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0.1 Introductory remarks

I will begin with some comments about my goals for this course.

The main goal is to make a study of coarse-
graining in quantum systems with extensive
degrees of freedom. For silly historical rea-
sons, this is called the renormalization group
(RG) in QFT. By ‘extensive degrees of free-
dom’ I mean that we are going to study mod-
els which, if we like, we can sprinkle over
vast tracts of land, like sod (see Fig. 1). And
also like sod, each little patch of degrees of

freedom only interacts with its neighboring

Figure 1: Sod.

patches: this property of sod and of QFT is
called locality. *

By ‘coarse-graining’ I mean ignoring things we don’t care about, or rather only paying
attention to them to the extent that they affect the things we do care about.? In my
experience, learning to do this is approximately synonymous with understanding.

In the course of doing this, I would like to try to convey the Wilsonian perspective on the
RG, which (among many other victories) provides an explanation of the totalitarian principle
of physics that anything that can happen must happen. *

And T have a collection of subsidiary goals:

e [ would like to convince you that “non-renormalizable” does not mean “not worth your
attention,” and explain the incredibly useful notion of an Effective Field Theory.

IMore precisely, in quantum mechanics, we specify the degrees of freedom by their Hilbert space; by an
extensive system, I mean one in which the Hilbert space is of the form H = ®patches of space Hpatch and the
interactions are lcoal H=}_ ., . H(nearby patches).

2To continue the sod example in 2+1 dimensions, a person laying the sod in the picture above cares
that the sod doesn’t fall apart, and rolls nicely onto the ground (as long as we don’t do high-energy probes
like bending it violently or trying to lay it down too quickly). These long-wavelength properties of rigidity
and elasticity are collective, emergent properties of the microscopic constituents (sod molecules) — we can
describe the dynamics involved in covering the Earth with sod (never mind whether this is a good idea in a
desert climate) without knowing the microscopic theory of the sod molecules (I think they might be called
‘grass’). Our job is to think about the relationship between the microscopic model (grassodynamics) and its
macroscopic counterpart (in this case, suburban landscaping).

3More precisely, this means that the Hamiltonian should contain all terms consistent with symmetries,
organized according to a derivative expansion in a way we will understand.



e There is more to QFT than perturbation theory about free fields in a Fock vacuum. In
particular, we will spend some time thinking about non-perturbative physics, effects
of topology, solitons. Topology is one tool for making precise statements without
perturbation theory (the basic idea: if we know something is an integer, it is easy to
get many digits of precision!).

e [ will try to resist making too many comments on the particle-physics-centric nature of
the QFT curriculum. QFT is also quite central in many aspects of condensed matter
physics, and we will learn about this. From the point of view of someone interested
in QFT, high energy particle physics has the severe drawback that it offers only one
example! (OK, for some purposes you can think about QCD and the electroweak
theory separately...)

e There is more to QFT than the S-matrix. In a particle-physics QFT course you learn
that the purpose in life of correlation functions or green’s functions or off-shell am-
plitudes is that they have poles (at p"p, — m? = 0) whose residues are the S-matrix
elements, which are what you measure (or better, are the distribution you sample)
when you scatter the particles which are the quanta of the fields of the QFT.

I want to make two extended points about this:

1. In many physical contexts where QFT is relevant, you can actually measure the
off-shell stuff. This is yet another reason why including condensed matter in our
field of view will deepen our understanding of QFT.

2. The Green’s functions don’t always have simple poles! There are lots of interesting
field theories where the Green’s functions instead have power-law singularities, like
G(p) ~ pz%. If you fourier transform this, you don’t get an exponentially-localized
packet. The elementary excitations created by a field whose two point function
does this are not particles. (Any conformal field theory (CFT) is an example of
this.) The theory of particles (and their dance of creation and annihilation and
so on) is a proper subset of QFT.

Here is a confession, related to several of the points above: The following comment in the
book Advanced Quantum Mechanics by Sakurai had a big effect on my education in physics:
we see a number of sophisticated, yet uneducated, theoreticians who are conversant in
the LSZ formalism of the Heisenberg field operators, but do not know why an excited atom
radiates, or are ignorant of the quantum-theoretic derivation of Rayleigh’s law that accounts
for the blueness of the sky.

I read this comment during my first year of graduate school and it could not have applied
more aptly to me. I have been trying to correct the defects in my own education which this
exemplifies ever since.



I bet most of you know more about the color of the sky than I did when I was your age,
but we will come back to this question. (If necessary, we will also come back to the radiation
from excited atoms.)

So I intend that there will be two themes of this course: coarse-graining and topology.
Both of these concepts are important in both hep-th and in cond-mat. As for what these
goals mean for what topics we will actually discuss, this depends somewhat on the results
of pset 00. Topics which I hope to discuss include:

theory of renormalization (things can look different depending on how closely you look;
this is how we should organize our understanding of extensive quantum systems)

effective field theory (how to do physics without a theory of everything)

effects of topology in QFT (this includes anomalies, topological solitons and defects,
topological terms in the action)

deep mysteries of gauge theory.

I welcome your suggestions regarding what physics we should study.

We begin with some parables from quantum mechanics.



0.2 Conventions

You will have noticed above that I already had to commit to a signature convention for the
metric tensor. I will try to follow Zee and use + — ——. I am used to the other signature

convention, where time is the weird one.
We work in units where A and ¢ are equal to one unless otherwise noted.
The convention that repeated indices are summed is always in effect.

A useful generalization of the shorthand h = % is

dp

dp = —.
P 27

I will try to be consistent about writing fourier transforms as

/ <—zi§>4em/hf #) = / a'p e/ f(p) = f(a).

RHS = right-hand side.
LHS = left-hand side.
BHS = both-hand side.

I reserve the right to add to this page as the notes evolve.

Please tell me if you find typos or errors or violations of the rules above.




1 Ideas from quantum mechanics, I

1.1 Broken scale invariance

Reading assignment: Zee chapter III.

Here we will study a simple quantum mechanical example (that is: an example with a fi-
nite number of degrees of freedom) which exhibits many interesting features that can happen
in strongly interacting quantum field theory — asymptotic freedom, dimensional transmuta-
tion. Because the model is simple, we can understand these phenomena without resort to
perturbation theory. I learned this example from Marty Halpern.

Consider the following (‘bare’) action:

Sla] = / dt (%fQJrgoé@)(f)) _ / dt (%éﬁ-vw))

where 7 = (z,y) are two coordinates of a quantum particle, and the potential involves
5@ (£) = 6(x)d(y), a Dirac delta function. (Notice that I have absorbed the inertial mass m

in %mqﬂ into a redefinition of the variable z, + — /mz.)

First, let’s do dimensional analysis (always a good idea). Since A = ¢ = 1, all dimensionful
quantites are some power of a length. Let [X] denote the number of powers of length in the
units of the quantity X; that is, if X ~ (length)”®) then we have [X] = v(X), a number.
We have:

[t] = [length/c] =1 = [dt] = 1.

The action appears in exponents and is therefore dimensionless (it has units of /), so we had
better have:

and this applies to each term in the action. We begin with the kinetic term:

0= / dti?] —
#l=-1 = [f]=—; = W=7
Since 1 = [ dzd(x), we have 0 = [dx] + [0(x)] and
[6P(2)] = —[x]D = —g, and in particular [6*(Z)] = —1.



This implies that the naive ( “engineering” ) dimensions of the coupling constant gq are [go] = 0
— it is dimensionless. Classically, the theory does not have a special length scale; it is scale
invariant.

The Hamiltonian associated with the Lagrangian above is

H =S (pi+p) + V(@)

N | —

Now we treat this as a quantum system. Acting in the position basis, the quantum Hamil-
tonian operator is
h2

H=-—
2

(024 07) — 900 (T)

So in the Schrodinger equation Hy = (—%VQ + V(f)) Y = E, the second term on the
LHS is

V(@)$(T) = —g00® (2)9(0).

To make it look more like we are doing QFT, let’s solve it in momentum space:

The delta function is
52 (z

N~—
I
N
3%
==
(V]
m-
S
81
~
LSt

So the Schrodinger equation says

_%vz _ E) W(@) = —V(2)(z)

/fm@rcg—E)¢@%=+%V@W®)
_4g0</fpﬁm>wm) (1.1)

which (integrating the both-hand side of (1.1) over a: [ d?ze™* ((1.1)) ) says

(%—E)ﬂ@=+%/é%§“ﬁ
=4(0)

There are two cases to consider:



e (i =0)= [d°pp(p) = 0. Then this is a free theory, with the constraint that 1(0) = 0,

P
(5 - E) p(p) =0
i.e. plane waves which vanish at the origin, e.g. ¥ o sin ”theiipyy/ . These scattering

solutions don’t see the delta-function potential at all.

e (0) = a # 0, some constant to be determined. This means p?/2 — E # 0, so we can

divide by it :
o) = (/621990(13)) =" a
E—-F E_F

2
The integral on the RHS is a little problematic if £ > 0, since then there is some

value of p where p?> = 2E. Avoid this singularity by going to the boundstate region:
FE = —e5 < 0. So:

Jo
Sp(ﬁ) - Q.
o +EB

What happens if we integrate this [ d*p to check self-consistency — the LHS should

give o again:
!
0= / d*peo(p) (1 - / d2p%)
2 + €B

| S
=(0)=a70

— /d2pﬁ2 =1
?‘FEB

is the condition on the energy ep of possible boundstates.

But there’s a problem: the integral on the LHS behaves at large p like

&p _

2 00 .

At this point in an undergrad QM class, you would give up on this model. In QFT we don’t
have that luxury, because this happens all over the place. Here’s what we do instead:

We cut off the integral at some large p = A:

A g2
d
/ p—zpwlogA.

This our first example of the general principle that a classically scale invariant system will
exhibit logarithmic divergences. It’s the only kind allowed by dimensional analysis.

10



More precisely:

A2 A 2
d d A
b =27 pep =2rlog 14+ — ) .
p? p? 2
o + €p 0 5 + €B €B
So in our cutoff theory, the boundstate condition is:
A 22 2
d’p 90 A
1= = 1 1+— .
go/ 2 tep 2R A 2ep

A solution only exists for gy > 0. This makes sense since only then is the potential attractive
(recall that V = —go0).

Now here’s a trivial step that offers a dramatic new vista: solve for eg.

A1
e —1
As we remove the cutoff (A — 00), we see that F = —eg — —o0, the boundstate becomes

more and more bound — the potential is too attractive.

Suppose we insist that the boundstate energy ep is a fixed thing — imagine we’ve measured
it to be 200 MeV?. Then, given some cutoff A, we should solve for go(A) to get the boundstate

energy we require:
21 h?

log <1+ %)

This is the crucial step: this silly symbol gy which appeared in our action doesn’t mean

go(A)

anything to anyone (see Zee’s dialogue with the S.E.). We are allowing gy = the bare
coupling to be cutoff-dependent.

Instead of a dimensionless coupling gg, the useful theory contains an arbitrary dimensionful
coupling constant (here e€g). This phenomenon is called dimensional transmutation (d.t.).
The cutoff is supposed to go away in observables, which depend on € instead.

In QCD we expect that in an identical way, an arbitrary scale Agcp will enter into physical
quantities. (If QCD were the theory of the whole world, we would work in units where it was
one.) This can be taken to be the rest mass of some mesons — boundstates of quarks. Unlike
this example, in QCD there are many boundstates, but their energies are dimensionless
multiplies of the one dimensionful scale, Agcp. Nature chooses Agep =~ 200 MeV.

[This d.t. phenomenon was maybe first seen in a perturbative field theory in S. Coleman,
E. Weinberg, Phys Rev D7 (1973) 1898. We'll come back to their example.]

4Spoiler alert: I picked this value of energy to stress the analogy with QCD.

11



There’s more. Go back to (1.2):

A2 1 >
€B= o o # Zggfn(A)

2690 —1 n=0

it is not analytic (i.e. a power series) in go(A) near small go; rather, there is an essential
singularity in go. (All derivatives of ez with respect to g vanish at go = 0.) You can’t expand
the dimensionful parameter in powers of the coupling. This means that you’ll never see it
in perturbation theory in gg. Dimensional transmutation is an inherently non-perturbative
phenomenon.

Still more:
2mh? A2sep  2TTH? A2se

AR A2
log (1 + E) log (E)

— the bare coupling vanishes in this limit, since we are insisting that the parameter ep is

fixed. This is called asymptotic freedom (AF): the bare coupling goes to zero (i.e. the theory

go(A) 0

becomes free) as the cutoff is removed. This also happens in QCD.

More: Define the beta-function as the logarithmic derivative of the bare coupling with

respect to the cutoff:
0

Def: =A—qgo(A) .
€ B(g0) 9 Ago( )
For this theory
0 27Th2 calculate 92 —omh?
Bloo) =Aor | —7 | = _7_‘__;—;2 e
lOg (1 + E) perturbative  not perturbative

Notice that it’s a function only of gg, and not explicitly of A. Also, in this simple toy theory
perturbation theory for the beta function happens to stop at order gz.

Notice that § measures the failure of the cutoff to disappear from our discussion — it signals
a quantum mechanical violation of scale invariance.

What’s g for? Flow equations:
9o = B(go0)-
° This is a tautology. The dot is

A=0,A, s=logA/Ay = 0, = Adx.

SWarning: The sign in this definition carries a great deal of cultural baggage. With the definition given
here, the flow (increasing s) is toward the UV, toward high energy. This is the high-energy particle physics
perspective, where we learn more physics by going to higher energies. As we will see, there is a strong
argument to be made for the other perspective, that the flow should be regarded as going from UV to IR,
since we lose information as we move in that direction — in fact, the IR behavior does not determine the UV
behavior in general.

12



(Ap is some reference scale.) But forget for the moment that this is just a definition:

gg 2rh2/
=B (1)
g0 7rh2<

This equation tells you how go changes as you change the cutoff. Think of it as a nonlinear
dynamical system (fixed points, limit cycles...)

Def: A fixed point g of a flow is a point where the flow stops:
0= gO|g§ = B(QS) )

a zero of the beta function. (Note: if we have many couplings g;, then we have such an

equation for each g: ¢; = f5;(g). So B; is (locally) a vector field on the space of coupilngs.)

Where are the fixed points in our example?

B(g0) = 9 (1 — e—%h?/go) ‘

mh?

There’s only one: g = 0, near which 5(gg) ~ —%, the non-perturbative terms are small.
What does the flow look like near this point? For go > 0, go = 5(g0) < 0. With this
(high-energy) definition of the direction of flow, gy = 0 is an attractive fixed point:

*<—<—<—<—<=<—< =<K ~K~K—mmmmmmmm——m = —— g ()
g5 = 0.
We already knew this. It just says go(A) ~ ﬁ — 0 at large A. But the general lesson

—2mh?
is that in the vicinity of such an AF fixed point, the non-perturbatuve stuff e s  is small.

So we can get good results near the fixed point from the perturbative part of 8. That is:
we can compute the behavior of the flow of couplings near an AF fixed point perturbatively,
and be sure that it is an AF fixed point. This is the situation in QCD.

On the other hand, the d.t. phenomenon that we’ve shown here is something that we can’t
prove in QCD. The circumstantial evidence is very strong!

[End of Lecture 1]

Another example where this happens is quantum mechanics in any number of variables

with a central potential V = —i—i. It is also classically scale invariant:
1 1
=35 lg 0]

13



This model was studied in K.M. Case, Phys Rev 80 (1950) 797 and you will study it on pset
01. The resulting boundstates and d.t. phenomenon are called Efimov states; this model
preserves a discrete scale invariance.

Here’s a quote from Marty Halpern from his lecture on this subject:

I want you to study this set of examples very carefully, because it’s the only time in your
career when you will understand what is going on.

In my experience it’s been basically true. For real QFTs, you get distracted by Feynman
diagrams, gauge invariance, regularization and renormalization schemes, and the fact that
you can only do perturbation theory.

14



1.2 Integrating out degrees of freedom

Here’s a second parable from QM which gives some useful perspective on renormalization in
QFT. It is also a valuable opportunity to understand the differences and connections between
euclidean and real-time Green’s functions.

[Banks p. 138] Consider a system of two coupled harmonic oscillators. We will assume one
of the springs is much stiffer than the other: let’s call their natural frequencies wy, €2, with
wp < 2. The euclidean-time action is

S[X, 2] = / dt {2 (4% + wia?) + % (X? n Q?X2> n gX:L’Q] = S, [2] + SalX] + S| X, 2.

(The particular form of the z2X coupling is chosen for convenience.) We can construct
physical observables in this model by studying the path integral:

7 = / [dX dx]e S,

Since I put a minus sign rather than an ¢ in the exponent (and the potential terms in the
action have + signs), this is a euclidean path integral.

Let’s consider what happens if we do the path integral over the heavy mode X, and postpone
doing the path integral over x. This step, naturally, is called integrating out X, and we will
see below why this is a good idea. The result just depends on x; we can think of it as an
effective action for x:

e~ eff[l“ N /[dX] —S[z,X]

Swo [z] < Sint [X,7] >X

Here (...)x indicates the expectation value of ... in the (free) theory of X, with the action
SqlX]. It is a gaussian integral:

<675'int[X,x}>X _ /[dX]€SQ[X —[dsJ(s)X(s N€4 J dsdtJ(s)G(s,t)J (t) )

You will show this last equality (just a property of gaussian integrals) on the homework.
Here J(s) = gz(s)®. The normalization factor A is independent of J and hence of z. And
G(s,t) is the inverse of the linear operator appearing in Sq, the green’s function:

SolX] = / dsdt X (s)G— (s, ) X (t).

More usefully, G satisfies
(=02 + Q) G(s,t) = 6(s — t)

15



The fact that our system is time-translation invariant means G(s,t) = G(s —t). We can

solve this equation in fourier space: G(s) = [dwe ™G, makes it algebraic:

1

Gw:uﬂ—l—Q?

and we have

—iws 1
So we have: )
e otr] 6—5“,0[m]€—fdtds5’7ac(s)QCv'(s,t)z(t)2
or taking logs
Seft[r] = Suo 2] + /dtds%:zc(s)QG(s,zf)x(t)2 . (1.4)

X mediates an interaction of four xs, an anharmonic term, a self-interaction of x. In Feynman

diagrams, the leading term here comes from the diagram in Fig. 2. °

But it is non-local: we have two integrals
over the time in the new quartic term. This
is unfamiliar, and bad: e.g. classically we
don’t know how to pose an initial value prob-
lem.

But now suppose we are interested in times
much longer than 1/, say times compara-
ble to the period of oscillation of the less-
stiff spring 2m/w. We can accomplish this
by Taylor expanding under the integrand in
(1.3):

§1/Q o 1 1 1
G(s) =~ /dwe s — ~ —§(s)+
O 02
——

=3, 0" (%)"
Plug this back into (1.4):

2

20)?

A%m:&WH/ﬁiw

Xis) X

S +
~—— 5 el
K)o (5,¢)

= K0 X(H)X

Figure 2: Interaction of x mediated by X.

204

2
)+ /dtg—jczx? +...

The effects of the heavy mode X are now organized in a derivative expansion, with terms

involving more derivatives suppressed by more powers of the high energy scale (2.

6 And the whole thing comes from exponentiating disconnected copies of this diagram. There are no other

diagrams: once we make an X from two xs what can it do besides turn back into two xs? Nothing. And no

internal x lines are allowed, they are just sources, for the purposes of the X integral.

16



s K+

sTf:s)‘l“ Bl to
) (o (5,¢)

Figure 3: A useful mnemonic for integrating out the effects of X in terms of Feynman

LY

diagrams: to picture X as propagating for only a short time (compared to the external time
t — s), we can contract its propagator to a point. The first term on the RHS shifts the x*
term, the second shifts the kinetic term, the third involves four factors of ...

On the RHS of this equation, we have various interactions involving four xs, which involve
increasingly many derivatives. The first term is a quartic potential term for z: AV = Za*;
the leading effect of the fluctuations of X is to shift the quartic self-coupling of x by a finite
amount (note that we could have included a bare A\gz* potential term).

Notice that if we keep going in this expansion, we get terms with more than two derivatives
of x. This is OK. We've just derived the right way to think about such terms: they are
part of a never-ending series of terms which become less and less important for low-energy
questions. If we want to ask questions about x at energies of order w, we can get answers

w

that are correct up to effects of order (ﬁ)gn by keeping the nth term in this expansion.

Conversely if we are doing an experiment with precision A at energy w, we can measure
the effects of up to the nth term, with

17



1.2.1 Attempt to consolidate understanding

We've just done some coarse graining: focusing on the dofs we care about (), and actively
ignoring the dofs we don’t care about (X), except to the extent that they affect those we do
(e.g. the self-interactions of x).

Above, we did a calculation in a QM model with two SHOs. This is a paradigm of QFT
in many ways. For one thing, free quantum fields are bunches of harmonic oscillators with
natural frequency depending on k. Here we keep just two of them for clarity. Perhaps more
importantly, QM is just QFT in 0+1d.

The result of that calculation was that fluctuations of X mediate various z* interactions.
It adds to the action for z the following: ASeg[z] ~ [ dtdsa?(t)G(t — s)z*(s), as in Fig. 3.

If we have the hubris to care about the exact answer, it’s nonlocal in time. But if we
want exact answers then we’ll have to do the integral over x, too. On the other hand, the
hierarchy of scales wy < 2 is useful if we ask questions about energies of order wy, e.g.

1
(x(t)z(0)) with t ~ — > Q
Wo
Then we can taylor expand the function G(t—s), and we find a series of corrections in powers
of tiQ (or more accurately, powers of %)

(Notice that it’s not so useful to integrate out light degrees of freedom to get an action for
the heavy degrees of freedom; that would necessarily be nonlocal and stay nonlocal and we
wouldn’t be able to treat it using ordinary techniques.)

The crucial point is that the scary non-locality of the effective action that we saw only ex-

tends a distance of order &;  the kernel G(s — ¢) looks like this:

Gis—t)

One more attempt to drive home the cen-
tral message of this discussion: the mecha-
nism we’ve just discussed is an essential in-
gredient in getting any physics done at all.
Why can we do physics despite the fact that
we do not understand the theory of quantum
gravity which governs Planckian distances?

We happily do lots of physics without wor-

- (510
-0 =5 5 o o

rying about this! This is because the effect
of those Planckian quantum gravity fluctuations — whatever they are, call them X — on the
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degrees of freedom we do care about (e.g. the Standard Model, or an atom, or the sandwich
you made this morning, call them collectively x) are encoded in terms in the effective action
of & which are suppressed by powers of the high energy scale Mpja,q, whose role in the toy
model is played by €2. And the natural energy scale of your sandwich is much less than

M, Planck-

I picked the Planck scale as the scale to ignore here for rhetorical drama, and because
we really are ignorant of what physics goes on there. But this idea is equally relevant for
e.g. being able to describe water waves by hydrodynamics (a classical field theory) without
worrying about atomic physics, or to understand the physics of atoms without needing to
understand nuclear physics, or to understand the nuclear interactions without knowing about
the Higgs boson, and so on deeper into the onion of physics.

This wonderful situation, which makes physics possible, has a price: since physics at low
energies is so insensitive to high energy physics, it makes it hard to learn about high energy
physics! People have been very clever and have learned a lot in spite of this vexing property
of the RG. We can hope that will continue. (Cosmological inflation plays a similar role in
hiding the physics of the early universe. It’s like whoever designed this game is trying to
hide this stuff from us.)

The explicit functional form of G(s) (the inverse of the (euclidean) kinetic operator for X)
is: )

Y - N
G(s) /dwwz T 50 (1.5)

Do it by residues: the integrand has poles at w = £i) (see the figure 4 below). The absolute
value of |s| is crucial, and comes from the fact that the contour at infinity converges in the
upper (lower) half plane for s < 0 (s > 0).

Next, some comments about ingredients in the discussion of this subsection 1.2, which
provides a useful opportunity to review /introduce some important QFT technology:

e Please don’t be confused by the formal similarity of the above manipulations with the
construction of the generating functional of correlation functions of X:

)
= 5 (t) 0 (t)

Z[J] = (el BXOIOY o (X (4) X (t,).. ) x log Z[J]

" It’s true that what we did above amounts precisely to constructing Z[J], and plugging

" Functional derivatives will be very useful to us. The definition is

= 3(s—1) (1.6)

19



in J = gox®. But the motivation is different: in the above x is also a dynamical variable,
so we don’t get to pick x and differentiate with respect to it; we are merely postponing
doing the path integral over x until later.

e Having said that, what is this quantity G(s) above? It is the (euclidean) two-point
function of X: 5 5
t) =(X(s)X(t))x = —=——1log Z]J|.
G(s, 1) = (X(s)X (1)) x 5700 37(s) % [J]

The middle expression makes it clearer that G(s,t) = G(s—t) since nobody has chosen
the origin of the time axis in this problem. This euclidean green’s function — the inverse
of —9% + Q2 is unique, once we demand that it falls off at large separation. The same
is not true of the real-time Green’s function, which we discuss next in §1.2.2.

e Adding more labels. Quantum mechanics is quantum field theory in 0+1 dimen-
sions. Except for our ability to do all the integrals, everything we are doing here gen-
eralizes to quantum field theory in more dimensions: quantum field theory s quantum
mechanics (with infinitely many degrees of freedom). With more spatial dimensions, it
becomes a good idea to call the fields something other than z, which we’ll want to use
for the spatial coordinates (which are just labels on the fields!). (I should have used ¢
instead of x in anticipation of this step.)

All the complications we’ll encounter next (in §1.2.2) with choosing frequency contours
are identical in QFT.

1.2.2 Wick rotation to real time.

For convenience, I have described this calculation in euclidean time (every ¢ or s or 7 that
has appeared so far in this subsection has been a euclidean time). This is nice because the
euclidean action is nice and positive, and all the wiggly and ugly configurations are manifestly
highly suppressed in the path integral. Also, in real time® we have to make statements about
states: 7.e. in what state should we put the heavy mode?

plus the Liebniz properties (linearity, product rule). More prosaically, they are just partial derivatives, if we
define a collection of values of the independent variable {s;} to regard as grid points, and let

Ji = J(s;)
so that (1.6) is just

i _ s

aJ;

If you are not yet comfortable with the machinery of functional derivatives, please work through pages 2-28
through 2-30 of this document now.
8aka Minkowski time aka Lorentzian time
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[End of Lecture 2]

The answer is: in the groundstate — it costs more energy than we have to excite it. I claim
that the real-time calculation which keeps the heavy mode in its groundstate is the analytic
continuation of the one we did above, where we replace

WMink = e_i(W/Z_E)wabove (17)

where € is (a familiar, T hope) infinitesimal. In the picture of the euclidean frequency plane
in Fig. 4, this is a rotation by nearly 90 degrees. We don’t want to go all the way to 90
degrees, because then we would hit the poles at +if).

The replacement (1.7) just means that if we integrate over real wygink, we rotate the contour
in the integral over w as follows:

-

g ) ‘i\j'ﬂln\l-k: we‘,,{;%

’ X’;ﬂ \ (aon\f‘?pﬂ
ot J<o
' \
' )
\ X —ifL ,(‘jﬂ"‘}.
/
\ s 120

hY

M"‘"‘Vk: We, didra,
\ z,onvw?rﬂ;q
Yoat 95 <o

as a result we pick up the same poles at w,pove = £i€2 as in the euclidean calculation. Notice
that we had better also rotate the argument of the function, s, at the same time to maintain
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Figure 5: The Feynman contour in the wyy, complex plane.

convergence, that is:

Weucl = —IWMink, Weuclteucl - wMinktMinka teucl - +1tMink' (18)

So this is giving us a contour prescription for the real-frequency integral. The result is the
Feynman propagator, with which you are familiar from previous quarters of QFT: depending
on the sign of the (real) time separation of the two operators (recall that ¢ is the difference),
we close the contour around one pole or the other, giving the time-ordered propagator. (It
is the same as shifting the heavy frequency by 2 — €2 — ie, as indicated in the right part of
Fig. 5.)

Notice for future reference that the euclidean action and real-time action are related by

1 0X \> 1 0xX \?
X = . QX7 ) =~y X] = —i [ dbapns X
Seucl[ ] / dteucl 9 ( (ateucl) + ) ISMlnk[ } 1 / dtM1nk 2 ( (atMink) )

because of (1.8). Notice that this means the path integrand is e=Seul = elSMink,

Why does the contour coming from the euclidean path integral put the excited mode into
its groundstate? That’s the the point in life of the euclidean path integral, to prepare the
groundstate from an arbitrary state:

[ X1 = (] = () (1.9)

— the euclidean-time propagator e HT beats down the amplitude of any excited state relative
to the groundstate, for large enough 7.

Let me back up one more step and explain (1.9) more. You know a path integral represen-
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tation for the real-time propagator
(e i) = [lazje "o

On the RHS here, we sum over all paths between ¢ and f in time ¢, weighted by a phase
i [dtL
e .

But that means you also know a representation for

> (fle™Mf) = tre” ™M
f

— namely, you sum over all periodic paths in imaginary time t = —if3. So:
Z(B) = tre "M = /[dx]efoﬁdTL

The LHS is the partition function in quantum statistical mechanics. The RHS is the euclidean
functional integral we’ve been using. [For more on this, see Zee §V.2]

The period of imaginary time, 8 = 1/T, is the inverse temperature. More accurately, we've
been studying the limit as § — oo. Taking f — oo means T" — 0, and you’ll agree that
at T = 0 we project onto the groundstate (if there’s more than one groundstate we have to
think more).
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Time-ordering. To summarize the previous discussion: in real time, we must choose a
state, and this means that there are many Green’s functions, not just one: (1| X (t)X (s)[¢))
depends on |¢), unsurprisingly.

But we found a special one which arises by analytic continuation from the euclidean Green’s
function, which is unique’. It is

G(s,t) = (T (X(s)X(1))x

the time-ordered, or Feynman, Green’s function, and I write the time-ordering symbol T
to emphasize this. I emphasize that from our starting point above, the time ordering arose
because we have to close the contour in the UHP (LHP) for t < 0 (¢t > 0).

Let’s pursue this one more step. The same argument tells us that the generating functional
for real-time correlation functions of X is

Z[J] = (T /7%y = (0| T 7X|0).

In the last step I just emphasized that the real time expectation value here is really a
vacuum expectation value. This quantity has the picturesque interpretation as the vacuum
persistence amplitude, in the presence of the source J.

Causality. In other treatments of this subject, you will see the Feynman contour motivated
by ideas about causality. This was not the logic of our discussion but it is reassuring that
we end up in the same place. Note that even in 0+1 dimensions there is a useful notion of
causality: effects should come after their causes. I will have more to say about this later,
when we have reason to discuss other real-time Green’s functions.

9 Another important perspective on the uniqueness of the euclidean Green’s function and the non-
uniqueness in real time: in euclidean time, we are inverting an operator of the form —d2 + Q2 which is
positive (= all its eigenvalues are positive) — recall that —d2 = p? is the square of a hermitian operator. If
all the eigenvalues are positive, the operator has no kernel, so it is completely and unambiguously invertible.
This is why there are no poles on the axis of the (euclidean) w integral in (1.5). In real time, in contrast,
we are inverting something like +0? + Q2 which annihilates modes with 9; = i (if we were doing QFT in
d > 0+ 1 this equation would be the familiar p?> — m? = 0) — on-shell states. So the operator we are trying
to invert has a kernel and this is the source of the ambiguity. In frequency space, this is reflected in the
presence of poles of the integrand on the contour of integration; the choice of how to negotiate them encodes
the choice of Green’s function.
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1.3 Other ideas from systems with a finite number of degrees of

freedom

If we had lots of time, I would continue this list of parables from quantum mechanics (by
which I really mean systems with a finite number of degrees of freedom) with the following

items:

Semiclassical expansions

Tunneling and instantons (for this, I have a good excuse: you can read the definitive
treatment by Sidney Coleman here or in Aspects of Symmetry.)

Large N expansions

Supersymmetry

Quantization of constrained systems and BRST formalism

We may have to have a section called ‘Ideas from QM, part IT".
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2 Renormalization in QFT

Next we will study the effect of adding those pesky extra position labels on our fields.

2.1 Naive scale invariance in field theory

[Halpern| Consider a field theory of a scalar field ¢ in D (euclidean) spacetime dimensions,
with an action of the form

1
(ol = [ s (40.00%0 - 07
for some constants p, g. Which value of p makes this scale invariant?

Naive dimensions:

0= [Skinetic] =D -2+ 2[¢] — [¢] = —.

Notice that the D = 1 case agrees with our quantum mechanics counting. Quantum field
theory in D = 1 spacetime dimensions is quantum mechanics. (Quantum field theory in
D = 0 spacetime dimensions is integrals. This sounds trivial but it actually has some useful
lessons for us in the form of random matrixz theory.)

Then the self-interaction term has dimensions

0= [Sinteraction] =D+ [g] +p[¢] - [g] = —(D —|—p[¢]) = — (D +p¥)

We expect scale invariance when [g] = 0 which happens when

2D

i.e. the scale invariant scalar-field self-interaction in D spacetime dimensions is ¢pDP-2.

* What is happening in D = 27 The field is dimensionless, and so any power of ¢ is
naively scale invariant, as are more complicated interactions like g(¢)(d¢)?. This allows for
scale-invariant non-linear sigma models; we will explore this further later on.
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In dimensions where we get fractional powers, this isn’t so nice.

Notice that the mass term AS = [ demT2¢2 gives

0=D+2[m|+2[¢] = [m|]=-1 VD < .

What are the consequences of this engineering dimensions calculation in QFT? For D > 2,
an interaction of the form g¢? has

> 0 when p > pp, non-renormalizable or irrelevant
P—Pp
Pp

gl =D = 0 when p = pp, renormalizable or marginal

< 0 when p < pp, super-renormalizable or relevant.

