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0.1 Introductory remarks and goals
The study of phases of matter is a topology problem. We wish to divide the set
{macroscopic piles of stuff, with some interactions}

into equivalence classes. The equivalence relation is roughly: two interacting piles of
stuff are regarded as being in same phase if their observable properties are adiabatically
connected under varying the interactions and adding in more non-interacting, gapped
stuff. So phases of matter are essentially elements of my(piles of stuff).

A topological invariant is a quantity that does not change under such continuous
variations, for example a quantity that is guaranteed to be an integer. Such invariants
are wonderful because they provide labels on our equivalence classes. The simplest
example of a topological invariant labelling a phase of matter is the (integer!) number
of groundstates of an Ising magnet: it is 2 in the ordered phase, and 1 in the disordered
phase; thus these two phases must be distinct. So you see that the use of topology in
condensed matter physics is not just for ‘topological phases’.

Topological phases are those that are distinguished from others, say from the trivial
state, by properties other than ordinary symmetry breaking. (A good representative
of the trivial state is an atomic insulator, where each particle is 600 miles from its
nearest neighbor and never even says ‘hello’. More generally, the trivial phase is one
that has a product state representative that breaks no symmetries.) By now there is
a large variety of known ways in which phases can be topological, some of which are
pretty fancy mathematically. Some of them have even been found in Earth rocks. My
main goal in this course will be to try to explain some of these phenomena, and the
topologically-invariant labels we can attach to them, as concretely as possible.

Last quarter we developed some tools of algebraic topology, at least some such tools
that are realized in toy models of physical systems. I know that not all of the members
of this class took last quarter’s class. I am going to do my best to make our discussion
here self-contained while at the same time avoiding repetition. At times I may have to
ask those of you who are just joining us to do some extra background reading or take
some statements on faith. To help clarify what topics I'm not going to repeat, I've
posted a summary of the mathematical highlights; I don’t expect you to absorb every
detail of this, but rather to use it as a resource as needed.

Conversely, I think not everyone took the previous two quarters of the condensed
matter series. If it seems like I am assuming some knowledge you don’t have please do
not hesitate to ask.

L7, of this space for ¢ > 0 is also interesting but much less well-explored so far.


https://mcgreevy.physics.ucsd.edu/w21
https://mcgreevy.physics.ucsd.edu/s21/2021-211C-supplement-on-algebraic-topology.pdf
https://www.youtube.com/watch?v=wtaC0tqXZMU

For a list of topics we might cover, see the table of contents of this document, or
this administrative handout.

0.2 Conventions

For some of us, eyesight is a valuable and dwindling commodity. In order not to waste
it, I will often denote the Pauli spin operators by

x=(0) v=(04) #=(0)

(rather than o™¥* which hides the important information in the superscript) in the Z
basis. I'll write |0), |1) for the Z eigenstates, Z |0) = |0) and Z|1) = —|1) and |+) for
the states with X |£) = + |+).

I use ijk for spatial indices, uvp for spacetime indices. d is the number of space
dimensions and D = d + 1 is the number of spacetime dimensions (it’s bigger).

= means ‘equals by definition’. A = B means we are demanding that A = B.
)
A = B means A probably doesn’t equal B.

The convention that repeated indices are summed is always in effect unless otherwise

indicated.
A useful generalization of the shorthand A = % is
dk = d—k
27

I will also write #(q) = (2m)%6%(q).
I try to be consistent about writing Fourier transforms as

ddk ikx [ _ ikx _
[ et = [tk e fik) = ra).

WLOG = without loss of generality.

IFF = if and only if.

RHS = right-hand side. LHS = left-hand side. BHS = both-hand side.
IBP = integration by parts.

+O(z™) = plus terms which go like 2™ (and higher powers) when x is small.
iid = independent and identically distributed.

We work in units where h and kp are equal to one unless otherwise noted.

Please tell me if you find typos or errors or violations of the rules above.
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0.3 Sources

This list will grow with the notes.

N. Mermin, The Topological Theory of Defects in Ordered Media
G. Volovik, Ezotic properties of superfluid 3 He.

M. Nakahara, Geometry, Topology and Physics. 1 was not a big fan of this book when
I was a student because I thought it was superficial. Looking at it again now, I
see its virtues more clearly. It has useful things in it and it is mostly written for
physicists.

Nash and Sen, Geometry and Topology for Physicists. This book has the virtue of
brevity.

D. Tong, Lectures on the Quantum Hall Effect.

X.-G. Wen, Quantum Field Theory of Many-Body Systems, Oxford, 2004.
X.-G. Wen, Topological orders and Fdge excitations in FQH states.

A. Zee, Quantum Hall Fluids.

G. Moore, Quantum Symmetries and Compatible Hamiltonians.

G. Moore, Introduction to Chern-Simons Theories.

J. Harvey, Lectures on Anomalies.

E. Witten, Three Lectures On Topological Phases Of Matter.

E. Witten, Fermion Path Integrals And Topological Phases.

A. Turner and A. Vishwanath, Beyond Band Insulators: Topology of Semi-metals and
Interacting Phases.

T. Senthil, Symmetry Protected Topological phases of Quantum Matter.

C. Z. Xiong, Classification and Construction of Topological Phases of Quantum Mat-
ter.
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1 Defects and textures of ordered media

[Mermin, Nash and Sen’s disappointing §9, Nakahara’s disappointing §4.8-4.10, Volovik,
Exotic properties of superfluid ® He, §2]

The subject we are about to discuss was developed in the 1970s, apparently in
response to the amazing discoveries of the low-temperature phases of *He. Perhaps
you can regard this as an old subject, then. But, as we’ll see, the understanding we’ll
find and more importantly the perspective we’ll develop is essential background for
more modern questions about quantum phases of matter.

It will also give us a physical and friendly context in which to get everyone up to
speed about homotopy groups.

1.1 Landau-Ginzburg theory of ordering

Suppose we have a many-body system with a symmetry G. To have a definite example
in mind, say G = U(1); this is the symmetry of a planar magnet, or of a collection
of particles with a conserved particle number. The system has at least two possible
phases: G can be unbroken, or it can be spontaneously broken. The latter means that
the equilibrium states are not invariant under . In that case, the equilibrium states
comprise an orbit of G.

For example, suppose we are speaking about quantum groundstates, zero tempera-
ture. Then the statement that there is a U(1) symmetry means that there is a charge @)
that commutes with the hamiltonian H, [H, Q] = 0. The statement that the symmetry
is spontaneously broken means that given some groundstate |1y), the symmetry takes
it to

¢?00) = |9)

another groundstate. Since [H, Q] = 0, the states |¢) are energy eigenstates with the
same energy for all choices of ¢. Now let’s further assume that the conserved charge is
an integral of a local density:

Q= d'z j°(x)

space

and consider the state
¢(z)) = ol Jipace 1723° (2)6(2) 10) .

Since when ¢ is constant, this is a groundstate, |¢(z)), must have an energy above
the groundstate (expectation value of the Hamiltonian) proportional to V¢. The idea
is just that E[¢] = (¢(z)| H |¢(x)) is a nice functional of ¢. It is local, meaning a


https://journals.aps.org/rmp/pdf/10.1103/RevModPhys.51.591

single integral over space, if H is local. Therefore, long-wavelength fluctuations of the
vacuum parameter ¢ describe low-energy excitations of the ordered phase. This is
the essence of Goldstone’s theorem, and it applies any time a continuous symmetry is
spontaneously broken.

Having just used quantum mechanics language to remind us about Noether and
Goldstone, actually for the rest of this section everything I will say will be just as
relevant and interesting for classical systems — say, equilibrium statistical mechanical
problems with real Boltzmann weights. In fact, at some points I will ignore possible
complex phases that could arise in quantum systems. These will be an interesting
subject for later in the course.

