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1. Classical Maxwell theory. [Peskin problem 2.1, lightly edited] Classical elec-
tromagnetism follows from the action

1
S[A] = /d4:c (_ZFWFW — j”AFL) , where F,, =90,A, —0,A,.
(a) Derive two of the Maxwell equations (Gauss’ Law and Faraday’s Law) as

the Euler-Lagrange equations of this action, treating the components A, (z)
as the dynamical variables:

o oSl
B 0A, ()
Write the equations in the standard form by identifying E* = —F% and

cikpBk — _ i

By the chain rule and product rule,

M;L(x)/d“y (—ina(wF”"(y)) = —%/d@%FW(y)

0Fp (y)

6Au(9c) = 0p5($ - y)(s;w —(p+ o)

So the EOM is
0=—0,F" + j+.

The components of this are the four equations

— —

V-E=p VxB=—9E+].
The other four Maxwell equations are in the constraint
0= e"*"0,F,,

(which follows automatically from F' = dA by equality of mixed partials).
Written in terms of E' and B, the u =t component gives V- B = 0 and the
spatial components give V x E = 0, B.



(b)

Construct the energy-momentum tensor for this theory, when j# = 0. Note
that the usual procedure
e = oL
9(0u9)
does not result in a symmetric tensor. (It is also not gauge invariant.) To
remedy that, we can add to T a term of the form 0y K", where K

is antisymmetric in its first two indices. Such an object is automatically

By — L5"

divergenceless, so

T = 7 4 gy KW
is an equally good energy-momentum tensor with the same globally con-
served energy and momentum. Show that this construction, with

K)\/UJ — F'u)\AV,

leads to an energy-momentum tensor T that is symmetric and yields the
standard formulae for the electromagnetic energy and momentum densities:

1 — — —
E=-(E*+B?), S=ExB
2( + )’ X
We find .
TW:JWW@+ZWRF. (1)

The fact that it cannot be written in terms of only F'is a bad sign (it is not
gauge-invariant). The improved stress tensor is

aIny v 1 v ..

™ = F'F) + 17]“ F F. (2)
This is manifestly symmetric under exchange of y <+ v, and gauge invariant
because it only depends on F.

[Bonus problem] A better way to think about the energy-momentum tensor
is to regard it as the response to a change in the background metric. (This
is why it appears as a source in Einstein’s equations, which is the equation
of motion for the metric field.) To couple the Maxwell theory to a general
background metric g,,, we replace all the 7,,s with g,,s:

1 .
S[A,g] = /d4x\/§ (—Z—lFuprggupg”" —i—j"AM)

where the factor of (/g = +/|detg| is required to make the integration
measure coordinate-invariant, and ¢g"” is the inverse metric: ¢g"g,, = 0.
Compare the resulting energy-momentum tensor
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with that of the previous part.
Notice that 7" is automatically symmetric and gauge invariant.

[Some useful identities are:

69" (x)
5gpa<y)

d det g(x)
09 (y)

= —g" g7 6P (z — y) and = 0P (2 — y) det gg"”.

For proofs of these statements see page 93 of this document.]
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that most GR books use mostly-plus signature.

The relative sign between 7" and depends on the signature. Beware

You might be bothered by the fact that the EM tensor is not gauge invariant
if we include the coupling to the current. The resolution is that the gauge
variation of the kinetic terms for the matter making up the current cancels
this variation.

At the risk of using some ideas we haven’t yet introduced in the class,
suppose, for example, that we are speaking about QED. Then the j*A,
term is actually part of the kinetic term for the electron:

L.= &Vu(iau + Au)q/} - @E’}/Mia,uqvb + j'uAu

which is gauge invariant (i.e. the lagrangian is gauge invariant, not just the
action). The full stress tensor (the variation of the whole action S, 4 Syaxwel
with respect to g,,) is therefore gauge invariant.

2. Maxwell’s equations, quantumly.

(a) Check that the oscillator algebra for the photon creation and annihilation

operators
[aks7 aLs] = 53(k - k,)ass" (3)

implies (using the mode expansion for A) that
[A,(7), E,(7)] = —ih / B F - (51-]. - kk])

(and also [A;(7), A;(7")] = 0 and [E;(7), E;(7")] = 0).
Conclude that it’s not possible to simultaneously measure E,(7) and B, (7).

Plugging in the mode expansions, using the algebra of as and a's, the factors


https://mcgreevy.physics.ucsd.edu/f13/225A-lectures.pdf

of /2w and the phases cancel, and we get

— s . 1 W * —ikz+i
AGB@] =1 [ [ 575 (et a, )
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- % / Bk (e ) 4 eikla) (&j + k;k]) . (4)

The two terms are the same because we can change integration variables
k— —k.
The calculation of [A, A] and [E, E] is of the same form, except the terms

cancel instead of add.

Once we have [E, A], we can find [E, B] by taking derivatives:

(Ei(r), By(1")] = ejm%wi(rm(r’ﬂ |

The contribution from the I%Zl%l = kké” term vanishes by €, kpk; = 0.