Consider the ‘non-renormalizable’ case. Suppose we calculate in QFT some quantity f with
[f] as its naive dimension, in perturbation theory in g, e.g. by Feynman diagrams. We'll get:

f = Zgncn
n=0
with ¢, independent of g. So

[f1=nlgl+lea] = ea] = [f] = nld]

So if [g] > 0, ¢, must have more and more powers of some mass (inverse length) as n
increases. What dimensionful quantity makes up the difference?? Sometimes it is masses
or external momenta. But generically, it gets made up by UV divergences (if everything
is infinite, dimensional analysis can fail, nothing is real, I am the walrus). More usefully,
in a meaningful theory with a UV cutoff, Ayy, the dimensions get made up by the UV

cutoff, which has [Ayy] = —1. Generically: ¢, = &, (Ayy)"¥, where &, is dimensionless, and
n[g] > 0 — it’s higher and higher powers of the cutoff.
Consider the renormalizable (classically scale invariant) case: [¢,] = [f], since [¢g] = 0. But

in fact, what you’ll get is something like

A
IR

where Ajg is an infrared cutoff, [A;g] = —1.
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Some classically scale invariant examples (so that m = 0 and the bare propagator is 1/k?)
where you can see that we get logs from loop amplitudes:

_ ( qk'r—r~"ll . v f 3 ¢l 83
=<~ [ i/ ek~ (k[ Ak ()

=\ J ) e !
¢rin D = 4: ¢%in D = 3:
L . |
SNy (ke (AR
l\__ll_l./l o I_'l [‘L' d ls./:) - _!, I’L-L

¢*in D = 6: ¢l in D = 2:

Below I will convince you that these statements are true in general. But first we will need
to think about about the structure of perturbation theory.

[End of Lecture 3]

2.2 Blob-ology: structure of diagrammatic perturbation theory

It will help streamline our discussion of perturbative renormalization if we organize our
thinking about perturbation theory a bit.

Feynman diagrams reminder. [Zee 1.7] But first: I should remind you what I mean
by Feynman diagrams. As Zee correctly emphasizes, they are not magic; they are merely a
useful tool for visualizing the perturbative expansion of the functional integral. This section
is supposed to be about adding labels to our functional integration variables, but let’s briefly
retreat to QFT in 0 + 0 dimensions. Suppose we want to do the integral

Z(J) :/ dq e 2P at e = /dq e 5@ (2.1)

[e.9]

It is the path integral for ¢* theory with fewer labels. For g = 0, this is a gaussian integral
which we did on Problem Set 1. For g # 0 it’s not an elementary function of its arguments.
We can develop a (non-convergent!) series expansion in g by writing it as

00 1 9
Z(J) :/ dq e—%m2q2+Jq <1 _ %q4 4 +§ <_%q4> 4. )

and integrating term by term. And the term with ¢* (that is, the coefficient of ¢g") is

& 1,2 2 8 an o 1,2 2 8 in 171 2
—=m~q°+Jq 4An — —sm q°+Jq — 7Jm2J
/_Oodqe 2 1 (3J> /_Oodqe ’ (3J> “ Vom2 '



This is a double expansion in powers of J and powers of g. The process of computing the
coefficient of J"g™ can be described usefully in terms of diagrams. There is a factor of 1/m?
for each line (the propagator), and a factor of (—g) for each 4-point vertex (the coupling),
and a factor of J for each external line (the source). For example, the coefficient of g.J*

1 4
~ ()

comes from:

A
M

T 3 oy LRI 4 y
Y k\s * Kﬁ < (=07
17

7 J

There is a symmetry factor which comes from expanding the exponential: if the diagram
has some symmetry preserving the external labels, the multiplicity of diagrams does not
completely cancel the 1/n!.

As another example, consider the analog of the two-point function:

qu q2 e_S(Q) .

/2 -
G:(q >|J:0—W——2W

log Z(J = 0).
In perturbation theory this is:
G 23030042 8 Lo sos)

=m? (1 — %gm2 + §g2m4 + 0(93)) (2.2)

Brief comments about large orders of perturbation theory.

e How do I know the perturbation series about g = 0 doesn’t converge? One way to see
this is to notice that if I made g even infinitesimally negative, the integral itself would
not converge (the potential would be unbounded below), and Z,—_ is not defined.
Therefore Z, as a function of g cannot be analytic in a neighborhood of g = 0. This
argument is due to Dyson.

e The expansion of the exponential in the integrand is clearly convergent for each ¢. The
place where we went wrong is exchanging the order of integration over ¢ and summation
over n.
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e The integral actually does have a name — it’s a Bessel function:

2 3m?

W\/ﬁepK% (p); P

(for Re/p > 0), as Mathematica will tell you. Because we know about Bessel functions,

Z(J =0) = p

in this case we can actually figure out what happens at strong coupling, when g > m*.

e In this case, the perturbation expansion too can be given a closed form expression:
2T ~— (—1)" 227+32 1\ / g \»
Z(0) =~ 1/ 22 T (2n+= (-) . 2.3
) m? ; n!  (4h)n e 2) \m (2:3)

e The expansion for G is of the form

Gam?y e (L)
2

When n is large, the coefficients satisty ¢, 11 " —%ncn (you can see this by looking
at the coefficients in (2.3)) so that |c,| ~ n!. This factorial growth of the number of

diagrams is general in QFT and is another way to see that the series does not converge.

e The fact that the coefficients ¢, grow means that there is a best number of orders to

keep. The errors start getting bigger when ¢, (ﬁ) ~ ¢y, that is, at order n ~ %.
So if you want to evaluate G at this value of the coupling, you should stop at that

order of n.

e A technique called Borel resummation can sometimes produce a well-defined function
of g from an asymptotic series whose coefficients diverge like n!. In fact it works in
this case. I may say more about this.

e The function G(g) can be analytically continued in g away from the real axis, and can
in fact be defined on the whole complex g plane. It has a branch cut on the negative
real axis, across which its discontinuity is related to its imaginary part. The imaginary
part goes like e s near the origin and can be computed by a tunneling calculation.

For a bit more about this, you might look at sections 3 and 4 of this recent paper from which
I got some of the details here.

The idea of Feynman diagrams is the same in the case with more labels. Notice that each
of the ¢s in our integral could come with a label, ¢ — ¢,. Then each line in our diagram
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would be associated with a matrix (m~?2),, which is the inverse of the quadratic term g,m2,q,
in the action. If our diagrams have loops we get free sums over the label. If that label is
conserved by the interactions, the vertices will have some delta functions.

In the case of translation-invariant field theories we can label lines by the conserved mo-

mentum k. Each comes with a factor of the free propagator each vertex conserves

i
k24+m2+ie’
momentum, so comes with igd” (3" k) (27)P, and we must integrate over momenta on inter-

nal lines f dPk.

Now I will explain three general organizing facts about the diagrammatic expansion.

In thinking about the combinatorics below, we will represent collections of Feynman dia-
grams by blobs with legs sticking out, and think about how the blobs combine. Then we
can just renormalize the appropriate blobs and be done.

The following discussion will look like I am talking about a field theory with a single scalar
field. But really each of the ¢s is a collection of fields and all the indices are too small to
see. This is yet another example of coarse-graining.

1. Disconnected diagrams exponentiate.
[Zee, 1.7, Banks, chapter 3|

Recall that the Feynman rules come with a (often annoying, here crucial) statement
about symmetry factors: we must divide the contribution of a given diagram by the
order of the symmetry group of the diagram (preserving various external labels). For
a diagram with k identical disconnected pieces, this symmetry group includes the
permutation group Sy which permutes the identical pieces and has k! elements. (Recall
that the origin of the symmetry factors is that symmetric feynman diagrams fail to
completely cancel the 1/n! in the Dyson formula. For a reminder about this, see e.g.
Peskin p. 93.) Therefore:

7 - Z (au diagrams) _ eZ(connected diagrams) __ €iW.

You can go a long way towards convincing yourself of this by studying the case where
there are only two connected diagrams A+ B (draw whatever two squiggles you want)

and writing out e**# in terms of disconnected diagrams with symmetry factors.

Notice that this relationship is just like that of the partition function to the (Helmholtz)
free energy Z = e #F (modulo the factor of i) in statistical mechanics (and is the same
as that relationship when we study the euclidean path integral with periodic boundary
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conditions in euclidean time). This statement is extremely general. It remains true if
we include external sources:

29) = [ [pajesris e — i

Now the diagrams have sources J at which propagator lines can terminate; (the per-
turbation theory approximation to) W/[.J] is the sum of all connected such diagrams.

You probably knew this already, e.g. from stat mech. For example

1 5 ) 0
D=z " @ T "
B ) ) ) .
T = 55w 000 T )

(Note that here (¢) = (¢); depends on J. You can set it to zero if you want, but the

equation is true for any J.) If you forget to divide by the normalization Z, and instead
: 55
look at JUSt mm

comes from the diagrammatic representation). 'Y The point in life of W is that by

Z, you get disconnected quantities like (¢)(¢) (the terminology

differentiating it with respect to J we can construct all the connected Green’s functions.

2. Propagator corrections form a geometric series. It is useful to define the notion
of a one-particle-irreducible (1PI) diagram. This is a diagram which cannot be cut into
two disconnected pieces by cutting a single propagator line.

Wt AT

Consider the (connected) two-point function of the field Go— the set of all (connected)
diagrams with two external ¢ lines. Denote by a filled blob with little nubbins -O- the
1PI part of such diagrams (note that this omits the propagators for the external lines).
The sum of these 1PI 2-point diagrams is called the self-energy 3. Then the sum of
all the diagrams is'!

O=—+—@—+~®—@— t —O—O(— +..

ONore precisely: 5m im1Z = 3im (G Z) = (6(2)) 5 6@N1Z + (D)3(w) s 7.
Hascii feynman diagrams may be the way of the future, but this looks a little better.
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where — denotes the free-field propagator GY. You recognize this as a geometric series:

In the second line, the parentheses are to guide the eye. So the full propagator, in
perturbation theory, is

o 1
1 -%GY
(2.4)

Gy = GY+ GISGY+ GINGINGEI+ ... = G (1 + G + BGHEGE + ...) =G

Recall that the name propagator is a good one: it propagates the state of the field in
spacetime, and that means that really it is a matrix. The products in the previous
expression, if we are working in position space, are actually convolutions: we have to
sum over intermediate states. For example:

(GSEGY) (z,y) = /dDz/dDng(a:,z)E(z,w)Gg(w,y).

(Aren’t you glad I suppressed all those indices in (2.4)!) Notice that repeated labels
are summed.

The convenience of momentum space (in translation-invariant examples, where it is
available) is that these become simple products, because momentum is conserved, and
so the momentum label is the same wherever we cut the diagram. This is true unless
there is a loop, in which case the lines have to share the momentum. In that case the
convolutions are just multiplication.

In momentum space (for a relativistic scalar field) these objects look like G = m——.
So . .
G i 1 B i

TR —mioiel Y k2 —m? —ie—in(k)

k2—m?2—ie

— the effect of this sum is to shift the denominator of the propagator. (Notation
warning: the thing I've called iX is what’s usually called the self-energy ¥; I would
have had to write lots more is above though.) [End of Lecture 4]
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Consider Taylor expanding in k this quantity: $(k) = X(0) + $4%%”(0) + ... (I assumed
Lorentz invariance). The term ¥(0) shifts the mass term; the term ¥”(0) rescales the
kinetic term.

Notice that this shift in the denominator of the propagator would be effected by adding
a quadratic term

[ drosmot-k) = [ dro@E o)
to the action. Here Y(z) = [dPke*=*" $(k); this will be called I'y below.

. The sum of all connected diagrams is the Legendre transform of the sum
of the 1PI diagrams.

[Banks, 3.8; Zee IV.3; Srednicki §21] A simpler way to say our third fact is
Z (connected diagrams) = Z (connected tree diagrams with 1PT vertices)

where a tree diagram is one with no loops. But the description in terms of Legendre
transform will be extremely useful. Along the way we will show that the perturbation
expansion is a semi-classical expansion. And we will construct a useful object called
the 1PI effective action I'. The basic idea is that we can construct the actual correct
correlation functions by making tree diagrams (= diagrams with no loops) using the
1PT effective action as the action.

Notice that this is a very good reason to care about the notion of 1PI: if we sum all the
tree diagrams using the 1PI blobs, we clearly are including all the diagrams. Now we
just have to see what machinery will pick out the 1PI blobs. The answer is: Legendre
transform. There are many ways to go about showing this, and all involve a bit of
complication. Bear with me for a bit; we will learn a lot along the way.

Def’n of ¢., the ‘classical field’. Consider the functional integral for a scalar field

theory:
Z[J] = W = / [Dg)ei (SIS 79) (2.5)
Define ST .
o) = 55 = 5 [ID8E o) = b0 . 29

This is the vacuum expectation value of the field operator, in the presence of the source
J. Note that ¢.(x) is a functional of J.

Warning: we are going to use the letter ¢ for many conceptually distinct objects here:
the functional integration variable ¢, the quantum field operator ¢, the classical field
¢.. 1 will not always use the hats and subscripts.
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Legendre Transform. Next we recall the notion of Legendre transform and extend
it to the functional case: Given a function L of ¢, we can make a new function H of p
(the Legendre transform of L with respect to ¢) defined by:

On the RHS here, ¢ must be eliminated in favor of p using the relation p = ‘?9—2. You've
also seen this manipulation in thermodynamics using these letters:

F(T,V)=E(S,V)~TS, T= g—?v .

The point of this operation is that it relates the free energies associated with different
ensembles in which different variables are held fixed. More mathematically, it encodes
a function (at least one with nonvanishing second derivative, i.e. one which is convex
or concave) in terms of its envelope of tangents. For further discussion of this point of
view, look here.

Now the functional version: Given a functional W[.J], we can make a new associated
functional I' of the conjugate variable ¢..:

I%szm—/d%

Again, the RHS of this equation defines a functional of ¢. implicitly by the fact that
J can be determined from ¢., using (2.6)".

Interpretation of ¢.. How to interpret ¢.? It’s some function of spacetime, which
depends on the source J. Claim: It solves

—J()

So, in particular, when J = 0, it solves

_ orfed
56:(a)

(2.7)

_ ol¢] |
= 5¢C($) de=(9)

— the extremum of the effective action is (¢). This gives a classical-like equation of

0

(2.8)

motion for the field operator expectation value in QFT.

Proof of (2.7): g;c[?;]) = 5¢f($) <W[J] - /dyJ(y)¢c(y)>

What do we do here? We use the functional product rule — there are three places where

the derivative hits:

isd _ WLy _ [ 4,510

12Come back later and worry about what happens if J is not determined uniquely.
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In the first term we must use the functional chain rule:

oWLJ] _ 0. (y) SWLJ] 5J(y)
o) ~ | Wiy 5y~ | Ve
So we have:
OCe] _ [ 87w o 51w
o= [ o) - @) - [arg Dot =-s. (29)

Now ¢¢|lj—0 = (¢). So if we set J = 0, we get the equation (2.8) above. So (2.8)
replaces the action principle in QFT — to the extent that we can calculate I'[¢.]. (Note
that there can be more than one extremum of I". That requires further examination.)

Next we will build towards a demonstration of the diagrammatic interpretation of the
Legendre transform; along the way we will uncover important features of the structure
of perturbation theory.

Semiclassical expansion of path integral. Recall that the Legendre transform in
thermodynamics is the leading term you get if you compute the partition function by
saddle point — the classical approximation. In thermodynamics, this comes from the
following manipulation: the thermal partition function is:

_ _ 7 saddle _
J=ce BF = tre AH = /dE Q(E) (& BE ~ eS(E*) 'BE*’E* solves O S=8 -

density of states with energy E = e5(&)

The log of this equation then says F' = F — T'S with S eliminated in favor of T
by T = aELSh/ = OsE|y, i.e. the Legendre transform we discussed above. In simple
thermodynamics the saddle point approx is justified by the thermodynamic limit: the
quantity in the exponent is extensive, so the saddle point is well-peaked. This part of
the analogy will not always hold, and we will need to think about fluctuations about
the saddle point.

Let’s go back to (2.5) and think about its semiclassical expansion. If we were going to
do this path integral by stationary phase, we would solve

0= 5¢> ( /qu) 5¢ + @) . (2.10)

This determines some function ¢ which depends on J; let’s denote it here as ¢l/1(x).
In the semiclassical approximation to Z[.J] = ei"VIVl, we would just plug this back into
the exponent of the integrand:

W.[J] = gQLh (S[gbm] + / ng[‘]]) :
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So in this approximation, (2.10) is exactly the equation determining ¢.. This is just
the Legendre transformation of the original bare action S[¢] (I hope this manipulation
is also familiar from stat mech, and I promise we’re not going in circles).

Let’s think about expanding S[¢] about such a saddle point ¢’! (or more correctly, a
point of stationary phase). The stationary phase (or semi-classical) expansion familiar
from QM is an expansion in powers of A (WKB):

Z:eiw/h:/dxe;zs(@ :/dxe

with Wy = S(x¢), and W,, comes from (the exponentiation of) diagrams involving n

% (S(mo)+(a}—xo) S’ (%0) +§(a:—xo)25”(a:0)+...)
=0 — eiWO/ﬁ+iW1+iﬁW2+...

contractions of dx = x — o, each of which comes with a power of h: (dzdx) ~ h.

Expansion in /7 = expansion in coupling. Is this semiclassical expansion the same
as the expansion in powers of the coupling? Yes, if there is indeed a notion of “the
coupling”, i.e. only one for each field. Then by a rescaling of the fields we can put all
the dependence on the coupling in front:

so that the path integral is

/[D¢] gt o

(It may be necessary to rescale our sources J, too.) For example, suppose we are
talking about a QFT of a single field ¢ with action

s = [ ((06)"-2).

Then define ¢ = pA* and choose o = zﬁ to get

‘WFi/WW—w=§wy

p—2

2

with g = )\plﬁ, and s[¢| independent of g. Then the path-integrand is e and so
g and h will appear only in the combination g*h. (If we have more than one coupling
term, this direct connection must break down; instead we can scale out some overall
factor from all the couplings and that appears with £.)

Loop expansion = expansion in coupling. Now I want to convince you that
this is also the same as the loop expansion. The first correction in the semi-classical
expansion comes from

5%s

&mw@zéfmwwmw@@@m@wmw
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For the accounting of powers of g, it’s useful to define A = g=1d¢, so the action is

g7 %s[0] = g s[¢o] + Sa[A +Zgn VoA

With this normalization, the power of the field A appearing in each term of the action
is correlated with the power of ¢ in that term. And the A propagator is independent
of g.

So use the action s[¢], in an expansion about ¢, to construct Feynman rules for cor-
relators of A: the propagator is (TA(x)A(y)) o< ¢°, the 3-point vertex comes from V3
and goes like ¢g3~2=1
function (of A) at order ¢g", for example this contribution to the (E = 4)-point func-

/

, and so on. Consider a diagram that contributes to an E-point

tion at order n =6- (3 —2) = 6: e
powers of g come only from the vertices; a degree k vertex contributes k — 2 powers of

With our normalization of A, the

g; so the number of powers of ¢ is

n= Y (k-2) Zk;—QV (2.11)

vertices, @

where

V' = # of vertices (This does not include external vertices.)
We also define:
n = # of powers of g
L = # of loops = #of independent internal momentum integrals
I = # of internal lines = # of internal propoagators

E = # of external lines

Facts about graphs:

e The total number of lines leaving all the vertices is equal to the total number of
lines:
> ki=E+2I (2.12)

vertices, ¢

So the number of internal lines is

_%< > k—E) (2.13)

vertices, ¢
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e For a connected graph, the number of loops is
L=1-V+1 (2.14)

since each loop is a sequence of internal lines interrupted by vertices. (This fact
is probably best proved inductively. The generalization to graphs with multiple
disconnected components is L=1—-V + C'.)

We conclude that'®

(2.14) 213) 1 n—F einn—FE
L =1-V+4+1="= ki—E|-V+1l=—+4+1 "= 1.
+ : (E ) + o+ S+

This equation says:
L= % +1:  More powers of g means (linearly) more loops.

Diagrams with a fixed number of external lines and more loops are suppressed by more
powers of g. (By rescaling the external field, it is possible to remove the dependence
on E.)

We can summarize what we’ve learned by writing the sum of connected graphs as

W =3 (¢*h) Wy
L=0
where Wy, is the sum of connected graphs with L loops. In particular, the order-h—1
(classical) bit Wy comes from tree graphs, graphs without loops. Solving the classical
equations of motion sums up the tree diagrams.

Diagrammatic interpretation of Legendre transform. [I'[¢] is called the 1PI
effective action'*. And as its name suggests, I' has a diagrammatic interpretation: it
is the sum of just the 1PI connected diagrams. (Recall that W[J] is the sum of all
connected diagrams.) Consider the (functional) Taylor expansion I',, in ¢

o] = Z %/Fn(xl...xn)gb(xl)...gb(xn)del ~-dPx, .

The coefficients T',, are called 1PI Green’s functions (we will justify this name presently).
To get the full connected Green’s functions, we sum all tree diagrams with the 1PI
Green’s functions as vertices, using the full connected two-point function as the prop-
agators.

13You should check that these relations are all true for some random example, like the one above, which
has I =7,L =2,> k; =18,V =6, E = 4. You will notice that Banks has several typos in his discussion of
this in §3.4. His Es should be E/2s in the equations after (3.31).

4The 1PI effective action I' must be distinguished from the S.g that appeared in our second parable
in §1.2 and the Wilsonian effective action which we will encounter later — the difference is that here we
integrated over everybody, whereas the Wilsonian action integrates only high-energy modes. The different

effective actions correspond to different choices about what we care about and what we don’t, and hence
different choices of what modes to integrate out.
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Legendre transform W[J] = T'[¢] + [ ¢/ makes trees,

Figure 6: [From Banks, Modern Quantum Field Theory, slightly improved| W,, denotes the
connected n-point function, (Z)" W[J] = (¢").

oJ

Perhaps the simplest way to arrive at this result is to consider what happens if we try
to use I' as the action in the path integral instead of S.

ZrplJ] = /[Dgz)]e%(F[qSHqus)

By the preceding arguments, the expansion of log Zr[J] in powers of A, in the limit
h — 0 is

. . 2 L—1 T
%m&%—;@@ Wi .
The leading, tree level term in the A expansion, is obtained by solving

ol
so@) ~ 7@

and plugging the solution into I'; the result is

inverse Legendre transf
(F[¢]+/¢J) N E w1[J).

go@ — 7 ()

This expression is the definition of the inverse Legendre transform, and we see that
it gives back W[J]: the generating functional of connected correlators! On the other
hand, the counting of powers above indicates that the only terms that survive the
h — 0 limit are tree diagrams where we use the terms in the Taylor expansion of I'[¢]
as the vertices. This is exactly the statement we were trying to demonstrate: the sum
of all connected diagrams is the sum of tree diagrams made using 1PI vertices and the
exact propagator (by definition of 1PI). Therefore I',, are the 1PI vertices.

[End of Lecture 5]
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For a more arduous but more direct proof of this statement, see the problem set and/or
Banks §3.5. There is an important typo on page 29 of Banks’ book; it should say:

PWdb(y)  (8T(@)\ s (T N7
6J<x>w<y>‘w<x>‘(a¢<y>> - <5¢<x>5¢<y>) - @)

(where ¢ = ¢, here). You can prove this from the definitions above. Inverse here

means in the sense of integral operators: [d”zK(z,2)K'(z,y) = 6°(x — y). So we
can write the preceding result more compactly as:

W2 — —F;l

Here’s a way to think about why we get an inverse here: the 1PI blob is defined
by removing the external propagators; but these external propagators are each Ws;
removing two of them from one of them leaves —1 of them. You're on your own for
the sign.

The idea to show the general case in Fig. 6 is to just compute W,, by taking the deriva-
tives starting from (2.15): Differentiate again wrt J and use the matrix differentiation
formula dK ! = —K"'dKK~! and the chain rule to get

Wg(:t,y,z) :/dw1/dw2/dngQ(x,wl)Wg(y,wg)Wg(z,wy,)Fg(wl,w2,w3) .

To get the rest of the W,, requires an induction step.

This business is useful in at least two ways. First it lets us focus our attention on a much
smaller collection of diagrams when we are doing our perturbative renormalization.

Secondly, this notion of effective action is extremely useful in thinking about the vac-
uum structure of field theories, and about spontaneous symmetry breaking. In partic-
ular, we can expand the functional in the form

Ulg.] = /de (_V:sff(ﬁbc) + Z(¢c) (8¢0)2 + )

(where the ... indicate terms with more derivatives of ¢). In particular, in the case
where ¢, is constant in spacetime we can minimize the function Vg(¢.) to find the
vacuum. We will revisit this below (in §2.3).

(Finally this is the end of our discussion of the third organizing fact about diagrammatic
expansions. )
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LSZ

Here is a third useful formal conclusion we can draw from the above discussion. Suppose
that we know that our quantum field ¢ can create a (stable) single-particle state from the
vacuum with finite probability (this will not always be true). In equations, this says:

0 # (p1¢(0)|ground state), |p) is a l-particle state with momentum 7 and energy ws.

We will show below (in §2.4) that under this assumption, the exact propagator Ws(p) has a
pole at p? = m?2, where m is the mass of the particle (here I'm assuming Lorentz invariance).
But then the expansion above shows that every W, has such a pole on each external leg (as
a function of the associated momentum through that leg)! The residue of this pole is (with
some normalization) the S-matrix element for scattering those n particles. This statement is
the LSZ formula. If provoked I will say more about it, but I would like to focus on observables
other than the scattering matrix. The demonstration involves only bookkeeping (we would
need to define the S-matrix).
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2.3 Coleman-Weinberg(-Stone-Dasgupta-Ma-Halperin) potential

[Zee §IV.3, Xi Yin’s notes §4.2]

Let us now take seriously the lack of indices on our field ¢, and see about actually evaluating
more of the semiclassical expansion of the path integral of a scalar field (eventually we will
specify D =3 + 1):

2[J) = ehWl — / (Do]eh (5114 99) (2.16)

To add some drama to this discussion consider the following: if the potential V' in S =
G (0¢)* — V(¢)) has a minimum at the origin, then we expect that the vacuum has (¢) =
0. If on the other hand, the potential has a maximum at the origin, then the field will find a
minimum somewhere else, (¢) # 0. If the potential has a discrete symmetry under ¢ — —¢
(no odd powers of ¢ in V'), then in the latter case (V”(0) < 0) this symmetry will be broken.
If the potential is flat (V”(0) = O)near the origin, what happens? Quantum effects matter.

The configuration of stationary phase is ¢ = ¢,, which satisfies

NIRICESRL)
¢ ()

Change the integration variable in (2.16) to ¢ = ¢, + ¢, and expand in powers of the

o=, = =0 () = V'(6u(2)) + J(2) - (2.17)

fluctuation :
Z[J] = en(Sodt]Ie:) / [Dlet /473 ((09)? V" (@:)0%+0(e?)
IBP _L(s[g.)+[ Jo.) / [Dgle i S 20m3((0%4V(01))e+0(2%)
~ or(S10d+] Ts.) 1

Vdet (82 + V"(¢y))

— e% (S[ﬁf’*Hf J¢*) 67%“ lOg(82+Vﬂ(¢*)) )

In the second line, we integrated by parts to get the ¢ integral to look like a souped-up
version of the gaussian integral from Problem Set 01 — just think of 9? + V" as a big matrix
— and in the third line, we did that integral. In the last line we used the matrix identity
trlog = logdet. Note that all the ¢,s appearing in this expression are functionals of J,
determined by (2.17).

So taking logs of the BHS of the previous equation we have the generating functional:
ih
WIJ] = S|o.] + / Jo,. + lEtrlog (02 + V"(6,)) + O(R?) .
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To find the effective potential, we need to Legendre transform to get a functional of ¢..:

(SW chai;rule /dDZ(S (S[(b*] + f J¢*) 5¢*(Z)

- @ C1D 4 (2 .
() 56.(2) 5() T @)+ OM) T="0.(z) + O)

()

The 1PI effective action is then:
ih
Plod =W - / Jbe = Slod + 1Etr log (0% + V" (¢c)) + O().

To leading order in A, we just plug in the solution; to next order we need to compute the sum
of the logs of the eigenvalues of a differential operator. This is challenging in general. In the
special case that we are interested in ¢. which is constant in spacetime, it is doable. This case
is also often physically relevant if our goal is to solve (2.8) to find the groundstate, which
often preserves translation invariance (gradients cost energy). If ¢.(x) = ¢ is spacetime-
independent then we can write

Fl6e(z) = ¢] = / 0P Vis(6).

The computation of the trace-log is doable in this case because it is translation invariant,
and hence we can use fourier space. We do this next.

2.3.1 The one-loop effective potential

The tr in the one-loop contribution is a trace over the space on which the differential operator
(=big matrix) acts; it acts on the space of scalar fields ¢:

(0 +V"(0) 9), = D (0 +V"(9)),, %0 = (2 +V"(6)) 0(2)

with matrix element (0% + V"), = 6”(z —y) (97 +V"). (Note that in these expressions,
we've assumed ¢ is a background field, not the same as the fluctuation ¢ — this operator
is linear. Further we've assumed that that background field ¢ is a constant, which greatly
simplifies the problem.) The trace can be represented as a position integral:

tre = /de<x| o |z)
S0

trlog (0> + V" (¢)) = [ d°z(z|log (0° + V") |z)

/
/de/cTDk;/cTDk’(x|k’>(k’|1og (0% + V") |k)(k|x) (11:/de|1<;><1<:1)
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- / dPz / aPk / dK (z|K') (K| log (—=k* + V") |k)(k|z)

((K'|log (=k* + V") |k) = 67 (k — k') log (—k* + V"))
= /d% /delog (k> + V"),

(I (&) I* = 1)
The [ dPx goes along for the ride and we conclude that

ih

V@) = V() ~ 5 [aklog (K = V"(9)) + O(H),

What does it mean to take the log of a dimensionful thing? It means we haven’t been careful

%ww=W@—%/ﬁm%(W_W@>

T) + O(h?).

about the additive constant (constant means independent of ¢). And we don’t need to be
(unless we're worried about dynamical gravity); so let’s choose the constant so that

(2.18)
1
Vi loop — Z 5%;
k

. Here’s the interpretation of the 1-loop potential: V”(¢) is the mass?

of the field when it has the constant value ¢; the one-loop term V; j,0p, is the vacuum energy
[ dPkihwy from the gaussian fluctuations of a field with that mass?; it depends on the
field because the mass depends on the field.

[Zee 11.5.3] Why is V] 100p the vacuum energy? Recall that k? = w? — k2 andd”k =dwd® k.
Consider the integrand of the spatial momentum integrals: Vi i50p = —ig f ar _lk;I, with
_ k2 —V"(9) + ie w? — wl +1ie
I:/dwlog( 7 ic :/dwlog
with W =
goes like

w? —wi + ie)

k2 4+ V"($), and wy = |k|. The ic prescription is as usual inherited from the
euclidean path integral. Notice that the integral is convergent — at large w, the integrand

lo w' =~ A =lo 1-
g (A)Q—B - g

w?

A—-B 1 A-B
) w52 o (4)) 45
Integrate by parts:
2 _ :
Iz/dwlog(k V" (@) + i€

wz—uﬂ
= — ] k
k2 + ie ) /dwwaw 08 <w —wk1>
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w
= -2 /dww (m — (wk — wk/))

. 1 .
= —12(,0]% (2—) — (Wk — wk/) =1 ((A)k — wk/) .
k

This is what we are summing (times —i1%) over all the modes [d” k.

2.3.2 Renormalization of the effective action

So we have a cute expression for the effective potential (2.18). Unfortunately it seems to be
equal to infinity. The problem, as usual, is that we assumed that the parameters in the bare
action S[¢] could be finite without introducing any cutoff. Let us parametrize (following Zee
§IV.3) the action as S = [ dPzL with

1 1 1
L= (00) = 5p*¢" — A6" — A(09)" — B¢? — Co!
and we will think of A, B, C as counterterms, in which to absorb the cutoff dependence.

So our effective potential is actually:

A "
Verr(¢) = %M2¢2 + %Ang* + B(AN)¢* + C(A)g* + g/ Pl log (k% +V (cb)) |

ki

(notice that A drops out in this special case with constant ¢). We rotated the integra-
tion contour to euclidean space. This permits a nice regulator, which is just to limit the
integration region to {kg|k% < A%} for some big (Euclidean) wavenumber A.

Now let us specify to the case of D = 4, where the model with p = 0 is classically scale
invariant. The integrals are elementary'®
A2 (V'(0)* | VeA?

1 1
Vet (0) = §M2¢2 + Z)\& + B(A)¢* + C(A)g* + Wvﬂ(@ o2 o8 Vo)

Notice that the leading cutoff dependence of the integral is A2, and there is also a subleading
logarithmically-cutoff-dependent term. (“log divergence” is certainly easier to say.)

Luckily we have two counterterms. Consider the case where V is a quartic polynomial;
then V" is quadratic, and (V”)? is quartic. In that case the two counterterms are in just
the right form to absorb the A dependence. On the other hand, if V' were sextic (recall that
this is in the non-renormalizable category according to our dimensional analysis), we would

15This is not the same as ‘easy’. The expressions here assume that A > V.

46



have a fourth counterterm D@%, but in this case (V”)? ~ ¢® and we’re in trouble (adding
a bare ¢® term would produce (V")? ~ ¢'2... and so on). We'll need a better way to think
about such non-renormalizable theories. The better way (which we will return to in the next
section) is simply to recognize that in non-renormalizable theories, the cutoff is real — it is
part of the definition of the field theory. In renormalizable theories, we may pretend that it
is not (though it usually is real there, too).

