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1. Brain-warmer.

Compute the expectation values of X and Z in the spin-coherent state |n).

2. Mean field theory is product states.

Consider the transverse field Ising model on an arbitrary lattice:

H=—J > ZZ,+9> X,
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We will study the mean field state:
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Restrict to the case where the state of each spin is the same.

(a) Write the variational energy for the mean field state, E(n) = (¢yp|H|tmr).

(b) Assuming s, is independent of z, minimize it for each value of the dimen-
sionless parameter g. Find the groundstate magnetization (¢|Z, |¢) in this
approximation, as a function of g. Draw the mean-field phase diagram.

3. Potentials for matrix-valued fields.

(a) Convince yourself that by a symmetry transformation ¥ — gLEg; we can

put the complex matrix ¥ in the form » = <%1 0 )
V2

(b) Consider the SU(2), x SU(2)g-symmetric potential
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Show that for any g > 0 this potential has a minimum at (¥) = \/Li (0 (1))

Find v. Show that if ¢ = 0 there are other minima which are not related by
rotations Y — gLEgL.



(¢) [bonus problem| Now consider a hermitian-matrix-valued field ® = ®*7T.
Suppose T are generators of the adjoint of SU(5), so there are 24 compo-
nents of . In order for grand unification to work, there must be a potential
for such a Higgs field ® which has a minimum of the form

(®) = vdiag(2,2,2,—3,—3) = 3

which breaks SU(5) down to SU(3)color X SU(2)weax. Consider the most gen-
eral quartic potential for ® which is invariant under SU(5):

V = —m?tr®? + atr®* + b (tr®2)2 .

Choose a basis where ® = vdiag(ay, as, as, a4, as), with Z?:1 a; = 0. (Im-
pose this last condition with a Lagrange multiplier.)

For what values of m,a, b is ®35 an extremum?

Show that ®3, is a minimum.

Find all possible minima of this potential.

For the minimum of the form (®) = vdiag(1,1,1,1, —4), what are the masses
of the massive gauge bosons, and what is the unbroken gauge group?

I may add another problem here.



