, the initial state is an incoherent mixture of the available

possibilities: p =Y  _ Dq sPs, .., @ density matrix rather than a pure state, with py, ,

1

the projector onto the pure state with the indicated spins, and in this case p;, ., = 3.

Therefore, the relevant probability for unpolarized scattering is

S o () o)) o ) )

51234

(6. 10) twice 86
—5 (P13p2s + prapas + mupm + mZpss + 2mZm )

algebra 26

— (P +u?+4s(m? +m2) — 2(m2 +m’,)?) (6.11)

S
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Here p;; = p; - pj. In the second step of (6.11) the piapsq
terms cancel. In the last step of (6.11) we used all the
Mandelstam variables:

s = (p1+p2)® = (ps+pa)” = EgoM =48> ) -

t=1—p3)>=@2—p)>=mZ+m2 —2E*+2k-p =5 K /;(F.I’W
S - & et

uw=(pr—pa)? = (p2—p3)> =m2+m? —2E*>—2k-p e , ” € )

‘{:

7:

Tz (e R
where the particular kinematic variables (in the rightmost — a* /Aﬁﬁ'}
equalities) are special to this problem, in the center of

mass frame (CoM), and are defined in the figure at right.

Really there are only two independent Lorentz-invariant

kinematical variables, since s +t +u = >, m?.

Now we can use the formula (4.46) that we found for a differential cross section
with a two-body final state, in the CoM frame:

do B 1 2]
(dQ)COM 642 EZ, K| ( Z| )

spins

o 7] 4 7121 =42 2 2/ 2 2
= 16E6@ (E + |k|*|p]° cos® O + E*(m? —|—m“)> (6.12)
where a« = £ is the fine structure constant. This can be boiled a bit with kinematical

relations |k| VE? —mZ, |pl = \/E? —m? to make manifest that it depends only on

two independent kinematical variables, which we can take to be the energy E and the
scattering angle 6 in k - p'= |k||p] cos @ (best understood from the figure). It simplifies
a bit if we take &/ > m,, and more if we take &/ > m,, ~ 200m,, to

do o?

—=—1 %0). 1
70 4E%OM( + cos® 0) (6.13)

In fact, the two terms here come respectively from spins transverse to the scattering
plane and in the scattering plane; see Schwartz §5.3 for an explanation.

You may be surprised that the cross section (6.13) decreases with energy. Mechan-
ically this comes mainly from the 1/s? from the photon propagator: as s grows, the
intermediate photon is more and more off-shell. But more deeply, it’s because above
we've studied an exclusive cross-section, in the sense that we fixed the final state to
be exactly a muon and an antimuon. At higher energies, nothing new happens here,
because the final state is fixed, and most of the probability is elsewhere. More about
where the probability goes in the next subsection.

It has also been very valuable to think about inclusive cross-sections for ete™ scat-
tering, because in this way you can make anything that the s-channel photon couples
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to, if you put enough energy into it. The inclusive cross section for (eTe™ goes to
anything) does grow with energy, and jumps at energies that are thresholds for new
particles in the final state. In this way, for example, we can also make quarks (more
specifically quark-antiquark pairs) since they also carry electric charge. See Peskin pp
139-140 for a bit more about that, and in particular how this observable gives evidence
that there are three colors of quarks.

6.3 Vector fields, quickly

We must fill a small hole in our discussion: in §1.3, we figured out a bit of the quantum
theory of the radiation field. A few things we did not do: study the propagator,
figure out the data on external states, and the relation between the masslessness of the
photon and gauge invariance. After that we will couple electrons and photons and study
leading-order (tree-level) processes in the resulting theory of quantum electrodynamics

(QED).
[We'll follow Ken Intriligator’s efficient strategy for this discussion.] Consider the

following Lagrangian for a vector field A, (which I claim is the most general quadratic
Poincaré-invariant Lagrangian with at most two derivatives in D = 3 + 1):

L— _% O AV A, + a0, AP0, A +DAL A + e, A0, A,

=(9A)?