Renormalization conditions. Return to the renormalizable case, V = \¢* where we've
found
2 2

— log F) + OO .

1
Veff=¢2(— 2

: >+¢ ( A+ C o

6472
(I've absorbed an additive log /e in C.)The counting of counterterms works out, but how
do we determine them? We need to impose renormalization conditions; this is a fancy name
for the should-be-obvious step of specifying some observable quantities to parametrize our
model, in terms of which we can eliminate the silly letters in the lagrangian. We need two of
these. Of course, what is observable depends on the physical system at hand. Let’s suppose
that we can measure some properties of the effective potential. For example, suppose we can
measure the mass? when ¢ = 0:

0%V, A?
p? = wazo = we should set B = _>\647T2'

For example, we could consider the case u = 0, when the potential is flat at the origin. With
@ =0, have
V() = ( A 10g P (A)) o'+ O
eff (16 ) g5 A2 .

And for the second renormalization condition, suppose we can measure the quartic term

Vet

Here M is some arbitrarily chosen quantity with dimensions of mass. We run into trouble
if we try to set it to zero because of (9(‘; (¢*log ¢) ~ log@. So the coupling depends very
explicitly on the value of M at which we set the renormalization condition. Let’s use (2.19)

A(M) = 41 (i, +C+ (12 )2 (log% +c1)> =y (2.20)

(where ¢; is a numerical constant that you should determine) to get

to eliminate C':

Va0) = 13006+ (200) (g 22— ) ot + 0007,
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Here T used the fact that we are only accurate to O(A\?) to replace A = A(M) + O(A\(M)?)
in various places. We can feel a sense of victory here: the dependence on the cutoff has
disappeared. Further, the answer for Vg does not depend on our renormalization point M:

d 1 2\
M——Veg = —¢* | MOYA — ——— + O(N*) ) = O(N® 2.21
dnv et 4!¢( MAT M (T6m) ( )) (%) (221)
which vanishes to this order from the definition of \(M) (2.20), which implies
_ 3 2 3
MOuAM) = =5 MM + O(N).

The fact (2.21) is sometimes called the Callan-Symanzik equation, the condition that (M)
must satisfy in order that physics be independent of our choice of renormalization point M.

So: when p = 0 is the ¢ — —¢ symmetry broken by the groundstate?

o L;::g.'dz ]

=05

ety

015

The effective potential looks like this for ¢ < M:
Certainly it looks like this will push the field away from the origin. However, the minima
lie in a region where our approximations aren’t so great. In particular, the next correction
looks like:

Ao (1 +Aog ¢ + (Alog ¢?)° + )
— the expansion parameter is really Alog¢. (I haven’t shown this yet, it is an application of

the RG, below.) The apparent minimum lies in a regime where the higher powers of Alog ¢
are just as important as the one we’ve kept.

Later I will comment on some physical realizations of this business.

We can get around this issue by studying a system where the fluctuations producing the
extra terms in the potential for ¢ come from some other field whose mass depends on ¢.

For example, consider a fermion field whose mass depends on ¢:
Stb.0] = [ 70069 —m — g0)
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— then my = m + g¢. The ) %hws from the fermion will now depend on ¢, and we get a
reliable answer for (¢) # 0 from this phenomenon of radiative symmetry breaking.

[End of Lecture 6]

2.3.3 Useful properties of the effective action

[For a version of this discussion which is better in just about every way, see Coleman, Aspects
of Symmetry §5.3.7. T also highly recommend all the preceding sections! And the ones that
come after. This book is available electronically from the UCSD library.]

Vet @as minimum energy with fixed ¢. Recall that (¢) is the configuration of ¢, which
extremizes the effective action I'[¢.]. Even away from its minimum, the effective potential
has a useful physical interpretation. It is the natural extension of the interpretation of the
potential in classical field theory, which is: V(¢) = the value of the energy density if you fix
the field equal to ¢ everywhere. Consider the space of states of the QFT where the field has
a given expectation value:

1©2) such that  (Q]o(2)|Q) = ¢o(x) ; (2.22)

one of them has the smallest energy. I claim that its energy is Vig(¢o). This fact, which we’ll
show next, has some useful consequences.

Let |Q4,) be the (normalized) state of the QFT which minimizes the energy subject to the
constraint (2.22). The familiar way to do this (familiar from QM, associated with Rayleigh
and Ritz)!'® is to introduce Lagrange multipliers to impose (2.22) and the normalization
condition and extremize without constraints the functional

(QH[Q) —a ((2Q2) = 1) - /lefﬂ(f) (2o (7, 1)[82) = ¢o(7))

with respect to |2) and the functions on space a, 8. 7

16 The more familiar thing is to find the state which extremizes (a|H|a) subject to the normalization
condition (ala) = 1. To do this, we vary (a|H|a) — E ({a|a) — 1) with respect to both |a) and the Lagrange
multiplier E. The equation from varying |a) says that the extremum occurs when (H — E) |a) = 0, i.e. |a)
is an energy eigenstate with energy E. Notice that we could just as well have varied the simpler thing

(o (H = E)|a)

and found the same answer.
17 Here is the QM version (i.e. the same thing without all the labels): we want to find the extremum
of (a|H|a) with |a) normalized and {(a|A|a) = A. some fixed number. Then we introduce two Lagrange
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Clearly the extremum with respect to «a, 8 imposes the desired constraints. Extremizing
with respect to |§2) gives:

H|Q) = a]Q) + / AP LFB(F)6(F, 1)) (2.23)
(H - /dD_lfﬁ(f)gb(:E, t)) Q) = a|Q) (2.24)

Note that a, 3 are functionals of ¢y. We can interpret the operator Hg = H— [ d°~'Z3(Z)¢(7, t)
on the LHS of (2.24) as the hamiltonian with a source (3; and « is the groundstate energy
in the presence of that source. (Note that that source is chosen so that (¢) = ¢y — it is a
functional of ¢y.)

This groundstate energy is related to the generating functional W[J = (] as we’ve seen
several times — e"1? is the vacuum persistence amplitude in the presence of the source

MBI = (O[T el 99]0) = (gl 1T |05) = e (2:25)

where T is the time duration. (If you want, you could imagine that we are adiabatically
turning on the interactions for a time duration 7'.)

The actual extremal energy (of the unperturbed hamiltonian, with constrained expectation
value of ¢) is obtained by taking the overlap of (2.23) with (2| (really all the Qs below are
Q¢OS>:

QEIQ) = @)+ [ 5@ )

— ot [P @)

multipliers F, J and vary without constraint the quantity
(o H—E - JA)a)
(plus irrelevant constants). The solution satisfies
H-FE—-JA)|la)=0

so |a) is an eigenstate of the perturbed hamiltonian H — JA, with energy E. J is an auxiliary thing, which
really depends on our choice A, via

dE
A, = (a|Ala) = ——.
(ol Ala) = -5
If you like, we used the Feynman-Hellmann theorem, ¢& = (4H) ) The quantity we extremized is

dJ dJ

dE

Hlag)=F+JA.=F—-J— .
(afHilo) = 2+ o

This Legendre transform is exactly (the QM analog of) the effective potential.
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(2.25)

2 (Wi [ asoa)

Legendre 1 = ¢g, cons 1 -
= _fr[%] P t/GZD ZVerr(0)-

Cluster decomposition. The relationship (2.25) between the generating functional W[J]
(for time-independent .J) and the energy in the presence of the source is very useful. (You've
already used it on problem set 2 to compute the potential between static sources.) Notice that
it gives an independent proof that W only gets contributions from connected amplitudes.
Amplitudes with n connected components, (....){(...)(...), go like 7™ (where T is the time

—_———

n of these
duration) at large T'. Since W = —E;T goes like T, we conclude that it has one connected

component (terms that went like 7! would dominate at large T' and therefore must be
absent). This extensivity of W in T' is of the same nature as the extensivity in volume of the
free energy in thermodynamics.

[Brown, 6.4.2] Another important reason why W must be connected is called the cluster
decomposition property. Consider a source which has the form J(z) = Ji(z) + Ja(x) where
the two parts have support in widely-separated (spacelike separated) spacetime regions. If
all the fields are massive, ‘widely-separated’ means precisely that the distance between the
regions is R > 1/m, much larger than the range of the interactions mediated by ¢. In this
case, measurements made in region 1 cannot have any effect on those in region 2, and they
should be uncorrelated. If so, the probability amplitude factorizes

which by the magic of logs is the same as

If W were not connected, it would not have this additive property.

There are actually some exceptions to cluster decomposition arising from situations where
we prepare an initial state (it could be the groundstate for some hamiltonian) in which
there are correlations between the excitations in the widely separated regions. Such a thing
happens in situations with spontaneous symmetry breaking, where the value of the field is
the same everywhere in space, and therefore correlates distant regions.

Convexity of the effective potential. Another important property of the effective
potential is V/;(¢) > 0 — the effective potential is conver (sometimes called ‘concave up’).
We can see this directly from our previous work. Most simply, recall that the functional
Taylor coefficients of T'[¢] are the 1PI Green’s functions; Vg is just I' evaluated for constant

¢, i.e. zero momentum; therefore the Taylor coefficients of Vg are the 1PI Green’s functions
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at zero momentum. In particular, V;(¢) = (¢r—o0¢r—0): the ground state expectation value

of the square of a hermitian operator, which is positive.'® ¥

On the other hand, it seems that if V' (¢) has a maximum, or even any region of field space
where V" (¢) < 0, we get a complex one-loop effective potential (from the log of a negative
V”). What gives? One resolution is that in this case the minimum energy state with fixed
(¢) is not a ¢ eigenstate.

For example, consider a quartic potential im?¢? + £¢* with m? < 0, with minima at

o =+ &’ﬁ. Then for (¢) € (¢—, ¢), rather we can lower the energy below V(¢) by
considering a state

Q) = e4|Q) + e |Q0), (QU]Q) = lesPos + |- o

The one-loop effective potential at ¢ only knows about some infinitesimal neighborhood of
the field space near ¢, and fails to see this non-perturbative stuff. In fact, the correct effective
potential is exactly flat in between the two minima. More generally, if the two minima have
unequal energies, we have

Ver = (QHIQ) = |c4 [V (¢4) + |e—[*V(¢-)
— the potential interpolates linearly between the energies of the two surrounding minima.

The imaginary part of Vi o0p is a decay rate. If we find that the (perturbative
approximation to) effective potential £ = V] 1o0p is complex, it means that the amplitude for
our state to persist is not just a phase:

./4 = <0|6_iTH|0> — e—iEVT

"8More explicitly: Begin from Veg = — 3.
0 dPz & T[¢) en 1 [dPzx
L V(po) = — [ 20 2O D S [T @) oy
o w(¢o) V 0] V lg(2)=0 v | v CI@D) ls@=g

In the first expression here, we are averaging over space the functional derivative of I'. The second derivative

(85;(3)2‘/93(%) = ]1}/d§y(5¢5(y)/dix (J(@)) lp(@)=¢o = +Vl?,/y/z ((?;E;))W”J)_%

Using (2.15), this is
1 —1

— the inverse is in a matrix sense, with z,y as matrix indices. But W5 is a positive operator — it is the
groundstate expectation value of the square of a hermitian operator.

is then

9Tn fact, the whole effective action I'[¢] is a convex functional: m is a positive integral operator.
For more on this, I recommend Brown, Quantum Field Theory, Chapter 6.
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has a modulus different from one (V is the volume of space). Notice that the |0) here is our
perturbative approximation to the groundstate of the system, which is wrong in the region
of field space where V" < 0. The modulus of this object is

Pno decay — H A H2 — e*VTZImE

— we can interpret 2Im E as the (connected!) decay probability of the state in question per
unit time per unit volume. (Notice that this relation means that the imaginary part of
Vi-oop had better be positive, so that the probability stays less than one! In the one-loop
approximation, this is guaranteed by the correct ie prescription.)

For more on what happens when the perturbative answer becomes complex and non-convex,
and how to interpret the imaginary part, see: this paper by E. Weinberg and Wu.
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2.4 The spectral density and consequences of unitarity

Next I would like to talk about the notion of density of states in QFT, and in particular the
notion of the density of states contributing to a correlation function G, also known as the
spectral density of G. In high-energy physics this idea is associated with the names Kéllen-
Lehmann and is part of a program of trying to use complex analysis to make progress in
QFT. In cond-mat there are no names because it is everywhere.

[Zee I11.8, Appendix 2] In the following we will consider a (time-ordered) two-point function
of an operator @. We will make hardly any assumptions about this operator. We will assume
it is a scalar under rotations, and will assume translation invariance in time and space. But
we need not assume that O is ‘elementary’. This is an extremely loaded term, a useful
definition for which is: a field governed by a nearly-quadratic action. Also: try to keep an
eye out for where (if anywhere) we assume Lorentz invariance.

So, let
iD(x) = (0|TO(z)0(0)"0).

Notice that we do not assume that O is hermitian. Use translation invariance to move the

left operator to the origin:  O(x) = F*O(0)e~F*. This follows from the statement that P

generates translations 2

0,0(z) =i[P,, O(z)] .

And let’s unpack the time-ordering symbol:
iD(z) = 0(t)(0]eF*0(0)e F*O(0)[0) + 6(—1)(0]0(0)eF*O(0)eF*|0). (2.26)

Now we need a resolution of the identity operator on the entire QFT H:
L= In){nl.

This innocent-looking n summation variable is hiding an enormous sum! Let’s also assume
that the groundstate |0) is translation invariant:

P|0) = 0.
We can label each state |n) by its total momentum:

P[n) = pn|n).

2ONote that P here is a D-component vector of operators
P,u = (H» P)u

which includes the Hamiltonian — we are using relativistic notation — but we haven’t actually required any
assumption about the action of boosts.
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Let’s examine the first term in (2.26); sticking the 1 in a suitable place:

(0[P O(0)1e"F*0(0)]0) =Y _ (0]0O(0)|n) (n]e P O(0)[0) = > e[ Op, ||* .

n n

with Op, = (0/O(0)|n) the matrix element of our operator between the vacuum and the
state |n). Notice the absolute value: unitarity of our QFT requires this to be positive and
this will have valuable consequences.

Next we work on the time-ordering symbol. I claim that :

6+lo.)t 6+lo.)t

0(2%) = 0(t) = i / dw () = +i / dw

w — ie w+ie

Just like in our discussion of the Feynman contour, the point of the ie is to push the pole
inside or outside the integration contour. The half-plane in which we must close the contour
depends on the sign of . There is an important sign related to the orientation with which

we circumnavigate the pole. Here is a check that we got the signs and factors right:

iwt
A0} = —i0, /dw ¢ — = /dwei“’t = 4(t).

dt w — 1€

Consider now the fourier transform of D(x):

. iqs . _ s (g—p, 5PV (7 + 7,
iD() = [ a0 iD(o) =207 3 |0 P (g ) - SR

— PO + ie q° —pd +ie

With this expression in hand, you could imagine measuring the Ogy,s and using that to
determine D.

Suppose that our operator O is capable of creating a single particle (for example, suppose,
if you must, that O = ¢, a perturbative quantum field). Such a state is labelled only by its
spatial momentum: |k). The statement that O can create this state from the vacuum means

=

ol — (2.27)

D-1
(2m)" 7 2wy

where w;: is the energy of the particle as a function of k. For a Lorentz invariant theory, we

Lorentz! -,
wp =\ k2+m?

can parametrize this as
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in terms of m, the mass of the particle. ' What is Z? It’s the probability that O creates
this 1-particle state. In the free field theory it’s 1. 1 — Z measures the extent to which O
does anything besides create this 1-particle state.

[End of Lecture 7]

The identity of the one-particle Hilbert space (relatively tiny!) H; is
1, = /JDIE\E><E|, (k|K'y = 6PV (k — K.
This is a summand in the whole horrible resolution:
T=1y+---.

I mention this because it lets us define the part of the horrible )~ which comes from 1-
particle states:

D-1/> 1.
— iD(q)z...+i(27r)D_1/c’fD_1k:Z Ul

— (wk — —wk)>

2w, \ ¢° — wi +ie

B . Z 1 1

B "'+12wq <q0—wq+ie a qo—l—wq—ie)
— 3 Z
= ..+ lm
(Here again ... is contributions from states involving something else, e.g. more than one
particle.) The big conclusion here is that even in the interacting theory, even if O is composite
and complicated, if O can create a 1-particle state with mass m with probability Z, then its
2-point function has a pole at the right mass, and the residue of that pole is Z. (This result

was promised earlier when we mentioned LSZ.)*

21To get comfortable with the appearance of w™? in (2.27), recall the expansion of a free scalar field in
creation an annihilation operators:
dD_l - . .
p (aﬁe—lpm +a;f3€1pm)
2

Neze

For a free field |k) = a]2|0>, and (k|$(0)]0) = —————_ The factor of w™2 is required by the ETCRs:

D-1
(2m) 2w

¢(r) =

[6(&), (@) = i6P (@ - &), [ag.al] =P (E-F),

where m = 0;¢ is the canonical field momentum. It is just like in the simple harmonic oscillator, where

h . [hw
q:\/m(a—&—zﬂ), p:11/7(a—af).

22Tf we hadn’t assumed Lorentz invariance, this would be replaced by the statement: if the operator O
can create a state with energy w from the vacuum with probability Z, then its Green’s function has a pole
at that frequency, with residue Z.
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The imaginary part of D is called the spectral density p (beware that different physicists
have different conventions for the factor of i in front of the Green’s function; the spectral
density is not always the imaginary part, but it’s always positive (in unitary theories)!

Using
1
Q) — ie

Im

=7(Q), (for @ real). (2.28)

we have

ImD(q) =« (2m)7 " Z 1O0nlI” (67 (g — pr) + 6" (g + pn)) -

More explicitly:

tmi [ & 7O TO@OO)0) = 7 (20 3|00 | 62— pa) = Pla+ )

=0 for ¢° > 0 since p9 >0

The second term on the RHS vanishes when ¢° > 0, since states in H have energy bigger
than the energy of the groundstate.

Using (2.28), the contribution of a 1-particle state to the spectral density is:

ImD(q) = ... + Z5(¢°> — m?).

This quantity ImD(q) is called the spectral density of O, and is positive because it is the
number of states (with D-momentum in an infinitesimal neighborhood of ¢), weighted by
the modulus of their overlap with the state engendered by the operator on the groundstate.

Now what about multiparticle states? The associated sum over such states involves mut-
liple (spatial) momentum integrals, not fixed by the total momentum e.g. in ¢* theory:

N

% o
L

case the sum over all 3-particle states is

The three particles must share the momentum ¢q. In this

Z X /dgldggd536D<k1 + k’Q + ]fg — q)

n, 3-particle states with momentum ¢
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Now instead of an isolated pole, we have a whole collection of poles right next to each
other. This is a branch cut. In this example, the branch cut begins at ¢*> = (3m)%. 3m is
the lowest energy ¢ at which we can produce three particles of mass m (they have to be at
rest).

Note that in ¢* theory, we would instead find that the particle can decay into two particles,
and the sum over two particle states would look like

Z X /dl;ldlggéD(kl + kz — Q)

n, 2-particle states with momentum ¢

Recall some complex analysis, in the form of the Kramers-Kronig (or dispersion) relations:

ReG(z) = %P /OO d(,uM

o w—2z

(valid if Im G (w) is analytic in the UHP of w and falls off faster than 1/w). These equations,
which you are supposed to learn in E&M but no one seems to, and which relate the real and
imaginary parts of an analytic function by an integral equation, can be interpreted as the
statement that the imaginary part of a complex integral comes from the singularities of the
integrand, and conversely that those singularities completely determine the function.

An even more dramatic version of these relations (whose imaginary part is the previous

eqn) is

f(z) = l/dw plw) , p(w) =Im f(w + ie).

™ w—z

The imaginary part determines the whole function.

Comments:

e The spectral density ImD(q) determines D(q). When people get excited about this it
is called the “S-matrix program”.

e The result we've shown protects physics from our caprices in choosing field variables.
If someone else uses a different field variable n = Z %qﬁ + a¢?, the result above with
O = n shows that

/ 4P 2 (T ()n(0))

still has a pole at ¢*> = m? and a cut starting at the three-particle threshold, ¢* = (3m)?.
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e A sometimes useful fact which we’ve basically already shown:

~1nD(q) = (2m)° 3 [ Oon [ (6°(a ~ pa) + 8%l + ) = 5 [ 2™ 0][0(), 00)0)

We can summarize what we’ve learned in the Lorentz-invariant case as follows:

In a Lorentz invariant theory, the spectral density for a scalar operator is a scalar function

of p* with

> 6P =)l (016(0)]s)|* = #ﬁ{lp@z) |

The function p(s) is called the spectral density for this Green’s function. Claims:

p(s) = NImD for some number N, when s > 0.

p(s) =0 for s < 0. There are no states for spacelike momenta.

e p(s) >0 for s > 0. The density of states for timelike momenta is positive or zero.

With our assumption about one-particle states, p(s) has a delta-function singularity
at s = m?, with weight Z. More generally we have shown that

2 _s5+ie

D(k?) = /ds Wp(s)k !

This is called the Kallen-Lehmann spectral representation of the propagator; it repre-
sents it as a sum of free propagators with different masses, determined by the spectral
density.

IM(D(LLU
2
e Of

Figure 7: The spectral density of ¢ in massive ¢* theory.
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Taking into account our assumption about single-particle states, this is

D) = — 2+ /( " ds pels) g

k? —m? + ie 3m)?2 k? — s+ ie

2 survives interac-

where p, is just the continuum part. The pole at the particle-mass
tions, with our assumption. (The value of the mass need not be the same as the bare

mass!)

The idea of spectral representation and spectral density is more general than the Lorentz-
invariant case. In particular, the spectral density of a Green’s function is an important
concept in cond-mat. For example, the spectral density for the electron 2-point function is
the thing that actually gets measured in angle-resolved photoemission experiments (ARPES).

2.4.1 Cutting rules

[Zee §II1.8 | Consider the two point function of a relativistic scalar field ¢ which has a
perturbative cubic interaction:

S = /de (% ((89)* +m?¢?) + %qb?)) :

Sum the geometric series of 1PI insertions to get
D —+ 0=+ + —@D-O(— +. ..

i

D () —
iDs(4) q* —m? + X(q) + ie

where 3(q) is the 1PI two point vertex.

The leading contribution to ¥ comes from the one loop dia- l(
gram at right and is

i i
—m?2+ie(q— k)2 —m?+ie T

i%1 100p(¢%) = (ig)’ /dekZ
Consider this function for real ¢, for which there are actual 1-
states of the scalar field — timelike ¢#, with ¢° > m. The real

part of X shifts the mass. What does it mean if this function has an imaginary part?

Claim: ImY is a decay rate.
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It moves the energy of the particle off of the real axis from m to

small Im¥ ~ g2
~

2
Vm? — ilm ¥ (m2) ~ m—iM.

2m

The fourier transform to real time is an amplitude for a state with complex energy &: its
wavefunction evolves like 1(¢) ~ e7! and has norm

Jb() [? ~ e (02 = T,

In our case, we have I' = ImX(m?) /m, and we interpret that as the rate of decay of the norm
of the single-particle state. There is a nonzero probability that the state turns into something
else as a result of time evolution in the QFT: the single particle must decay into some other
state — multiple particles. (We will see next how to figure out into what it decays.)

The absolute value of the Fourier transform of this quantity () is the kind of thing you
would measure in a scattering experiment. This is

. 0 s 1 1
F — dt —iwt t) = dt —iwt 1(Mf§11‘)t _
@) = [ e = [ e TR
1
Fw)|? =
1P =
is a Lorentzian in w with width I'. so I' is sometimes called a width.
So: what is Im 3} 150 in this example?
We will use 1 ]
_ . 2 2\ _ .
m—?m—lﬂ'd(k’ —m):P—lA

where P denotes ‘principal part’. Then
ImEl loop(Q) = —92/dq) (7)17)2 - A1A2>

with d® =dkdks (27)P60 (ky + ks — q).

This next trick, to get rid of the principal part bit, is from Zee’s book (the second edition
on p.214; he also does the calculation by brute force in the appendix to that section). We
can find a representation for the 1-loop self-energy in terms of real-space propagators: it’s
the fourier transform of the amplitude to create two ¢ excitations at the origin at time zero
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with a single ¢ field (this is ig), to propagate them both from 0 to z (this is iD(z)?) and
then destroy them both with a single ¢ field (this is ig again). Altogether:

i¥(q) = / dz 9 (ig)* iD(z)iD(x)
/d@k L 12 . (2.29)

—m? —ick3 —m3 — ie

In the bottom expression, the ies are designed to produce the time-ordered D(z)s. Consider
instead the strange combination

0= /ddLC eiqm (lg)2 iDadv(x)iDret(x)

1 1
=92/d<1>k%_ — — (2.30)

2
m{ — o1ie k3 +oams — ie

where 0,5 = sign(k{,). This expression vanishes because the integrand is identically zero:
there is no value of t for which both the advanced and retarded propagators are nonzero.
Therefore, we can add the imaginary part of zero

—Im (O) — —92/d(1) (7)1732 aF 0'10'2A1A2)

to our expression for Im>; .., to cancel the annoying principal part bits:

Ile_loop = gQ/dq) ((1 aF 0'10'2) AlAg) 0

The quantity (14 o109) is only nonzero when k¢ and k9 have the same sign; but in d® is a
delta function which sets ¢° = k? + k3. WLOG we can take ¢° > 0 since we only care about
the propagation of positive-energy states. Therefore both kY and &9 must be positive.

The result is that the only values of & on the RHS that contribute are ones with positive
energy, which satisfy all the momentum conservation constraints:

ImY = ¢° / dPO(k))O(K)) AL A,

dD lk CTD lk,
:_/ 2( 2m)P6P (ky + ks — q) -

ka

In summary:
Imy = > | Agsn || (2.31)

actual states n of 2 particles
into which ¢ can decay
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In this example the decay amplitude A is just ig.

This result is generalized by the Cutkosky cutting rules for I< /
finding the imaginary part of a feynman diagram describing a {
physical process. The rough rules are the following. Assume .
the diagram is amputated — leave out the external propagators. 5
Then any line drawn through the diagram which separates ini- T 41... k

f.

tial and final states (as at right) will ‘cut’ through some num- |

ber of internal propagators; replace each of the cut propagators /

by (p°)wd(p* — m?) = H(po)%. As Tony Zee says: the

amplitude becomes imaginary Whpen the intermediate particles become real (as opposed to
virtual), aka ‘go on-shell’.

The general form of (2.31) is a general consequence of unitarity. Recall that the S-matrix
is

Spi = (fle” ™ )iy = (L +1T) ;.

H-H — 1=858 = 2m7=i(T - 7) =5 717

This is called the optical theorem and it is the same as the one taught in some QM classes.
In terms of matrix elements:

2Am Ty = Y T} Tui

Here we’ve inserted a resolution of the identity (again on the QFT Hilbert space, the same
scary sum) in between the two 7 operators. In the one-loop approximation, in the ¢* theory
here, the intermediate states which can contribute to ) are two-particle states, so that
Yo f CTEI CTEQ, the two-particle density of states.

Recall that for real z the imaginary part of a function of one variable with a branch
cut, (like Im (z + i€)” = 1 ((z +i€e)” — (z — i€)”)) is equal to (half) the discontinuity of the
function ((z)") across the branch cut. Problem Set 4 mentions a second example which is
more complicated than the one above in that there is more than one way to cut the diagram.
Different ways of cutting the diagram correspond to discontinuities in different kinematical
variables. To get the whole imaginary part, we have to add these up.

One important comment (which is elaborated further in Zee’s discussion) is: there had
better not be any cutoff dependence in the imaginary part. If there is, we’ll have trouble
cancelling it by adding counterterms — an imaginary part of the action will destroy unitarity:.

[End of Lecture §]
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3 The Wilsonian perspective on renormalization

[Fradkin, 2d edition, chapter 4; Cardy; Zee §VI; Alvarez-Gaumé and Vazquez-Mozo, An
Invitation to QFT, chapter 8.4-5 (~ §7.3-4 of hep-th/0510040)]

The following discussion describes a perspective which can be applied to any system of
(many) extensive degrees of freedom. This includes many statistical-mechanics systems,
condensed-matter systems and also QFTs in high energy physics. The great insight of
Kadanoff and Wilson about such systems is that we should organize our thinking about
them by length scale. We should think about a family of descriptions, labelled by the
resolution of our microscope.

Before explaining this perspective in detail, let’s spend some time addressing the following
basic and instructive question:

3.1 Where do field theories come from?

3.1.1 A model with finitely many degrees of freedom per unit volume

Consider the following system of extensive + + Y
degrees of freedom — it is an example of | A A
a very well-regulated (euclidean) QFT. At | Y
each site 7 of a square lattice we place a two- -T- A
valued (classical) degree of freedom s; = +1, L |
so that the path ‘integral’ measure is L Y Y
Figure 8: A configuration of classical Ising spins
/ Z H Z on the 2d square lattice. (from Alvarez-Gaumé and Vazques-

{s:} sites, i 5;==1
Mozo, hep-th/0510040]

Let’s choose the euclidean action to be
S S] = —ﬂJZSZ‘Sj .
(6,5)

Here 8.J is some coupling; the notation (7, j) means ‘sites ¢ and j which are nearest neighbors’.
The partition function is

Z:/ e Slsl — Z +B7 Y iy i85 (3.1)

{si}
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(I can’t hide the fact that this is the thermal partition function Z = tre=## for the classical
Ising model on the square lattice, with H = —J Z<i7j> s;s;, and B = 1/T is the coolness™,
i.e. the inverse temperature.)

In the thermodynamic limit (the number of sites goes to infinity), this model has a special
value of BJ > 0 below which there is spontaneous breaking of the Z, symmetry s; — —s; by
a nonzero magnetization, (s;) # 0.

Kramers-Wannier duality. To see that there is a special value of .J, we can make the
following observation, due to Kramers and Wannier, and generalized by Wegner, which is
now a subject of obsession for many theoretical physicists. It is called duality. Consider a
configuration of the spins. The action S|s| is determined by the number of links across which
the spins disagree (positive §.J favors contributions from spins which agree). It is possible
to rewrite the partition sum in terms of these disagreements. (For more on this, see the
lecture notes here.) The answer is identical to the original model, except with 5.J replaced
by a(8J)~! for some number a! At high temperature the model is obviously disordered, at
low temperature the dual model is obviously disordered, but that means that the original
model is ordered. In between something happens. If only one something happens, it must
happen at the special value 8.J = a(8J)~1.

For a more complete discussion of this subject of duality I recommend this review by Kogut,
84. I hope we will have the opportunity to come back to this later in the quarter.

Onsager solution. Lars Onsager solved the model above exactly (published in 1944) and

showed for sure that it has a critical point (8J), = %tanh’1 (\%) For our present purposes

this landmark result is a distraction.

Comment on analyticity in $J versus the critical point. [Zee §V.3] The Ising model
defined by (3.1) is a model of a magnet (more specifically, when 5J > 0 which makes
neighboring spins want to align, a ferromagnet). Some basic phenomenology: just below
the Curie temperature T,, the magnetization (average magnetic moment per unit volume)

behaves like
| M| ~ (T, - T)"

where f3 is a pure number (it depends on the number of spatial dimensions)?*. In terms of

23This nomenclature, due to the condensed matter physicist Miles Stoudenmire, does a great job of re-
minding us that at lower temperatures, quantum mechanics has more dramatic consequences.
24The name is conventional; don’t confuse it with the inverse temperature.
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the Ising model, the magnetization is®’

Ze /TZ % (3.2)

(V is the number of sites of the lattice, the volume of space.) How can you get such a
non-analytic (at T = T, # 0) function of T by adding a bunch of terms of the form e=/7?
It is clearly impossible if there is only a finite number of terms in the sum, each of which
is analytic near T, # 0. It is actually possible if the number of terms is infinite — phase

transitions only happen in the thermodynamic limit.

3.1.2 Landau and Ginzburg guess the answer.

Starting from Z, even with clever tricks like Kramers-Wannier duality, and even for Onsager,
it is pretty hard to figure out what the answer is for the magnetization. But the answer is
actually largely determined on general grounds, as follows.

We want to ask what is the free energy G at fized magnetization. This G[M] is just the
same idea as the euclidean effective action I'[¢.] (divided by ) — it is a Legendre transform
of the usual F in Z = e #F. 2 So as we've been discussing, G is the thing we should
minimize to find the groundstate.

LG Effective Potential. We can even consider a model where the magnetization is a
vector. If M is independent of position Z °” then rotation invariance (or even just M — —M
symmetry) demands that

G=V (aM2 +b (1\2/2)2 + )

where a, b*® are some functions of 7" that we don’t know, and the dots are terms with more

25In many real magnets, the magnetization can point in any direction in three-space — it’s a vector M.
We are simplifying our lives.
26To be more explicit, we can add a source for the magnetization and compute

o~ BFLI) —BH+T MJ)

= tre

Now pick some magnetization M,, and choose JM<l so that

<M> - _W Mc
Then G[M,] = F[JMel] =37 M, JIMel. Make sure you agree that this is identical to our construction of T'[¢,].
In this context, the source J is (minus) an external magnetic (Zeeman) field.
2TIn (3.2), I've averaged over all space; instead we could have averaged over just a big enough patch to
make it look smooth. We’ll ask ‘how big is big enough?’ next — the answer is ‘the correlation length’.
28Don’t confuse a with the lattice spacing; sorry, ran out of letters.
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Ms. These functions a(7') and b(T') have no reason not to be smooth functions of 7. Now
suppose there is a value of T for which a(7") vanishes:

CL(T) = CLl(T — TC) + ...

with a; > 0 a pure constant. For T" > T,, the minimum of G is at M = 0; for T' < T,, the
unmagnetized state becomes unstable and new minima emerge at | M| = V-5~ (T.—T )z.
This is the mean field theory description of a second-order phase transition. It’s not the right
value of (8 (it’s about 1/3) for the 3d Curie point, but it shows very simply how to get an
answer that is not analytic at T..