Some variables which make manifest all that I've said so far for the case G =
U(1) are the following. Introduce ®(z) € C, the order parameter field, on which the
symmetry G = U(1) acts linearly ® — ei*®. For example in the case of a planar
magnet, ®(z) = 5, () +15,(z) is made from the (coarse-grained) local magnetization.
We can associate an energy (or free energy at finite T) to each configuration of ®:

Fig[®] = / dx (V(|¢)|) + kV®* - VO + terms with more derivatives) (1.1)
space

In this expression for the Landau-Ginzburg free energy, we assumed ¢ to be slowly-
varying compared to some microscopic scale, such as a lattice spacing, so that terms
with fewer derivatives are more important. Also, this works best if ® is not too large,
so that terms with fewer powers of ® are also more important, so we can expand

V(I0]) = r|®f + ulef 4

(¢ will not want to be too large if r is not too large and negative.) The crucial
Landau-Ginzburg-Wilson principle by which I decided what terms to write is: I just
wrote all local terms invariant under (G, organized by decreasing importance in the
derivative expansion, and I made up names for their coefficients. ‘Local’ here means
that they are written as a single integral over space. Once you believe that F' is a
local functional, what else could it be? (I'll resist the temptation to do dimensional
analysis and write all the coefficients in terms of the energy scales in the problem and
dimensionless numbers.)

One way to motivate this functional and to meaningfully estimate the coefficients
in (1.1) is by mean field theory. One of many ways to describe MFT is: we make an
ansatz for the groundstate wavefunction (or equilibrium density matrix) in the form of
a product state |P) = ®, |P(x))
site. Then use this as a variational wavefunction, and F[®] ~ (®|H|P), which we are
then motivated to minimize.

where ®(z) determines the wavefunction of a single

x)



For r > 0, V(|®|) has a unique minimum at ® = 0; this is the unbroken
phase.

If r <0, V(]®]) has a circle of minima at |®| = v, parametrized by the
angle ¢ in ® = ve'?.

So you see that near r = 0 there is some kind of non-adiabatic phenomenon, a
mean-field theory approximation to a phase transition. Near the phase transition, our
assumptions about the locality of the long-wavelength action (or our mean field ansatz
for the wavefunction) break down because @ itself becomes gapless. Below the upper
critical dimension, this is a real loophole; how to deal with this is a victory of the
renormalization group, not our subject. We're going to spend the next big chunk of
these notes firmly ensconced in the ordered phase.

If we expand the LG free energy about such an ordered configuration, we find

Flg[® = vel?®@] = / (p(ﬁgb)Z + terms with more derivatives ) :
space
Notice that there is no potential for the goldstone field ¢(z). (In contrast, if we allow
fluctuations away from the circle of minima, ® = (v + dv(x))el@®, the field dv(x)
has a big honking restoring force, (dv(z))?.) On the other hand, gradients of ¢ cost
energy. This is the phenomenon of generalized rigidity: the nonzero coefficient of (6@2
measures the (free) energy cost of straining the order by inhomogeneous distortions.
This is absent in the disordered state.

Vortices. Now draw a two-dimensional cross-section of space, and draw in it a
loop C', parametrized as z'(s), with s € [0,27). And for a given configuration of the
order parameter field ¢(x), consider the quantity

— _ [0 i T 9¢ dr’ _ 2
2mw|C] = fcdqﬁ—j{j%dx —/0 D ds ds = ¢(x(s))|5" € 2nZ.

We used the chain rule a bunch of times. Since the variable ¢ = ¢ + 27 is only well-
defined modulo addition of 27 times an integer, it need not take the same value at the
beginning and the end of the curve.

Now, still for a fixed configuration ¢(z), consider what happens as I shrink the
curve C. Since w[C] is always an integer, it can only change by jumping. When it
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jumps, we say that we have crossed a vortex. This is a locus where ¢ is singular, not
well-defined. In terms of the definition of ¢ as the phase of the field ®, it is clear what
must happen: ® = 0 in the core of the vortex, so its phase ¢ is not well-defined. Since
it is defined as a thing a loop can wind around, a vortex is always codimension two,
meaning that its location is specified by two coordinates. If d = 2, a vortex is a point
defect; in d = 3, it is a string defect.

Thinking still about a two-dimensional cross-section of space, a useful perspective
then is that ¢ defines a smooth map

¢ : R? \ vortices — S*.

In the case where there is just a single vortex, R?\ point deformation retracts to S*. So
such maps are classified by the fundamental group of S', [¢] € m(S') = Z. w stands
for ‘winding’ — it counts how many times the map winds around the vacuum manifold.

To see some examples of interesting configurations, put polar coordinates on the
two-dimensional cross section of space in question, z = x + iy = rel¥. Note that
© = ¢+ 2m. If we take ¢ = ¢y, a constant, then w[C] = 0 for any curve, no winding,.
If we set ¢ = @g + ng, then 2rwlunit circle] = §, do = fo% %dgp =n OQW dp = 21n. n
must be an integer so that ¢ is single-valued under a 27 rotation in space p = ¢ + 2.

Here are configurations with n = +1 (vortex) and n = —1 (antivortex) respectively:
N AN
~ — ~ ~
— ~ ~ -
/ N N 4

/)N \ 1/

Brief comment on energetics. Our focus here is on the topology, but I have
to mention the following. First, if you plug in the configuration ¢ = ¢ to the action
[ &z(9¢)?, you will find an answer that goes like log(L), where L is the size of the
box, not finite energy in the thermodynamic limit. This bitter reality does not do that
much to diminish the utility of these objects: a well-separated vortex-antivortex pair
has finite energy”.

Second, there can always be large energy barriers between various configurations,
which are nevertheless not topologically distinct.

2Also, a finite-energy configuration with the same features occurs in the model where ® is coupled
to a U(1) gauge field. The model we’ve been discussing so far is a model of a superfluid; the model
where the U(1) is gauged (the abelian Higgs model) is a model of a superconductor. Superconductors
have finite-energy vortices.



While we're at it, let me make a comment about methodology here. When presented
with a functional like F1,[®], a physicist has a hard time resisting the urge to extremize
it. Resist the temptation here. Finding a solution of the equations of motion for some
particular choice of coefficients in the expansion of Fyg[®| is both harder and less
informative than what we are doing. This is because that solution may or may not
be stable to deformations of either the configuration or the coefficients in Fig[®]. On
the other hand, once we show that a stable defect is guaranteed by topology, because
it carries some topological invariant (e.g. a homotopy class) different from that of the
uniform configuration, then we can later confidently try to find a representative that
solves the equations of motion away from the core of the defect.

It is interesting to ask what is the winding number w in terms of the order parameter
field ®. We can write the integrand as d¢ = —%i@*d@ + %id@*@, and therefore for a
big circle of radius R, C,

21w[Cp] _j{ do = / d <—%i<1>*d<1> + %id@*@) . (1.2)
Cr r<R

Since this number is (27 times) the number of vortices in the region r < R, we can

interpret

1 1 1

as the density of vortices at x.
[End of Lecture 1]

It is also interesting to compare this expression with the conserved charge associated
with the symmetry ® — €*®. To speak about conservation laws, let’s allow for time-
dependent configurations, and consider an action S[®] = [ d?zdtd,®*0,®— [ dtFiq[®]°.
The amount of charge in a region is then

Q[R] :/Rjo

where j, = —%i@*@utﬁ + %i(‘)u(b*q) is the associated Noether current. The equations of
motion for ¢ imply (Noether’s theorem) that 0*j, = 0, so Q[R] only changes by the
current leaving through the boundary of the region.

Similarly, we can write down a conserved vortex current

) i *
Jp = gﬁpuuauq) auq) (13)

3This is not the most generic possibility. The non-relativistic term J d?zdt®*i0,® has fewer deriva-
tives.
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whose time component is the vortex density above. It is conserved (by equality of
mixed partials), but it is not obviously a Noether current.