The sign is chosen so that spatial derivatives are suppressed, and the normalization of
the first term is fixed by rescaling A. (Another possible-seeming term, 9,A"d, A",
is related to the second term by two IBPs.) The last term is a total derivative,
"7 0,A,0,A, x 0, (""" A,0,A,), and will not affect the EoM or anything at all
in perturbation theory; it is called a 6 term.

The EoM are

514”(.%') / v v ( ) v ( )

which (like any translation-invariant linear equation) is solved by Fourier transforms
Au(z) = e ek if
ke, + ak, (k- €) + be, = 0.

There are two kinds of solutions: ones with €, o< k,, (for which the dispersion relation

is k? = _Fbw and which is called the longitudinal polarization), and solutions €-k = 0
with dispersion k? = —b. The mode polarized along k* may be removed by taking
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b # 0 and a — —1, which we will do from now on and never speak of it again. This
gives the Proca Lagrangian:

1 1
‘C(JL:—I,bE—M2 = _ZFMVFNV + 5#214;1/4“7

where as usual F,, = 0,4, — 0,A,. Note that the EOM (Proca equation) 0 = 0'F.,, +
p?A, implies 0 = 9" A, by the Bianchi identity 0 = 9#9" F,,, (which holds because of the
symmetry of mixed partials and the antisymmetry of F},,). So each component of A,
satisfies (by (6.14)) the KG equation, k? = u?, and the transverse condition e-k = 0. In
the rest frame, k* = (k°, 6)“, we can choose a basis of plane-wave transverse solutions
which are eigenstates of the vector rotation generator

0 0
1 1 1
J*=i * , namely, ) = — L e = 0
-1 V2 | Fi 0
0 1
They are normalized so that (). ¢(*) = —§™ and D ret10 e,(f)*el(,r) = —Nw+ kﬁ’;” so that

they project out € o< k. More generally, if k* = (w, 0,0, p®), then the third polarization
meeting these demands is

1 1
= 1(770,0,—w),, e = 5 (P70,0,0)"

Notice that in the massless case, there’s no rest frame where k =0 and the story can
be different, and also that in this case p* = E, so eO#  k* is longitudinal.

If k o 2 (for example in the massless case with k* = (E, 0,0, E)*) then these three
€ are also all helicity eigenstates: h = J - k = J=.

Canonical stuff: The canonical momenta are 7' = gj = —F% = E' (as for
electrodynamics in §1.3) and 7% = ;—i) = 0. This last bit is a little awkward, but it

just means we can solve the equations of motion for Ay algebraically in terms of the
other (real) dofs:

05

0:5_140

: -V E)
x V-E—p?Ay= (V2= p2)Ag—V-A = Ay(Z) = /d3ye_“|f_17|<_,—_,.
Ar|Z — g
(6.15)
So at each moment Ag is determined by A;. (Notice that this is still true for y —
0.) The hamiltonian density is (after using 7* = F%, integration by parts, and the
equations of motion for Ap)

h= <E2 + B>+ 2 A% + /ﬂAg) >0,

DO | —
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where positivity follows from the fact that it is a sum of squares of real things.

The canonical equal-time commutators are then
[Ai(t, ), F°(t,§)] = 16]6®(Z - )

which if we add up the plane wave solutions as

0 3 [

give the bosonic ladder algebra for each mode

—ikz v (1) +ikz rt _(r)*x
e Tage,’ teage,

a5 = 57 (K — p)o.

14

The normal-ordered hamiltonian is
cH = Z / a*k wkak ay.

The propagator for the A, (x) field is

(O1T A, () A, ()[0) = / ek [‘“ZS” ff SO (6a6)

. €, appears in the numer-

Notice that like in the spinor case the polarization sum ) e
ator of the propagator. The way to understand the sign is that the spatial components
are just like scalars. The quantity in square brackets is then the momentum-space
propagator. Since (0] A,(z) [k,r) = €],
factor of €,(k), and in the final state gives €*.