LG Effective Action. Landau and Ginzburg can do even better. G(M) with constant
M is like the effective potential; if we let M (Z) vary in space, we can ask and answer what
is the effective action, G[M(Z)]. The Landau-Ginzburg effective action is

- S0\ 2 - -
GMﬂ:i/J%<mM2+bOWﬂ +c@Mﬂ@Aﬁ+m> (3.3)

—now we are allowed to have gradients. c is a new unknown function of 7T'; let’s set it to 1 by
rescaling M. This just a scalar field theory (with several scalars) in euclidean space. Each
field has a mass y/a (they are all the same as a consequence of the spin rotation symmetry).
So \/La is a length scale, to which we turn next.

Definition of correlation length. Suppose we perturb the system by turning on an
external (we pick it) magnetic field (source for M) H, which adds to the hamiltonian by
—H - M. Pick the field to be small, so its effect is small and we can study the linearized
equations (let’s do it for T' > Ty, so we're expanding around M = 0):

(—82+a)M:ﬁ.

Recall here the result of problem set 2 problem 1 on the Green’s function G5 of a massive
scalar field. There you solved this equation in the case where H is a delta function. Since
the equation is linear, that solution determines the solution for general H (this was why
Green introduced Green’s functions):

M@%=/fm%@wﬂm»=/ﬁ%</fﬁgif)H@)

1 o o
= /dSQTC_\/&x_yH(y). (34)

4|7 — ]

The Green’s function

GY () = (B (&) N (0)) = 61—~V
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is diagonal in the vector index I,.J so I've suppressed it in (3.4). Gy is the answer to the
question: if I perturb the magnetization at the origin, how does it respond at 7 The answer
is that it dies off like

(M (x) M(0)) ~ e/

— this relation defines the correlation length &, which will depend on the parameters. In the
LG mean field theory, we find ¢ = \/La The LG theory predicts the behavior of £ as we
approach the phase transition to be & ~ ﬁ with v = % Again the exponent is wrong
in detail (we’ll see why below), but it’s a great start.

Now let’s return to the microscopic model (3.1). Away from the special value of .J, the
correlation functions behave as

Tij

<Si3j>connected ~e €
where r;; = distance between sites ¢ and j. Notice that the subscript connected means that
we need not specify whether we are above or below T, since it subtracts out the disconnected
bit (s;)(s;) by which their form differs. From the more microscopic viewpoint, ¢ is the length
scale over which the values of the spins are highly correlated. This allows us to answer the
question of how much coarse-graining we need to do to reach a continuum approximation:
The continuum description in terms of

Zz’eRgc (si)

M) = SR

is valid if we average over regions R (centered around the point x) with linear size bigger
than &.

3.1.3 Coarse-graining by block spins.

We want to understand the connection be-

tween the microscopic spin model and the

macroscopic description of the magnetization
better, for example to systematically improve
upon the quantitative failures of the LG
mean field theory for the critical exponents. v

Kadanoft’s idea is to consider a sequence of

blocking transformations, whereby we group
more and more spins together, to interpolate
between the spin at a single site s;, and the

magnetization averaged over the whole sys-

tem. '
Figure 9: A Dblocking transformation.
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The blocking (or ‘decimation’) transforma-
tion can be implemented in more detail for ising spins on the 2d square lattice as follows
(Fig. 9). Group the spins into blocks of four as shown; we will construct a new coarser Ising
system, where the sites of the new lattice correspond to the blocks of the original one, and
the spin at the new site is an average of the four. One way to do this is majority rule:

Sphlock, b = S1gN ( E 82')

i€block,b

where we break a tie by defining sign(0) = +1.

We want to write our original partition function in terms of the averaged spins on a lattice
with twice the lattice spacing. We'll use the identity

1= Z ) <3block - Sign( Z Sl))

Sblock i€block

This is true for each block; we can insert one of these for each block. Split the original sum
into nested sums, the outer one over the blocks, and the inner one over the spins within the
block:

Z = Ze*ﬁH[sJ - Z Z H 0 <3block,b — sign ( Z Sl>> o~ BH@[s]
{s}

{Sblock, b} s€Dblock,b blocks i€block,b

The superscript (a) on the Hamiltonian is intended to indicate that the lattice spacing is a.
Now we interpret the inner sum as another example of integrating out stuff we don’t care
about to generate an effective interaction between the stuff we do care about:

Z H ) (3(20«) — sign < Z Sz>> e—ﬁHa[s] = e_BH(mz)[s(za)]

s€block,b blocks i€block,b

These sums are hard to actually do, except in 1d. But we don’t need to do them to understand
the form of the result.

As in our QM example from the first lecture, the new Hamiltonian will be less local than
the original one — it won'’t just be nearest neighbors in general:

H(2a) [S(Qa)] _ _J(za) Z 8§2a)8§2a) + _ K29 Z 8§2a)£§2a) T
(i.4) ()

where ((7, j)) means next-neighbors. Notice that I've used the same labels i, j for the coarser
lattice. We have rewritten the partition function as the same kind of model, on a coarser
lattice, with different values of the couplings:

7 = Z o BHEM s3]
{sa)}
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Now we can do it again. The decimation
operation defines a map on the space of (in
this case Ising) Hamiltonians:

H(M( SE‘“)

(rn)

H s Y o gy Gy

(2a)

(&)

The couplings J, K... are coordinates on the
space of Hamiltonians. Each time we do it,

(9a) (4e)

(si)

we double the lattice spacing; the correla-
tion length in units of the lattice spacing gets
halved, £ — £/2. This operation is called a RN
‘renormalization group transformation’ but S
notice that it is very much not invertible;
we lose information about the short-distance

stuff by integrating it out.

RG fixed points. Where can it end? One thing that can happen is that the form of the
Hamiltonian can stop changing:

H@ — gy gl gGa) s H, s H, — H, ...

The fixed point hamiltionian H,, which is not changed by the rescaling operation, is scale
invariant. What can its correlation length be if it is invariant under £ — £/27 Either £ =0
(the mass of the fields go to infinity and there is nothing left to integrate) or £ = oo (the
mass goes to zero and we have more to discuss, we can call this a nontrivial fixed point).

Near a nontrivial fixed point, once £ > a, the original lattice spacing, we are quite justified
in using a continuum description, to which we return in subsection 3.2.
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Perturbations of a fixed point. Before doing any more work, though, we can examine
the possible behaviors of the RG flow near a fixed point. Consider a fixed point Hamiltonian
H,, and move away from it slightly by changing one of the couplings a little bit:

H = H, +0g0.

What does the RG do to this to leading order in dg7 The possibilities are:

My A

e If the flow takes it back to the origi-
nal fixed point, O (and its associated
coupling dg) is called irrelevant.

o If the flow takes it away from the orig-

inal fixed point, O is called a relevant _ -
perturbation of H,. (0] Ay

e The new H might also be a fixed point, Figure 10: A possible set of RG flows for a system

at least to thlS Ol"deI’ IIl 59 Such a Wlth two Couplings ALQ. [from Alvarez-Gaumé and Vazquez-

coupling (and the associated operator Mo+ hep-th/0510010)

O) is called marginal. If the new H

really is a new fixed point, not just to

leading order in dg, then O is called ezactly marginal. Usually it goes one way or the

other and is called marginally relevant or marginally irrelevant.

Note the infrared-centric terminology.

Comment on Universality: The Ising model is a model of many microscopically-different-
looking systems. It can be a model of spins like we imagined above. Or it could be a model
of a lattice gas — we say spin up at site ¢ indicates the presence of a gas molecule there,
and spin down represents its absence. These different models will naturally have different
microscopic interactions. But there will only be so many fixed points of the flow in the
space of Hamiltonians on this system of 2-valued variables. This idea of the paucity of
fixed points underlies Kadanoff and Wilson’s explanation of the experimental phenomenon
of universality: the same critical exponents arise from very different-seeming systems (e.g.
the Curie point of a magnet and the liquid-gas critical point).
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3.2 The continuum version of blocking

[Zee, §VI.8 (page 362 of 2d Ed.)]

Here is a very different starting point from which to approach the same critical point as in
the previous subsection:

Consider the ¢* theory in Euclidean space,
with negative m? (and no ¢* terms with odd
k). This potential has two minima and a Zs

symmetry that interchanges them, ¢ — —¢. @ @

If we squint at a configuration of ¢, we can
label regions of space by the sign of ¢ (as

in the figure at right). The kinetic term for 4
¢ will make nearby regions want to agree,
just like the J 3~ .. 0;0; term in the Ising

model. So the critical point described by
taking m? near zero is plausibly the same as

the one obtained from the lattice Ising model
described above?.

So we want to understand the integral
Iy = / [Dgle I 477£(@), (3.5)
A

Here the specification [ A says that we integrate over field configurations ¢(z) = i AP ket* gy,

such that ¢ = 0 for [k| = /3.2, k? > A. Think of 27/A as the lattice spacing® — there
just aren’t modes of shorter wavelength.

So we are using (again) a cutoff on the euclidean momenta k% < A?.

We want to understand (3.5) by some coarse-graining procedure. Let us imitate the block

spin procedure. Field variations within blocks of space of linear size na have wavenumbers

greater than % (These modes average to zero on larger blocks; modes with larger wavenum-

ber encode the variation between these blocks.) So the analog of the partition function after

29 For a more sophisticated argument for this equivalence, see page 7-9 of Polyakov, Gauge Fields and
Strings.

30This cutoff is not precisely the same as have a lattice; with a lattice, the momentum space is periodic:
eiken — ik(na) — (i(k+5F)(na) g1y e 7 Morally it is the same.
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a single blocking step is the following: Break up the configurations into pieces:
o) = ke, = 6+ 67

Here ¢< has nonzero fourier components only for |k| < A — dA and ¢~ has nonzero fourier
components only for A — dA < |k| < A. Zee calls the two parts ‘smooth’ and ‘wiggly’. They
could also be called ‘slow’ and ‘fast” or ‘light’ and ‘heavy’. We want to do the integral over
the heavy/wiggly /fast modes to develop an effective action for the light /smooth /slow modes:

ZA:/ [D¢<]€Id%£(¢<>/[p¢>]edex£1(¢<,¢>>)
A—SA

where £, contains all the dependence on ¢~ (and no other terms).
[End of Lecture 9]

Just as with the spin sums, these integrals are hard to actually do, except in a gaussian
theory. But again we don’t need to do them to understand the form of the result. First give
it a name:

efdezéL(dﬁ) = /[D¢>]€fd%z:1(¢<,¢>) (3.6)
so once we've done the integral we’ll find

AN :/A 6A[D¢<]@—dem(£(¢<)+5£(¢<)) ) (3.7)

To get a feeling for the form of 6L (and because there is little reason not to) consider the
more general Lagrangian

1 2 n
£ =5(09) +Zn:gngb + .. (3.8)

where we include all possible terms consistent with the symmetries (rotation invariance,
maybe ¢ — —¢...). Then we can find an explicit expression for Ly:

/de£1(¢<,¢>) = /d% (%(6&)2 + %mQ (™) + )

(I write the integral so that I can ignore terms that integrate to zero such as 0¢<0¢~.)
This is the action for a scalar field ¢~ interacting with itself and with a (slowly-varying)
background field ¢=<. But what can the result §£ be but something of the form (3.8) again,
with different coefficients? The result is to shift the couplings g, — g, + d¢,. (This includes
the coefficient of the kinetic term and also of the higher-derivative terms which are hidden
in the ... in (3.8). You will see in a moment the logic behind which terms I hid.)

Finally, so that we can compare steps of the procedure to each other, we rescale our rulers.
We'd like to change units so that f A_sa 1S A f , with different couplings; we accomplish this
by defining

A—O6A=bA, Db<1.
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In [, ;.. we integrate over fields with |k| < bA. Change variables: k = bk’ so now |k'| < A.

So x =a//b,0 = 0/0x' = 0, and wavefunctions are preserved e'** = e*'*" . Plug this into

the action

/ dP2L(¢%) = / dPz'b=" (%zﬂ (00%) + D (gn +0gn) (%) + )

We can make this look like £ again by rescaling the field variable: b2 (9'¢<)* = (9'¢')?
(i.e. ¢ = b2 D)g<);

e = | d%’( @O+ 3+ o) b7+ ”(¢>"+...>

So the end result is that integrating out a momentum shell of thickness 6A = (1 — b)A
results in a change of the couplings to

n(D—2)
g=b 2 (g, +6g,) .

This procedure produces a flow on the space of actions.

Ignore the interaction corrections, dg,, for a moment. Then, since b < 1, the couplings with
@ — D > 0 get smaller and smaller as we integrate out more shells. If we are interested
in only the longest-wavelength modes, we can ignore these terms. They are irrelevant.

Couplings (‘operators’) with n(D 2)

— D < 0 get bigger and are relevant.

The mass term has n = 2 and (m’)? = b~?m? is always relevant for any D < oco. So far,
the counting is the same as our naive dimensional analysis. That’s because we left out the
0L term! This term can make an important difference, even in perturbation theory, for the
fate of marginal operators (such as ¢* in D = 4), where the would-be-big tree-level term is
agnostic about whether they grow or shrink in the IR.

Notice that starting from (3.5) we are assuming that the system has a rotation invariance
in euclidean momentum. If one of those euclidean directions is time, this follows from
Lorentz invariance. This simplifies the discussion. But for non-relativistic systems, it is
often necessary to scale time differently from space. The relative scaling z in ¥’ = bZ, t' = b*t
is called the dynamical critical exponent.

The definition of the beta function and of a fixed point theory is just as it was in the first
lecture.

At this point we need to pick an example in which to include the interaction term.
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3.3 An extended example: a complex scalar field

[R. Shankar, Rev. Mod. Phys. 66 (1994) 129]

Consider complex bosons in D dimensions. I am a little tired of a real scalar field, so
instead we will study two real scalar fields ¢ = ¢, + ip. We can define this model, for
example, on a euclidean lattice, by an action of the form

Z [6(n) — d(n+ )] + Zuolczs (3.9)

Here n labels sites of some (e.g. hypercubic) lattice and i labels the (8 in the 4d hypercubic
case) links connecting neighboring sites. We’ll call the lattice spacing 27/A;. In terms of
Fourier modes, this is

S[p. 6] = — /| ARG RLIROR) + S

For the hyper-cubic lattice, we get

J(k) =2 (Z(COS k, — 1)) 20k2

31 The path integral is defined by

Z = / [de*d] kj<a, e S0l (3.10)
Iy e
- H|k|<Ao 2mi
There is a U(1) global symmetry which acts by
o(k) — e’(k), 9" (k) = e " (k) . (3.11)

With ug = 0, this is a bunch of gaussian integrals, and everything can be computed by
Wick from the two-point function:

(6" (k1)d(ka)) = (2m)7 67 (ky — k2)k;_% = (2m)7 6" (ky — k)G (ky).

Although this gaussian model is trivial, we can still do the RG to it. (We will turn on the
interactions in a moment.) An RG step has three ingredients, of which I've emphasized only
two so far:

31Confession: the restriction on the momenta in the exact lattice model should be to a fundamental domain
for the identification k* = k* + AY'; T am going to replace this right away with a rotation-invariant cutoff on
the magnitude k% = k#k,, < Ag of the euclidean momentum. This is an unimportant lie for our purposes.
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1. Integrate out the fast modes, i.e. ¢~, with |k| € (A —JA,A). T will call A —0A = A/s,
and*? s > 1, we will regard s as close to 1: s — 1 < 1.

Sol¢=] + So[9”]+ Sine[07, ¢>l)

( uadtxtic mixes fa;:rand slow,
do (k dos (k B

0<|K|<A/s A/s<[k|<A
= /[d¢<]€—so[¢><] ge—sint[¢<,¢']>07>j Zo> (3.12)

average over ¢~ , with gaussian measure
The factor of Zj - is independent of ¢< and can be ignored.

2. Rescale momenta so that we may compare successive steps: k = sk lies in the same
interval |k| € (0,A).

3. Are the actions s(¢) = r¢? + u¢? and 5(v) = 4rp? + 16uy?* different? No: let 2¢ = ¢.
We can resacle the field variable at each step:

o(k) = ¢ o (k/s).

We will choose the ‘wavefunction renormalization’ factor ¢ so that the kinetic terms
are fixed.

RG for free field

If Sint = 0, then (3.12) gives

Sl = / APk (kYK (k) " 2P D22 & (k)P (k)X k .
|k|<A/s

|k|<A
With ( = s 232 , the Gaussian action is a fixed point of the RG step:

Sle] = S[o] = 57

Warning: the field ¢(k) is not the same as the field ¢(z ) that we considered above! They
are different by an integral over space or momenta: ¢(z) = [ ar ko(k)el*. So they scale
differently. The result that ¢ = s AT perfectly consmtent with our earher result that ¢(z)
scales like s°7 .

32] note that s = 1/b from the previous subsection; sorry.
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Now we consider perturbations. We’ll only study those that preserve the symmetry (3.11).
We can order them by their degree in ¢. The first nontrivial case preserving the symmetry
is

551¢] = /|k BRCEORCE

Here r(k) is a coupling function. If its position-space representation is local, it has a nice
Taylor expansion about £ = 0:
r(k) = 1y +k*ry+ ...
2
Emo

(I also assumed rotation invariance.) The same manipulation as above gives

3Sa[(k)] = s~ P22 &* (k)7 (k) (k) k

|k|<A
with 7(k) = s?r(k/s), so that
7:02827“0 s 7:2 :SOTQ s f4:S_2T4...
—— —— N——
relevant marginal by design irrelevant

Quartic perturbation

351 = S = [ 9" (W6"(3)0)0(1)u(4321)
A
This is some shorthand notation for

4
534 = Sint = # / HCTD]{JZ‘(27T)D(;D(]€4 + ]{33 - k’g — k1)¢*(k4)¢*(k3)¢(k2)¢(k1)u(k4k3k2k1) .
’ i=1

The delta function maintains translation invariance in real space. Here u(4321) is some gen-

eral function, but only the bit with u(4321) = u(3421) = u(4312) matters. This interaction
couples the fast and slow modes. We need to evaluate

e=SI6<) = g=Solo<)(=0S[6<.651y

A tool at our disposal is the cumulant expansion:

(™) = o~ (D+5 () —(2)+..

So
— 1
08 = (65)>0 —3 ((65%)50 — (65)2 9) +-.-
——’ N ~— ’

~r2
o

So this expansion is a perturbative expansion in ug.

First the first term (~ uy):

1 * *
(65)20 = 7 / (0 00+ 953l 6ol + 621
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e
This is made of 16 terms which can be de- @ \// Q
composed as follows, and illustrated by the / \'\ S

Feynman diagrams at right. These Feynman P F P
diagrams are just like the usual ones with the d —2 CovaT.
important difference that the loop momenta —>u, | b_ 'ICP

only run over the shell from |k| = A/s to
|k| = A. They all have a single 4-point ver-
tex; the only allowed external lines are the
slow modes.

(a) 1 diagram with all external lines being s = F
slow modes. This gives the tree level © )\ @ﬂ\
interaction term for the slow modes. s

(b) 1 diagram with only fast modes in-
volved in the vertex. This contributes
to the irrelevant constant Z .

(c) 8 diagrams with an odd number of fast
modes; these all vanish by the usual
Wick business.

(d) 6 diagrams with 2 slow 2 fast. The fast
modes must be contracted and this makes
a loop. The arrows (representing the
flow of the U(1) charge) must work out
to allow nonzero contractions (recall
that (¢p¢) = 0 by charge conservation).

So the only interesting ones are diagrams of type (d), which give

Uog

(21)2
A 1
= dPko (K)o (k) - dPp— .
““/WA/S SBll) / g (3.13)

08:(6<) = /|’€|<A<(¢*>(4)¢*<(3) +¢L(3)0%(4)) (0> (2)9< (1) + ¢ (1)0<(2)))o,>

A _
?2?)7[17 fA/s kD 3dk

D=4 9.2 A2 _

= (§W)4A2 (1-572).

2

5Saldo(F)] = wos? [ akeH(R)d ()2

|l~c|<A 167T2

(1—572).
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The correction to the mass is of order the cutoff.

In D dimensions, we get instead

Qp_
org = (Qi)gUOAD_Q(SQ — 5P,

The next term in the cumulant expansion

Now for the O(u2) term in 6. The diagrammatic representation of 2 ((652) — (65)?) is:
all connected diagrams containing fwo 4-point vertices, with only external slow lines. The
second term cancels all disconnected diagrams. Diagrammatically, these are:

7 veor

3 e+ Q 4
ke I-le
\ k. pa I ™
t - channef § — ehrsnned
=G f=P"
@.E Iﬂ'l-k‘]‘ "Pi I‘Q[‘*h‘c}_r

These correct the quartic coupling u = ug+u1k?+.... We care about the sign of dug, because
in D = 4 it is marginal. Even small corrections will make a big difference.

e - A 1 1 1 1
u(k4, ]{71) = UO—U(Q)/ de’ ( 5 = = 5 + 5 = = 5 + = 5 = = 2)
A/s K2|k — (ks — k1)/s]?  K2|k — (kg — k1)/s|2 2K2| =k — (k1 + ka) /5]
—_——

=Jar
Note the symmetry factor in the s-channel diagram, which you can see directly from the
cumulant expression.

The most interesting part of this expression is the correction to ug, which is when we set
the external momenta to zero:

5 k3dk Q3

U k:o = Uy = — 2— . .
ik =0) =1 = uo “2/ K (2m)t
N——

=log s __1
1672
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Let A(s) = Ag/s = Age 50 s = e, ¢ =log Ag/A and A% = s0, = 0y. Large ¢ is the IR.

dug _ _ 5 .2 — _ 1,2
{dﬁ T buo (3 14)
diy _ on u ' '
7] _2T0+16w2 —2T0+(1U0

Here a,b > 0 are constants, and 7y = roA? is the mass? in units of the cutoff. (Note that the
usual high-energy definition of the beta function has the opposite sign, % = —f,.)

[End of Lecture 10]

These equations can be solved in terms of two initial A
conditions:
ug(0 £—00,u 1 1
wo(t) = — o0 __ om0l L,
ugp is a marginally irrelevant perturbation of the gaus- /_) B
sian fixed point. This theory is not asymptotically A U,
free*® The phase diagram is at right. There’s just the P
one fixed Gaussian point. Notice that it’s not true /[\{ca% |
that an arbitrary small uy added to the gaussian FP
runs back to the gaussian FP. ry runs too:
¢
20 o aug(0) /
ro(f) = e {r00+/6 _ )
(0) (0) 0 1+ bug(0)/ IHT;;{'#
i—{aur-‘ g
There is a curve of choices of initial data in sut here

(uo(0),70(0)) which ends up at the origin — it’s when the thing in brackets vanishes; for
small ug, this is the line 74(0) = —5u(0).

Following Wilson and Fisher, it is an extremely good = €=4%-)>%:
idea to consider dimensions other than 4, D = 4 —

€. Now the quartic interaction is no longer marginal H—"—A 2 Yy

at tree level, but scales like s°. The RG equation is W= M, = E/L

modified to 4
— = eug — buy . 3.15
dt 0 0 < )

For € > 0 (D < 4) there is another fixed point at u§ = €¢/b > 0. And in fact the Gaussian FP
is unstable, and this Wilson-Fisher fized point is the stable one in the IR (see fig at right,
which is drawn along the critical surface leading to r¢(occ) = 0.). This situation allows one
to calculate (universal) critical exponents at the fixed point in an expansion in e.

As e — 0, the two fixed points coalesce.

33This statement was for ug(0) > 0. For up(0) < 0, it is AF (this was an observation of Symanzik, before
the study of Yang-Mills), but seems likely to be unstable. For an interesting claim to the contrary, see here
if you are feeling brave. It would be nice to know for sure.
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Figure 11: The ¢* phase diagram. If ro(¢ = oc) > 0, the effective potential for the uniform
‘magnetization’ has a minimum at the origin; this is the disordered phase, where there is no
magnetization. If ro(¢ = co) = Vi < 0, the effective potential has minima away from the
origin, and the groundstate breaks the symmetry (here ¢ — €i%¢); this is the ordered phase.

The W-F fixed point describes a continuous phase transition between ordered and disor-
dered phases. An external variable (roughly ro) must be tuned to reach the phase transition.
A physical realization of this is the following: think of our euclidean path integral as a
thermal partition function at temperature 1/4:

7 /[D¢]e—ﬂH[¢] :

here we are integrating over thermal fluctuations of classical fields. WLOG, we can choose
normalize our fields so that the coefficient 5 determines ry. The critical value of ry then
realizes the critical temperature at which this system goes from a high-temperature disor-
dered phase to a low-temperature ordered phase. For this kind of application, D < 3 is most
interesting physically. We will see that the e expansion about D = 4 is nevertheless quite
useful.

You could ask me what it means for the number of dimensions D to be not an integer.
One correct answer is that we have constructed various well-defined functions of continuous
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D simply by keeping D arbitrary; basically all we need to know is the volume of a D-sphere
for continuous D. You have likely seen this defined in Peskin, via Euler Gamma functions:

D/2 B o0 1 D
<E) = /dDme_‘””2 = QD_1/ Pl dre " = ia_%F (5) Qp_y (3.16)
0

a

defines 2p_; for general D.

An also-correct answer that some people (e.g. me) find more satisfying is is the following.
Suppose we can define our QFT by a discrete model, defined on a discretized space (like
in (3.9)). Then we can also put the model on a graph whose fractal dimension is not an
integer. Evidence that this is a physical realization of QFT in non-integer dimensions is
given in [Gefen-Meir-Mandelbrot-Aharony| and [Gefen-Mandelbrot-Aharony].

3.3.1 Important lessons

e Elimination of modes does not introduce new singularities into the couplings. At each
step of the RG, we integrate out a finite-width shell in momentum space — we are doing
integrals which are convergent in the infrared and ultraviolet.

e The RG plays nicely with symmetries. In particular any symmetry of the requlated
model is a symmetry of the long-wavelength effective action. The extra qualifier about
the regulated model** is important because some symmetries of continuum classical

field theories cannot be realized as symmetries of well-defined quantum field theories.

We will discuss this phenomenon, called anomalies, in the near future.

e Some people conclude from the field theory calculation of the ¢* beta function that
¢* theory “does not exist” or “s trivial”, in the sense that if we demand that this
description is valid up to arbitrarily short distances, we would need to pick u(A =
o0) = oo in order to get a finite interaction strength at long wavelengths. You can now
see that this is a ridiculous conclusion. Obviously the theory exists in a useful sense.
It can easily be defined at short distances (for example) in terms of the lattice model
we wrote at the beginning of this subsection. Similar statements apply to QED.

e The corrections to the mass of the scalar field are of order of the cutoff. This makes it
hard to understand how you could arrive in the IR and find that an interacting scalar
field has a mass which is much smaller than the cutoff. Yet, there seems to be a Higgs
boson with m ~ 125 GeV, and no cutoff on the Standard Model in sight. This is a
mystery.

o As Tony Zee says, a better name than ‘renormalization group” would be ‘the trick of
doing the path integral a little at a time’.

34Thanks to Brian Shotwell for emphasizing this important point.
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3.3.2 Comparison with renormalization by counterterms

Is this procedure the same as ‘renormalization’ in the high-energy physics sense of sweeping
divergences under the rug of bare couplings? Suppose we impose the renormalization condi-
tion that I'y(ks...k1) = ['(4321), the 1PI 4-point vertex, is cutoff independent. Its leading con-

3 b3 a4 e B ? v 1
;Xi }@{4 + + et L1-L
T L VTR

(where now they denote amputated amplitudes, and the integrals run over all momenta up
to the cutoff). Clearly there is already a big similarity. In more detail, this is

tributions come from the diagrams:

A
['(4321) = ug — ug/ a’k
0

1 1 1 1
+ + =
((/{Z2+T0)(|k+k‘3—k’1|2+’ro) (k2+T0)(|/{7+k4—/{71|2+T0) 2(1€2+T0)<|—/{7+l{71+1€2|2+7’0>>
And in particular, the bit that matters is

5 A?

log —.

['(0000) = ug — ud 59,2 108

Demanding that this be independent of the cutoff A = e A,

0 = 8, (I'(0000)) = —Air(oooo)

dA\
gives
0= % + 1657r2“‘% +O(ud)
= | B = —1gd | + O()

as before. (The bit that would come from dyu? in the second term is of order uj and so of
the order of things we are already neglecting.)

[ leave it to you to show that the flow for ry that results from demanding that (¢(k)o*(k))
have a pole at k? = —m? (with m independent of the cutoff) gives the same flow we found
above.

It is worth noting that although the continuum field theory perspective with counterterms
is less philosophically satisfying, it is often easier for actual calculations than integrating
momentum shells.
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3.3.3 Comment on critical exponents

[Zinn-Justin, chapter 25, Peskin, chapter 12.5, Stone, chapter 16, and the original Kogut-
Wilson]

Recall that the Landau-Ginzburg mean field theory made a (wrong) prediction for the
critical exponents at the Ising transition:

(MY~ (T, - T forT<T, &é~(T.—T)"

with By pr = %, VMFT = % This answer was wrong (e.g. for the Ising transition in (euclidean)
D = 3, which describes uniaxial magnets (spin is £1) or the liquid-gas critical point) because
it simply ignored the effects of fluctuations of the modes of nonzero wavelength, i.e. the J L bit
in (3.7). T emphasize that these numbers are worth getting right because they are universal
— they are properties of a fixed point, which are completely independent of any microscopic
details.

Now that we have learned to include the effects of fluctuations at all length scales on
the long-wavelength physics, we can do better. We’ve done a calculation which includes
fluctuations at the transition for an XY magnet (the spin has two components, and a U(1)
symmetry that rotates them into each other), and is also relevant to certain systems of
bosons with conserved particle number. The mean field theory prediction for the exponents
is the same as for the Ising case (recall that we did the calculation for a magnetization field
with an arbitrary number N of components, and in fact the mean field theory prediction is
independent of N > 1; we will study the case of general N next).

In general there are many scaling relations between various critical exponents, which can
be understood beginning from the effective action. So not all of them are independent. For
illustration, we will briefly discuss two independent exponents.

Order parameter exponent, 7. The simplest critical exponent to understand from what
we’ve done so far is 7, the exponent associated with the anomalous dimension of the field ¢
itself. (It is not the easiest to actually calculate, however.) This is defined in terms of the
(momentum-space) 1PI two-point function of ¢ as

A

where £ is the correlation length and A is the UV cutoff. This looks a bit crazy — at nonzero

1 ElpA /p\2Tn
La(p) = —Walp) ™ 27 (F)

7, the full propagator has a weird power-law singularity instead of a 172_;”12, and in position
space it is a power law Ga(x) ~ ‘xlp%gﬂ, instead of an exponential decay. You have seen an
example of this already in the form of the operator ¢®* the massless scalar field X in 1+1

dimensions.
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But how can this happen in perturbation theory? Con-

sider physics near the gaussian fixed point, where n must >

b

be small, in which case we can expand:

5—1 A, 1 2 o 2
Dop) & =N (R) () = (B)7 (1 mlog (9/A) + )

In the ¢* theory, n = 0 at one loop. The leading correction to 1 comes from the ‘sunrise’
(or ‘eyeball’) diagram at right, at two loops. So in this model,  ~ g2 ~ ¢*. Recall that
[y(p) is the 1PI momentum space 2-point vertex, i.e. the kinetic operator. We can interpret
a nonzero 1 as saying that the dimension of ¢, which in the free theory was Ay = %, has
been modified by the interactions to A = % —n/2. n/2 is the anomalous dimension of ¢.
Quantum mechanics violates (naive) dimensional analysis; it must, since it violates classical
scale invariance. Of course (slightly more sophisticated) dimensional analysis is still true —
the extra length scale is the UV cutoff, or some other scale involved in the renormalization
procedure.

[End of Lecture 11]

Correlation length exponent, v. Returning to the correlation length exponent v, we
can proceed as follows. First we relate the scaling of the correlation length to the scaling
behavior of the relevant perturbation that takes us away from from the fixed point. The
latter we will evaluate subsequently in our example. (There is actually an easier way to do
this, which we discuss in §3.3.4, but this will be instructive.)

The correlation length is the length scale above which the relevant perturbation gets big and
cuts off the critical fluctuations of the fixed point. As the actual fixed point is approached,
this never happens and ¢ diverges at a rate determined by the exponent v. Suppose we begin
our RG procedure with a perturbation of a fixed point Hamiltonian by a relevant operator
O:

H(gl) = H* + 510

Under a step of the RG, & — s71&;, §; — 5261, where I have defined A to be the scaling
dimension of the operator ©. Then after N steps, § = sV2§;,¢ = s7V¢. Eliminating sV
from these equations we get the relation

1

= (;) (3.17)

1

which is the definition of the correlation length exponent v, and we conclude that v = %.

Here is a better way to think about this. At the critical point, the two-point function of
the order parameter G(z) = (¢(x)¢(0)) is a power law in x, specified by 7. Away from the
critical point, there is another scale, namely the size of the perturbation — the deviation
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of the microscopic knob dy from its critical value, such as T"— T,.. Therefore, dimensional
analysis says that G(z) takes the form

60) = s () @ (110)2)

where the argument of the scaling function ® is dimensionless. (I emphasized that the lattice

spacing makes up the extra engineering dimensions to allow for an anomalous dimension of

the field.) When x < all other length scales, G(x) should decay exponentially, and the decay
1

length must then be £ ~ §, * which says v = %.