One more comment about the vortex current density j;. What is it in terms of ¢?
If you go back to (1.2) and write everything in terms of ¢, it is

2mw|Cr] = ]{ do = / ¢ == / d*r€0,0,¢ = 27 / d*xj ().
Cr R R

We conclude that the density of vortices is
v 1 i 2

We are used to saying that the exterior derivative squares to zero, d> = 0. This is
crucial for the definition of cohomology! But it assumes that d is acting on smooth
functions. In the core of a vortex, where & = 0, ¢ is not a smooth function, and
the mixed partials need not (and don’t) commute. On the other hand, ® is a smooth
function.

Crucial observation: the presence of defect around which w # 0 can be detected
by w|[C] for some arbitrarily distant curve C, without ever investigating what happens
in the singular region. This means that to repair the singularity (i.e. to remove the
defect) requires a singularity (either this one leaving, or one with the opposite winding
coming in) to pass through all such curves C', no matter how far away. In this sense,
a defect about which w # 0 is topologically stable — its stability is protected by the
topological nontriviality of the winding.

In contrast, while a configuration with w[C] = 0 can still be singular,
I claim that any such singularity can be repaired locally. That is,

we can find another configuration that is identical

only making changes

outside any curve C' with w[C] = 0,

inside the blue region

but which is continuous in the disk-like region whose boundary is C'.
(1.5)

The proof of this statement proceeds from a lemma we’ll prove in the
next subsection.

11



1.2 When are there stable defects?

So you can see that the story of the previous subsection has many possible generaliza-
tions. Let

V = {minima of V(®)}

be the ‘vacuum manifold’ — the space of uniform equilibrium states of (equal) minimal
free energy. In example of the previous subsection, we had V = S*.

Fact: There are no stable topological defects of codimension ¢ if 7, (V) = 0.*
Here by ‘m, = 0’ I mean it is the set with just one element.

Walls. What about the case of ¢ = 17

A codimension-one defect is a domain wall. According to the Fact, these can be
topologically stable when V' has multiple connected components.
For example, consider a system with a Zy symmetry. The
analog of the linearly-transforming field ® is a real field,
which transforms as ® — —® under the Z,. The Z, sym-
metry says that V' (®) contains only even powers of ®, which
can accommodate a double-well potential, with minima at
® = 4+v. The two broken-symmetry vacua are mapped to
each other by the action of the symmetry. In this example,

then, V' = Z, has two connected components, and (V)
does, too.

A domain wall is a configuration of ® that starts at one value
on the left and goes to the other value on the right. Notice

that like in the case of a vortex, it hits the disordered value
® = 0, where the sign of ® is ill-defined, in the middle.

4Very briefly,

2
k < g

(X, p) = {maps, a : S¥ = X, (N ~

maps from the sphere to V' taking the north pole N to the base

N\ Y
point p, modulo homotopy equivalence. The purpose of the base :!:g:mv _,:?’ X
point p is to allow us to multiply two such maps «, 8 by the picture - /;

at right:
Under this product, m(V, p) forms a group. The identity is [constant map to the base point]. When

it doesn’t cause trouble, we suppress the dependence on the base point, since different base points
produce isomorphic groups when V' is path-connected. m,_1(V) = 0 means that any such map can be
continuously deformed to the constant map to the base point.

12



Lemma: A continuous map ¢ : S™ — V is homotopic to a constant map

& ¢ can be extended to gﬁ : B V| with Qg|aBn+1:Sn = ¢.

The proof is beautifully constructive: In the = direction, suppose "
there exists a homotopy ¢; : S — V,t € I, with ¢g = ¢, 01 = ¢, W
a constant map. Now observe that any y € B"™ \ {0} is uniquely

labelled as y =tx, t € I,z € S™. C

So let ¢ : B™" — V be ¢(tz) = ¢1_,(x). Notice that ¢(0) = ¢; = ¢ is well-defined.
The converse works by reading the previous sentences in reverse order.” ]

So this lemma shows that one purpose of homotopy groups is to measure the ob-
struction to extending a map from S™ to its ‘interior,” or more precisely to any ball
whose boundary is S™.

Proof of fact: Thicken a putative isolated codimension-g de-

fect into a (generalized) cylinder B4 xR%~9. Now consider the J*I“f
continuous map ¢ : space \ defect — V. The goldstone field

¢ wants to be continuous because of the gradient terms in ﬁ gl
Fiq. In particular, we can restrict to a S9=! which surrounds ° R
the defect: S = (S9! = 9BY, z) for some point z € R4,

Then ¢|s : ST1 — V represents an element of 7,_;(V) (with some choice of base
point). But if m,_1(V) = 0, then any such map is homotopic to the constant map.
Therefore, the lemma implies that we can extend ¢ continuously into the interior of B
with 0B = S — there is no defect in there! |

Now you see that we have a proof of (1.5): Surround the putative singularity with
a closed curve C. By assumption w[C] = 0. This means the map ¢ : C' — V is
homotopic to the constant map. Using this homotopy, f, the configuration ¢ can be
filled in by a continuous map

C(tx) = f(tr) = fi(z)
Notice that fi(z) is a constant, so this map is continuous.

®Notice that in the = direction, this argument works also if we replace S™ by some other
manifold 3, such as a torus 7". Again a point in the handlebody obtained by filling in the interior of
¥ is uniquely labelled by a point 2 € ¥ and ¢ € I, and we can extend ¢ by ¢(t, ) = ¢1_¢(x). In the
other direction, it’s no longer true that the locus labelled ¢t = 0 is a single point; indeed for the case
of T?, the center of the donut is a circle, whose map to V may not be homotopic to a constant map
(if m (V') # 0). Thanks to Tarun Grover for bringing this up.
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Now we have to ask: does this mean that m,_1(V') classifies codimension-q defects?

The answer is ... almost.
For definiteness, let’s focus for a bit on codimension-two defects in a

medium with (V) # 0. So consider a configuration of ¢ : R? — V and
pick C, a closed curve surrounding a (d — 2)-dimensional defect. Then
élc : ST — V specifies an element [ = ¢|c] € m1(V, ¢o). Here the base
point ¢g is some point in the image of ¢|c that we like.

C

But if we choose a different map ¢, or even draw a different curve v, there is no
guarantee at all that ¢q lies on the resulting image.
One response to this is to consider configurations such that some
point xy in space is mapped to the base point ¢y € V. then we
deform our curve C by appending a path § from z( to the curve
before and after we traverse C. This addition acts by a — Ba371,
where 8 = ¢(J). This makes it plausible that codimension-two
defects correspond to conjugacy classes of m(V'), i.e. m (V') /(v ~
BaB1). Moving the base point around will produce different

elements of the same conjugacy class. If m; (V) is abelian, this is
the same as elements of 71 (V') and we can forget about it.

[End of Lecture 2]

An alternative way to think about the problem is in terms of free homotopy, where
we don’t have a base point. Think about moving our curve C' around in space from C}
to Cy. The path we take defines a homotopy between ¢(C}) and ¢(Cy). But these two
loops in V' need not share a base point. So more precisely, this defines a correspondence

{codimension-two defects} <+ {loops in V'}/ ~ .

The equivalence relation on the right is free homotopy (not preserving any base point)
so the resulting quotient is not a group.

Two loops f, g are freely homotopic in V' if and only if there

exists a path 7 connecting = € f to y € g with f ~ ygy~ L.

This is because vgy~! is freely homotopic to ¢ just by retracting ~:
3 2 2
//’L'Qﬁ - /\:Q s \@Q
=y - b 7

14



Now let’s think about composite defects. Suppose we have
two (parallel) codimension-two defects labelled by P and @,
elements of 71 (V') (with some base point ¢(x), in the figure).
If we draw a big loop C' around both, the order parameter
configuration inside C' can be smoothly deformed into any
configuration representing the same homotopy class, which
is in general different from either that of P or (). But the
path C'is homotopic to a path which just goes around P and
(@ individually. In fact, we can preserve a base point during
this homotopy. So we can ask: In what order?

Well, a basic fact about groups is that for any two elements a,b € G, ab = a(ba)a™!
so ab and ba are in the same conjugacy class. Phew.