(k)e~ i _a vector in the initial state produces a

Massless case. In the limit g — 0 some weird stuff happens. If we couple A,
to some object j# made of other matter, by adding AL = j#A,, then we learn that
0, AP = 129,5*. This means that in order to take p — 0, it will be best if the current
is conserved 9,j* = 0.

One example is the QED coupling, j* = W~*W. We saw that this coupling A, j*
arose from the ‘minimal coupling’ prescription of replacing 9, — D, = 0, + ieqA,
in the Dirac Lagrangian. In that case, the model had a local invariance under A, —
A+ 0\ (x) /e, U(z) = @ W (x). For A non-constant (and going to zero far away),
this is a redundancy of our description rather than a symmetry (for example, two sets
of fields related by this transformation have the same values of the physical quantities
E, B, éif ).

That is, configurations related by this gauge transformation should be regarded as
equivalent. This gives us a new interpretation of the polarization with ¢ oc k*: this

170



means in position space that A, = 0, for some function A, i.e. it is a pure gauge
configuration, equivalent to A, = 0 by a gauge transformation. See Schwartz §8.6 for
a nice diatribe on why we use such a redundant description.

Another example of coupling a gauge field to matter can be obtained by taking
a complex scalar and doing the same minimal coupling @ — D replacement: £ =
(D,®)" D"® + ... Notice that in this case the vertex involves a derivative, so it comes

with a factor of 'V\< = —ieq(pe +po+)*. Also, there is a A, A, P*® coupling, which

gives a vertex }< — —ie2¢1),,.

How do I know that configurations related by a gauge transformation should be
regarded as equivalent? If not, the kinetic operator K for the massless vector field
Ky, = (N (0°0,) — 0,0,) A” = 0 is not invertible, since it annihilates A, = J,\.
This would be bad because the path integral [ DAe~ /454 would blow up from the
integral over this degenerate mode. So gauge transformations are redundancies of our
description of massless vector fields in terms of vector potentials.

What’s the propagator, then? One strategy is to simply ignore the gauge equiv-
alence and use the same propagator (6.16) that we found in the massive case with
1 — 0. Since the dynamics are gauge invariant, it will never make gauge-variant stuff,
and the longitudinal bits o k,k, in (6.16) (which depend on p) will just drop out, and
we can take ;1 — 0 in the denominator at the end. This actually works. The guarantee
that it works is the QED Ward identity: any amplitude with an external vector e(k),,
is of the form

=AM = iME (ke (k)

and if all external fermion lines are on-shell then
./\/l“(k’)ku = 0.

There is a complicated diagrammatic proof of this statement in Peskin; Schwartz
§8.4 argues that it is a necessary condition for Lorentz invariance of M = ¢, - M*;
and we'll give some illustrations of it below (I also recommend Zee §I1.7). But it
is basically a statement of current conservation: such an amplitude is made (by
LSZ and the photon Schwinger-Dyson equation) from a correlation function involv-
ing an insertion of the electromagnetic current j#(k) = [ d*z e7**j*(z), in the form,
MH ~ Q... 5"(k)...|Q), and k,j*(k) = 0 is current conservation®.

64Current conservation 9,j* is a statement that requires the equations of motion (recall the proof of
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This property guarantees that we will not emit any longitudinal photons, since the
amplitude to do so is the p — 0 limit of

emit eX = %(kz,0,0, —w)\

L B
with & = (w,0,0, k)* M

=~

(kMO — wM?) :; ( \/k2+u M?
0

—oby Ward T

Gauge fixing. You might not be happy with the accounting procedure I've advo-
cated above, where unphysical degrees of freedom are floating around in intermediate
states and only drop out at the end by some formal trick. In that case, a whole zoo of
formal tricks called gauge fizing has been prepared for you. Here’s a brief summary to
hold you over until 215B.