In the case of ¢* theory, r( is the parameter that an experimentalist must carefully tune to
access the critical point (what I just called dy) — it is the coefficient of the relevant operator
O = |¢|* which takes us away from the critical point; it plays the role of T'— T..

At the free fixed point the dimension of |¢|? is just twice that of ¢, and we get v=! =
A‘((Z')Q = 2% = D —2. At the nontrivial fixed point, however, notice that |¢|? is a composite
operator in an interacting field theory. In particular, its scaling dimension is not just twice
that of ¢! This requires a bit of a digression.

Renormalization of composite operators.

[Peskin §12.4] Perturbing the Wilson-Fisher fixed point by this seemingly-innocuous quadratic
operator, is then no longer quite so innocent. In particular, we must define what we mean
by the operator |¢|?! One way to define it (from the counterterms point of view, now, fol-
lowing Peskin and Zinn-Justin) is by adding an extra renormalization condition®*. We can
define the normalization of the composite operator O(k) = |¢|*(k) by the condition that its
(amputated) 3-point function gives

(Oa(k)o(p)o™ (@) =1 at p* = ¢* = k* = —A*.

The subscript on O, (k) is to emphasize that its (multiplicative) normalization is defined by
a renormalization condition at scale (spacelike momentum) A. Just like for the ‘elementary
fields’, we can define a wavefunction renormalization factor:

OA = Z(El(A)Ooo

where Oy, = ¢*¢ is the bare product of fields.

We can represent the implementation of this prescription diagramatically. In the diagram
above, the double line is a new kind of thing — it represents the insertion of O,. The vertex

35 Note that various factors differ from Peskin’s discussion in §12.4 because I am discussing a complex
field ¢ # ¢*; this changes the symmetry factors.
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b 2
A }\ +A§élkk + ATH + 0 (w)
SRR

where it meets the two ¢ lines is not the 4-point vertex associated with the interaction —
two ¢s can turn into two ¢s even in the free theory. The one-loop, 1PI correction to this
correlator is (the second diagram on the RHS of the figure)®¢

& 1 1 c
D
(—UO)/O d gﬁm - _“0]{;4—_9

r(2-%)

where ¢ is a number (I think it is ¢ = e ) and we know the k& dependence of the integral

by scaling. If you like, I am using dimensional regularization here, thinking of the answer as
an analytic function of D.

Imposing the renormalization condition requires us to add a counterterm diagram (part of
the definition of |¢[?, indicated by the @ in the diagrams above) which adds

UpC

A-D

Zo'(N) = 1= =

We can infer the dimension of (the well-defined) |¢|3 by writing a renormalization group
equation for our 3-point function

G = (|63 (k)o(p)o* ().

0 .
0= < — + B(u >— + Ny +’}/(9> G

This (Callan—Symanzik equation) is the demand that physics is independent of the cutoff.
Yo = A i log Zo(A) is the anomalous dimension of the operator O, roughly the addition to
its engineering dimension coming from the interactions (similarly v, = A < log Zy(A)). To
leading order in ug, we learn that

1o = A (<o + 2

OA

36 At higher order in ug, the wavefunction renormalization of ¢ will also contribute to the renormalization
of [¢]%.
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which for our example with n = 2 gives the anomalous dimension of |$|* to be (just the first
term to this order since 0 is the wavefunction renormalization of ¢, which as we discussed

first happens at O(u3))
. QUO
7|¢|2 - 1671’2'

Plugging in numbers, we get, at the N = 2 (XY) Wilson-Fisher fixed point at uf = €/b,

1 1 D=4—e¢ 1 1 1
UV = —_= —_= ~ = = -
Az 2= Yop2 2- 28 22 2-%

(for the Ising fixed point the 5/2 would be replaced by %—i§|N=1 = 3).

It is rather amazing how well one can do at estimating the answers for D = 3 by expanding
in € = 4 — D, keeping the leading order correction, and setting ¢ = 1. The answer from
experiment and the lattice is vp_g y—o =~ 0.67, while we find v.—; y—o >~ 0.63. It is better
than mean field theory for sure. You can do even better by Padé approximating the e
expansion.

One final comment about defining and renormalizing composite operators: if there are
multiple operators with the same quantum numbers and the same scaling dimension, they
will miz under renormalization. That is, in order to obtain cutoff-independent correlators of
these operators, their definition must be of the form

i (1 j
O\ = (27'(w)),, 0L
— there is a wavefunction renormalization matriz, and a matrix of anomalous dimensions

Yij = —AE)A IOg (Z_I(A>>Z .

J

Operator mixing is really just the statement that correlation functions like (O'O7) are
nonzero.

3.3.4 Once more with feeling (and an arbitrary number of components)

I've decided to skip this subsection in lecture. You may find it useful for problem set 5.

[Kardar, Fields, §5.5, 5.6] Let’s derive the RG for ¢! theory again, with a number of
improvements:
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e Instead of two components, we'll do N component fields, with & = [ d”zuq ((baqﬁa)z
(repeated indices are summed, a = 1..NV).

o We’'ll show that it’s not actually necessary to ever do any momentum integrals to derive
the RG equations.

e We'll keep the mass perturbation in the discussion at each step; this lets us do the
following;:

e We'll show how to get the correlation length exponent without that annoying discussion
of composite operators. (Which was still worth doing because in other contexts it is
not avoidable.)

We'll now assume O(N) symmetry, ¢ — Ri¢®, with R'R = 1.y, and perturb about the
gaussian fixed point with (euclidean) action

A
Slo] = [ @k g0 (R) 5 (ro ok
=|o2(k)

The coefficient 5 of the kinetic term is a book-keeping device that we may set to 1 if we
choose. Again we break up our fields into slow and fast, and integrate out the fast modes:

_ A/sde k 2 r0+'r2k2
Z\ :/[D¢<]6 b o< ( ’ )Zo (e U<zl

)

Again the (...)o~ means averaging over the fast modes with their Gaussian measure, and
Zy,> is an irrelevant normalization factor, independent of the objects of our fascination, the
slow modes ¢.. With N components we do Wick contractions using

6§ (g1 + o)
ro + ¢iry

<¢i(91)¢b>(92)>0,> =

I've defined §(q) = (27)P67(q). Notice that we are now going to keep the mass perturbation
ro in the discussion at each step. Again

log( >0>: <M>0>—|— (<L{2> <u>(2),>)

1

1= Ulo<, 65 o>—u0/Hde62k ([T (< +6:)

Diagramatically, these 16 terms decompose as in Fig. 12.
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Figure 12: 1st order corrections from the quartic perturbation of the Gaussian fixed point
of the O(N) model. Wiggly lines denote propagation of fast modes ¢, straight lines denote
(external) slow modes ¢.. A further refinement of the notation is that we split apart the
4-point vertex to indicate how the flavor indices are contracted; the dotted line denotes a
direction in which no flavor flows, i.e. it represents a coupling between the two flavor singlets,
¢?¢* and ¢®¢®. The numbers at left are multiplicities with which these diagrams appear.
(The relative factor of 2 between 13 and 14 can be understood as arising from the fact that
13 has a symmetry which exchanges the fast lines but not the slow lines, while 1, does not.)
Notice that closed loops of the wiggly lines represent factors of N, since we must sum over
which flavor is propagating in the loop — the flavor of a field running in a closed loop is not
determined by the external lines, just like the momentum.

The interesting terms are

A/s b ) A b 1
l3=— 2 d“k d"qg——
3 u 2, / o< (k)] /A q7‘0+r2q2

symmetry =§aa /s
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4-1

2.N°

has a bigger symmetry factor but no closed flavor index loop. The result through O(u) is
then

1y =

A
1
N Org = (N + 2 o/ —— [ (Y-
ro — To + 019 = 19 + dug(N + )/A/S q7‘0+r2q2+ (ug)

ro and w are unchanged. RG step ingredients 2 (rescaling: ¢ = sq) and 3 (renormalizing:

14+D/2

b= (~¢.) allow us to restore the original action; we can choose ¢ = s to keep 73 = 7.

The second-order-in-u, terms are displayed in Fig. 13. The interesting part of the second

k, T‘* g e N >©<j Eﬂ\(hlﬁ;‘ﬁ
k> ?Dtl,<h . T

"]__'|U\P 5"‘
CanvR china -
+ >ﬂ /wm-("h \r-fr\a(W\J;%r,\)
N x32
N~
i -

S

X’B?__

Figure 13: 2nd order corrections from the quartic perturbation of the Gaussian fixed point
of the O(/V) model. Notice that the diagram at right has two closed flavor loops, and hence
goes like N2, and it comes with two powers of uy. You can convince yourself by drawing
some diagrams that this pattern continues at higher orders. If you wanted to define a model
with large N you should therefore consider taking a limit where N — oo, ug — 0, holding
ugN fixed. The quantity ugN is often called the 't Hooft coupling.

order bit

= §<U[¢<, ¢>]2>07>,Connected

is the correction to U[p~|. There are less interesting bits which are zero or constant or
two-loop corrections to the quadratic term. The correction to the quartic term at 2nd order
is

A/s 4

0:S4[0<] = ud(4N + 32) / H @ ki< (ki) $O ki) f (k1 + ko)
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with
1 1
ki + ko) = [dP ~ [dPg— (1 ki + k
Sk + k) / q(7“0+7’2q2)(7“0+7°2(k1+7€2—Q)2) / q(ro+7“2q2)2( Ok + ko))

— the bits that depend on the external momenta give irrelevant derivative corrections, like
$20%¢2 . We ignore them.

The full result through O(u?) is then the original action, with the parameter replacement

T2 T2 sTP2C3 (ry + 0r)
0 — f() = 87D§2<T() + 5T0) + O(Ug)
Ug Up S_3DC4 (’LLD + (S’LLD)

The shifts are:

T2

oro = dug(N +2) [y, aPg—L— — A(0)ud

ro+ra2q?

dug = —3ug(8N + 64) f/(\/Squ—l

(ro+r2q?)?

_ ,,208A(0)
ory = uj—*

Here A is the two-loop ¢? correction that we didn’t compute (it contains the leading contri-
bution to the wavefunction renormalization, A(k) = A(0) + $k*97A(0) + ...). We can choose
to keep 79 = ry by setting

D+2

C2

_ S _ D2 2
“TraeAn, S (o).

Now let’s make the RG step infinitesimal:

s=e'~1+

ro+raA?

dd%o = (4 — D)ug — ANH8)KpAD ud + O(ug)

D
{dde = Oy + ANHDEDAZ, Aud + O(ud) (3.18)

(T0+T2A2)2

I defined Kp = Qp_1

2m)D -

—~

To see how the previous thing arises, and how the integrals all went away, let’s consider
just the O(ug) correction to the mass:

_ dro /A dPq )
= — = 4u(N + 2 E———
To =19+ 0 7 =S (7“0 + 4u(N + 2) o 7ot o + O(ug)
B OQp-1 ., p 1 9
= (1+24¢) (ro + 4ug(N + 2) (%)DA e ol 4+ O(ug)
dug(N + 2
— <2r0 + %KDAD) 50+ O(u). (3.19)
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Now we are home. (3.18) has two fixed points. One is the free fixed point at the origin
where nothing happens. The other (Wilson-Fisher) fixed point is at

* 0
{rO - T +r2A2 2N+8r2A e+ 0(e)
*x _ _(r +7"2A2) D=d—e 7”2
u0_4(N+8)KDAD€ = 4(N+8) €+O( )

which is at positive v if € > 0. In the second step we keep only leading order in e =4 — D.

Figure 14: The ¢* phase diagram, for € > 0.

Now we follow useful strategies for dynamical systems and linearize near the W-F fixed

d (57”0 . 67"0

The matrix M is a 2x2 matrix whose eigenvalues describe the flows near the fixed point. It

looks like
M= 2 — %ige
O(e?) —e

Its eigenvalues (which don’t care about the off-diagonal terms because the lower left entry

is O(e?) are

point:

which determines the instability of the fixed point and
Yo = —€+0O(?) <0 for D < 4

which is a stable direction.
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So y, determines the correlation length exponent. Its eigenvector is drg to O(e?). This
makes sense: 7( is the relevant coupling which must be tuned to stay at the critical point.
The correlation length can be found as follows (as we did around Eq. (3.17)). £ is the value
of s = s at which the relevant operator has turned on by an order-1 amount, i.e. by setting
& ~ 51 when 1 ~ 0r¢(s1). According to the linearized RG equation, close to the fixed point,
we have 07¢(s) = s¥707¢(0). Therefore

1

£~ sy " = (0r(0)"

This last equality is the definition of the correlation length exponent (how does the correlation
length scale with our deviation from the critical point dr(0)). Therefore

1 IN+2\\ " 1 N+2
=—=1(2(1-2= N (14 ——7— %).
v m ( < 2N+86)) + O(€) 2( +2<N+8)6) + O(€)

The remarkable success of setting e = 1 in this expansion to get answers for D = 3

continues. See the references for more details on this; for refinements of this estimate, see
Zinn-Justin’s book.

3.4 Which bits of the beta function are universal?

[Cardy, chapter 5] Some of the information in the beta functions depends on our choice of
renormalization scheme and on our choice of regulator. Some of it does not, such as the
topology of the fixed points, and the critical exponents associated with them. Here is a way
to see that some of the data in the beta functions is also universal. It also gives a more
general point of view on the epsilon expansion and why it works.

Operator product expansion (OPE). Suppose we want to understand a (vacuum)
correlation function of local operators like

<¢i($1)¢j(x2>‘b>

where {®} is a collection of other local operators at {r;}; suppose that the two operators
we've picked out are closer to each other than to any of the others:

‘7’1 — 7’2| < |T’1’2 — 7’[’, Vi.

Then from the point of view of the collection ®, ¢;¢, looks like a single local operator. But
which one? Well, it looks like some sum over all of them:

(0i(21) 05 (22)®) = Y Ciji(w1 — ) P (1) ®)
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where {¢;} is some basis of local operators. For example, we can figure out the C's by Taylor
expanding:

_o_

N G(r1) = P(x1) + (22 — 21)"Oud (1) + - -

(w2—z1)*

pj(ze) =€
A shorthand for this statement is the OPE
¢i(21)¢;(x2) ~ Zcijk(l'l — )y (1)
k

which is to be understand as an operator equation: true for all states, but only up to collisions
with other operator insertions (hence the ~ rather than =).

This is an attractive concept, but is useless unless we can find a good basis. At a fixed
point of the RG, it becomes much more useful, because of scale invariance. This means that
we can organize our operators according to their scaling dimension. Roughly it means two
wonderful simplifications:

e We can find a basis (here, for the simple case of scalar operators)

(6:(2)65(0)) = 23 (3.20)

where A; is the scaling dimension of ¢;. Then we can order the contributions to >,
by increasing Ay, which means smaller contributions to (¢p¢®).

e Further, the form of Cjj; is fixed up to a number. Again for scalar operators,

¢i($l)¢j(x2) ~ Z ‘xl — xCiikH_Aj—Ak ¢k<xl) (321)
k

2

where ¢;jj, is now a set of pure numbers, the OPE coefficients (or structure constants).

The structure constants are universal data about the fixed point: they transcend per-
turbation theory. How do I know this? Because they can be computed from correlation
functions of scaling operators at the fized point: multiply the BHS of (3.21) by ¢x(z3)
and take the expectation value at the fixed point:

(Gia)d(ea)ontan)e = 3 B (G w)ou(as)

|$1

(3:20) Cijk 1

3.22
|1 — 2o SR |2y — 24]2A% (3.22)

(There is a better way to organize the RHS here, but let me not worry about that
here.) The point here is that by evaluating the LHS at the fixed point, with some
known positions 123, we can extract c;jp.
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Confession: I (and Cardy) have used a tiny little extra assumption of conformal invariance
to help constrain the situation here. It is difficult to have scale invariance without conformal
invariance, so this is not a big loss of generality.

Conformal perturbation theory. I'll make this discussion in the Euclidean setting and
we’ll think about the equilibrium partition function

Z =tre ¥
— we set the temperature equal to 1 and include it in the couplings.

Suppose we find a fixed point of the RG, H,. (For example, it could be the gaussian fixed
point of N scalar fields.) Let us study its neighborhood. (For example, we could seek out
the nearby interacting Wilson-Fisher fixed point in D < 4 in this way.) Then

H=H,+ Z Z giaAi@(x)

where a is the short distance cutoff (e.g. the lattice spacing), and ¢; has dimensions of
length™ as you can check from (3.20). So g; are de-dimensionalized couplings which we
will treat as small and expand in. Then

Z = Z* <6_EIZiQiQAi¢i($)>*

—~
=tre—H*

Zz:a%de dPx

~ (1—2%/ *—D x

dPx,dPx
+ = Zgzgg/ T 1A A2<¢z(x1)¢](:c2)>
[_, d°z,
g swa [ [ [ RS e oa)) + ).
ijk
Comments:

e We used the fact that near the fixed point, the correlation length is much larger than
the lattice spacing to replace Y ~ - [dPr.

e There is still a UV cutoff on all the integrals — the operators can’t get within a lattice
spacing of each other: |r; —r;| > a.

e The integrals over space are also IR divergent; we cut this off by putting the whole
story in a big box of size L. This is a physical size which should be RG-independent.
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e The structure of this expansion does not require the initial fixed point to be a free
fixed point; it merely requires us to be able to say something about the correlation
functions. As we will see, the OPE structure constants c;;, are quite enough to learn
something.

Now let’s do the RG dance. While preserving Z, we make an infinitesimal change of the
cutoff:
a—sa=(1+d)a,dl<1.
The price for preserving Z is letting the couplings run g; = g;(s). Where does a appear:
(1) in the integration measure factors a?~.
(2) in the cutoffs on [ dxydxy which enforce |z — z5| > a.
(3) not in the IR cutoff.

The leading-in-0¢ effects of (1) and (2) are additive and so may be considered separately:
(1) gi = (1+00)7"%g = g, + (D — A;)gibl = gi + 619
The effect of (2) first appears in the O(g?) term, the change in which is

dPx,dPx
@) Z glgj/ le(a(1450) )/ﬁ {Pilx1)@5(2))y
Tl TzG ,a

TV
Ap—Dj—As
=>4 Cijklri—x2]| TR T T TR ()«

= Z 9igiCiinlp_1a2PTA (B,

]
So this correction can be absorbed by a change in gy according to
1
Oogk = _§QD71 %: cirgig; + O(g°)

where the O(g?) term comes from triple collisions which we haven’t considered here. There-

fore we arrive at the following expression for evolution of couplings: d—g = (019 + 029) /¢
dg
d€ (D Ak)gk - _de Cijk3:i9; + O( ) (323)

ij

[End of Lecture 12] *7

37 To make the preceding discussion we considered the partition function Z. If you look carefully you will
see that in fact it was not really necessary to take the expectation values (), to obtain the result (3.23).
Because the OPE is an operator equation, we can just consider the running of the operator e=# and the
calculation is identical. A reason you might consider doing this instead is that expectation values of scaling
operators on the plane actually vanish (¢;(z)), = 0. However, if we consider the partition function in finite
volume (say on a torus of side length L), then the expectation values of scaling operators are not zero. You
can check these statements explicitly for the normal-ordered operators at the gaussian fixed point introduced
below. Thanks to Sridip Pal for bringing these issues to my attention.
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At g = 0, the linearized solution is dgy/gr = (D — Ap)dl = gp ~ eP~20)¢ which
reproduces our understanding of relevant and irrelevant at the initial fixed point.

Let’s consider the Ising model.

H = —%ZJ(x—x')S(x)S(x') - hZS(x)

~ _% Z J(x —2)S(2)S(@) = h > ¢lx) + A D (S(x)? —1)°
o~ /de (% <§¢>2 +roa” 2 + uga” et + ha_l_D/2¢) (3.24)

In the first step 1 wrote a lattice model of spins S = +1; in the second step I used the
freedom imparted by universality to relax the S = +1 constraint, and replace it with a
potential which merely discourages other values of S; in the final step we took a continuum
limit.

In (3.24) T've temporarily included a Zeeman-field term hS which breaks the ¢ — —¢
symmetry. Setting it to zero it stays zero (i.e. it will not be generated by the RG) because
of the symmetry. This situation is called technically natural.

Now, consider for example as our starting fixed point the Gaussian fixed point, with

1 /o \2
H, o /dDLU§ <V¢> :
Since this is quadratic in ¢, all the correlation functions (and hence the OPEs, which we’ll
write below) are determined by Wick contractions using

N

- |7, — 2o P2

((z1)0(72))x0

It is convenient to rescale the couplings of the perturbing operators by g; — ﬁ g; to remove
the annoying Qp_1/2 factor from the beta function equation. Then the RG equations (3.23)
say

@ — (14 D/2) =, cijngids

dro __

@ = 2ro— Zz‘j Cijro9idj
dug _ a0
aw — €U — Zij Cijuo9iYj

So we just need to know a few numbers, which we can compute by doing Wick contractions
with free fields. That is: to find the beta function for gy, we look at all the OPEs between
operators in the perturbed hamiltonian (3.24) which produce gy.
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Algebra of scaling operators at the Gaussian fixed point. It is convenient to
choose a basis of normal-ordered operators, which are defined by subtracting out their self-
contractions. That is

On =: @" 1= ¢" — self-contractions
so that (: ¢™ :) = 0, and specifically
0y = ¢* = (¢%), ¢a=0¢" —3(¢")0" .

This amounts to a shift in couplings ro — 79 + 3u(¢?).. Note that the contractions {¢?*)
discussed here are defined on the plane. They are in fact quite UV sensitive and require
some short-distance cutoff.

To compute their OPEs, we consider a correlator of the form above:s

Ok @
doy GO

We do wick contractions with the free prop-  ¢&)
agator, but the form of the propagator ¢

(n(21) P (12)P)

doesn’t matter for the beta function, only
the combinatorial factors. If we can contract

% gj
all the operators making up ¢,, with those of ({: ) — 41' f
%)

®m, then what’s left looks like the identity

) , . s
operatqr to P; that s'the lead.lng te?"m, if it’s " —
there, since the identity has dimension 0, the — &" T

lowest possible. More generally, some num- k) Qb; - t’ z

ber of ¢s will be left over and will need to
be contracted with bits of ® to get a nonzero correlation function. For example, the contri-
butions to ¢ - @5 are depicted at right.

The part of the result we’ll need (if we set h = 0) can be written as (omitting the implied
factors of 1] — xo|2iT2i =A% necessary to restore dimensions):

Qo ~ 20+ 4Py + Py + -
Goy  ~ 1205 + 8Py + - -
Gupy  ~ 241 + 960 + T2¢4 + - - -

At h =0, the result is (the N =1 case of the result in §3.3.4)

dug _

dro —  2rg — 4r3 — 2 12rqup — 96u2
W= eug — g — 2 - 8roug — 72uf
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and so the (N = 1) WF fixed point occurs at ug = u} = €/72,19 = O(?).

Linearizing the RG flow about the new fixed point,

d
§:2T0—24u67“0+---
gives
d 24 2 1
o _ (2 — ﬁe)dﬁ —  ry~ e RN = (ee) g
To

which gives v = 1 + e+ O(e?).
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4 Effective field theory

[Some nice lecture notes on effective field theory can be found here: J. Polchinski, A. Manohar,
D. B. Kaplan, H. Georgi.]

Diatribe about ‘renormalizability’. Having internalized Wilson’s perspective on renor-
malization — namely that we should include all possible operators consistent with symmetries
and let the dynamics decide which are important at low energies — we are led immediately to
the idea of an effective field theory (EFT). There is no reason to demand that a field theory
that we have found to be relevant for physics in some regime should be a valid description
of the world to arbitrarily short (or long!) distances. This is a happy statement: there can
always be new physics that has been so far hidden from us. Rather, an EFT comes with a
regime of validity, and with necessary cutoffs. As we will discuss, in a useful implementa-
tion of an EFT, the cutoff implies a small parameter in which we can expand (and hence
compute).

Caring about renormalizibility is pretending to know about physics at arbitrarily short
distances. Which you don’t.

Even when theories are renormalizable, this apparent victory is often false. For example,
QED requires only two independent counterterms (mass and charge of the electron), and
is therefore by the old-fashioned definition renormalizable, but it is superseded by the elec-
troweak theory above 80GeV. Also: the coupling in QED actually increases logarithmically
at shorter distances, and ultimately reaches a Landau pole at SOME RIDICULOUSLY HIGH
ENERGY (of order e*a where a ~ 13- is the fine structure constant (e.g. at the scale of
atomic physics) and ¢ is some numerical number. Plugging in numbers gives something like
1033 GeV, which is quite a bit larger than the Planck scale). This is of course completely
irrelevant for physics and even in principle because of the previous remark about electroweak
unification. And if not because of that, because of the Planck scale. A heartbreaking histor-
ical fact is that Landau and many other smart people gave up on QFT as a whole because

of this silly fantasy about QED in an unphysical regime.

We will see below that even in QFTs which are non-renormalizable in the strict sense, there
is a more useful notion of renormalizability: effective field theories come with a parameter
(often some ratio of mass scales), in which we may expand the action. A useful EFT requires
a finite number of counterterms at each order in the expansion.

Furthermore, I claim that this is always the definition of renormalizability that we are

using, even if we are using a theory which is renormalizable in the traditional sense, which
allows us to pretend that there is no cutoff. That is, there could always be corrections of
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EHEW
UV scale where new physics might come in; for large enough n, this is too small for us to

order ( E ) where F is some energy scale of physics that we are doing and FE,., is some

have seen. The property of renormalizibility that actually matters is that we need a finite
number of counterterms at each order in the expansion in

B
Enew *

Renormalizable QFTs are in some sense less powerful than non-renormalizable ones — the
latter have the decency to tell us when they are giving the wrong answer! That is, they tell
us at what energy new physics must come in; with a renormalizable theory we may blithely
pretend that it is valid in some ridiculously inappropriate regime like 1033 GeV.

Notions of EFT. There is a dichotomy in the way EFTs are used. Sometimes one knows
a lot about the UV theory (e.g.

electroweak gauge theory,

e QCD,

electrons in a solid,

...) but it is complicated and unwieldy for the questions one wants to answer, so instead one
develops an effective field theory involving just the appropriate and important dofs (e.g.,
respectively,

Fermi theory of weak interactions,

chiral lagrangian (or HQET or SCET or ...),

Landau Fermi liquid theory (or the Hubbard model or a topological field theory or ...),

...). As you can see from the preceding lists of examples, even a single UV theory can have
many different IR EFTs depending on what phase it is in, and depending on what question
one wants to ask. The relationship between the pairs of theories above is always coarse-
graining from the UV to the IR, though exactly what plays the role of the RG parameter
can vary wildly. For example, in the example of the Fermi liquid theory, the scaling is w — 0,
and momenta scale towards the Fermi surface, not k= 0.

A second situation is when one knows a description of some low-energy physics up to some
UV scale, and wants to try to infer what the UV theory might be. This is a common
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situation in physics! Prominent examples include: the Standard Model, and quantized
Einstein gravity. Occasionally we (humans) actually learn some physics and an example of
an EFT from the second category moves to the first category.

Summary of basic EFT logic. Answer the following questions:

1. what are the dofs?
2. what are the symmetries?

3. where is the cutoff on its validity?

Then write down all interactions between the dofs which preserve the symmetry in an ex-
pansion in derivatives, with higher-dimension operators suppressed by more powers of the
UV scale.

[End of Lecture 13]

I must also emphasize two distinct usages of the term ‘effective field theory” which are com-
mon, and which the discussion above is guilty of conflating (this (often slippery) distinction
is emphasized in the review article by Georgi linked at the beginning of this subsection).
The Wilsonian perspective advocated in the previous subsection produces a low-energy de-
scription of the physics which is really just a way of solving (if you can) the original model;
very reductively, it’s just a physically well-motivated order for doing the integrals. If you
really integrate out the high energy modes exactly, you will get a non-local action for the
low energy modes. This is to be contrasted with the local actions one uses in practice, by
truncating the derivative expansion. It is the latter which is really the action of the effective
field theory, as opposed to the full theory, with some of the integrals done already. The latter
will give correct answers for physics below the cutoff scale, and it will give them much more
easily.

Some interesting and/or important examples of EFT that we will not discuss explicitly,
and where you can learn about them:

e Hydrodynamics [Kovtun]
e Fermi liquid theory [J. Polchinski, R. Shankar, Rev. Mod. Phys. 66 (1994) 129]

e chiral perturbation theory [D. B. Kaplan, §4]
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e heavy quark effective field theory [D. B. Kaplan, §1.3]

e random surface growth (KPZ) [Zee, chapter VI|

e color superconductors [D. B. Kaplan, §5]

e gravitational radiation [Goldberger, Rothstein]

e soft collinear effective theory [Becher, Stewart]

e magnets [Zee, chapter VL5, hep-ph/9311264v1]

e effective field theory of cosmological inflation [Senatore et al, Cheung et al]

o cffective field theory of dark matter direct detection [Fitzpatrick et all

There are many others, the length of this list was limited by how long I was willing to spend
digging up references. Here is a longer list.

4.1 Fermi theory of Weak Interactions

[from §5 of A. Manohar’s EFT lectures] As a first example, let’s think about part of the
Standard Model.

Legw > —I—QQ@ZJWMPijWM\/ij + terms involving Z bosons

V2

WA .T.]

Some things intermediate Ws can do: u decay, AS = 1 processes, neutron decay

II,'Ou.-

If we are asking questions with external momenta less than My, we can integrate out W
and make our lives simpler:

. 2 .
5551~ (1) itk [a20 20 (5 ) () (o Pu) (-
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(I am lying a little bit about the W propagator in that I am not explicitly projecting out the
fourth polarization with the negative residue.) This is non-local at scales p & My, (recall
our discussion in §1 with the two oscillators). But for p* < M,

1 pr<ME, 1 p? p?
_  ~ |14+ —+—+ .. 4.1
P2 — M2, - VR VER (4.1)
derivativ;,couplings
4CTYF 4 " n 1 . . .
Sp = NG —Vi Vi | dx (wify“PLzﬂj) (x) (Q/Jk'yuPLW) (x)+0O M2 +kinetic terms for fermions

(4.2)
where Gr/V2 = % is the Fermi coupling. We can use this (Fermi’s) theory to compute
w
the amplitudes above, and it is much simpler than the full electroweak theory (for example
[ don’t have to lie about the form of the propagator of the W-boson like I did above).

On the other hand, this theory is not the same as the electroweak theory; for example
it is not renormalizable, while the EW theory is. Its point in life is to help facilitate the
expansion in 1/My,. There is something about the expression (4.2) that should make you
nervous, namely the big red 1 in the 1/M3, corrections: what makes up the dimensions?
This becomes an issue when we ask about ...

4.2 Loops in EFT

Suppose we try to define the Fermi theory Sz with a euclidean momentum cutoff |kg| < A,
like we’'ve been using for most of our discussion so far. We expect that we’ll have to set
A ~ My,. A simple example which shows that this is problematic is to ask about radiative
corrections in the 4-Fermi theory to the coupling between the fermions and the Z (or the
photon).

We are just trying to estimate the magnitude of this correction, so don’t worry about the
factors and the gamma matrices:

~ M2/d4k——tr ) O(1).
ocGF ~f kdk~A2~M2

v,
MW

¢
Even worse, consider what happens if we use the vertex coming from the ( ) correction
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n (4.1)

1 [ K
~ I = Mg/d“k <M2> ~O(1)

— it’s also unsuppressed by powers of ... well, anything. This is a problem.

Fix: A way to fix this is to use a “mass-independent subtraction scheme”, such as di-
mensional regularization and minimal subtraction (MS). The crucial feature is that the di-
mensionful cutoff parameter appears only inside logarithms (log 1), and not as free-standing

powers (u?).

With such a scheme, we’d get instead

m2 m £+1
I ~—1lo Iy~ | — lo
where m is some mass scale other than the RG scale p (like a fermion mass parameter, or
an external momentum, or a dynamical scale like Agep).

We will give a more detailed example next. The point is that in a mass-independent scheme,
the regulator doesn’t produce new dimensionful things that can cancel out the factors of My,
in the denominator. It respects the ‘power counting’: if you see 2¢ powers of 1/My, in the
coefficient of some term in the action, that’s how many powers will suppress its contributions
to amplitudes. This means that the EFT is like a renormalizable theory at each order in
the expansion (here in 1/My,), in that there is only a finite number of allowed vertices
that contribute at each order (counterterms for which need to be fixed by a renormalization
condition). The insatiable appetite for counterterms is still insatiable, but it eats only a finite
number at each order in the expansion. Eventually you’ll get to an order in the expansion
that’s too small to care about, at which point the EFT will have eaten only a finite number
of counterterms.

There is a price for these wonderful features of mass-independent schemes, which has two
aspects:

e Heavy particles (of mass m) don’t decouple when 1 < m. For example, in a mass-
independent scheme for a gauge theory, heavy charged particles contribute to the beta
function for the gauge coupling even at yu < m.

e Perturbation theory will break down at low energies, when 1 < m; in the example just
mentioned this happens because the coupling keeps running.
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We will show both these properties very explicitly next. The solution of both these problems
is to integrate out the heavy particles by hand at © = m, and make a new EFT for p < m
which simply omits that field. Processes for which we should set ;1 < m don’t have enough
energy to make the heavy particles in external states anyway. (For some situations where
you should still worry about them, see Aneesh Manohar’s notes linked above.)

4.2.1 Comparison of schemes, case study

The case study we will make is the contribution of a charged fermion of mass m to the
running of the QED gauge coupling.