If (@) is abelian, as in our example above, the order doesn’t matter, and the
result is just the sum of the winding numbers.

Now let’s talk about defects of larger codimension. We will show that for general
q=2
{codimension-q defects} <> m,_1(V,p)/m1(V,p). (1.6)

To understand the action of m; on 7, on the RHS (which

for ¢ = 2 is just conjugation), first lets recall why, if V' is

path connected, changing the base point gives isomorphic X
groups: m,(V,z) = m(V,y) = m,(V). The idea is: suppose

we are given a path v from x to y and a representative f :
(I*,0I%) — (V,z) of mx(V,x), as at right. We will make a
representative of 7, (V. y).

T

6

6Note that the sphere S* is homeomorphic to the cube I*¥/9I* with all points on its boundary

identified with each other: @ =

—"

So a map from the sphere to V taking the north pole to z is equivalent to a map from I* to V
taking 0I* to .
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In words it’s confusing, just look at the pictures at right for
k = 2 and k = 1 respectively. Here are the words: the middle
of the cube just maps by f, with the arguments properly
rescaled. The boundary of this middle cube goes to . Then
each concentric box surrounding this goes to v(t), where as t

varies between 0 and 1 the concentric box goes between the
boundary of the middle cube and OI*.

This map is an isomorphism. Does this mean that the free
homotopy is uniquely well-defined? The isomorphism we just
defined required a choice of v (‘was not canonical’) and the
resulting set can depend on that choice!

Two different choices of v differ by a closed loop beginning
and ending at x, as depicted at right. Clearly the result only
depends on the homotopy class of this loop in m; (V, z). This
defines an action of m;(V,z) on 7, (V,z) (the ‘loop automor-
phism’), and this is the action that appears in (1.6).

|1

If the loop automorphism action on 7, is trivial (for example if 71 (V) = 0), then

V' is called ‘g-simple’ and defects correspond to elements of the homotopy group (and

actually form a group).

In the case of ¢ = 2, the loop automorphism on 7 is just conjugation f — Bf371,

with 8 = ¢(v), as we discussed above.

1.3 The vacuum manifold

Now, what is V, the space of symmetry-breaking groundstates?

Let me assume for a little while that the symmetries G of the unbroken phase that

are of interest to us are internal symmetries, that is, they don’t take one point of

space (or spacetime!) to another. I'll come back later and explain why we need this

assumption.

Generically, G acts transitively on V. Transitively means for any two points ¢; 2 €

V', there exists g € G such that go; = ¢s.

Proof: If this were not true, it means there’s some term we could add to Fig,

consistent with G symmetry, that splits some of the degeneracy in V. So, either we're

fine-tuning away those terms (so our system is not generic in the space of systems with
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the given symmetry; an often-used term for generic here is natural, or Wilson-natural),
or in fact the symmetry group is a larger group that does act transitively.” |

Now let Hy = {g € Glg¢ = ¢} C G be the subgroup of G fixing ¢, sometimes
called the isotropy subgroup or stabilizer subgroup of ¢. Hy is not necessarily a normal
subgroup:

if gp1 = ¢ then Hy, = gHy, g ' # Hy,. (1.7)

(For example, the subgroups of rotations about distinct axes are distinct subgroups.)
But by transitivity, (1.7) means that H, for different ¢ are isomorphic groups.

So let’s choose some reference value of ¢ = ¢y and let H = H,,. H is the (unbroken)
symmetry group of the ordered phase.

Notice that if H = {1} is the trivial group, then transitivity means V' = G. This is
what happened in our U(1) example above. More generally, the vacuum manifold is

V=G/H=G/{g~ gh,h e H} ={(left) cosets of H in G} . (1.8)

The correspondence is: a point in V' 3 ¢; = g¢ corresponds to the coset gH. This
makes it sound fancy, but it’s just the statement that not every g € G takes the
reference direction ¢q to a different point in V. So, if we want to label a point ¢; in V
by what element g € G takes ¢y to ¢1, then we’d better regard g ~ gh for h € H.

Just to double-check that this identification makes sense and is bijective: if g9 =
9200, 912 € G, then ¢y = gy 'gap which means that g;'go € H = Hy,. Therefore
g2 = g1 (gf ! gg) € g1H and g, = g1e € g1 H belong to the same coset. Conversely, given
the coset gH € G/H, this determines ¢ = goo = ghey for all h € H.

Also, since we could write a nice equation for it, the isomorphism in (1.8) is con-
tinuous. ]

Notice that it is extremely ambiguous what we mean by GG. What is the symmetry
group G of the disordered phase of some material? Certainly it preserves many possible
symmetries of nature, even exotic ones like strangeness (which counts the number of
strange quarks) or chicken number (which counts the number of chickens). A nice thing
about the relation (1.8) is that we can add all the extra symmetries we like to G and if

I know two actual, serious exceptions to this conclusion. The first is supersymmetry. In super-
symmetric field theories, there can be manifolds of vacua where the points are not related by the
action of any symmetry. The degeneracy (at E' = 0) is nevertheless protected by supersymmetry.

The second exception is glasses. In a glass there is a very complicated potential landscape describing
the many-body configurations. There are many many minima which are approximately degenerate,
and which actually become degenerate in the thermodynamic limit. This can happen (in a structural
glass) even if the Hamiltonian is translation invariant. I'm not sure what to say about this. Thanks
to Tarun Grover for reminding me about this second exception.
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the extra symmetry is not broken (which it certainly isn’t if it doesn’t act nontrivially

on the degrees of freedom in question), they are part of H and therefore don’t change
V.

1.4 Examples

1. Planar spins or superfluids. Here V' = {(S,,5,),S; + 5, = 1} = S*. Note
that there can be a third component of the spin, but it doesn’t participate in the
symmetry, so let’s just forget it.

If the symmetry of the problem is G = SO(2) = U(1), then the stabilizer subgroup
of any point in V' is H = {e}, nothing, so V = G/H = S*.

Alternatively, if G = O(2), which includes the addition element taking (S, S,) —

]_ — —
(Szy—Sy) = (O 01> S = mS then H is generated by this extra element m,

H = (m) = Zy, a normal subgroup. And V = 0(2)/Z, = U(1) = S* as before.
Each coset is of the form {R, m o R}, where R € SO(2) is a proper rotation.

The circle has 7,(V) = Zd, 1, and therefore has integer-valued codimension-two
defects: vortices in d = 2 or vortex lines in d = 3 (or vortex sheets in 4 spatial
dimensions), as we’'ve been discussing.

2. Heisenberg spins. Here V = {3, 52 = 1} = 52, with 3-component spins.

If G =S0O(3) (certainly G D SO(3)), take ¢o = (0,0,1) = 2, and H = SO(2) of
rotations about 2, and V = G/H = SO(3)/S0O(2) = S2.

If instead G = SU(2), the simply-connected double-cover of SO(3), then, with

the same ¢y,
1053 2 0
H = {e'" :( 0 e_i9/2>}

and of course we get the same V = S2.

V = S?% has no m, but it has my = 73 = Z and it has interesting, wildly
varying homotopy groups for higher g. So, in particular, it has integer-valued
codimension-three defects — particles in d = 3.

3. Nematics. Here the order parameter is a headless vector € {7, 7* = 1}/{n ~
—7} = RIP?. Think of such a system as a collection of little rod-shaped molecules.

If G = SO(3), then

H = (all rotations about 7i, 7 rotations about a L axis) = D,
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a dihedral group, symmetries of a polygon with infinitely many sides. Here D,
is just the subgroup of rotations that map a molecule to itself. Then V = G/H =
SO(3)/ Dy, = RP2.

Another useful way to describe V' for nematics is as a symmetric traceless matrix
with two degenerate eigenvalues M;;, which can represent the deviation from

isotropy of e.g. the dielectric constant of the medium. In terms of n it is M;; =
n;n; — d;; (which has two eigenvalues equal to one).