At the price of Lorentz invariance, we can make manifest the physical dofs, by
choosing Coulomb gauge. That means we restrict d,A* = 0 (so far, so Lorentz invari-
ant) and also V- A = 0. Looking at (6.15), we see that this kills off the bit of Agy
that depended on A. We also lose the helicity-zero polarization V- A x e®. But the
Coulomb interaction is instantaneous action at a distance.

To keep Lorentz invariance, we can instead merely discourage configurations with
0- A # 0 by adding a term to the action
1 1 )
L=—F,F" ——(0-A
for some arbitrary number £. Physics should not depend on &, and this is a check
on calculations. With & < oo the kinetic operator is invertible and its inverse is the
propagator:

ey [=i(0 — (1 — Ok ke, /K2
(TA,(x /d4ke ik( y[ i(7, kz(—uu)ig /K?)

Noether’s theorem). Recall that we proved that equations of motion are true in correlation functions,
up to contact terms, using the independence of the path integral on choice of integration variables.
By contact terms, I mean terms that are only nonzero when two operators are at the same point. So
you can worry about the contact terms in the argument for the Ward identity. The reason they do
not contribute is that all the operators in the correlation function (using the LSZ formula) correspond
to external states. A collision between the operators creating the external particles would lead to a
disconnected amplitude, which could only contribute for degenerate kinematical configurations, and
we can ignore them. If you would like to read more words about this, look at Schwartz §14.8, or
Appendix A.
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and again the bit with k,k, must drop out. £ = 1 is called Feynman gauge and makes
this explicit. £ = 0 is called Landau gauge and makes the propagator into a projector
onto k| .

It becomes much more important to be careful about this business in non-Abelian
gauge theory.

6.4 More examples of QED processes at tree level

There is a lot more to say about what happens when we scatter an electron and a
positron. Another thing that can happen is that the final state could be an electron

and positron again (Bhabha scattering®).

In the s-channel diagram they are not the same e~ and
et (except in the sense that they are all the same).
Another way to get there at tree level is the second,

t-channel, diagram, at right, where there is a sense in . i
which the initial particles survive in the final state. The
intermediate photon in that diagram has k; = (p1 — ps3),
so that the denominator of the propagator is t = k? =
(p1 — p3)? instead of s.
Squaring this amplitude gives
M+ M]? = M2 + | M]? + 2Re (M M), (6.17)

55By the way, you might be bothered that we didn’t go back to our table 1 of possible Lorentz
representations on fields to think about spin one particles. Indeed, we could start with the (1,0)®(0, 1)
antisymmetric tensor F),, as our basic object. (See, for example, the book by Haag, Local Quantum
Physics, page 47.) Indeed, in this way we could construct a theory of a free EM field. But don’t we
need a vector potential to couple to charged matter? The answer turns out to be ‘no,” as explained
by Mandelstam here. The price is that the charged fields depend on not just a point, but a choice of
path; if we did introduce the vector potential, they would be related to our fields by

Oz, P) =l Jr 40 (a),

where P is a path which ends at z and infinity. This Wilson line ! Jp A carries away the gauge
transformation, so that ®(z, P) is actually invariant under gauge transformations that fall off at
infinity.

66See figure 3 here. Now remember that a person doesn’t have much control over their name. By
the way, I totally believe the bit about non-perturbative strings = lint.
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interference terms. Interference terms mean that you have to be careful about the
overall sign or phase of the amplitudes.

e e e e ‘ What happens if instead we scatter two

electrons (Moller scattering)? In that case, the leading
order diagrams are the ones at right. Now the interme-
diate photons have k; = (p; — p3) and k, = (p1 — pa)
respectively, so that the denominator of the propaga-
tor is ¢t and u in the two diagrams. The evaluation of

these diagrams has a lot in common with the ones for
ete™ — ete, namely you just switch some of the legs
between initial and final state.

The relation between such amplitudes is called crossing
symmetry. Let’s illustrate it instead for ey~ < e pu™,
where again there is only one diagram, related by cross-
ing to (6.19). The diagram is the one at right. (The
muon is the thicker fermion line.)

