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Physics 220 Symmetries Fall 2024
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1. Brain-warmers.

(a)

BCH practice. Suppose that [A, B] = ada(B) = aB. Find an expression
for log (e e4*5).

ads(B) = aB says that B is an eigenvector of the adjoint action of A, so
ad’y(B) = a"B, and e "4 B = ¢~ B. So using the BCH formula
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log (e~ e = /0 dte "B = B. (2)

A useful check on the algebra is that if o — 0, this becomes B.

Show that the adjoint representation matrices
(TA)BC = —ifapc
furnish a dim G-dimensional representation of the Lie algebra
(T4, TP = ifapcTC .
Hint: commutators satisfy the Jacobi identity
[A,[B,C|| + [B,[C, A]] + [C,[A, B]] = 0.

The structure constants fapc are part of the definition of the Lie algebra
— in any representation, the generators satisfy [T4, T?] = if48T¢. This is
a property of the algebra, not of any particular representation. The Jacobi
identity follows from this fact, by taking the commutator of the BHS with
TP. Reshuffling this identity gives the desired equation (up to a sign which
may be flipped by redefining 7" — —T).

Show that if (T%4);; are generators of a Lie algebra in some unitary repre-
sentation R, then so are —(74);;. Convince yourselves that these are the
generators of the complex conjugate representation R.

We have [T, Ts] = ifapcTc, so ([Ta, Tg))* = —ifapcT{ (the structure con-
stants are real for a unitary rep) so [1'5,T%] = —ifapcTf, so [-T%, —TF] =
ifapc(=T¢).



The representation operators in the rep R are eiaATA, with a? real and T4
hermitian. In the rep R, they are e-ie"(T")*
are indeed —(T4)7,.

, so the generators in this rep

2. so(4).
Show that so(4) = so(3) @ so(3).
Ji =1 (J' £ K") satisfy
ALTL, T2 = [T, [T KO K )~ K K9] = ieJ" +ein K tiej K —iejJ* = 0.

and
AT, JL) = [T, ) + [J K9] £ [K°, J9] + [K°, K7 = 4diegJ".

3. The rest of the Lie algebra in Cartan-Weyl form.

(a) Use the Jacobi identity to show that |[E,, Es]) has weight o+ /3, and hence
[Ew, Eg) = NE,4p for some constant V.

[Hi7 [Eav Eﬁ]] - _[EOM [EB7 Hi]]_[Eﬁv [Hi7 EC!H = [EOM ﬁiEﬁ]_[E,@? aiEa] - (Oéi‘i‘ﬁi)[Ea? Eﬁ]‘

(b) Can you conclude from this that if « is a root, 2« is not a root?

0 = [Ea, Eu| < Ey,. But it could just be that the coefficient of proportion-
ality is zero.