Since ; (RP?) = Z,, the nematic has vortices, called m-disclinations. But if we
put two such Zs-vortices on near each other, they can be locally deformed away

to nothing.
The idea is that as we move in a loop around the defect, the AN
. ~ "\
order parameter winds halfway around the sphere, so the two
ends of the headless vector are interchanged. It would not — . ‘
be a closed loop on the sphere; it is only closed up to the Z,
_—

identification that makes RP?. In space, it looks like this:

If we represent V' = RIP? as the sphere with antipodal points
identified, the path taken in V as we go around the 7 dis-
location looks like the figure at right: This is a closed path
only because of the identification.

You can see that if we put two of them together, we go around twice and make a
closed loop on S? which can be contracted away. In terms of the order parameter
configuration, we can make the unwinding of the 2z dislocation explicit by the
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following movie®:
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The top row is a picture of real space, with the red dislocation at the center. The
idea for unwinding the 27 dislocation is that we rotate each molecule about the
axis in the plane normal to its direction. This gives a continuous configuration
at each intermediate step. After a m/2 rotation, the configuration is the uniform
configuration where the rods all point up. The bottom series of pictures is the
path taken by the order parameter in V = RP? as we follow a curve encircling
the defect in real space; the path is just the obvious path that contracts a circle
on the sphere to a point.

If we try to do this to the 7 dislocation, we get the following movie instead:
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- - =" - - [ oy ' [T |
—

You can see in the top pictures that at each intermediate step there is a line of
discontinuities in the order parameter field (heading off to the lower right here).
Alternatively, you can see in the bottom pictures that the intermediate steps do
not define closed paths on RP2. This is not a homotopy.

. Biaxial nematics. This is like the previous example, but the molecule is a
bit less symmetric — instead of a rod, it could be a little cross with arms of

8Unfortunately, I still don’t know how to embed a gif in a pdf. Here is the gif.
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different lengths, bisecting each other, like this: \ Anything with the same

symmetries would do. In terms of the matrix order parameter, M;; now has three
distinct eigenvalues.

If G = SO(3), then the unbroken symmetry is just H = Dy = {7 rotations about three 1 axes}.
To find the fundamental group of V' = SO(3)/Ds, it is useful to write this in terms

of the universal cover of SO(3), which is SU(2). But a m-rotation in SO(3) about

the 7 axis, lifts to £io? in SU(2); these transformations generate the quaternion

group Qs = {£1, £iX, +iY, +iZ}. Therefore V = SO(3)/ D, = SU(2)/Qs where

Qs is the group of quaternions. The interesting new thing here is that now (since

SU(2) is simply connected, and Qg acts freely), m; (V) = Qs is non-abelian.

[End of Lecture 3]

. 3He. A pile of the fermionic isotope of helium has several very interesting ordered
phases.

It is quite amazing how different is the phase diagram of *He from that of the
bosonic isotope He. These two things are chemically indistinguishable from each
other. But bosons can just condense, while fermions must form pairs in order to
condense. (Notice the difference of three orders of magnitude on the temperature
axes. )

T, \Vapov TA

5 K--/ ﬂ0m~( 1 FL A
2.smK
ll'ﬁ""‘l

22 K fo‘l}l

Sb‘l‘J 1mK B

25 Lavry 'P W bars (F

The relevant symmetry of the disordered phase is (we’ll ignore translations and
time reversal and parity for brevity)

G =S0(3); x SO(3)s x U(1)x.

The first factor is spatial rotations, the second factor is spin rotations, and the
last factor is the particle number symmetry. (Note that I am talking about a
spatial symmetry despite my warning above. It is ok in this case.)
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A useful order parameter field (analogous to ® in §1.1)? is a complex 3 x 3 matrix
Ay, where a € 3 of SO(3)s,7 € 3 of SO(3), which transforms linearly under G
as

Aai — ei'nglﬁRf}Aﬁj'

Let’s follow the procedure analogous to what we did in §1.1. Not too far from
T., the free energy has the leading (G-invariant) terms

FralAai] = rA},;Asi + 5 possible quartic terms.

The coefficients of r and the quartic terms are determined by temperature and
pressure and move us around the phase diagram. Depending on the relative sizes
of the quartic terms, we find different ordered phases.

B-phase. A representative vacuum configuration of the B phase is A%, = Apdq,.
The orbit of A° under G is AgeR,;, where R,; is a relative rotation between
space and spin. The particle number is completely broken, so this is a superfluid.

This order parameter configuration locks together the spin and orbital indices'’,

and hence breaks SO(3),, x SO(3)s — SO(3)diag = Hp.

Vi =G/Hg =S0(3);,xS0(3)s x U(1) 5 /SO(3) ding = SO(3)ra1 x U (1) = RP? x S™.

A-phase. At higher pressures, instead one finds the A phase, with representative
configuration

A% = Apza (3 + i9) S Auda <e§1> n ie§2>) . (1.9)

9What is the relationship between A and the microscopic, spin—% fermionic Helium atoms? If v,
annihilates a Helium atom, the relationship is something like

Aioz(x) ~ <a$riw0(x)0-:o’w0’ ($)> .

The sigma matrix projects onto the triplet in the product of two doublets of SU(2)spin. Why do we
need the spatial derivative? Because otherwise Fermi statistics would make the thing zero. The fact
that the superfluid order parameter has a vector index makes this a p-wave superfluid. Another way
to think about it is that the BAG Hamiltonian for 3He takes the form

H _ €L . A(M'O'aki/k'p
BdG Aaiaakl/kp —€L

(where I suppressed the spin indices, i.e. each entry in this matrix is a 2 x 2 block).

1080 in the B-phase,
A= T
€, —o0-k
HBdG:<A_,]—€’kF >
i €k
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This is a bit more involved. Rotations in SO(3)g about the d,, axis are preserved.
The two (orthonormal) vectors e(1?) (and e® = e x () specify an orthonormal
frame in 3-space, which seems to completely break SO(3),. But you can see
n (1.9) that the phase of the order parameter is tied to the spatial indices.
This has the consequence that A is preserved by a combination of an orbital
rotation SO(3), and a particle-number rotation: the relative U(1),q that acts
by A — e7A and at the same time does a rotation by —v in the e? plane,
(e +ie@) s e (e +ie)) is unbroken by A. And finally, flipping the sign
of both d and e"? preserves A (note that each of these is accomplished by a
rotation in SO(3)g ). Therefore Hy = SO(2)g X U(1),e1 X Zs. And so

Vi = G/Ha = SO(3),x50(3)s xU(1) 5 /SO(2) s X U(1)s X Zoy = (S* x SO(3)) /Za.

The complexity of this example is what motivated people to figure out the de-
scription in terms of homotopy groups that we’ve been developing. A concrete
prediction that followed from this analysis is that vortex lines in the A-phase can
pair-annihilate, 7.e. carry a Z, charge, not a Z-valued charge. Let’s return to the
topological excitations of *He after developing the technology a bit more.

. Superconductors, the Standard Model. If we couple the system in (1.1) to
a dynamical gauge field, by the replacement d,® — D, ® = (J, + A,)®, we get a
superconductor instead of a superfluid. This operation is called ‘gauging’ the U(1)
symmetry. Redoing the analysis on homework 1 produces a mass term for the
gauge field A. This leads to the Meissner effect, and is called the Anderson-Higgs
mechanism (for giving a mass to a gauge field in a gauge-invariant way).

Despite the large differences in interpretation and physics, the analysis of topo-
logical defects in this model (the Abelian Higgs model) is much the same as
in the system that has a global U(1) symmetry. In particular, this model has
codimension-two vortex excitations. Omne important difference is that in this
model, a vortex has finite energy (or a vortex line has finite energy per unit
length).