Recall that the QED Lagrangian is

1 _
PP =5GP = m)

with D, = 0, —ieA,. By redefining the field F,, = 9,4, — 9, A, by a constant factor we can
move around where the e appears, i.e. by writing A = eA, we can make the gauge kinetic
term look like éF w " . This means that the charge renormalization can be seen either in

the vacuum polarization, the correction to the photon propagator: : . T will call
this diagram iIl,, .

So the information about the running of the coupling is encoded in the gauge field two-point
function:

I, = (A, (0)A(0)) = (Pupv — PPgw) (0 + Q)IL(P?) .

The factor P,, = p,p, — p*gu is guaranteed to be the polarization structure by the gauge
invariance Ward identity: p*(A,(p)A,(¢)) = 0. That is: p*P,, = 0, and there is no other
symmetric tensor made from p* which satisfies this. This determines the correlator up to a
function of p?, which we have called TI(p?).

The choice of scheme shows up in our choice of renormalization condition to impose on
2.
II(p*):

Mass-dependent scheme: subtract the value of the graph at p> = —M? (a very off-shell,
euclidean, momentum). That is, we impose a renormalization condition which says

M(p? = —M?) =1 (4.3)

(which is the tree-level answer with the normalization above).
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The contribution of a fermion of mass m and charge e is (factoring out the momentum-
conserving delta function):

O /detr<_m i) —i<p+%+m>>

k2 —m? (p+ k)2 —m?

The minus sign out front is from the fermion loop. Some boiling, which you can find in Peskin
(page 247) or Zee (§II1.7), reduces this to something manageable. The steps involved are:

2
(1) a trick to combine the denominators, like the Feynman trick o= = fol dz <m) :

(2) some Dirac algebra, to turn the numerator into a polynomial in k,p. As Zee says, our
job in this course is not to train to be professional integrators. The result of this boiling can

1 N
i = —é? /&Dé/ dr———
o (£-A4)

with £ = k + xp is a new integration variable, A = m? — z(1 — z)p?, and the numerator is

be written

N = 200" — g"(* — 22(1 — x)p"p” + g (m2 +x(1— x)pQ) + terms linear in ¢ .

At this point I have to point out a problem with applying the requlator we’ve been using
(this is a distinct issue from the choice of RG scheme). With a euclidean momentum cutoff,

the diagram : gives something of the form
% 29" 242

p—Er L x e2NPg

(6 + A)

This is NOT of the form I1** = P*TI(p?); rather it produces a correction to the photon mass
proportional to the cutoff. What happened? Our cutoff was not gauge invariant. Oops.

A
ilT™  e? / d*e

Dimensional regularization. A regulator which is gauge invariant is dimensional regu-
larization (dim reg). I have already been writing most of the integrals in D dimensions. One
small difference when we are considering this as a regulator for an integral of fixed dimension
is that we don’t want to violate dimensional analysis, so we should really replace

fie [

where D = 4 — ¢ and [ is an arbitrary mass scale which will appear in the regulated answers,

which we put here to preserve dim’l analysis — i.e. the couplings in dim reg will have the
same engineering dimensions they had in the unregulated theory (dimensionless couplings
remain dimensionless). [ will parametrize our RG, i.e. play the role of the RG scale. (It
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is often called p at this step and then suddenly replaced by something also called p; I will
instead call this i and relate it to the thing that ends up being called p.)

[Zinn-Justin 4th ed page 233] Dimensionally regularized integrals can be defined systemat-
ically with a few axioms indicating how the D-dimensional integrals behave under

1. translations [d”pf(p+q) = [d"pf(p) **
2. scaling [d”pf(sp) = |s|~" [d"pf(p)

3. factorization chDp deqf(p)g(q) = depf(p) fCTDqg(Q>

The (obvious?) third axiom implies our formula (3.16) for the sphere volume as a continuous
function of D.

In dim reg, the one-loop vacuum polarization correction does satisfy the gauge invaraince
Ward identity II*” = P#§Il,. A peek at the tables of dim reg integrals shows that Il is:

eskin 2 ! I'2-D/2
ST (p?) © kinp. 262 __ 8¢ /d:cx(l—x)—( — /2) e
0

(4m)D/2 A2-Dj2 Iz
2 1
D—4 e A
= l—a)(Z—log (= 4.4
212 Jo dra ) (5 o8 <N2)) (44)

where we have introduced the heralded u:
1P = Anpte e

where 7 is the Euler-Mascheroni constant; we define p in this way so that, like Rosencrantz
and Guildenstern, vg both appears and disappears from the discussion at this point. In the
second line of (4.4), we expanded the I'-function about D = 4; there are other singularities
at other integer dimensions. It is an interesting question to ponder why the integrals have
such nice behavior as a function of D. That is: they only have simple poles. A partial answer
is that in order to have worse (e.g. essential) singularities at some D, the perturbative field
theory would have to somehow fail to make sense at larger D.

Mass-dependent scheme: Now back to our discussion of schemes. I remind you that in
a mass-independent scheme, we demand that the counterterm cancels 611, when we set the

external momentum to p?> = —M?2, so that the whole contribution at order e? is :
1.3)!
D = —m?) = 5 51T,
~—

counterterm coefficient for iFMyF*“’

38Note that this rule fails for the euclidean momentum cutoff.
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2 2 _3(1— 2)p?
2 (P') 272 dwz(l —z)log m? + x(1 — z) M?

Notice that the us go away in this scheme.
Mass-Independent scheme: This is to be contrasted with what we get in a mass-

independent scheme, such as MS, in which II is defined by the rule that we subtract the 1/e
pole. This means that the counterterm is

272 €

R 2 2 1
6%8) = —6——/ drz(l — ).
0

=1/6

(Confession: I don’t know how to state this in terms of a simple renormalization condition
on IIy. Also: the bar in MS refers to the (not so important) distinction between i and pu.)
The resulting vacuum polarization function is

_ 2 1 2 1— 2
HgMS)(pQ) = 6—/0 dzaz(l — z)log (m I,ELQ )P ) :

o2

[End of Lecture 14]

Next we will talk about beta functions, and verify the claim above about the failure of
decoupling. First let me say some words about what is failing. What is failing — the price
we are paying for our power counting — is the basic principle of the RG, namely that physics
at low energies shouldn’t care about physics at high energies, except for small corrections
to couplings. An informal version of this statement is: you don’t need to know about
nuclear physics to make toast. A more formal version is the Appelquist-Carazzone Decoupling
Theorem, which I will not state (Phys. Rev. D11, 28565 (1975)). So it’s something we must
and will fix.

Beta functions. : First in the mass-dependent scheme. Demanding that physics is
independent of our made-up RG scale, we find

d 0 0 0
0= Md—MngM)(PZ) = (Ma_M ﬁéM)€$> 1™ (p?) = <M8_M s <2 > 115" (p?)

to this order
where I made the high-energy physics definition of the beta function®’:

1
BM) = - (MOye) = —%, M=e"M,.

e

39T’ve defined these beta functions to be dimensionless, i.e. they are Ohog M l0g(g); this convention is not
universally used.
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Here ¢ is the RG time again, it grows toward the IR. So we find

=25 (50) [ o (i) o

mLM 2 1 2
= ;?fo d$$(1—$):1§T
(4.5)
>M 1 2,0(1—
TR fy dua(l— o) MG = e My

— d (s 0 vy O MS 0 VS MS
. 0= M_HgMS) (p2) _ (,u— + ﬁéMS)€_> HgMS)(pz) _ (M@ + BéMS) 9 ) HgMS)@z)

~~
d/,L a'u Oe to this order
S 1er [! m? — p*x(l — x)
Ms) =~ —
= [ = 292 , drx(l — z) po, log e
7 ~;
2
e
= ——. 4.6
1272 (4.6)
12
.I'-gc' -
2
10}
08
sl
0af
0z2f
2 4 5 5 o m

Figure 15: The blue curve is the mass-dependent-scheme beta function; at scales M < m,
the mass of the heavy fermion, the fermion sensibly stops screening the charge. The red line
is the MS beta function, which is just a constant, pinned at the UV value.

Also, the MS vacuum polarization behaves for small external momenta like
2l m2

I (p* < m?) =~ 2.7, dex(l —x) log el

>1,for p<m! bad!
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As I mentioned, the resolution of both these problems ILT
is simply to define a new EFT for 1 < m which omits
the heavy field. Then the strong coupling problem
goes away and the heavy fields do decouple. The price
is that we have to do this by hand, and the beta M {4

function jumps at © = m; the coupling is continuous,
though.

4.3 The SM as an EFT.

Now I can elaborate on a comment I made in lecture in response to questions about the
naturalness problem for the Higgs mass. I said that we have evidence against a cutoff on
the Standard Model (SM) at energies less than something like 10 TeV. The evidence I had

in mind was the absence of interactions of the form
1 _

(where 1 represent various SM fermion fields and A, B can be various gamma and flavor
matrices) with M < 10 TeV. Notice that I am talking now about interactions other than
the electroweak interactions, which as we’ve just discussed, for energies above My, ~ 80GeV
cannot be treated as contact interactions — you can see the W's propagate!

If such operators were present, we would have found different answers for experiments at
LEP. But such operators would be present if we consider new physics in addition to the
Standard Model (in most ways of doing it) at energies less than 10 TeV. For example, many
interesting ways of coupling in new particles with masses that make them accessible at the
LHC would have generated such operators.

A little more explicitly: the Standard Model Lagrangian Ly contains all the renormalizable
(i.e. engineering dimension < 4) operators that you can make from its fields (though the
coefficients of the dimension 4 operators do vary through quite a large range, and the co-
efficients of the two relevant operators — namely the identity operator which has dimension
zero, and the Higgs mass, which has engineering dimension two, are strangely small, and so

is the QCD 6 angle).
To understand what lies beyond the Standard Model, we can use our knowledge that

whatever it is, it is probably heavy (it could also just be very weakly coupled, which is a
different story), with some intrinsic scale Ay, SO We can integrate it out and include its
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effects by corrections to the Standard Model:

1
®) OO
O + 5= ¢0,

new new

1
L:L0+

i

where the Os are made of SM fields, and have the indicated engineering dimensions, and
preserve the necessary symmetries of the SM.

In fact there is only one kind of operator of dimension 5:
0(5) = C5€45 ([_/C)l HjElekHl

where H' = (b, hY)" is the SU(2) gy Higgs doublet and L' = (vy, er,)" is an SU(2) gy doublet
of left-handed leptons, and L¢ = LTC where C is the charge conjugation matrix. (I say ‘kind
of operator’ because we can have various flavor matrices in here.) On problem set 6 you get
to see from where such an operator might arise, and what it does if you plug in the higgs
vev (H) = (0,v). This term violates lepton number.

At dimension 6, there are operators that directly violate baryon number, such as

€apy(UR)o(Ur)s (UR) €R-

You should read the above tangle of symbols as ‘qqqf’ — it turns three quarks into a lepton.
The epsilon tensor makes a color SU(3) singlet; this thing has the quantum numbers of a
baryon. The long lifetime of the proton (you can feel it in your bones — see Zee p. 413) then
directly constrains the scale of new physics appearing in front of this operator. *°

There are ~ 10? dimension 6 operators that preserve baryon number, and therefore are
not as tightly constrained’'. (Those that induce flavor-changing processes in the SM are
more highly constrained and must have A, e, > 10 TeV.) Two such operators are considered
equivalent if they differ by something which vanishes by the tree-level SM equations of

40 Two more comments about this:

o If we didn’t know about the Standard Model, (but after we knew about QM and GR and EFT (the

last of which people didn’t know before the SM for some reason)) we should have made the estimate

1
Mpianck

that dimension-5 Planck-scale-suppressed operators like pO would cause proton decay (into

whatever O makes). This predicts I'), ~ MI;:?’ -~ 1071351 which is not consistent with our bodies
not glowing. Actually it is a remarkable fact ‘that there are no gauge-invariant operators made of SM
fields of dimension less than 6 that violate baryon number. This is an emergent symmetry, expected
to be violated by the UV completion.

1
Mpianck

2
e Surely nothing can prevent AL ~ ( ) qqqf. Happily, this is consistent with the observed

proton lifetime.

41For an up-to-date counting of these operators, see 1008.4884; thanks to Chris Murphy for the reference.
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motion. This is the right thing to do, even for off-shell calculations (like green’s functions
and for fields running in loops). You know this from Problem Set 2: the EOM are true as
operator equations — Ward identities resulting from being free to change integration variables

in the path integral®’.

4.4 Quantum Rayleigh scattering

[from hep-ph /9606222 and nucl-th/0510023] Why is the sky blue? Basically, it’s because the
blue light from the sun scatters in the atmosphere more than the red light, and you (I hope)
only look at the scattered light.

With all the buildup, this is going to be disappointingly simple. Consider the scattering of
photons off atoms at low energies. Low energy means that the photon does not have enough
energy to probe the substructure of the atom — it can’t excite the electrons or the nuclei.
This means that the atom is just a particle, with some mass M.

The dofs are just the photon field and the field that creates an atom.

The symmetries are Lorentz invariance and charge conjugation invariance and parity. We’ll
use the usual redundant description of the photon which has also gauge invariance.

The cutoff is the energy AFE that it takes to excite atomic energy levels we've left out of
the discussion. We allow no inelastic scattering. This means we require

(%
EA/<<AENCL—<<CL51<<Matom
0

Because of this separation of scales, we can also ignore the recoil of the atom, and treat it
as infinitely heavy.

Since there are no charged objects in sight — atoms are neutral — gauge invariance means
the Lagrangian can depend on the field strength F),,. Let’s call the field which destroys
an atom with velocity v ¢,. v*v, =1 and v, = (1,0,0,0), in the atom’s rest frame. The
Lagrangian can depend on v*. We can write a Lagrangian for the free atoms as

Latom = Qﬁ; iv'uau va

42 There are a few meaningful subtleties here, as you might expect if you recall that the Ward identity is
only true up to contact terms. The measure in the path integral can produce a Jacobian which renormalizes
some of the couplings; the changes in source terms will drop out of S-matrix elements (recall our discussion
of changing field variables in §2.4) but can change the form of Green’s functions. For more information on

the use of eom to eliminate redundant operators in EFT, see Arzt, hep-ph/9304230 and Georgi, “On-Shell
EFT”.
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This action is related by a boost to the statement that the atom at rest has zero energy —
in the rest frame of the atom, the eom is just ﬁtqbvz(l’@) = 0.

So the Lagrangian density is

LMaxwell [A] + Latom [gbv] + Lint [Ay ¢v]

and we must determine L. It is made from local, Hermitian, gauge-invariant, Lorentz
invariant operators we can construct out of ¢, F),,,v,,0, (It can only depend on F), =
0,A, —0,A,, and not A, directly, by gauge invariance.). It should actually only depend on
the combination ¢/ ¢, since we will not create and destroy atoms. Therefore

Line = Cl%‘vauuFW + ol 07 O+ e300 b, (U’\a,\) F,F" + ...

. indicates terms with more derivatives and more powers of velocity (i.e. an expansion in
0 -v). Which are the most important terms at low energies? Demanding that the Maxwell
term dominate, we get the power counting rules (so time and space should scale the same
way):
0 =1, [Fu]=2

This then implies [¢,] = 3/2, [v] = 0 and therefore
[e1] = [eo] = =3, [e5] = —4.
Terms with more partials are more irrelevant.

What makes up these dimensions? They must come from the length scales that we have
integrated out to get this description — the size of the atom ay ~ am, and the energy gap
between the ground state and the electronic excited states AE ~ a*m,. For E, < AE, ay L
we can just keep the two leading terms.

In the rest frame of the atom, these two leading terms c; o represent just the scattering
of F and B respectively. To determine their coefficients one would have to do a matching
calculation to a more complete theory (compute transition rates in a theory that does include
extra energy levels of the atom). But a reasonable guess is just that the scale of new physics
(in this case atomic physics) makes up the dimensions: ¢; ~ ¢y ~ a3. (In fact the magnetic
term ¢y comes with extra factor of v/c which suppresses it.) The scattering cross section

2 6

then goes like o ~ ¢? ~ af; dimensional analysis ([0] = —2 is an area, [a3] = —6) then tells

us that we have to make up four powers with the only other scale around:
4 6
o x Ejag.

(The factor of E3 in the amplitude arises from E o 0tg.) Blue light, which has about twice
the energy of red light, is therefore scattered 16 times as much.
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The leading term that we left out is the one with coefficient c¢3. The size of this coefficient
determines when our approximations break down. We might expect this to come from the
next smallest of our neglected scales, namely AFE. That is, we expect

E
aocEéag (1+(’)<A—]})).

The ratio in the correction terms is appreciable for UV light.
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4.5 QFT of superconductors and superfluids
4.5.1 Landau-Ginzburg description of superconductors

[Zee §V.3, Weinberg (vII), chapter 21.6.] Without knowing any microscopic details about
what the heck is going on inside a superconductor, we can get quite far towards understanding
the phenomenology; the only thing we need to know is that charge-2e bosons are condensing.
These bosons are created by a complex scalar field ®. (We will not need to know anything
about Cooper pairing or any of that, as long as the boson which is condensing is a scalar.)

So the dofs involved are ®, A,, and there is a gauge redundancy ® — e2*(@<d A, —
A, + J,a. (The third ingredient in the EFT logic is to specify the cutoff; here that is the
energy where we are able to see that the theory is made of fermions, let’s call it AE,.
We'll determine it below.) For field configurations that are constant in time, the free energy
density (aka the euclidean Lagrangian) must take the form

1 1
F =ik + |Di@|2+a|®|2+§b|®|4+... (4.7)
with D;® = (0; — 2eiA;) . Basically this is the same as (3.3) for the O(2)-symmetric
magnet, but allowing for the fact that ® is charged.

Now, as we did above, suppose that a has a zero at some temperature a(7) = a1 (T.—T)+...,
with a; > 0 (this sign is a physical expectation). For T' > T, the minimum is at & = 0.
For T' < T, the potential has a minimum at (|®|?) = —a/b = py > 0. Notice that only the
amplitude is fixed. For T' < T, parametrize the field by & = \/ﬁeiw and plug back into the
Lagrangian:

(0ip)?
4p
(Note that there is a Jacobian for this change of variables in the path integral. We can ignore

it.)

1
F = FiFy+ (200 (o + Ai)* + +V(p)

We still have a gauge redundancy, which acts by ¢ — ¢ + a(x). We can use it to fix
0= 043_

If we consider T' < T, so that V' (p) does a good job of keeping p = py > 0, we find:

1 1
;= kbt §m2 (A))* (4.8)

43 A fancy point: this leaves a residual Z; redundancy unfixed. Gauge transformations of the form ® —
ei2e@d with ei2¢® = 1 don’t act on the charge-2 order parameter field. In this sense, there is a discrete gauge
theory left over.
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with m? = 2p2e?. The photon gets a mass**. This is the Anderson-Higgs mechanism. A
physical consequence of this that it is not possible to get a magnetic field to penetrate very
far into a superconductor. In particular, imagine sticking a magnet on the surface of a
superconductor filling x > 0; solving the equations of motion following from (4.8) with the
boundary condition that B(z = 0) = B, will show that B(z) = Bye ®/* (it is the same as

the Green’s function calculation on pset 2) with A ~ 1/m is the penetration depth.

[End of Lecture 15]

Symmetry breaking by fluctuations (Coleman-Weinberg) revisited. [Zee problem
IV.6.9.] What happens near the transition, when a = 0 in (4.7)7 Quantum fluctuations
can lead to symmetry breaking. This is just the kind of question we discussed earlier,
when we introduced the effective potential. Here it turns out that we can trust the answer
(roughly because in this scalar electrodynamics, there are two couplings: e and the quartic
self-coupling b).

of.c’r}e. | A feature of this example that I want you to notice:
Feine - the microscopic description of real superconductor in-
_ﬁﬂ,(Mthj

volves electrons — charge le spinor fermions, created

Co AT by some fermionic operator ¥,, a =1,]. We are de-

3,{6&.\"\

scribing the low-energy physics of a system of elec-

\g@

trons in terms of a bosonic field, which (in simple

\«ﬁ |~
2
>
rﬂ
=

‘s-wave’ superconductors) is roughly related to the
C/Lué) 2 electron field by

e} P~ Yathse ; (4.9)

44 For the purposes of this footnote, let’s assume that our system is relativistic, so that the form of the
lagrangian including the time-derivative terms is fixed:

1 1
chlativistic = EF#VFHV + |D,uq)|2 + a|©|2 + §b|(§‘4 +

Everything above is still true. Letting (|®|?) = py and choosing unitary gauge ¢ = 0, we find

2
v
Lrelativistic|(|<I>\2>:p0,unitary gauge — EF,LLVFM + 2 A,LLAM .

The Proca equation (the eom for A,, that comes from (4.8))
0, FM =m?2AY

is the Maxwell equation with a source current j, = mQAH. The Bianchi identity requires 0*A, = 0. In
Maxwell theory this is called Lorentz gauge, it is a choice of gauge; here it is not a choice. It is the equation
of motion for the field ¢ that we gauge-fixed, which must be imposed.
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® is called a Cooper pair field. At least, the charges and the spins and the statistics work out.
The details of this relationship are not the important point I wanted to emphasize. Rather
I wanted to emphasize the dramatic difference in the correct choice of variables between
the UV description (spinor fermions) and the IR description (scalar bosons). One reason
that this is possible is that it costs a large energy to make a fermionic excitation of the
superconductor. This can be understood roughly as follows: The microscopic theory of the
electrons looks something like

Sly] = Saly] + /dtddx T + hc. (4.10)

where

Sy = /dt /ddw,i (10, — e(k)) Y.

Notice the strong similarity with the XY model action in §3.3 (in fact this similarity was
Shankar’s motivation for explaining the RG for the XY model in the (classic) paper I cited
there). A mean field theory description of the condensation of Cooper pairs (4.9) is obtained
by replacing the quartic term in (4.10) by expectation values:

Suerlé] = Salul + [ dtd'e ulworstel + e
= Syl + /dtdda: udyipt + h.c. (4.11)

So an expectation value for ® is a mass for the fermions. It is a funny kind of symmetry-
breaking mass, but if you diagonalize the quadratic operator in (4.11) (actually it is done
below) you will find that it costs an energy of order AE,, = u(®) to excite a fermion. That’s
the cutoff on the LG EFT.

A general lesson from this example is: the useful degrees of freedom at low energies can be
very different from the microscopic dofs.

4.5.2 Lightning discussion of BCS.

I am sure that some of you are nervous about the step from S[¢] to Sy pr[t)] above. To
make ourselves feel better about it, I will say a few more words about the steps from the
microscopic model of electrons (4.10) to the LG theory of Cooper pairs (these steps were
taken by Bardeen, Cooper and Schreiffer (BCS)).

First let me describe a useful trick called Hubbard-Stratonovich transformation or completing
the square. It is a ubiquitous stategem in theoretical physics, and is sometimes even useful.
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It begins with the following observation about 040 dimensional field theory:
—m:c _ \/_/ do 6—1—0 2_9%iz?0 ] (412)

At the cost of introducing an extra field o, we can turn a quartic term in z into a quadratic
term in 2. The RHS of (4.12) is gaussian in x and we know how to integrate it over z. (The
version with i is relevant for the real-time integral.)

Notice the weird extra factor of i lurking in (4.12). This can be understood as arising
because we are trying to use a scalar field o, to mediate a repulsive interaction (which it is,
for positive u) (see Zee p. 193, 2nd Ed).

Actually, we’ll need a complex H-S field:

e — 9y ? / do / Ao ¢ wloP—izto—iate (4.13)

(The field-independent prefactor is, as usual, not important for path integrals.)

We can use a field theory generalization of (4.13) to ‘decouple’ the 4-fermion interaction in
(4.10):

7 — /[DwaT]eiSM — /[DwaTDO-DO-T]eiSﬂw]JrifdDI((ﬂMﬁJrh.c.)dezolfu(z) ' (4.14)

The point of this is that now the fermion integral is gaussian. At the saddle point of the o
integral (which is exact because it is gaussian), o is the Cooper pair field, ogqq.e = ute.

Notice that we made a choice here about in which ‘chan-
nel’ to make the decoupling — we could have instead in- ——3 «
troduces a different auxiliary field p and written S|p, 1] =
[ oty + [ g—z, which would break up the 4-fermion inter-
action in the t-channel (as an interaction of the fermion
density ¢71)) instead of the s (BCS) channel (as an inter-
action of Cooper pairs ¥?). At this stage both are correct, ;) <
but they lead to different mean-field approximations be-

low. That the BCS mean field theory wins is a consequence
of the RG.

How can you resist doing the fermion integral in (4.14)? Let’s study the case where the
single-fermion dispersion is €(k) = % —

Iy[o] = /[D@bDW] i [ dtde (vt (S —p)p+uov+ido)

120



The action here can be written as the integral of

L= (¢ v) (iat R ;(—iV) — (0, —Ue(—iv))) (g) =) (Z)

so the integral is
I[o] = det M = etrloeM(@),

The matrix M is diagonal in momentum space, and the integral remaining to be done is
/[DUDJT]e_dexIt’éf‘FfaDklOg(wQ—ei—ka).

It is often possible to do this integral by saddle point. This can justified, for example, by
the largeness of the volume of the Fermi surface, {kle(k) = p}, or by large N number of
species of fermions. The result is an equation which determines o, which as we saw earlier
determines the fermion gap.

_ 5exp(inent _ i— /dwddk : 20

oo 2u —e — o> +ie

We can do the frequency integral by residues:

1 1 1
dw — = — 2T
/ w2 —€; —|o|>+ie 27 2,/ + |o]?

The resulting equation is naturally called the gap equation:

= —2u /ddp NI (4.15)

which you can imagine solving self-consistently for o. Plugging back into the action (4.14)
says that o determines the energy cost to have electrons around; more precisely, o is the
energy required to break a Cooper pair.

Comments:

e If we hadn’t restricted to a delta-function 4-fermion interaction u(p,p’) = ug at the
outset, we would have found a more general equation like

p)o(p')

ﬁ)___/ \/6 —|—|0 )|?

e Notice that a solution of (4.15) requires u < 0, an attractive interaction. Supercon-

ductivity happens because the v that appears here is not the bare interaction between
electrons, which is certainly repulsive (and long-ranged). This is where the phonons
come in in the BCS discussion.
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I haven’t included here effects of the fluctuations of the fermions. In fact, they make

the four-fermion interaction which leads to Cooper pairing marginally relevant. This
breaks the degeneracy in deciding how to split up the ¥ TT into e.g. Yo or ¢iap.
BCS wins. This is explained beautifully in Polchinski, lecture 2, and R. Shankar. I
will try to summarize the EFT framework for understanding this in §4.6.

e A conservative perspective on the preceding calculation is that we have made a vari-
ational ansatz for the groundstate wavefunction, and the equation we solve for o is
minimizing the variational energy — finding the best wavefunction within the ansatz.

e ['ve tried to give the most efficient introduction I could here. I left out any possibility of
k-dependence or spin dependence of the interactions or the pair field, and I've conflated
the pair field with the gap. In particular, I've been sloppy about the dependence on k
of o above.

e You will study a very closely related manipulation on the problem set, in an example
where the saddle point is justified by large V.

4.5.3 Non-relativistic scalar fields

[Zee §I11.5, V.1, Kaplan nucl-th/0510023 §1.2.1] In the previous discussion of the EF'T for a
superconductor, I just wrote the free energy, and so we didn’t have to think about whether
the complex scalar in question was relativistic or not.

It is not. In real superconductors, at least. How should we think about a non-relativistic
field? A simple answer comes from realizing that a relativistic field which can make a boson
of mass m can certainly make a boson of mass m which is moving slowly, with v < ¢. By
taking a limit of the relativistic model, then, we can make a description which is useful for
describing the interactions of an indefinite number of bosons moving slowly in some Lorentz
frame. A situation that calls for such a description is a large collection of *He atoms.

Non-relativistic limit of a relativistic scalar field. A non-relativistic particle in a

relativistic theory (like the ¢* theory that we've been spending time with) has energy
2
m + L + ...
2m

This means that the field that creates and annihilates it looks like

1 . o
o(Z,t) = —— (a,ge‘EEt_‘k'x + h.c.)

ifokKe
E=\/p*+m? =
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In particular, we have
O ~ m2e?

and the BHS of this equation is large. To remove this large number let’s change variables:

1 .
)= —— | ™ O(x,t) +hec
¢(z,1) V2m (z,1)

complex, dgmd

Notice that ® is complex, even if ¢ is real.

Let’s think about the action governing this NR sector of the theory. We can drop terms
with unequal numbers of ® and ®* since such terms would come with a factor of ei™ which
gives zero when integrated over time. Starting from (9¢)? — m2¢* — A\¢* we get:

—

2

\Y
Lreal time — o~ <lat + %) ¢ — g2 ((I)*(I))2 + ... (416)

A
4m?2 -

with ¢ =

Notice that ® is a complex field and its action has a U(1) symmetry, ® — €*®, even
though the full theory did not. The associated conserved charge is the number of particles:

Jo= @ ji = 5 (P00~ G0 D), Dyjo— V-] =0

i
2m
Notice that the ‘mass term’ ®*® is then actually the chemical potential term, which encour-
ages a nonzero density of particles to be present.

This is another example of an emergent symmetry (like baryon number in the SM): a
symmetry of an EFT that is not a symmetry of the microscopic theory. The ... in (4.16)
include terms which break this symmetry, but they are irrelevant.

To see more precisely what we mean by irrelevant, let’s think about scaling. To keep this
kinetic term fixed we must scale time and space differently:

T —F=sz, t >1=35% & &(Z,1)=(D(sx,s%) .

A fixed point with this scaling rule has dynamical exponent z = 2. The scaling of the bare
action (with no mode elimination step) is

2
©) _ d 2 * 2 \Y 2 2 (o> 2,1\ 2
Sy’ = / dtd’z | @* (sz,s°t) (@ - %) ®(sz, s°t) — g° (P P(sz, s°t)) " + ...
=sdtzdtddz .



) A 2\ o \2
Sd+zf2€~72 dtddi’ (q)* (at _ V_) b — 472g2 <(I)*(I)<:i.7t)) + ) (417)
— 2m

41 = (=s5"3/2

From this we learn that § = s73"?=71g — 0 in the IR — the quartic term is irrelevant in
D =d+ 1= 3+ 1 with nonrelativistic scaling! Where does it become marginal? Do pset 5
and think about the delta function problem in pset 1.

[End of Lecture 16]

Number and phase angle. In the NR theory, the canonical momentum for ¢ is just
oL
ob :
to ® = \/pe’ (which would be useful e.g. if we knew p didn’t want to be zero); the action

~ ®* with no derivatives. This statement becomes more shocking if we change variables

density is
i 1 9 1 2 2 2
poig  on E ] 41
50 — PO — o <p (VO)” + I (Vp) ) gr (4.18)

The first term is a total derivative. The second term says that the canonical momentum for
the phase variable 0 is p = ®*® = j, the particle number density. Quantumly, then:

[ﬁ(‘i t)a @(f/7t)] = léd(f - f/)

Number and phase are canonically conjugate variables. If we fix the phase, the amplitude is
maximally uncertain.

If we integrate over space, N = [ d%xp(Z,t) gives the total number of particles, which is
time independent, and satisfies [N, 0] = i.

This relation explains why there’s no Higgs boson in most non-relativistic superconductors
and superfluids (in the absence of some extra assumption of particle-hole symmetry). In the
NR theory with first order time derivative, the would-be amplitude mode which oscillates
about the minimum of V(p) is actually just the conjugate momentum for the goldstone
boson!

4.5.4 Superfluids.

[Zee §V.1] Let me amplify the previous remark. A superconductor is just a superfluid coupled
to an external U(1) gauge field, so we’ve already understood something about superfluids.

The effective field theory has the basic lagrangian (4.18), with (p) = p # 0. This nonzero
density can be accomplished by adding an appropriate chemical potential to (4.18); up to
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an uninteresting constant, this is

71 o _L 2 i 2 2 __2
L= 50— pdf — 5 (p(w) 1 (Vp)> g (p—p).

Expand around such a condensed state in small fluctuations \/p = /p + h, h < /p:

5/ N2 1 /o \2
L= —2phd0 — L (ve) - (w) — 4g?5R% + ...
2m 2m
Notice that h, the fluctuation of the amplitude mode, is playing the role of the canonical
momentum of the goldstone mode . The effects of the fluctuations can be incorporated by
doing the gaussian integral over h (What suppresses self-interactions of h?), and the result
is
1 5 [ \2
L = po————=po) — — (VQ)
PO 4g2ﬁ— 2v_mp t m

(8,0)° (VO)* + ... (4.19)

1 P
 4g2 2m
where in the second line we are expanding in the small wavenumber k of the modes, that is,
we are constructing an action for Goldstone modes whose wavenumber is k < 1/9g%pm so

we can ignore higher gradient terms.

The linearly dispersing mode in this superfluid that we have found, sometimes called the

phonon, has dispersion relation
Wt 9Pge
m

This mode has an emergent Lorentz symmetry with a lightcone with velocity v. = g+/2p/m.
The fact that the sound velocity involves g — which determined the steepness of the walls of
the wine-bottle potential — is a consequence of the non-relativistic dispersion of the bosons.
In the relativistic theory, we have L = 0,0*0"® — g (*® — v2)2 and we can take g — oo
fixing v and still get a linearly dispersing mode by plugging in ® = e'%v.

The importance of the linearly dispersing phonon mode of the superfluid is that there is no
other low energy excitation of the fluid. With a classical pile of (e.g. non interacting) bosons,
a chunk of moving fluid can donate some small momentum k to a single boson at energy cost
(hk)?