(1%)1@1@)
(

iM = 1 = (_1€u3/}/uu1))electrons k2

with k = p; — p3 = p2 — ps. It differs from (6.19) by replacing the relevant vs with

(6.18)

—ietyy uy)

muons

us for the initial/final antiparticles that were moved into final/initial particles, and
relabelling the momenta. After the spin sum,

I O O LR R R CA R EA ()

$1,2,3,4

this amounts to the replacement (p1, p2, p3, p4) — (p1, —P3, Pa, —P2)-

Crossing symmetry more generally. If you look at a Feynman diagram on its
side (for example because someone else fails to use the convention that time goes to the
left) it is still a valid amplitude for some process. Similarly, dragging particles between
the initial and final state also produces a valid amplitude. Making this relation precise
can save us some work. The precise relation for dragging an incoming particle into the
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final state, so that it is an outgoing antiparticle, is:

ff ,
1Mf<—zA(pf p’upA Qg} IMAf(—l(pfyk = _pAapz - %}

(If you must, note that this is another sense in which an antiparticle is a particle
going backwards in time.) If A is a spinor particle, the sum relations for particles and
antiparticles are different:

Zu =p+m, > V(R (k) =F—m=—(p+m)

— after accounting for £ = —py4, they differ by an overall sign. Hence we must also ap-

(_ 1)number of fermions shuffled between in and out

pend a fermion sign factor in the unpolarized

scattering probability. We’ll study a well-motivated example in more detail next.

Mott formula. By studying scattering of an electron from a heavy charged fermion
(a muon is convenient) we can reconstruct the cross section for scattering off a Coulomb
potential (named after Mott). This example will be important next quarter, where
you’ll learn how it is corrected by other QED processes.

ptp~ < eTe” | Consider again the process ™~ < ete™. To try to keep things

straight, I'll call the electron momenta p,p’ and the muon momenta k, k’, since that
won’t change under crossing. We found the amplitude

iM /}[F'ulf ete— —

—i <77;u/ - (17?2%%

muons q 2

) (—ieo” () (v) (6.19)

electrons

— (—iew (k)y” (k)
(with g=p+p' =k + k)" and the (unpolarized) scattering probability density

%1 Z ‘M|2 spinor:traceb 1 6 E“VM

4 52 Iz
spins

where the tensor objects E*, M* come respectively from the electron and muon lines,

1
2 B = publ, + Ppe = (- 9+ )

67Relative to the notation I used earlier, p1 = p,ps = p',p3 = k,ps = k'.
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1
ZMMV = kukz,z + k;zkl’ UTIGE K+ mi)

and they are contracted by the photon line, with s = ¢ = (p + p/)2.

e p <« e p | To get from this the amplitude (tree level, so far) for the process

e~ pu~ < e p~, we must move the incoming positron line to an outgoing electron line,

and move the outgoing antimuon line to an incoming muon line (hence the sign in o will

be (_1)number of fermions shuffled between in and out __ (_1)2 — 1) Relative to the amplitude

for ptp~ « ete™ (6.19), we must replace the relevant vs with us for the initial/final

antiparticles that were moved into final/initial particles, and we must replace p’ —
/ / /

—p' K — —k"

. (1-9au4;
. e« /7 / —1 (n'ul/ o qi ) . v /
IM - i - <—l€u(p )Pyuu(p)))electrons 2 <_leu(k>7 'LL(k >)m110r18(6'20)

qi

with ¢ =p — p' = k — k’. After the spin sum,

1 et
7D IMP= Az (=publ, = lpv = M (=p - 2 + 7))

- (—kuky, — K ky — 1 (=k - K +m2)) (6.21)

On the Mandelstam variables, this is just the permutation (s,¢,u) — (¢, u, s).

Payoff: the Mott formula. Recall other ways of figuring out the scattering cross

section from a Coulomb potential from a point charge of charge ze. (’/ <t
We think about scattering from a fixed electrostatic potential A9 = 2% and do classical
mechanics. I can never remember how this goes. Instead, let’s just scatter an electron
off a heavy charge, such as a muon. If the charge of the heavy object were z times that
of the electron, we would multiply the amplitude by z and the cross section by z2.