A similar story applies to other gauge theories with Higgs fields, i.e. charged
scalar fields with some potential with a vacuum manifold V' = G/H, even non-
Abelian ones like the Standard Model (SM) of particle physics, or models of
Beyond-the-SM physics.
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1.5 Homotopy groups of symmetric spaces

Recall the definition of relative homotopy groups: for a closed ot
submanifold H C G,
(G, H,e) = {maps, ¢ : (I*,0I") — (G, H or )}/ ~ e Gr e
(1.10)
where all the faces of 9I* map to the base point except one,
which I'll call the bottom face. H

And a reason to care about the relative homotopy groups 7x(G, H, e) is that
7Tk<G,H,6) gT%(G/H,eH) (111)
(how can we resist choosing the coset eH containing the identity as the base point?).

e M

(G/H,eH) determines a representative g of mi(G, H,e) by
the map f(s) = g(s)H. A representative of the relative ho- QH GT/ H
motopy relative to H is homotopic to an ordinary homotopy
representative modulo H.
eH

This is because any continuous map f : (I*,dIF) —

eH

Another purpose in life of the relative homotopy groups (actually for k < 2 it’s not
a group) is that they sit in an exact sequence

oo me(He) D mi(Ge) B m(G H,e) B me_y(H,e) - - (1.12)

The map i, is just inclusion of H in G. The map j, is also inclusion: a map which
takes all faces of OI* to the base point is also allowed in (1.10). Finally, the ‘connecting
homomorphism’ 0, is defined by: 0,(a) = &|bottom face — the map « restricted to the
bottom face takes (I*~1,0I*1) — (H,e).

This sequence is exact: the image of one map is the kernel of the next. (This makes
sense even when they are not groups.)!' The point of this is that if we know m;,(G) and

7i(H) then we know m(G, H), and hence by (1.11), we know 7(V = G/H). We'll
understand this in more detail below.

1 Alternatively, we could have arrived directly at the sequence with 74 (G/H) in place of the relative

homotopy by noting that H Lae5Sa /H is a fiber bundle and using the fact that fiber bundle maps
induce a long exact sequence on homotopy groups. The connecting homomorphism in that case is a
bit more mysterious.
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So you see that we need to know about homotopy groups of Lie groups. This is a
juicy subject from the mid-twentieth century. Here are some facts:

0. Let Gy = the component of G containing the identity element. 7o(G) = G/G.

G) is a normal subgroup of G'* and so G//G is also group. m of a general space
is not usually group, but in this case it is.

1. For any Lie group (in fact more generally for any group that is also a topological
space) m1(G) is abelian. Here is a hint for how to show this (see the homework).
Let f,g : (I,0I) — G be two representatives of 7m1(G). We need to show that
f * g is homotopic to g x f. In a group, a third way to multiply the two paths is
by pointwise group multiplication gf(s) = g(s)f(s) at each point along the path.

v 1 ”}

\
In the figure at right, the path with one arrow is g x f, the

path with two arrows is f*g¢g, and the path with three arrows
is the pointwise group multiplication ¢gf. You can see from %
the picture that they are all homotopic. |

° f

This fact has the surprising consequence that spaces like T2\ a disk, or R?\ two
points, or a bouquet of two circles, whose 7 is the free group on two generators,
cannot be groups.

2. mo(G) = 0 for any Lie group.
3. m3(G) = Z for any simple Lie group.

4. 7,(G) for larger ¢ enjoy Bott periodicity: the pattern repeats with a period in
q which depends on the group (it is 2 for unitary groups, and 8 for orthogonal

groups).

12Here is a nice argument for this due to Ahmed Akhtar:

We want to show that ggog~! € Go,Vgo € Go,g € G. Since
go € Go, we can choose a path v(t) that starts at v(0) = e and
ends at v(1) = go. Then by continuity, gvy(t)g~! is also a path

within Gy, which ends at ggog~'.
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Last quarter (footnote 43 on page 118), we briefly discussed an argument for items
2 and 3 using Morse theory on the loop space of G.

[End of Lecture 4]

So item 2 says that part of (1.12) is the following exact sequence:
0— WQ(G/H) — Wl(H) — Wl(G).

And since enlarging G does not change V = GG/H, why not take G to be the universal
cover of whatever G we might have considered, so that it has m(G) = 0. Therefore
our exact sequence reduces to one step

0— m(G/H) % m(H) = 0

(whose exactness just asserts that the map in the middle is an isomorphism). We
conclude that

(G H) 2 0 (H) = m(Ho) (1.13)

where the last step follows since different connected components of the group are home-
omorphic (by multiplication by some element of H/Hy). (If m(G) # 0, then instead
mo(G/H) = m(H)/m(G).) The isomorphism in (1.13) is just the map 9, : @ —
apottom face defined above (combined with the isomorphism m (G, H) = m (G/H)).

Again taking G to be the universal cover, (1.12) also contains the following exact
sequence:

0— 7T1(G/H) — 7T0(H) — 7T0(G).

If we assume that G is connected, so that my(G) = 0, then we have the isomorphism
m(G/H) = mo(H) "2 H/H,.

(If 7o(G) # 0 then instead m (G/H) = mo(H)/mo(G).) To see this more directly, we
use the same fact as above that a loop f(s) in G/H can be regarded as path g(s) in G
whose endpoints are in H, by f(s) = g(s)H. (We take eH as the basepoint in G/H.)
These are open paths, so why do they form a group?
To multiply two such elements ¢; and go, we just
shift the starting point of g, by ¢1(1). The picture
at right (following Mermin) shows the product and
its correspondence with H/H,. Notice that the path
labelled f is trivial in m (G/H).

Loop-automorphism action of 7,(G/H) on n,_1(G/H). To classify defects
of codimension ¢, we need to know not only m,_1(V), but also how (V) acts on
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this group. The action comes just from appending a loop to the map. We just saw
that loops in G/H are labelled up to homotopy by connected components of H. Each
connected component of H can be associated with an inner automorphism of H, acting
by conjugation. Pick a representative h of each connected component of H, H/Hy; this
specifies the endpoint for a representative of 7 (G/H), a path going from e € H to
h e H.

Let’s focus for simplicity on codimension ¢ = 3, so an element of my(G/H) corre-
sponds to an element of 71 (Hy), represented by a loop ¢(t) in Hy. Then the action of
h on g(t) is just hg(t)h™'.

If H is abelian, then this action is trivial. But if not, conjugating by h can change
the loop.

An example where the action is nontrivial is the nematic in 3d. Let’s say G = SU(2),
then H = U(1) X Zy, and m(G/H) = Z. (The symbol x means semidirect product,
and indicates that the two factors do not commute.) To see this, consider ¢y = 2.
Then the rotations about 2z preserve ¢g, and so do 7w rotations about a perpendicular
axis, say y. This 7w rotation acts on the fundamental of SU(2) as iY’, and takes 2 —
—%2 = 2 in V Now, a point defect is labelled by an element of m(G/H) = m(Hy),
a loop u(t) = €%®Z/2 in Hy = U(1) C SU(2). The winding number of 8(t) : St —
S1 is the integer labelling the homotopy class. But conjugation by iY takes this to
iYu(t)(iY) ™" = u'(t) = u(—t) - it reverses the direction of the loop! Therefore, it
takes the defect labelled n to the defect labelled —n.

This has the dramatic consequence that the nontrivial point defects of the nematic

are labelled by a positive integer. Combining defects labelled n and m produces either
n+ m or |n — m|, depending on the path.

This is not too surprising if we try to visualize the minimum- \\\\\\\l 4 /
charge point defect: it is a hedgehog, where all the sticks are - - .
pointing away from the origin. But since the sticks have no - = RN
. o\ e
preferred end, this is the same as the hedgehog where the b N

sticks point toward the origin.

There is a further consequence. Suppose a m-disclination line defect is present some-
where. When we move in a complete circle around the 7 disclination, the local pattern
undergoes precisely the 7 rotation about ¢ that generates the loop automorphism. In
the presence of such a thing, therefore, the point defect n can be reduced to the point
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defect n mod two by the following procedure: split it into n charge-1 defects, and then
divide these into groups of two (perhaps with one left over), and move one of each
pair around the 7-disclination. That comes back as a charge-(—1) defect which can be
annihilated with its partner. So in the presence of the line defect, the point defects are
once again classified by a group, Z,.