50— A quadratic dispersion means more modes at small k than a linear one (the density of

states is N(E) oc kP _1%). With only a linearly dispersing mode at low energies, there is a
critical velocity below which a non-relativistic chunk of fluid cannot give up any momentum
[Landau]: conserving momentum Mv = M¢' + hk says the change in energy (which must be

negative for this to happen on its own) is

(Rk)*

2m

+ hw(k) = (—v + vk + (hk)”

2m

1 1
éM(U/)Z —+ FLW(]{?) — §MU2 = hkU +
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For small k, this is only negative when v > v..

You can ask: an ordinary liquid also has a linearly dispersing sound mode; why doesn’t
Landau’s argument mean that it has superfluid low? The answer is that it has other modes
with softer dispersion (so more contribution at low energies), in particular diffusion modes,
with w o< k? (there is an important factor of i in there).

The Goldstone boson has a compact target space, 0(z) = 6(z) + 2, since, after all, it is
the phase of the boson field. This is significant because it means that as the phase wanders
around in space, it can come back to its initial value after going around the circle — such a
loop encloses a vortex. Somewhere inside, we must have ® = 0. There is much more to say
about this.
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4.6 Effective field theory of Fermi surfaces

[Polchinski, lecture 2, and R. Shankar] Electrically conducting solids are a remarkable phe-
nomenon. An arbitrarily small electric field E leads to a nonzero current j = oE. This
means that there must be gapless modes with energies much less than the natural cutoff
scale in the problem.

Scales involved: The Planck scale of solid state physics (made by the logic by which
Planck made his quantum gravity energy scale, namely by making a quantity with dimensions
of energy out of the available constants) is

(where m = m, is the electron mass and the factor of 2 is an abuse of outside information)
which is the energy scale of chemistry. Chemistry is to solids as the melting of spacetime is
to particle physics. There are other scales involved however. In particular a solid involves
a lattice of nuclei, each with M > m (approximately the proton mass). So m/M is a
useful small parameter which controls the coupling between the electrons and the lattice
vibrations. Also, the actual speed of light ¢ > vp can generally also be treated as oo to first
approximation. vg/c suppresses spin orbit couplings (though large atomic numbers enhance
them: Aso < Zvg/c).

Let us attempt to construct a Wilsonian-natural effective field theory of this phenomenon.
The answer is called Landau Fermi Liquid Theory. What are the right low-energy degrees
of freedom? Let’s make a guess that they are like electrons — fermions with spin and electric
charge. They will not have exactly the properties of free electrons, since they must incor-
porate the effects of interactions with all their friends. The ‘dressed’ electrons are called
quasielectrons, or more generally quasiparticles.

Given the strong interactions between so many particles, why should the dofs have anything
at all to do with electrons? Landau’s motivation for this description (which is not always
correct) is that we can imagine starting from the free theory and adiabatically turning up
the interactions. If we don’t encounter any phase transition along the way, we can follow
each state of the free theory, and use the same labels in the interacting theory.

We will show that there is a nearly-RG-stable fixed point describing gapless quasielectrons.
Notice that we are not trying to match this description directly to some microscopic lattice
model of a solid; rather we will do bottom-up effective field theory.

Having guessed the necessary dofs, let’s try to write an action for them consistent with the
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symmetries. A good starting point is the free theory:

Shee[t)] = / dt d"p (i} (p) Do (p) — (e(p) — €r) VL (p)Y0(p))

where o is a spin index, €p is the Fermi energy (zero-temperature chemical potential), and
¢(p) is the single-particle dispersion relation. For non-interacting non-relativistic electrons

in free space, we have €(p) = %. It will be useful to leave this as a general function of p. *°
46

The groundstate is the filled Fermi sea:

gs) =[] ©l0), l0) =0, p.

ple(p)<er

(If you don’t like continuous products, put the system in a box so that p is a discrete label.)
The Fermi surface is the set of points in momentum space at the boundary of the filled
states:

FS = {ple(p) = er}.

The low-lying excitations are made by adding an electron just above the FS or removing
an electron (creating a hole) just below.

We would like to define a scaling transformation which focuses on the low-energy excita-
tions. We scale energies by a factor £ — bE,b < 1. In relativistic QFT, p scales like F,
toward zero, p'— bp, since all the low-energy stuff is near p’= 0. Here the situation is much
more interesting because the low-energy stuff is on the FS.

One way to implement this is to introduce a hier-
archical labeling of points in momentum space, by i ]
breaking the momentum space into patches around <
the F'S. (An analogous strategy of labeling is also used k
in heavy quark EFT and in SCET.)

We’ll use a slightly different strategy, following
Polchinski. To specify a point p, we pick the nearest
point k on the FS, e(k) = ep (draw a line perpendic-
ular to the F'S from p), and let

p=k+/.

45Notice that we are assuming translation invariance. I am not saying anything at the moment about
whether translation invariance is discrete (the ions make a periodic potential) or continuous.
46We have chosen the normalization of v to fix the coefficient of the 0; term (this rescaling may depend

on p).
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So d — 1 of the components are determined by k and one is determined by ¢. (Clearly there
are some exceptional cases if the FS gets too wiggly. Ignore these for now.)

e(p) — e = Lop(k) + O(?), Vp = Op€lpek.
So a scaling rule which accomplishes our goal of focusing on the FS is
E — bE, E—>E, [ — bl

This implies
dt — b7 'dt, d* 'k — d*'k, dl— bdl, 8, — bd,

Siwe = [ dtd T AT | 101() B 0l0) ~ Lor(k) 0 (p) (0

~bo ~bl ~bl

In order to make this go like b° we require ¢ — b_%v,b near the free fixed point.

Next we will play the EFT game. To do so we must enumerate the symmetries we demand
of our EFT:

1. Particle number, 1 — €%

2. Spatial symmetries: either (a) continuous translation invariance and rotation invari-
ance (as for e.g. liquid *He) or (b) lattice symmetries. This means that momentum
space is periodically identified, roughly p ~ p+ 27 /a where a is the lattice spacing (the
set of independent momenta is called the Brillouin zone (BZ)) and p is only conserved
modulo an inverse lattice vector 27 /a; the momentum There can also be some remnant
of rotation invariance preserved by the lattice. Case (b) reduces to case (a) if the Fermi
surface does not go near the edges of the BZ.

3. Spin rotation symmetry, SU(n) if o = 1..n. In the limit with ¢ — oo, this is an internal
symmetry, independent of rotations.

4. Let’s assume that €(p) = e(—p), which is a consequence of e.g. parity invariance.

Now we enumerate all terms analytic in ¢ (since we are assuming that there are no other
low-energy operators integrating out which is the only way to get non-analytic terms in 1)
and consistent with the symmetries; we can order them by the number of fermion opera-
tors involved. Particle number symmetry means every v comes with a 9. The possible
quadratic terms are:

/ dt dF T (k) 1 (o), (p) ~ b

~b0 e
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is relevant. This is like a mass term. But don’t panic: it just shifts the F'S around. The exis-
tence of a Fermi surface is Wilson-natural; any precise location or shape (modulo something
enforced by symmetries, like roundness) is not.

Adding one extra 0, or factor of £ costs a b' and makes the operator marginal; those terms
are already present in Sge.. Adding more than one makes it irrelevant.

Quartic terms:

4
Sy = /dt H A idlu(4 - DY) (p1) e (s) 0L (p2)or (pa) 0 (51 + P2 — 73 — i)

=1

Vv
~oh—1+4-4/2

Note the similarity with the discussion of the XY model in §3.3. The minus signs on ps 4 is
because 1(p) removes a particle with momentum p. We assume u depends only on k, o, so
does not scale — this will give the most relevant piece. How does the delta function scale?

0L Py + o — Py — ) = 0% (ky + ko — ks — kg + 0y + by — U5 — 04) =~ 6% (ky + ko — ks — ky)

In the last (questioned) step, we used the fact that ¢ < k to ignore the contributions of the
(s. Tf this is correct then the delta function does not scale (since ks do not), and Sy ~ b!
is irrelevant (and quartic interactions with derivatives are moreso). If this were correct, the
free-fixed point would be exactly stable.

[End of Lecture 17]

There are two important subtleties: (1) there exist phonons. (2) the questioned equality
above is questionable because of kinematics of the Fermi surface. We will address these two
issues in reverse order.

Ei‘l/- ﬂ"}; The kinematic subtlety in the treatment of the scaling
.y g s of d(p1 +p2 — p3s — pa) arises because of the geometry of the
34 2 f’f \ ’ Fermi surface. Consider scattering between two points on
( lk the F'S, where (in the labeling convention above)
N ps =1+ 0ky + 001, pa=pa+ 6y + 00,
b_“,h in which case the momentum delta function is
ﬂ )"W"\' .\'\ 5d(p1 + p2 — p3 — p4) = 5d((5k'1 + 551 + 5]€2 + (552)
II' [ A
|. ™ t} For generic choices of the two points p; o (top figure at

T J'P-, left), 0k, and 0k, are linearly independent and the d/s can
\ ,i\.»
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indeed be ignored as we did above. However, for two points with p; = —py (they are
called nested, as depicted in the bottom figure at left), then one component of dk; + 0ks
is automatically zero, revealing the tiny d¢s to the force of (one component of) the delta
function. In this case, §(¢) scales like b=, and for this particular kinematic configuration
the four-fermion interaction is (classically) marginal. Classically marginal means quantum
mechanics has a chance to make a big difference.

A useful visualization is at right (d = 2 with a round FS
is shown; this is what’s depicted on the cover of the fa-
mous book by Abrikosov-Gorkov-Dzyaloshinski): the blue
circles have radius kg; the yellow vector is the sum of the
two initial momenta p; + py, both of which are on the FS;
the condition that ps + p4, each also on the FS, add up to
the same vector means that p3 must lie on the intersection
of the two circles (spheres in d > 2). But when p; + p; = 0, the two circles are on top of
each other so they intersect everywhere! Comments:

1. We assumed that both p; and —py; were actually on the FS. This is automatic if
e(p) = €(—p), i.e. if € is only a function of p?.

2. This discussion works for any d > 1.

3. Forward scattering. There is a similar phenomenon for the case where p; = p3 (and
hence ps = py). This is called forward scattering because the final momenta are the
same as the initial momenta. (We could just as well take p; = p, (and hence py = p3).)
In this case too the delta function will constrain the s and will therefore scale.

The tree-level-marginal 4-Fermi interactions at special kinematics leads to a family of fixed
points labelled by ‘Landau parameters’. In fact there is whole functions worth of fixed points.
In 2d, the fixed point manifold is parametrized by the forward-scattering function

F(01702> = U(04 = 02703 = 01; 92701)

(Fermi statistics implies that u(6y = 01,03 = 0,0,,0,) = —F(0,0,) .) and the BCS-channel
interaction:

V(91793) = U(94 = —03,05,05 = —91791)-

Now let’s think about what decision the fluctuations make about the fate of the nested
interactions. The first claim, which I will not justify here, is that F' is not renormalized at
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‘-,,é tW=-1,6

one loop. The interesting bit is the renormalization of the BCS interaction:

T‘,e ?!=-rl |€'
The electron propagator, obtained by inverting the kinetic operator Spee, is
1
e(1+in) —vr(k)l + O(()?

Gle,p=k+1) =

where T used n = 07 for the infinitesimal specifying the contour prescription. (To understand
the contour prescription for the hole propagator, it is useful to begin with

G(t,p) = (er|ch(t)c,(0)|er), ch(t) = e Hich M

and use the free-fermion fact [H, cf] = e,cf.)

Let’s assume rotation invariance. Then V (63,60;) = V(63 —6;), Vi = [d0e'V(6). Different
angular momentum sectors decouple from each other at one loop.

We will focus on the s-wave bit of the interaction, so V' is independent of momentum.
We will integrate out just a shell in energy (depicted by the blue shaded shell in the Fermi
surface figures) The interesting contribution comes from the following diagram:

t3€  hThe

5(1)‘/ _ tl’&(‘ _Flle_él _ iv2 /’60 de’ddflk,/dgl 1
bo  (2m)HL (et € —wvp(K)) (e — € —vp(K)0)
T'Je ?==‘f' lé
-1
) de'dk 1
do /LiZ/ by residues - 1V2 / (27T)d+1 UF(k/) \6 - 6/ ;(6 ‘I— EI)/
=—2¢
ode [ d
= —V? 4.20
/b / 21 dUF kl ( )
=log( 1/b) dos at FS

Between the first and second lines, we did the ¢ integral by residues. The crucial point is
that we are interested in external energies € ~ 0, but we are integrating out a shell near the
cutoff, so |€/| > |e| and the sign of € + € is opposite that of € — €’; therefore there is a pole on
either side of the real ¢ axis and we get the same answer by closing the contour either way.
On one side the pole is at ¢ = m (e 4+ ¢€). (In the t-channel diagram (what Shankar calls
ZS), the poles are on the same side and it therefore does not renormalize the four-fermion
interaction.)
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The result to one-loop is then
V(b) =V — V>Nlog(1/b) + O(V?)

with N = [ % is the density of states at the Fermi surface. From this we derive the
beta function

d

h—

db

and the solution of the flow equation at £ = bE; is

V(b) = By = NV3(b) + O(V?)

V(E)

Vi {—> 0 in IR for Vi > 0 (repulsive) (121)

- 1+ NVilog(Ei/E) | = -0 inIRfor V4 <0 (attractive)

There is therefore a very significant dichotomy depending on the sign of the coupling at the

. . . . . LL——€—
microscopic scale Fi, as in this phase diagram: 1 v

[0

The conclusion is that if the interaction starts attractive at some scale it flows to large
attractive values. The thing that is decided by our perturbative analysis is that (if V/(E;) >
0) the decoupling we did with o (‘the BCS channel’) wins over the decoupling with p (‘the
particle-hole channel’). What happens at V' — —oo? Here we need non-perturbative physics.

The non-perturbative physics is in general hard, but we’ve already done what we can in
§4.5.2.

The remaining question is: Who is V; and why would it be attractive (given that Coulomb
interactions between electrons, while screened and therefore short-ranged, are repulsive)?
The answer is:

Phonons. The lattice of positions taken by the ions making up a crystalline solid spon-
taneously break many spacetime symmetries of their governing Hamiltonian. This implies
a collection of gapless Goldstone modes in any low-energy effective theory of such a solid*’.
The Goldstone theorem is satisfied by including a field

D (local) displacement §7 of ions from their equilibrium positions

Most microscopically we have a bunch of coupled springs:

1 L\ 2 .
Lions ~ §M <5F> - k’z‘jéTZ(ST] + ...

4TNote that there is a subtlety in counting Goldstone modes from spontaneously broken spacetime sym-
metries: there are more symmetry generators than Goldstones. Basically it’s because the associated currents
differ only by functions of spacetime; but a localized Goldstone particle is anyway made by a current times
a function of spacetime, so you can’t sharply distinguish the resulting particles. Some useful references on
this subject are Low-Manohar and most recently Watanabe-Murayama.
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with spring constants £ independent of the nuclear mass M. It is useful to introduce a
canonically normalized field in terms of which the action is

S[D = (M) 67 = /dtdd (8:Di(q)0:Di(—q) — wi;(q)Di(q)Dj(—q)) -

Here w? oc M~'. Their status as Goldstones means that the eigenvalues of w;(q) ~ |¢|* at
small ¢: moving everyone by the same amount does not change the energy. This also con-
strains the coupling of these modes to the electrons: they can only couple through derivative
interactions.

T"' For purposes of their interactions with the electrons, a
nonzero ¢ which keeps the e~ on the FS must scale like

\ q ~ b°. Therefore

. F dtd’q (9,D)? ~ b1+l — Dz

)
and the restoring force dtdqD?w?(q) ~ b=2 is relevant, and
dominates over the 97 term for

E < Ep= ,/%Eo the Debye energy.

This means that phonons mediate static interactions below Ep — we can ignore retardation
effects, and their effects on the electrons can be fully incorporated by the four-fermion
interaction we used above (with some k& dependence). How do they couple to the electrons?

Sint[D, Y] = /dtq3qd2k1d€1d2k‘2d€2 M2 g;(q, by, k2) Di(@) e (p1) o (p2) 8% (01 — p2 — q)
o plHIHI=3/2 12 (4.22)

— here we took the delta function to scale like b as above. This is relevant when we use the
D? scaling for the phonons; when the restoring force dominates we should scale D differently
and this is irrelevant for generic kinematics. This is consistent with our previous analysis of
the four-fermion interaction.

The summary of this discussion is: phonons do not destroy the Fermi surface, but they do
produce an attractive contribution to the 4-fermion interaction, which is relevant in some
range of scales (above the Debye energy). Below the Debye energy, it amounts to an addition

to V that goes like — >'\'VV'< ><

Notice that the scale at which the coupling V' becomes strong (V(Epcs) =1 in (4.21)) is
Epcs ~ Epe” ™5
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Two comments about this: First, it is non-perturbative in the interaction Vp. Second, it

~1/2 can be varied by studying

provides some verification of the role of phonons, since Fp ~ M
the same material with different isotopes and studying how the critical superconducting

temperature (~ Epcg) scales with the nuclear mass.

v 1 Here’s the narrative, proceeding as a function
M Ve ® of decreasing energy scale, beginning at Fy, the
>/ @ Planck scale of solids: (1) Electrons repel each

© 3 \\ , -1 other by the Coulomb interaction. However, in
€ L":D: @ IE[ScS ' a metal, this interaction is screened by processes

like this: «NO'-‘ (the intermediate state is

an electron-hole pair) and is short-ranged. It is

still repulsive, however. As we coarse-grain more
and more, we see more and more electron-hole pairs and the force weakens. (2) While this is
happening, the electron-phonon interaction is relevant and growing. This adds an attractive
bit to V. This lasts until Ep. (3) At Ep the restoring force term in the phonon lagrangian
dominates (for the purposes of their interactions with the electrons) and we can integrate
them out. (4) What happens next depends on the sign of V(Ep). If it’s positive, V flows
harmlessly to zero. If it’s negative, it becomes moreso until we exit the perturbative analysis
at Fpcs, and vindicate our choice of Hubbard-Stratonovich channel above.

Further brief comments, for which I refer you to Shankar:

1. Putting back the possible angular dependence of the BCS interaction, the result at one

loop is
dV (01 — 63) 1 2
—L B [ @V, —0)V(6—6
de 82 J (01 =)V (6 =0s)
or in terms of angular momentum components,
i Ve
e An’

2. This example is interesting and novel in that it is a (family of) fixed point(s) char-
acterized by a dimensionful quantity, namely kr. This leads to a phenomenon called
hyperscaling violation where thermodynamic quantities need not have their naive scal-
ing with temperature.

3. The one loop analysis gives the right answer to all loops in the limit that N = kg /A >
1, where A is the UV cutoff on the momentum.

4. The forward scattering interaction (for any choice of function F'(63)) is not renormal-
ized at one loop. This means it is exactly marginal at leading order in N.
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5. Like in ¢* theory, the sunrise diagram at two loops is the first appearance of wave-
function renormalization. In the context of the Fermi liquid theory, this leads to the
renormalization of the effective mass which is called m*.

Another consequence of the FS kinematics which I should emphasize more: it allows the
quasiparticle to be stable. The leading contribution to the decay rate of a one-quasiparticle
state with momentum & can be obtained applying the optical theorem to the following

process.

The intermediate state is two electrons with momenta k' + ¢ and k — ¢, and one hole
with momentum &’. The hole propagator has the opposite in prescription. After doing the
frequency integrals by residues, we get

(ko) = [dgar 1l
( 76) - q D—IT]

D=e(1+in) +ep(l —in) — epiq(1 +1in) — ex—o(1 + in)

(Notice that this is the eyeball diagram which gives the lowest-order contribution to the
wavefunction renormalization of a field with quartic interactions.) By the optical theorem,
its imaginary part is the (leading contribution to the) inverse-lifetime of the quasiparticle
state with fixed k:

Uk = TSk, €) = 7 / g AR'5(D) g 2f (i) f(eprsa) F(ex_s)

where

f(e) = lim ; =0(e < ep)

T=0 g5 4 1
is the Fermi function. This is just the demand that a particle can only scatter into an empty
state and a hole can only scatter into a filled state. These constraints imply that all the
energies are near the Fermi energy: both €4, and € lie in a shell of radius € about the FS;
the answer is proportional to the density of possible final states, which is thus

e\ 2
7 x (—) .
e€r
So the width of the quasiparticle resonance is

7'_10(62<<€

much smaller than its frequency — it is a sharp resonance, a well-defined particle.

[End of Lecture 18]
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5 Roles of topology in QFT

Topology means the study of quantities which can’t vary smoothly, but can only jump. Like
quantities which must be integers. But the Wilson RG is a smooth process. Therefore
topological information in a QFT is something the RG can’t wash away — information which
is RG invariant. We'll study two examples.

5.1 Anomalies

[Zee §IV.7; Polyakov, Gauge Fields and Strings, §6.3; K. Fujikawa, Phys. Rev. Lett. 42
(1979) 1195; Argyres, 1996 lectures on supersymmetry §14.3; Peskin, chapter 19]

Suppose we have in our hands a classical field theory in the continuum which has some
symmetry. Is there a well-defined QFT whose classical limit produces this classical field
theory and preserves that symmetry? The path integral construction of QFT offers some
insight here. The path integral involves two ingredients: (1) an action, which is shared with
the classical field theory, and (2) a path integral measure. It is possible that the action is
invariant but the measure is not. This is called an anomaly. It means that the symmetry
is broken, and its current conservation is violated by a known amount, and this often has
many other consequences that can be understood by humans.

Notice that here I am speaking about actual, global symmetries. I am not talking about
gauge redundancies. If you think that two field configurations are equivalent but the path
integral tells you that they would give different contributions, you are doing something wrong.
An anomaly in a ‘gauge symmetry’ means that the system has more degrees of freedom than
you thought. (In particular, it does not mean that the world is inconsistent. For a clear
discussion of this, please see Preskill, 1990.)

We have already seen a dramatic example of an anomaly: the violation of classical scale
invariance (e.g. in massless ¢ theory, or in massless QED) by quantum effects.

Notice that the name ‘anomaly’ betrays the bias that we construct a QFT by starting
with a continuum action for a classical field theory; you would never imagine that e.g. scale
invariance was an exact symmetry if you started from a well-defined quantum lattice model.

The example we will focus on here is the chiral anomaly. This is an equation for the violation
of the chiral (aka axial) current for fermions coupled to a background gauge field. The
chiral anomaly was first discovered in perturbation theory, by computing a certain Feynman
diagram with a triangle; the calculation was motivated by the experimental observation of
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7% — 7, which would vanish if the chiral current were conserved.

I will outline a derivation of this effect which is more illuminating than the triangle diagram.
It shows that the one-loop result is exact — there are no other corrections. It shows that the
quantity on the right hand side of the continuity equation for the would-be current integrates
to an integer. It gives a proof of the index theorem, relating numbers of solutions to the Dirac
equation in a background field configuration to a certain integral of field strengths. It butters
your toast.

5.1.1 Chiral anomaly

Chiral symmetries. In even-dimensional spacetimes, the Dirac representation of SO(D —
1,1) is reducible. This is because

D-1
S H " # 1, satisfies {7°, 7"} =0,Vpu

u=0

which means that 4° commutes with the Lorentz generators

[’757 EILLV] - O? E‘uy = I:’y‘u', ’)/l/]_

| —

A left- or right-handed Weyl spinor is an irreducible representation of SO(D —1,1), ¢y /g =
% (1 £~5) 1. This allows the possibility that the L and R spinors can transform differently
under a symmetry; such a symmetry is a chiral symmetry.

Note that in D = 4k dimensions, if v is a left-handed spinor in representation r of
some group G, then its image under CPT, ¥ ¢P7 (¢, ¥) = i7° (v (—t, —7))", is right-handed
and transforms in representation T of G. Therefore chiral symmetries arise when the Weyl
fermions transform in complex representations of the symmetry group, where T # r. (In
D = 4k + 2, CPT maps left-handed fields to left-handed fields. For more detail on discrete
symmetries and Dirac fields, see Peskin §3.6.)

Some more explicit words about chiral fermions in D = 3 + 1, mostly notation. Recall
Peskin’s Weyl basis of gamma matrices in 3+1 dimensions, in which +° is diagonal:

0 &+ o } s (10
IVM:<0_H 0)7 O-M:(]lao')u7 O-N:(]l’_o-)li’ Y _(0 _1)

This makes the reducibility of the Dirac representation of SO(3, 1) manifest, since the Lorentz
generators are o< [y, 7”] block diagonal in this basis. The gammas are a map from the (1, 2g)
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representation to the (2r, 1) representation. It is sometimes useful to denote the 2g indices
by a, 8 = 1,2 and the 2y, indices by &, 3 = 1,2. Then we can define two-component Weyl
spinors ¢/ r = Pr/pt = % (1 +£~°) ¢ by simply forgetting about the other two components.
The conjugate of a L spinor x = 17, (L means 75y = x) is right-handed:

¥=x1° ¥’ =x"""=-x""" =X’ =-x
We can represent any system of Dirac fermions in terms of a collection of twice as many
Weyl fermions.

For a continuous symmetry G, we can be more explicit about the meaning of a complex
representation. The statement that 1) is in representation r means that its transformation
law is

0p = ie™ (1)), v
where t4, A = 1..dim G are generators of G in representation r; for a compact lie group G,
we may take the ¢t to be Hermitian. The conjugate representation, by definition is the one
with which you can make a singlet of G — it’s the way ¢*7 transforms:

ST = —iet (¢ T

So:
th=— ()"

r
The condition for a complex representation is that this is different from 2 (actually we
have to allow for relabelling of the generators). The simplest case is G = U(1), where ¢
is just a number indicating the charge. In that case, any nonzero charge gives a complex
representation.

Consider the effective action produced by integrating out Dirac fermions coupled to a
background gauge field (the gauge field is just going to sit there for this whole calculation):

eiSeH[A] = /[D¢D¢] eis["bv'&vA] .

We must specify how the fermions coupled to the gauge field. The simplest example is if A
is a U(1) gauge field and ¢ is minimally coupled:

S[, 3, A] = / iy, P =~ (9, +iA,) 0.

We will focus on this example, but you could imagine instead that A, is a non-Abelian
gauge field for the group G, and % is in a representation R, with gauge generators T“(R)
(A =1...dimG), so the coupling would be

@Ziﬂdj = @Zhﬁu (audab + iA;‘TA(R)ab) wb . (5]-)
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Much of the discussion below applies for any even D.

In the absence of a mass term, the action (in the Weyl basis) involves no coupling between
L and R:

St 9. A1 = [ @ (w]io"Dywn + vlio D)
and therefore is invariant under the global chiral rotation
U= eyt ple” ) et Thatis: ¢y — €%, YR — e Y.
(The mass term couples the two components
Ly =) (Rem + Imm75) Y= mwsz + h.c.;

notice that the mass parameter is complex.) The associated Noether current is jﬁ =
U577, and it seems like we should have "5 2 0. This follows from the massless (clas-

sical) Dirac equation 0 = ~#9,1. (With the mass term, we would have instead 0*j <
2iy) (Rem~y® + Imm) . )

Notice that there is another current j# = 1y*1). j* is the current which is coupled to the
gauge field, L > A,j*. The conservation of this current is required for gauge invariance of
the effective action

Seft[ Ayl = Sear[Ay + OuA] ~ 10g<eif)\($)auju> + Ser[Ap]-

No matter what happens we can’t find an anomaly in j#. The anomalous one is the other
one, the axial current.

To derive the conservation law we can use the Noether method. This amounts to substi-
tuting ¢'(z) = @7 4(z) into the action:

Sele/] = / AP feton i Pty = / 4P (TP + P (Pa) 1) "2 Spl] i / ()9 tr i,

Then we can completely get rid of a(z) if we can change integration variables, i.e. if [D1)'] <

[D1)]. Usually this is true, but here we pick up an interesting Jacobian.
Claim:

eiSerlA] _ / (DY DY)eiSrl] = / (D D] SFlv+] aPwa(@) (0.t —A))

where

Alz) =) tr§,7°6, (5.2)

140



where &, are a basis of eigenspinors of the Dirac operator. The contribution to A can be
attributed to zeromodes of the Dirac operator.

The expression above is actually independent of a. Usually o would multiply the divergence
of the current and this would imply current conservation. Here this implies that instead of
current conservation we have a specific violation of the current:

055 = A(z).

What is the anomaly. [Polyakov §6.3] An alternative useful (perhaps more efficient)
perspective is that the anomaly arises from trying to define the axial current operator,
which after all is a composite operator. Thus we should try to compute

(0u38) = 0 (b(x)" 7 (@)
— the coincident operators on the RHS need to be regulated.

Consider Dirac fermions coupled to a background gauge field configuration A, (z), with
action

S = / dPxi (iy" (0, +1A,,)) ¥.

D-1 :
= V" satisfies

{+*,7°} = 0 and is not the identity. (The discussion that follows actually works also for

For a while the discussion works in any even dimension, where 7% = []

non-Abelian gauge fields.) The classical Dirac equation immediately implies that the axial
current is conserved

oy (iiﬂ)ﬂu’yg’w) = 0.

Consider, on the other hand, the expectation value

(i (), Y (x)) = Z7'[A] / [Dy Dyjler 157

00 Y e

= —iTr 7,7 G (z, z) (5.3)

5
Ju

where G is the Green’s function of the Dirac operator in the gauge field background (and
the figure is from Polyakov’s book). We can construct it out of eigenfunctions of i]):

iDE(2) = enbn(),  Enlz)in (—%H n iAM) — e, (5.4)

in terms of which*®

Gla.a) = 3 ~6@u(o). (55)

48 Actually, this step is full of danger. (Polyakov has done it to me again. Thanks to Sridip Pal for
discussions of this point.) See §5.1.2 below.
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(I am suppressing spinor indices all over the place, note that here we are taking the outer
product of the spinors.)

We want to define the coincidence limit, as #’ — x. The problem with this limit arises
from the large |e,| eigenvalues; the contributions of such short-wavelength modes are local
and most of them can be absorbed in renormalization of couplings. It should not (and does
not) matter how we regulate them, but we must pick a regulator. A convenient choice here
is heat-kernel regulator:

and

The anomaly is
e

Ty = 0" () = > 10" (& 6n)

n

€n

The definition (5.4) says
io" (ganuﬁysgn) = _2€n€n75€n

using {7°,7*} = 0. (Notice that the story would deviate dramatically here if we were
studying the vector current which lacks the +°.) This gives

o) =2Tr a75e_s(uﬂ

with .
i

(ilD)Q = - (’Vu (au + iAu>>2 =- (au + AH)Q D)

where ¥, = %[7,“ 7] is the spin Lorentz generator. This is (5.2), now better defined by the

DI

heat kernel regulator. We’ve shown that in any even dimension,
0" (jo(x)) = 2Tr a75esd2 (5.6)

This can now be expanded in small s, which amounts to an expansion in powers of A, F. If
there is no background field, A = 0, we get

(:L’|e_8(id)2]x> = /de e = Kp Lonze 1 . (5.7)
A sD-2 167252
= QD}% as before
(2m)

This term will renormalize the charge density

p(z) = (Y1 (2)) = tr7"G(, ),
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for which we must add a counterterm (in fact, it is accounted for by the counterterm for the
gauge field kinetic term, i.e. the running of the gauge coupling). But it will not affect the
axial current conservation which is proportional to

tr (v°G(z, x)) |azo x try” = 0.

Similarly, bringing down more powers of (0 + A)2 doesn’t give something nonzero since the
+® remains.

In D = 4, the first term from expanding X, F" is still zero from the spinor trace. (Not
so in D = 2.) The first nonzero term comes from the next term:

2

. 2 . 2
tr <75€—s(1gf) >m = (x]e 0P |2) % (i) tr (72 EP) \tlﬁl

— b color

(FuwFo) +O(sh) .

(.7) N
= 167r12s2 +O(S 1)

In the abelian case, just ignore the trace over color indices, tr.. The terms that go like
positive powers of s go away in the continuum limit. Therefore

1 52 Y 1 "
It = —2- o 5 P E, oy + O(s') = — 33t F ()™ (5.8)
(Here (xF)" = £e"P*F,.) This is the chiral anomaly formula. It can also be usefully
written as: 1 1
Oult = =g S F NF = =

e This object on the RHS is a total derivative. In the abelian case it is
FANF=d(AANF) .

Its integral over spacetime is a topological (in fact 1672 times an integer) characterizing
the gauge field configuration. How do I know it is an integer? The anomaly formula!
The change in the number of left-handed fermions minus the number of right-handed
fermions during some time interval is:

FAF
1672

AQq = A (N, — Ng) = /dtatjg = [ o) = 2/
M4 M4

where M, is the spacetime region under consideration. If nothing is going on at the
boundaries of this spacetime region (i.e. the fields go to the vacuum, or there is no
boundary, so that no fermions are entering or leaving), we can conclude that the RHS
is an integer.
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e Look back at the diagrams in (5.3). Which term in that expansion gave the nonzero
contribution to the axial current violation? In D = 4 it is the diagram with three
current insertions, the ABJ triangle diagram. So in fact we did end up computing the
triangle diagram. But this calculation also shows that nothing else contributes, even
non-perturbatively.

e We chose a particular regulator above. The answer we got did not depend on the
cutoff; in fact whatever regulator we used, we would get this answer.