‘Heavy’ here means that we can approximate the
CoM frame by its rest frame, and its initial and fi-

nal energy as k{, = my, ko = \/mi—i-EQ = my + k"%'(hho‘ol-y\
\e

%EZ/mM +--- >~ m,. Also, this means the collision r- 5 < e” L,
T :U:l(pn?) z

r— k”:’(mﬁ't,aJ pe, Ps)

is approximately elastic, £’ ~ E. In the diagram of ,
the kinematics at right, annoyingly, s = cosf,c = ek T (€ 0mperpt)
sind. (Sorry.)
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This means that the muon-line tensor factor M, in (6.21) simplifies dramatically:

—%MW ~ kuk, + Kk — 1 k K — o~ 5M05V02m .
_m2 —m2=0
In the electron line, we’ll need the ingredient
—p-p +m?=—E*+p*cos +m? = —p*(1 — cosb). (6.22)
So
EM M, = —8m.E” = 32m2(2E* + 0" (—p - p' +m?))

29 30m2 (22 — j2(1 — cosh))

22 /2
i 32mi2(E2 —7sin0/2) " 64m (1 — 57sin® 0/2)

From the two-body phase space, the cross section is

1 1 1 z2%*64 iy p
d = — T —miE*(1 2sin?6/2
7 Urel 2E 2mu 2 4 mﬂ ( 5 i / )167T Etotal
=p
Erota~my 4Ep 2% (1 — 3% sin 9/2)
2 3 >

Noting that t = (p — p/)* = —2p%(1 — cosf), we get

(d_a) _22a2(1—ﬁ28m20/2)
Mott .

dQ 432p? sin* 6 /2
If we take § < 1 in this formula we get the Rutherford formula. Notice that it blows

up at 6 — 0. This is a symptom of the long-range nature of the Coulomb potential,
i.e. the masslessness of the photon.

Electron-proton scattering. The answer is basically the same if we think of the
heavy particle in (6.20) as a proton (we have to flip the sign of the charge but this gets
squared away since there is no interference in this case). ep — ep is called Rutherford

scattering, for good reason®®.

Electron-photon scattering. In the case of the process e~y + e~ , % we meet

58If you don’t know why, you should go read Inward Bound, by Abraham Pais, as soon as possible.

69which at high energy is called Compton scattering and at low energies is called Thomson scattering.
Despite my previous curmudgeonly footnote chastising the innocent reader for an imagined incomplete
knowledge of the history of science, I do have a hard time remembering which name goes where.
Moreover, as much as I revere the contributions of many of these folks, I find that using their names
makes me think about the people instead of the physics. No one owns the physics! It’s the same
physics for lots of space aliens, too.
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a new ingredient, namely external photons:

iM = )}—«‘{ K iM, +iM,

" ik, +m ik, +m
= —16)26‘1‘64 Us <% 2 — Y%+ 'Yutt—2%> . (6.23)

The two amplitudes have a relative plus since we only mucked with the photon contrac-
tions, they just differ by how the gamma matrices are attached. If you don’t believe
me, draw the contractions on this:

(vel (VAY) (T AD); |ve)

(I'm not going to TeX it, thank you).

Now, if we don’t measure the photon polarizations, we need

P:}l Y mPE

polarizations, spins

The key ingredient is the completeness relation

Z EL*(]{;)EZ(]{;) = —1n,» + something proportional to k*k".

i=1,2
We can do various incantations to find a definite coefficient, but it will not matter
because of the Ward identity: anytime there is an external photon €(k),,, the amplitude
is M = M e (k) and satisfies k#M, = 0. Therefore, we can ignore the term about
which I was vague and we have

Z IM|? = Z Eff/\/l“*/\/l”eiy = =N M M” + (terms with M, k")
polarizations ;

= — MM,

Don’t be scared of the minus sign, it’s because of the mostly minus signature, and
makes the thing positive. But notice the opportunity to get negative probabilities if
the gauge bosons don’t behave!