Gauge theory description of the nematic. By the way, a useful alternative
picture of a nematic is the following. Instead of the LG theory of the nematic in terms
of the matrix M, we can make an apparently-different LG theory of the nematic in
terms of a unit vector n where we then gauge the Z, symmetry acting by n — —n.
That is, we regard this transformation as a redundancy of the description, so that the
configuration 7, and —n, represent the same physical state. To do so, (specifically in
order to write kinetic terms that are invariant under this identification at each point
in space) we must couple the system to a Z, gauge theory.

This is easiest to describe on the lattice, where it means we attach to each link a Zs
variable o, that will play the role of a connection, allowing us to compare n, and n, at
different points. The hamiltonian must be invariant under the gauge transformation

Ny — SgMNg,  Opy — SzO0gySy-

We can also add a kinetic term for the link variables, so the full energy functional is

H = —th;awn;—KZH@ (1.14)
(zy)

p Lep

where p runs over all plaquettes in the lattice.

Notice that the LG theory of n is much more like that of a ferromagnet than the
one in terms of M — the physics of the local fluctuations is all the same and the only
difference is some global information, specifically the topological defects. In fact the
phase transitions from paramagnet to nematic look more like those from a paramagnet
to a ferromagnet than that predicted by the LG theory of M. This was the motivation
for Lammert-Rokhsar-Toner to introduce this description in terms of gauge theory.
The nematic phase is the Higgs phase of the gauge theory, where a charged field (n)
condenses. The description in terms of gauge theory suggests a very different phase
diagram; in particular there can be a topologically-ordered phase at large K /t.

The main new ingredient of discrete (here, Zy) gauge theory is that it allows dy-
namical objects of codimension two such that when we go around them we act with a
(here, Zy) gauge transformation (the m particle in the 2d toric code). This is precisely
the 7 disclination. In the language of vector bundles, the m disclination is a vector
bundle on space minus the defect with structure group Z,. This picture makes clear
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what happens when the point defect is moved around the 7 disclination: it undergoes
the transformation that takes n — —n, which reverses the orientation of the hedge-
hog. You can also see that the plaquette term in (1.14) penalizes the presence of such
defects, which have Héep oy = 1: the 7 disclination comes with a core energy K. This
leads to a slogan for finding topological order: disorder n while suppressing topological
defects.

The quantum version of this gauge theory of the 3d nematic is also very interesting,
as is the analog for the biaxial nematic. Perhaps more on that later.

1.6 When 7(V) is non-abelian

When 71(V) is non-abelian in a 3d system, many interesting things can happen.

First, the mobility of line defects can be impaired, in the

f
following sense. We can ask: given two line defects at right | P
angles to each other, when can I move one through the other? /
Or given two line defects that are linked, when can I unlink S f

them and completely separate them? This is a question for ©
which the description in terms of homotopy is very useful.

We can try to do the unlinking by leaving behind a segment of defect @) looped
around defect P, as in the figure above. The question is whether we can cancel the two
oppositely-oriented strands. This is measured by the homotopy class of the image of a
curve that surrounds these two strands. Let’s say furthermore that it passes through
a point in space that’s mapped to the base point ¢y € V', and let’s label P and @
by elements of m1(V, ¢g). We can deform this curve through a series of homotopies,
preserving the base point, which ends up with a curve in the class PQP'Q~!, the
multiplicative commutator. Describing this in words would be like explaining in words
how to tie your shoelaces:


https://arxiv.org/abs/1012.5669

(I found it useful to make the defects out of paper clips and use a ¢
rubber band for the loop. The problem is that it really doesn’t like
to stay in the final configuration.) We conclude that unless P and @
commute in 7 (V'), trying to pass P through @ inevitably results in
a segment of defect connecting them — they must become a network

of string junctions:

I think perhaps an easier way to visualize the equivalence is the following (for
example in the case where defects P and @) are linked):

Here the idea is just to move the three indicated points to the base point along the
blue paths.

Returning to the picture of defects as a vector bundle on their complement: it is
sometimes useful to regard such a collection of linked or knotted defects as specifying a
flat vector bundle with structure group (V') on K, the complement of the link. Such
a thing is a representation of 71 (K) in w1 (V') (i.e. a group homomorphism from one to
the other), up to conjugation.

Codimension-two defects of a biaxial nematic. So codimension-two defects
are labelled by conjugacy classes of m;(V'). For a biaxial nematic, we saw that m; (V') =
(Ys. This group has eight elements and five conjugacy classes:

Qs = {{1}7 {_1}7 {j:iX}a {iiY}v {:l:lZ}} = {Cla C_y,C;, Cy> Cz}

What are the associated defects? Well, C'y is (homotopic to) no defect. Recall that the
order parameter is a little cross, and the symmetries are 7 rotations about its z,y, z
axes. Here are pictures of the defects: If we identify the x-axis with the long axis of
the molecule and the y-axis with the short axis of the molecule, then the configuration
associated with +iZ are:

-y .
HZ —iz: o+ - 4
\
e [ V.

o 7

Each is a 7 dislocation for both the long and short sticks. These two elements of Qg
are each others’ inverses: (iZ)™! = —iZ. In this sense one is the anti-defect of the
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other — a loop going around both (with the same base point) detects no defect. These
two elements of ()g also belong to the same conjugacy class. In a moment we’ll see a
concrete way to relate them to each other.

Representatives of all the 2-element conjugacy classes are:

B [ —

X / / / ~

The latter two are 7 dislocations of only one of the two axes of the molecule. Their
product is then a dislocation for both, consistent with iXiY = —iZ.

The C_; defect is a 27 dislocation of either or both of the axes:

< T N R

X XN i oy

The unwinding we did of the 27 dislocation of the single-axis nematic just relates these

different representatives to each other.

It makes sense to multiply conjugacy classes; the best way to think about it is in
terms of the group algebra, which is an algebra with a generator e, for each group
element g, and the product takes egse;, = e4,. A conjugacy class C' corresponds to an
element of the group algebra C' = ) gec €g- Multiplying two of these gives a linear
combination of others. In the case of QJg, the algebra of classes is

c, C, G, c, C.
cilc ¢ G, C, C.
CLlC, ¢ 2C, 20, 20,
C.|C, C, 20,420,  2C, 20,
c,lc, ¢, 20, 20,+20., @ 2C,
c.lc. c. 2, 20,  20) +20,

So, when we put a C, defect near a C, defect what do we get? It is tempting to hope
that we get a superposition of C'_; defect and no defect (C), but since this information
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is not too hard to measure I don’t think this is the answer. The answer seems to be
that it depends on the route by which we combine them.

Here is an appealing example. A loop around a pair

of iX defects (and nothing else) always detects a

C_, defect — the two iX defects combine to C_;. o i % ol -
But if there is a iY" defect in the neighborhood, we \ —

can transport one of the iX defects about the iY

defect before combining it with the other iX de- . .

fect. This changes the victim’s homotopy class to J
iYiX (i)™ = —iX, the inverse — it has turned
into its own antiparticle. Now when we combine it
with the other iX defect, they annihilate to nothing.
These are the two possibilities in the multiplication A

table above.
[End of Lecture 5]
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1.7 Textures or solitons

In d spatial dimensions, consider now a smooth configuration (no defects) of ¢ : R —
V. Let’s demand that the configuration has finite Fig[¢]. In particular, this requires
that ¢ approach a constant at infinity, ¢ “—- @o. In this case, ¢ defines a map S — V,
since R? plus the point at infinity is S¢. Therefore [¢] € m4(V). Two such maps ¢ o
can be continuously deformed into each other if and only if [¢1] = [¢o] € ma(V).