[End of Lecture 19|

e Consider what happens if we redo this calculation in other dimensions. We only con-
sider even dimensions because in odd dimensions there is no analog of ¥° — the Dirac
spinor representation is irreducible. In 2n dimensions, we need n powers of F' to soak
up the indices on the epsilon tensor.

e If we had kept the non-abelian structure in (5.1) through the whole calculation, the only
difference is that the trace in (5.8) would have included a trace over representations of
the gauge group; and we could have considered also a non-abelian flavor transformation

Yr — (ehsgafa) (¥
1

for some flavor rotation generator 7¢. Then we would have found:

1
-5a vpA 1A 1B AmB__a
it = oz P E e (T4TP7°)

5.1.2 Zeromodes of the Dirac operator

Do you see now why I said that the step involving the fermion Green’s function was full of
danger? The danger arises because the Dirac operator (whose inverse is the Green’s function)
can have zeromodes, eigenspinors with eigenvalue €, = 0. In that case, ilp is not invertible,
and the expression (5.5) for G is ambiguous. This factor of €, is about to be cancelled when
we compute the divergence of the current and arrive at (5.2). Usually this kind of thing is not
a problem because we can lift the zeromodes a little and put them back at the end. But here
it is actually hiding something important. The zeromodes cannot just be lifted. This is true
because nonzero modes of i]) must come in left-right pairs: this is because {7°,1p} = 0, so
i) and 7° cannot be simultaneously diagonalized in general. That is: if i€ = €£ then (7°€)
is also an eigenvector of i]D¢, with eigenvalue —e. Only for € = 0 does this fail, so zeromodes
can come by themselves. So you can’t just smoothly change the eigenvalue of some &, from
zero unless it has a partner with whom to pair up. By taking linear combinations

1
L/R _ * 5
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these two partners can be arranged into a pair of simultaneous eigenvectors of (ilD)2 (with
eigenvalue €2) and of 7° with ® = + respectively.

This leads us to a deep fact, called the (Atiyah-Singer) index theorem: only zeromodes can
contribute to the anomaly. Any mode £, with nonzero eigenvalue has a partner with the
opposite sign of v°; hence they cancel exactly in

Z gn,YBgne—se% |

So the anomaly equation tells us that the number of zeromodes of the Dirac operator,
weighted by handedness (i.e. with a 4 for L and - for R) is equal to

1
Np — N = /dDa:A(x) = / T

A practical consequence for us is that it makes manifest that the result is independent of
the regulator s.

5.1.3 The physics of the anomaly

[Polyakov, page 102; Kaplan 0912.2560 §2.1; Alvarez-Gaumé| Consider non-relativistic free
(i.e. no 4-fermion interactions) fermions in 1+1 dimensions, e.g. with 1-particle dispersion
W = ﬁl? The groundstate of N such fermions is described by filling the N lowest-energy
single particle levels, up the Fermi momentum: |k| < kg are filled. We must introduce an
infrared regulator so that the levels are discrete — put them in a box of length L, so that
k, = 2“7” (In Figure 16, the red circles are possible 1-particle states, and the green ones are
the occupied ones.) The lowest-energy excitations of this groundstate come from taking a
fermion just below the Fermi level |k;| < kr and putting it just above |ks| 2 kp; the energy

cost 1s 1 )
Bk = = (kp +k1)* — —

MR om (ke k) 2m

— we get relativistic dispersion with velocity vy = %F The fields near these Fermi points in

kp

(hp = ka)* = = (k1 — k)

k-space satisfy the Dirac equation®’:

(w—5k>¢L:O, (w+(5k‘)¢320

49This example is worthwhile for us also because we see the relativistic Dirac equation is emerging from a
non-relativistic model; in fact we could have started from an even more distant starting point — e.g. from a
lattice model, like

H= —tz g1 + hec.
n

where the dispersion would be wy = —2¢ (coska — 1) ~ 5= k% + O(k*) with 3% = ta®,
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It would therefore seem to imply a conserved axial
current — the number of left moving fermions minus
the number of right moving fermions. But the fields
Y1 and Yg are not independent; with high-enough | i
energy excitations, you reach the bottom of the band ] e l .
(near k = 0 here) and you can’t tell the difference. ~ke wow .. Ke k
This means that the numbers are not separately con-

served. €

h Y
re

We can do better in this 1+1d example and show
that the amount by which the axial current is violated ANy
is given by the anomaly formula. Consider subjecting |

our poor 141d free fermions to an electric field E,(t) l \

which is constant in space and slowly varies in time. ety ke epsop
Suppose we gradually turn it on and then turn it off;

here gradually means slowly enough that the process Figure 16: Green dots represent oc-
is adiabatic. Then each particle experiences a force cupied 1-particle states. Top: In the

Oyp = eFE, and its net change in momentum is groundstate. Bottom: After applying
E.(t).
Ap = e/thm(t).

This means that the electric field puts the fermions in a state where the Fermi surface & = kp
has shifted to the right by Ap, as in the figure. Notice that the total number of fermions is
of course the same — charge is conserved.

Now consider the point of view of the low-energy theory at the Fermi points. This theory
has the action

S| = /dxdtw (iv"0,) ¢ ,

where 7* are 2 x 2 and the upper/lower component of ¢ creates fermions near the left /right
Fermi point. In the process above, we have added Ng right-moving particles and taken away
Ny, left-moving particles, that is added N left-moving holes (aka anti-particles). The axial
charge of the state has changed by

B L, Ap L L e e »

On the other hand, the LHS is AQ4 = [ 0“J,f‘. We can infer a local version of this equation
by letting E vary slowly in space as well, and we conclude that

ot = 2iew,F‘“’.
m

This agrees exactly with the anomaly equation in D = 14 1 produced by the calculation
above in (5.6) (see Problem Set 7).
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5.2 Topological terms in QM and QFT

5.2.1 Differential forms and some simple topological invariants of manifolds

[Zee section 1V 4] This is nothing fancy, mostly just some book-keeping. It’s some notation
that we’ll find useful.

Suppose we are given a smooth manifold X on which we can do calculus. For now, we
don’t even need a metric on X.

A p-form on X is a completely antisymmetric p-index tensor,

1
A= —‘zﬁlmlmnﬁbpdxml Ao Adx™.
p!

The point in life of a p-form is that it can be integrated over a p-dimensional space. The
order of its indices keeps track of the orientation (and it saves us the trouble of writing
them). It is a geometric object, in the sense that it is something that can be (wants to
be) integrated over a p-dimensional subspace of X, and its integral will only depend on the
subspace, not on the coordinates we use to describe it.

Familiar examples include the gauge potential A = A,dz*, and its field strength F' =
%Fwdx“ Adz¥. Given a curve C in X parameterized as x*(s), we have

[ A= [ ara = o aume)

and this would be the same if we chose some other parameterization or some other local
coordinates.

The wedge product of a p-form A and a ¢g-form B is a p + ¢ form

ANB = Ap, .m,B dz™ A .. A da™rt?

Mp+1---Mp+q

Y The space of p-forms on a manifold X is sometimes denoted Q27(X).

The exterior derivative d acts on forms as

d: QP(X) — Qrft
A — dA

50The components of A A B are then

(p+q)

(A /\ B)ml...mp+q = p|q'

A[ml,..mpB

Mp41--Mptq]

where [..] means sum over permutations with a —1 for odd permutations. Try not to get caught up in the
numerical prefactors.
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by
dA =0, (A) dz™ A oA daer

ma..Mp41
You can check that
d?=0

basically because derivatives commute. Notice that F' = dA in the example above. Denoting
the boundary of a region D by 9D, Stokes’ theorem is

/da:/ Q.
D aD

And notice that QP>4mX)(X) = 0 — there are no forms of rank larger than the dimension

of the space.
A form w, is closed if it is killed by d: dw, = 0.

A form w, is ezact if it is d of something: w, = da,_;. That something must be a (p — 1)-
form.

Because of the property d*> = 0, it is possible to define cohomology — the image of one
d: QF — QP! is in the kernel of the next d : QP! — QP2 (j.e. the OPs form a chain
complex). The pth de Rham cohomology group of the space X is defined to be

closed p-forms on X ker (d) € P
exact p-forms on X  Im(d) €

H?(X) =
That is, two closed p-forms are equivalent in cohomology if they differ by an exact form:
[wp] — [wp + day—1] =0 € HP(X),

where [w,| denotes the equivalence class. The dimension of this group is ¥ = dimHP(X)
called the pth betti number and is a topological invariant of X. The euler characteristic of
X, which you can get by triangulating X and counting edges and faces and stuff is

d=dim(X)

X(X)= > (~1PP(X).

p=0

Now suppose we have a volume element on X, i.e. a way of integrating d-forms. This is
guaranteed if we have a metric, since then we can integrate [ y/detg.... Then we can define
the Hodge star operation x which maps a p-form into a (d — p)-form:

* QP — QiP
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(*A(p)>,ul--~,ufd—p = €., AP Pyt

An application: consider the Maxwell action. S[A] = [ F'AF. Show that this is the same
as 1 F,, F*. (Don’t trust my numerical prefactor.)

Derive the Maxwell EOM by 0 = 25.
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5.2.2 Geometric quantization and coherent state quantization of spin systems

[Zinn-Justin, Appendix A3; XGW §2.3] We're going
to spend some time talking about QFT in D =0+1, /
then we’ll work our way up to D = 1+ 1. Consider l;’/' :
the nice, round two-sphere. It has an area element \\

which can be written -

w=sdcosf Adp and satisfies / w = 4ms.
S2

Suppose we think of this sphere as the phase space of some dynamical system. We can use
w as the symplectic form. What is the associated quantum mechanics system?

Let me remind you what I mean by ‘the symplectic o - J- (xl]
form’. Recall the phase space formulation of classical R
dynamics. The action associated to a trajectory is [ ‘ 2H=Y-Y, |

X
T - “:;5

to
Ar(0).p(0) = [ i = Hwp) = [ pla)ao— [
t1 y
where v is the trajectory through the phase space.
The first term is the area ‘under the graph’ in the classical phase space — the area between
(p,z) and (p = 0,z). We can rewrite it as

[ vt = /8 i = /D ap A da

using Stokes’” theorem; here 9D is the closed curve made by the classical trajectory and some
reference trajectory (p = 0) and it bounds some region D. Here w = dpAdz is the symplectic
form. More generally, we can consider an 2n-dimensional phase space with coordinates u,,
and symplectic form

w = wepdu® A du”

A[u]:/Dw—/aDdtH(u,t).

It’s important that dw = 0 so that the equations of motion resulting from A depend only on

and action

0D and not on the interior. The equations of motion from varying u are

oH

B —
Wapl™ = aua.

Locally, we can find coordinates p, x so that w = d(pdz). Globally on the phase space this
is not guaranteed — the symplectic form needs to be closed, but need not be exact.
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So the example above of the two-sphere is one where the symplectic form is closed (there
are no three-forms on the two sphere, so dw = 0 automatically), but is not exact. One way
to see that it isn’t exact is that if we integrate it over the whole two-sphere, we get the area:

/ w=4ms .
SQ

On the other hand, the integral of an exact form over a closed manifold (meaning a manifold
without boundary, like our sphere) is zero:

/da:/ a=0.
c ac

So there can’t be a globally defined one form « such that da = w. Locally, we can find one;
for example:
a = scosfdyp ,

but this is singular at the poles, where ¢ is not a good coordinate.

7

So: what I mean by “what is the associated quantum system...” is the following: let’s

construct a system whose path integral is
7= / (0]t A0 (5.9)

with the action above, and where [dz] denotes the path integral measure:

[dz] =N H dz(t;)

where N involves lots of awful constants that drop out of ratios. It is important that the
measure does not depend on our choice of coordinates on the sphere.

e Hint 1: the model has an action of O(3), by rotations of the sphere.

e Hint 2: We actually didn’t specify the model yet, since we didn’t choose the Hamilto-
nian. For definiteness, let’s pick the hamiltonian to be

H=—sh-ii

where 77 = (sin 0 cos p, sin @ sin p, cos §). WLOG, we can take the polar axis to be along
the ‘magnetic field’: h = Zh. The equations of motion are

JA : . A
Ofwf—ssmeﬁp—h),[)fmf Oy (scos @)
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which by rotation invariance can be written better as
atﬁ = E X 1.
This is a big hint about the answer to the question.

e Hint 3: Semiclassical expectations. semiclassically, each patch of phase space of area h
contributes one quantum state. Therefore we expect that if our whole phase space has
area 4ms, we should get approximately gﬂi; = 2—; states, at least at large s/h. (Notice
that s appears out front of the action.) This will turn out to be very close — the right

answer is 2s + 1 (when the spin is measured in units with i = 1)!

Notice that we can add a total derivative without changing the path integral on a closed
manifold.

In QM we care that the action produces a well-
defined phase — the action must be defined modulo
additions of 27 times an integer. We should get the
same answer whether we fill in one side D of the tra-

jectory 7 or the other D’. The difference between
them is [from Witten)]

([~ [ Yomeams [ .

So in this difference s multiplies | g2 area = 4 (actually, this can be multiplied by an integer
which is the number of times the area is covered). Our path integral will be well-defined
(i.e. independent of our arbitrary choice of ‘inside’” and ‘outside’) only if 47s € 277, that is

if‘ 2s € 7 is an integer ‘

The conclusion of this discussion is that the coefficient of the area term must be an integer.
We will interpret this integer below.

WZW term. We have a nice geometric interpretation of the ‘area’ term in our action
A — it’s the solid angle swept out by the particle’s trajectory. But how do we write it in a
manifestly SU(2) invariant way? We’d like to be able to write not in terms of the annoying
coordinates 6, ¢, but directly in terms of

n® = (sin 6 cos @, sin O sin p, cos 0)°.

One answer is to add an extra dimension:
1

1 ! a b c_abc —
yy dt (1 —cos®) 0, = g/o du/dtewn 0,n’0,n €™ = Wy|n]

where z# = (t,u), and the € tensors are completely antisymmetric in their indices with all
nonzero entries 1 and —1.
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In order to write this formula we have to extend the A — =1
n-field into the extra dimension whose coordinate is -
u. We do this in such a way that the real spin lives at

u=1: f(t,u =1) =7(t), and 7i(t,u = 0) = (0,0,1) - -
it goes to the north pole at the other end of the extra

dimension for all ¢. If we consider periodic boundary conditions in time n(8) = n(0), then
this means that the space is really a disk with the origin at « = 0, and the boundary at
u = 1. Call this disk B, its boundary 0B is the real spacetime.

This WZW term has the property that its varia-
tion with respect to 77 depends only on the values

/ J\; =R
at the boundary (that is: W, is a total derivative). LT : Contolnd
The crucial reason is that allowed variations 07 lie g VRIS
on the 2-sphere, as do derivatives 0,i7; this means \ -

€°on®d,nbd,n° = 0, since they all lie in a two-
dimensional tangent plane to the 2-sphere at 7i(¢).
Therefore:

1 1
oWy = / du/dt—e““n“@ onbo,nee = / n*don® A dnce®*

= / du/dt O (—e‘“’ a5nbo, nceabc) <rL onbdnce “bc>

Stghes i/ dtor - (n X n) (5.10)

(Note that e?n*mbe¢ = 7i- (ﬁ”l X Ev . The right expressions in red in each line are a rewriting

in terms of differential forms; notice how much prettier they are.) So the equations of motion
coming from this term do not depend on how we extend it into the auxiliary dimension.

And in fact they are the same as the ones we found earlier:

5 . .

0= 5 (4msWoln] + sh -7+ X (7% = 1)) = 50,7 x 7+ sh + 227
7

(A is a Lagrange multiplier to enforce unit length.) The cross product of this equation with

7 is Oy = h x 1.

In QM we also care that the action produces a well-defined phase — the action must be
defined modulo additions of 27 times an integer. There may be many ways to extend n
into an extra dimension; another obvious way is shown in the figure at right. The demand
that the action is the same modulo 27Z gives the same quantization law as above for the
coefficient of the WZW term.

So the WZW term is topological in the sense that because of topology its coefficient must
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be quantized.

Coherent quantization of spin systems. [Wen §2.3.1, Fradkin, Sachdev, QPT, chapter
13 and §2.2 of cond-mat/0109419] To understand more about the path integral we've just
constructed, we now go in the opposite direction. Start with a spin one-half system, with

Hy = span(| 1. )
Define spin coherent states |77) by':

G - iilfi) = |ii) .

These states form another basis for ’H%; they are related to the basis where o7 is diagonal

by:
y 7) = 21 1) + 2] 1), Cﬁ:(wmmwﬂ (5.11)

29 e ¥/25in 62

as you can see by diagonalizing 7i - & in the o* basis. Notice that
n= ZT&Z, ‘21’2 + |22|2 =1

and the phase of z, does not affect 77 (this is the Hopf fibration S* — 52). In (5.11) T chose
a representative of the phase. The space of independent states is a two-sphere:

§* = {(z1, Z2)||Z1|2 + |Z2|2 =1}/(2a >~ ei@za).

It is just the ordinary Bloch sphere of pure states of a gbit.

The completeness relation in this basis is:

S

As always, we can construct a path integral representation of any amplitude by inserting
many copies of 1l in between successive time steps. For example, we can construct such a
representation for the propagator using (5.12) many times:

iG(ﬁf, ﬁl, t) = <ﬁf|€_th|ﬁ1>

=/ H d7ilt) Jim (7i(2) 7)) .. (7i(t2) [72(82)) (72(42)[73(0)). - (5.13)

2T

51For more general spin representation with spin s, and spin operator §, we would generalize this equation
to
S - 7|7y = s|7).
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(Notice that H = 0 here, so U = e is actually the identity.) The crucial ingredient is

(At + €)|ii(t)) = 21 (dt)z(0) = 1 — 2T(dt) (z(dt) — 2(0)) v e~ %=,

{7 Dit) isstao) ; ' dtist
1G(n2,n1,t):/ 5| € BN SB[n(t)]:/ dtiz'z . (5.14)
0

Notice how weird this is: even though the Hamiltonian of the spins was zero — whatever their
state, they have no potential energy and no kinetic energy — the action in the path integral
is not zero. This phase e is a quantum phenomenon called a Berry phase.

Starting from the action Sp and doing the Legendre transform to find the Hamiltonian you
will get zero. The first-derivative action says that z is the canonical momentum conjugate
to z: the space with coordinates (z,z") becomes the phase space (just like position and
momentum)! But this phase space is curved. In fact it is the two-sphere

S% = {(z1, 2)||21)? + |22]® = 1}/ (20 ~ €¥24).

In terms of the coordinates 6, ¢ above, we have
1 . .
Sulz] = Sul6, 0] = /dt <—§cose¢ - 5(;5) — —dmsWolill._y.

BIG CONCLUSION: This is the ‘area’ term that we studied above, with s = %! So the
expression in terms of z in (5.14) gives another way to write the area term which is manifestly

SU(2) invariant; this time the price is introducing these auxiliary z variables.

If we redo the above coherent-state quantization for a spin-s system we’ll get the expression
with general s. Notice that this only makes sense when 2s € Z.

Different choices of gauge fixing for 1 can shift the constant in front of the second term,;
as we observed earlier, this term is a total derivative. Different choices of ¢ affect the
phase of the wavefunction, which doesn’t change physics (recall that this is why the space of
normalized states of a qbit is a two-sphere and not a three-sphere). Notice that A; = 270,z
is like the time component of a gauge field.

We can add a nonzero Hamiltonian for our spin; for example, we can put it in an external

Zeeman field ﬁ, which adds H = —& - S. This will pass innocently through the construction
of the path integral, adding a term to the action S = Sg + S,

Shz/dt(sﬁ-ﬁ)

where S is the spin.
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‘ We are back at the system (5.9). We see that the sys-

tem we get by ‘geometric quantization’ of the sphere

is a quantum spin. The quantized coefficient of the

area is 2s: it determines the dimension of the spin

space to be 2s+1. Here the quantization of the WZW
term is just quantization of angular momentum. (In higher-dimensional field theories, it is
something else.)

Deep statement: the purpose in life of the WZW term is to enforce the commutation
relation of the SU(2) generators, [S?, S/] = i€/kS¥. It says that the different components of
the spin don’t commute, and it says precisely what they don’t commute to.

Incidentally, another way to realize this system whose action is proportional to the area of
the sphere is to take a particle on the sphere, put a magnetic monopole in the center, and
take the limit that the mass of the particle goes to zero. In that context, the quantization
of 2s is Dirac quantization of magnetic charge. And the degeneracy of 2s + 1 states is the
degeneracy of states in the lowest Landau level for a charged particle in a magnetic field;
the m — 0 limit gets rid of the higher Landau levels (which are separated from the lowest
by the cylotron frequency, mc)

5.2.3 Ferromagnets and antiferromagnets.

[Zee §6.5] Now we’ll try D = 1+ 1. Consider a chain of spins, each of spin s € Z/2, with

H= ngj '§j+1-

J

For J < 0, the classical ground state is ferromagnetic, with < ;) = sz. For J > 0, the

—»

neighboring spins want to anti-align; this is an antiferromagnet: (S;) = (—1)’sz.

(Note that I am lying about there being spontaneous breaking of a continuous symmetry
in 141 dimensions. Really there is only short-range order because of the Coleman-Mermin-
Wagner theorem. But that is enough for this calculation.)

We can write down the action that we get by coherent-state quantization — it’s just many
copies of the above, where each spin plays the role of the external magnetic field for its

neighbors:
L =is Z Z}ath - J82 Zﬁ] : ﬁj+1.
J

J
Spin waves in ferromagnets. Let’s use this to find the equation of motion for small
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fluctuations 67; = S; — sz about the ferromagnetic state. Once we recognize the existence
of the Berry phase term, this is the easy case. In fact the discussion is not restricted to
D = 1+ 1. The system is translation invariant, so we should fourier transform. The
condition that 75 = 1 means that dn.(k) = 0. Linearizing in 67 (using (5.10)) and fourier

<h(l€) —%w) <5nx(k))

0=1{1;

sw h(k)) \6ny(k)

with h(k) determined by the exchange (J) term. For example for the square lattice, it is

h(k) = 4s|J| (2 — cos kya — cos kya) i~ 2s|J]|a*k?, with a the lattice spacing. For small k,
the eigenvectors have w ~ k2, a z = 2 dispersion.

transforming, we find

Antiferromagnets. [Fradkin, 2d ed, p. 203] Now, let’s study instead the equation of
motion for small fluctuations about the antiferromagnetic state. The conclusion will be that
there is a linear dispersion relation. This would be the conclusion we came to if we simply
erased the WZW /Berry phase term and replaced it with an ordinary kinetic term

1 R -
2—92 Z atnj . 8tnj .
J

How this comes about is actually a bit more involved! It’s very similar to the way the second
order kinetic term for the Goldstone mode in the superfluid arose: the role of p will be played
by the ferromagnetic fluctuation ¢; in

;= (=17, + al; .
m; is the AF fluctuation; a is the lattice spacing; s € Z/2 is the spin. The constraint 7i* = 1
tells us that m? = 1 and 73 - £ = 0. Why do we have to include both variables? Because m

are the AF order-parameter fluctuations, but the total spin is still conserved, and therefore
its local fluctuations ¢ still constitute a slow mode.

The hopping term in the action is (using 7ig, — 7ig,_1 & a (Mo, + 20s,) + O(a?))

. , 1
Sy = (=1)7m; + alj] = —aJs® /dxdt <§ (8,1m)° + 2€2> :

The WZW terms evaluate to”?

N—00,a—0,Na fixed

N
Sw =5 Wol(—=1)Tm;+{;] i~ /dxdt (gm (O x Dyrit) + 8L+ (17 x atm)) .
j=1

52The essential ingredient is
SWoln] = / AL57i - (77 % Oy -

So
1dz oWy, ., 1. " "
Wonar] — Wlna,—1] = fizﬁfazn a= fidxn X Ot - OpTi.
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Altogether, we find that ¢ is an auxiliary field with no time derivative:
Lim, (] = —2aJs** + s0 - (11 x 8ym) + L[m)
so we can integrate out ¢ (like we did p in the EFT of SF in §4.5.4) to find

S[m] = / dzdt <i (— (8ym)* — v, (axmf) + ie,ﬂ,ﬁ% (0,771 % aym)) : (5.15)

29 \ v 8
with g = % and v, = 2aJs, and 6 = 27s. The equation of motion for small fluctuations
of m therefore gives linear dispersion with velocity v;. Notice that these fluctuations have
wavenumber k close to 7, since they are fluctuations of the AF order, that is, w ~ |k — 7.

The last (‘theta’) term in (5.15) is a total derivative. This means it doesn’t affect the EOM,
and it doesn’t affect the Feynman rules. It is even more topological than the WZW term —
its value only depends on the topology of the field configuration, and not on local variations.
You might think then that it doesn’t matter. Although it doesn’t affect small fluctuations
of the fields, it does affect the path integral; in particular, recall that the object multiplying
theta counts the winding number of the field configuration m, the number of times () the
map m : R? — S? covers its image (we can assume that the map m(|z| — oo) approaches
a constant, say the north pole). We can break up the path integral into sectors, labelled by
this number Q = &= [ dadt e,,m - (9,7 X M) :

Z = / (D]t = / [Dii) ge%e=06199

QEZ

0 determines the relative phase of different topological sectors (for = 7, this a minus sign
for odd Q).

Actually, the theta term makes a huge difference. (Perhaps it is not so surprising given
Problem Set 7, Problem 1 with the particle on the ring with magnetic flux through it?) The
model with even s flows to a trivial theory in the IR, while the model with odd s flows to a
nontrivial fixed point, called the SU(2); WZW model. It can be described in terms of one
free relativistic boson. Sadly, I have not figured out a way to arrive at this last conclusion
in the time remaining. The 2" edition of the book by Fradkin continues this discussion.

[End of Lecture 20|
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Nonlinear sigma models in perturbation theory. Let us discuss what happens in
perturbation theory in small g. A momentum-shell calculation integrating out fast modes
(see the next subsection, §5.2.4) shows that

Y — (D~ 2)g+ (n—2Kng® + (" (5.16)

where /¢ is the logarithmic RG time, and ¢ — oo is the IR. n is the number of components of
n, here n = 3, and Kp = f;fjr—;g as usual. Cultural remark: the second term is proportional
to the curvature of the target space, here S"~!, which has positive curvature for n > 1. For
n = 2, we get S! which is one-dimensional and hence flat and there is no perturbative beta

function. In fact, for n = 2, it’s just a free boson.

The fact that the RHS of (5.16) is positive in D = 2 says that this model is asymptotically
free — the coupling is weak in the UV (though this isn’t so important if we are starting from
a lattice model) and becomes strong in the IR. This is opposite what happens in QED; the
screening of the charge in QED makes sense in terms of polarization of the vacuum by virtual
charges. Why does this antiscreening happen here? There’s a nice answer: the effect of the
short-wavelength fluctuations is to make the spin-ordering vector 7 effectively smaller. It is
like what happens when you do the block spin procedure, only this time don’t use majority
rule, but just average the spins. But rescaling the variable 7 — ani with a < 1 is the same
as rescaling the coupling ¢ — g/a — the coupling gets bigger. (Beware Peskin’s comments
about the connection between this result and the Coleman-Mermin-Wagner theorem: it’s
true that the logs in 2d enhance this effect, but in fact the model can reach a fixed point at
finite coupling; in fact, this is what happens when 6§ = 7.)

Beyond perturbation theory. Like in QCD, this infrared slavery (the dark side of
asymptotic freedom) means that we don’t really know what happens in the IR from this
calculation. From other viewpoints (Bethe ansatz solutions, many other methods), we know
that (for integer s) there is an energy gap above the groundstate (named after Haldane) of

order
_c
AH ~ Aoe 907

analogous to the QCD scale. Here g, is the value of g at the scale Ag; so Ay is roughly the
energy scale where g becomes large. This is dimensional transmutation again.

For s € Z, for studying bulk properties like the energy gap, we can ignore the theta term
, with n € Z in the path integral. For half-integer s, there is

since it only appears as e2™"

destructive interference between the topological sectors. The Bethe ansatz solution shows
that this destroys the gap. This last sentence was a bit unsatisfying; more satisfying would
be to understand the origin of the gap in the 8 = 27n case, and show that this interference
removes that mechanism. This strategy is taken in this paper by Affleck.
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5.2.4 The beta function for non-linear sigma models

[Polyakov §3.2; Peskin §13.3; Auerbach chapter 13] I can’t resist explaining the result (5.16).
Consider this action for a D = 2 non-linear sigma model with target space S"!, of radius
R:

S = / Pz R?0, 0 - O"'h = / d*rR*dn’.

Notice that R is a coupling constant (it’s what I called 1/g earlier). In the second step I
made some compact notation.

Since not all of the components of 11 are independent (recall that n-n = 1!), the expansion
into slow and fast modes here is a little trickier than in our previous examples. Following
Polyakov, let

ni(z) = wi (o) VI L + 3 67 (@) (2). (5.17)

Here the slow modes are represented by the unit vector n’ (x), fi< - ic = 1; the variables e,
are a basis of unit vectors spanning the n — 1 directions perpendicular to 7i-(x)

Ne-€q=20,6, €, = 1; (5.18)
they are not dynamical variables and how we choose them does not matter.

The fast modes are encoded in ¢ (z) = | 1<\/s? and ¢? = ZZ;% o7 ¢ . Notice that differen-
tiating the relations in (5.18) gives

fl< . d/fl< — 07 fl< . déa _|‘ dﬁ< . éa - O (519)
Below when I write ¢s, the > symbol is implicit.

We need to plug the expansion (5.17) into the action, whose basic ingredient is

¢-do
Yy

dni:dni<(1—¢2)%—ni< +do-e + ¢-de.

So

1 —\ 2
27 (7
1

= | (dn)? (1 = ¢?) + do? +2¢,ddyE, - A&,
2g° (n<)( 925) & adppe €y

kinetic term for ¢

+ dpodii< - €, +agpdé, - de, + O(¢?) (5.20)
N————

source for ¢
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So let’s do the integral over ¢, by treating the d¢? term as the kinetic term in a gaussian
integral, and the rest as perturbations:

e~ Setln<] — /[D¢>]ﬁ/sefL = /[D¢>]ﬁ/se_2;2f(d¢)2 (all the rest) = (all the rest)s ¢Z~ o .
The (...)> os that follow are with respect to this measure.

1
= Le[n<] = 252 (dn<)? (1= (¢*)50) + (Gadp)>0dE, - d&, + terms with more derivatives

, (MR, 1
<¢a¢b>>,0 = 5abg =g KQ log(s)éaby KQ = .

A/s ]{32 2

What to do with this de, - dé, nonsense? Remember, €, are just some arbitrary basis of
the space perpendicular to n; its variation can be expanded as

n—1
dé, = (do - o) e + Y (dE, - E.) &,

c=1
5.19
CL)_gp &,

Therefore
dé, -2, = + (dno)’ + Y _ (€. - &)’

where the second term is a higher-derivative operator that we can ignore for our present
purposes. Therefore

Lealn] = 2%2 (@) (1 (N — 1) — 1) K log s) + ..
~ % (g2+%(1\7—2) logs—l—..) (dio)? + ... (5.21)

Differentiating this running coupling with respect to s gives the one-loop term in the beta
function quoted above. The tree-level (order g) term comes from engineering dimensions.
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5.2.5 Coherent state quantization of bosons

[Wen §3.3] Consider a system of free bosons described by the Hamiltonian

Hy = Z (ek —,u) a;%a,; :

E
Here the as are harmonic oscillators

[ag, ap,] = 0%(k — k)
labelled by a d-dimensional spatial momentum. The Hilbert space is ®;H; where H; =

span{|n)z,n = 0,1,2..}. The object ¢; — p determines the energy of the state with one
boson of momentum k: a£|0>. The chemical potential p shifts the energy of any state by an

o)
k

For each of these oscillators we can construct coherent states

aglar) = aglay),  |ag) = Ne®™a|0), N = e lal/2,

amount proportional to

the number of bosons.

These SHO coherent states satisfy an (over)completeness relation

dapda’
1Ly, :/%6_|ak2/2|ak><ak|.
T

(Here 1l is the identity on the Hilbert space of a single oscillator.)

And we may construct a coherent state path integral by inserting many copies of the
identity 1l = HE 1z,
7 — [Da]eifdtZE(%(a;ak—akak) ( k—p)a%a;)'
In real space az = [ dD_lxeiE'fzﬁ(f), Taylor expanding ez — = —p + 2’;—; + O(k%), this is
7 = / [Diplet ] (3" d—v0") =gz Vur Vompimv)

This the non-relativistic boson path integral we wrote earlier. The field 1 is actually the
coherent state eigenvalue!

An interaction between the bosons can be written as
5= [ / ds / Ay, )0 )V (& — ) (0, ) 1)

In the special case V(x—y) (x)d%(x—y), this is the local quartic interaction we considered
earlier.
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5.2.6 Where do topological terms come from?

[Abanov ch 7] Consider a 0+1 dimensional model of fermions ¢ coupled to an order parameter
field 7,

Z = /[D@DDwDﬁ]e—ifoTdw(@t—Mﬁ.&)w

where 1) = (11, 19) is a two-component Grassmann spinor, and & are Pauli matrices acting
on its spinor indices. 72 = 1. It is coupled to the spin of the fermion .

We can do the (gaussian) integral over the fermion:
7 = /[Dﬁ]e_Se“[ﬁ]

with
Set|71] = —log det (10; — iM17i - &) = —logdet D.

The variation of the effective action under a variation of 7 is:
8Ser = ~tr (5DD) = —tx (6DD' (DDT) ")
where D' = i0, +iM7 - &. This is
. -1
0Seg = iMtr <5ﬁ -0 (10, + 1M1 - 7) (—8,? + M?* - M7 - 5) ) )
We can expand the denominator in 77 /M to get
55 = [ dt (—siti — o7 (7 xit)) +
off = a0t 50n - (R xR
where ... is higher order in the expansion and we ignore it. But we know this is the variation
of
T 1., .
Seff = /0 dt (mn ) - 27T1W0
where Wy is the WZW term.
Topological terms are one way in which some (topological) information from short distances

can persist in the low energy effective action. Here the information is that the system is
made of fermions.
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