A dramatic process related by crossing to Compton scattering is pair annihilation,

My ete—. See the end of Peskin §5, where he has a nice plot comparing to experi-

do

96 as a function of scattering angle.

mental data the result for

To be continued ... e.g. here.
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A More about the non-perturbative proof of the
Ward identity

[Schwartz §14.8] First, consider a Green’s function from which we might make an S-
matrix element by LSZ,

G=(QTO:(x1) - Op(x,)|2) = /D\DeiSOl(aﬂl) o Op(xy)

where the operators O;(x;) + e 19O, (x;) have charge Q; under a global U(1) sym-
metry. For example the O(z) could be just the elementary field ¥(z) ™.

Now change variables in the path integral so that O;(x;) +— e Q@) O;(;); the
action will shift by S+ S— [ ad,j* where j* is the Noether current. The path integral
doesn’t change at all, so its infinitesimal variation is

0=0G = /D\I/ (— / iad"j,e® 0, -0, — iz Qia(x;)e® Oy - - On> (A.1)

_ / dza(z)

Since this is true for any a(z), we learn that the thing in square brackets is zero:
0,7" = 0 up to contact terms. This is called the Ward-Takahashi identity.

i0, (j*(x)O; --- O,) — Z Qi6(x — J;Z-)G] . (A.2)

Now suppose we do this same manipulation in a gauge theory, say QED for defi-
niteness (the story is slightly modified in scalar QED). The additional terms in S are
F,, F*" 4+iA, U~ ¥, which are invariant under the transformation, so don’t change these
statements. Notice that the transformation we’re doing here is not the gauge trans-
formation, since A, doesn’t transform — we’re only doing the gauge transformation on
the matter fields here, so their kinetic terms actually shift and produce the a0"j,, term
above. Photon field insertions in G don’t contribute, since they have charge zero here.

Next, think about the LSZ formula for an S-matrix element with (say) two external
photons:

M = (e, ..ep...|8]..) eﬂegi"/d4xeimmw/d%leimfvm’;a/...<A”(x)...AU(xk)...>
=e'M, (A.3)

where 0O, is shorthand for the photon kinetic operator O, = On,, — 9,0, /p*. Hidden
in the --- is all the factors of e.g. [ dye¥ (iay + ml) associated with external spinor

70You’ll have to trust me for now that the path integral for fermionic fields exists. That’s the only
information about it we’ll need here.
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particles, as well as the information that we have to take the limit where the particles
go on-shell.

The Schwinger-Dyson equation for A, then implies that

0%, O (A (). A7 (zk)..) = Oy ((ju(2) . As(r)...) — i0* (@ — z)mue () (A4)
= (Ju(@)..Jo(2x)) —106(2 — 24) 1o (-.) (A.5)
First of all, this is why I said we could get the S-matrix elements with photons from

correlators with currents. Notice that this is only true up to the contact terms. But
those are disconnected amplitudes that we can ignore.

Finally, set the polarization of one of the photons equal to its momentum ¢ = p.
Then

q2 —m?2

lim (gl — m1> (gQ — m2> e Z Qjé(..., ¢ £p,...) (A.6)

p'M, = lim ezi”/d4a:eipz/d4xleipkx’“/dyei‘“y (i@, + ma) ... (=i0,5" .. Jp(21).. U (y)..)
(A.2)

g2 —m2

where the £+ depends on whether particle j is incoming or outgoing. At the last step
we used the Fourier transform of (A.2).

Now here’s the punchline: The G on the RHS of (A.6) has poles at (g; & p)? = m?,

) 2—m?
i ; —. and we put the

external particles on shell, q]2- — mjz, it will vanish. End of story. Notice that no use of
perturbation theory was made here.

and not at qu =m

So when it’s multiplied by gj —m; =

[End of Lecture 21]
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