The last statement about simultaneous measurement follows from

[E.(r), By(r")] =10,6(r — ") # 0.

(b) Using the result of the previous part, check that the wave equation for A;(x)
follows from the Heisenberg equations of motion
i .

The key ingredient is
[H7 a’k,s] = _hwkak,s7 [H7 CLLS] = h’wka’L,s'

So taking the commutator with H turns the expansion of E into that of A, except

for an extra factor of w2, which can be traded for 2V2 when acting on elF.

Or, you can use the product rule for the commutator and the result of part a.
. Goldstone boson. Here is a simple example of the Goldstone phenomenon,

which T mentioned briefly in lecture. Consider again the complex scalar field
from the previous assignment.



Suppose the potential is

V(0*®) = g (0*® — v?)”

where g,v are constants. The important features of V' are that (1) it is only

a function of |®|*> = ®®*, so that it preserves the particle-number symmetry

generated by the operator q which was the hero of a previous homework problem,

and (2) V(z) is not minimized at x = 0.

Treat the system classically. Write the action S[®,®*] in polar coordinates in

field space:

O(z,t) = pe?

where both p, 6 are functions of space and time.

(a)

(b)

Consider constant field configurations, and show that minimizing the po-
tential fixes p but not the phase 6.

The potential is g(p? — v?)?, independent of . So § — 0 + « is a symmetry.
Compute the mass® of the p field about its minimum, m? = 192V ,—,.
4gv2.

Now ignore the deviations of p from its minimum (it’s heavy and slow and
hard to excite), but continue to treat 6 as a field. Plug the resulting expres-
sion

D — peif@d)

into the action. Show that 0 is a massless scalar field.

. 1 . > o
S[® = vel’] = /ddxdt (5/”)2 (6’2 — Vo - V@)) (5)
There’s no mass term because that would violate the 8 — 6 + o symmetry.

How does the U(1) symmetry generated by q act on 67

Since q : ® — €'*® = €l%pel?, we can infer that q : § — 04 a. Alternatively,
the action in terms of 6, (5) shows that my = up?0. Writing the charge in
terms of 6 gives

q= /dd“xi (O*TT* — TI®) = — //,Lpzé =— /7r9.

00 = ielq, 0] = e.

Therefore



This picture of the potential makes the story clear: the field 6
is massless because it parametrizes rolling around in the circle ‘
of minima of the potential; the fact that these field values all =~ |

have the same energy is enforced by the U(1) symmetry.

4. Angular momentum as Noether charge.

Consider an arbitrary local scalar field theory with Lagrangian density £ =
L(¢,0,¢) such that the action is invariant under rotations of space. A rotation
acts on a scalar field by

$(a") = ¢(Rj2’) (6)

where R is a rotation matrix RT R = 1. Consider an infinitesimal rotation R; =
0% +w?, for w an arbitrary (small) real antisymmetric matrix specifying the plane
and angle of rotation. Find the associated Noether currents in terms of ¢.

Relate your answer to the form of the stress tensor. [Hint for interpreting the
answer: a rotation is a space-dependent translation.]

The field changes according to
o(z) = ¢(Rx) = ¢p(x + wx) = ¢(x) + w;xjam = o(z) + Ay . (7)

So, by calculus, the Lagrangian density varies according to

L(o(x),00(x)) — L(d(z+wx), 0p(rtwz)) = E—i—wijxj%E = E—i—d;;u (6l'w';2’ L)

(8)

where at the last step we did a slightly sneaky thing: we can put the x inside

the derivative because of the fact that w;; = —wj; is an antisymmetric matrix, so

the terms where the derivative hits the x vanish. Using the ‘prosaic method’, we
have £ — L + d;%.j" with

T = otw' i L. 9)

Therefore, the collection of conserved currents is

oL o . . o
= A — T = w270, — LW 1. 10
70,9) 70,0 " ! o
Stripping of the factors of w’; (and multiplying by two to make it look nicer,
J* = 2wV Sl ), we get a collection of conserved currents with two antisymmetric
indices:

TR P Wy A W
Sijxj(@(ﬁﬂgb)a@ Eéi) (j < 1). (11)
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Notice that it is manifestly antisymmetric in exchanging ¢ and j because of the
antisymmetry of w.

Where have we seen this object before? Well, as you can see from the derivation,
it is just

where 7' is the stress tensor.

If you prefer, you may consider instead the full Lorentz group, which acts by

¢(x") = o(Ayx”) (13)

where A is a D x D matrix preserving the Minkowski metric 7, .

The same analysis applies to Lorentz transformations with the font changed from
1,7 to u, .

Bonus problem: find the associated Noether charges in the case of a field theory of
a vector such as electromagnetism, which transforms like A, (z) — (R™1) AL (R).

A vector field transforms in a more complicated way:

Au(@) = (R7Y) YA (Re) = (8 = w),, " Au(a + wa) = Au(x) + whpa"9,A,(x) — w," A (2)
= Au(z) + (ALA), . (14)