Such smooth but topologically nontrivial configurations are like codimension d + 1
defects. They are called textures or solitons or skyrmions. The latter name applies in
particular to the cases d = 3,V = G, a simple Lie group, or d = 2,V = S2, as for a
layer of Heisenberg spins. For example in d = 3 with V' = SU(2), a nice representative

is of the form eif (",

Skyrmions are a common sight in various magnetic materials. There are even phases
of matter described by lattices of skyrmions. They also arise in high-energy physics as
a description of baryons in terms of the theory of goldstone bosons for the breaking
of chiral symmetry, the chiral Lagrangian. This was Skyrme’s original, very prescient,
motivation.

Energetic questions. If we do ask about solving the equations of motion, the
story has the following wrinkle. A nonsingular configuration that approaches ¢q at
infinity can be deformed to one that approaches ¢y more quickly by the homotopy
oa(x) = d(x/N), A < 1. As A — 0, the region where ¢ varies (the soliton) shrinks, and
at A = 0 a singularity forms. To decide which value of X is best, we must ask about
the energy of such a configuration. Looking at just the essential leading generalized
rigidity term, we have

Flgléal = p / de (8,00 "= / FEN (930)2 A7 = X2 Fyg ).

This goes to zero as A — 0. So in d > 2 spatial dimensions, the soliton wants to shrink,
according to the leading term in the effective action. This is called Derrick’s theorem.

As X shrinks, the gradients of ¢ get larger. The argument breaks down once the
soliton gets small enough that the terms with more derivatives in Fyg start to become
large. By dimensional analysis, such terms must come with a microscopic scale A.
For example, the subleading term in the derivative expansion (it depends on what
symmetries we assume) could be ALA [ d%x (8(15)4, with A determined by dimensional
analysis. Under the rescaling ¢(x) — ¢(z/)\), this term gets a factor of A¥*, which
blows up as A — 0 for d < 4. This means that FLg[¢,] must have a minimum as a
function of A — the soliton is stabilized at some size determined by the microscopic
scale A.
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1.8 Defects of broken spatial symmetries

[In preparing this section I found very useful this new paper and this talk by Dominic
Else.]

Here is one idea of why spatial symmetries are more subtle: for internal symmetries,
each broken generator of a continuous symmetry produces an independent goldstone
mode. This is not always the case for spatial symmetries. For example, a crystalline
solid breaks both translations and rotations, but in d space dimensions produces only
d phonon polarizations.

The reason is: a rotation is a position-dependent translation. [ I ]‘ \
Therefore the goldstone mode for rotations is described by a =l l l

particular profile of the translation goldstone.

Elasticity theory in terms of goldstones. Let’s pursue this example a bit
further. Suppose a collection of atoms spontaneously forms a crystal — an arrangement
of the atoms into a unit cell which then tiles space according to some lattice. This
breaks continuous translations down to discrete translations by a lattice vector, and so
we expect a goldstone field for each direction of space. I will studiously ignore rotation
symmetries for a little while. Consider for a moment the case of one dimension (and
don’t worry about Hohenberg-Mermin-Wagner issues right now). The symmetry of
the ordered phase is G = R, continuous translations, and the stabilizer group of a
configuration is H = Z, lattice translations, so V' = R/Z = S'. The goldstone field
lives on a circle. Shifting the goldstone field by its period shifts each atom by one unit
cell. More generally, V = R?/T" = T¢ where T is the lattice. In terms of #!, periodic
coordinates on this torus, the LG free energy is

S[e'] = /dd“x KELD,0% 0;0" + terms with more derivatives, (1.15)

where the coupling constant x“XZ is the elasticity tensor. With various symmetries
imposed, it can be decomposed further into various tensors with names from the 19th
century. These tensors describe things like bending moduli — the rigidity of the solid

to various kinds of strain.

For quasicrystals, a similar story obtains. A quasicrystal is a quasiperiodic soild.
That means that the plane is tiled with more than one unit cell in a manner which does
not repeat precisely. The simple way to obtain such a thing is by projecting a D > d-
dimensional lattice with incommensurate periods into d dimensions. This produces a
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diffraction pattern with D peaks. In this case, the order parameter field lives in 77,
and we can write an effective action just like (1.15) with the only difference that the
K, L indices on the 6 variables run from 1..D instead. The extra goldstone modes are
called phasons.

Dislocations. Now let’s talk about defects. You can see that 71 (V) = m (R¢/T') =
I, the lattice itself, since R? is simply connected.

Therefore we can identify the topological charge of a codimension-two lattice defect
— a dislocation — with an element of the lattice. This is called its Burgers’ vector.
Comparing with our prior discussion of vortices, we can say that dislocations are the
vortices of the goldstone field. This comparison allows us to be more quantitative about
the Burgers’ vector: it is given by

1 , 1
bl = — ¢ dato,6" = — 7{ de!
27T C 27T Q(C’)

where C'is a curve in space going around the dislocation. A dislocation in a 2d square
lattice looks like this:

N
W

\

IERA N
[ [] 1\\\\\

The usual definition of the Burgers’ vector is shown at right: make a circuit around the

Ly

™

-,

(line) defect, and compare with the corresponding circuit in the perfect lattice. The
Burgers’ vector is the extra stuff you have to add to make it a closed cycle. Here we
go 3 steps up, 3 steps right, 3 steps down, 4 steps left, so the Burgers’ vector is 1 step
right. Notice that you would get the same answer no matter which closed path you
took, winding once clockwise around the defect.

A first encounter with Lieb-Schulz-Mattis-Oshikawa-Hastings constraints.
Suppose the atom number is conserved. (This is not a crazy idea.) Then the system
has another symmetry in addition to translation symmetry, and this symmetry is un-
broken by the crystal, so V is unchanged. This extra symmetry is not necessarily
useless, however. In particular, we can consider coupling to a background gauge field
A, for this symmetry. This is a strategy we will employ all the time this quarter so we
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may as well get started now. I emphasize that A, is a fixed background configuration
that we get to pick.

The idea is to follow as before the LG procedure of writing the effective action
by the effective strategy of “what else could it be?” — we write all terms allowed by
symmetries, arranged in order of decreasing relevance to the low-energy physics. In
the presence of a background gauge field, we have a new ingredient, in addition to the
goldstone fields and their derivatives, namely A and its derivatives. But there is also
a new constraint: when we couple a system to a background gauge field, we do it in a
way that is gauge invariant, that is, it is invariant under the gauge transformation

A, = Au+9 0 (1.16)

for an arbitrary map g : space — U(1) (combined with some rotations of whatever
charged matter fields are involved). So the effective action must also be gauge invariant,
since it arises as the LHS of the equation

613[0,.4} — /[Dstuﬁ‘] eiSmicroscopic[StUﬁzevA] .

Furthermore, if all excitations besides the goldstones are gapped, then the effective
action S[f, A] must be local, a single integral over spacetime.

So, what can the effective action be? Note that the goldstones themselves are
neutral under the gauge transformation. Certainly terms involving F' = dA are allowed
since F' is gauge invariant. But there is one interesting new term which involves the
fewest derivatives, and expresses some important truths for us. To understand it most
immediately, let’s consider the case of d = 1. Then

S[slowly-varying 6, A,] = Selastic[0] + 21 / A A df + terms with more derivatives.
T

The new term can also be written as

™ ™

S, [0, A] = 21 /A Adf = 21 /dxth#&ﬁe‘“’. (1.17)

One point to notice about it is that it is not obviously gauge invariant because it
depends on A and not just F'. Under a gauge transformation (1.16), it changes by

_v -1
08, = 27T/ciH/\g dg. (1.18)

This is not obviously zero. But we don’t actually need the variation of the action to
be zero, we just need it to be an integer multiple of 27i, since it only ever appears
exponentiated in the path integral. And in fact, if # and g are continuous functions
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and spacetime has no boundaries, (1.18) is always 27iv times an integer. (To see this,
first show that it is invariant under small changes of g or 6:

5g o0

So it is topological. Then we can compute it for some representative configuration. If,

for definiteness, we periodically identify the spacetime coordinates, (1.18) is an expres-
sion for (27i times) the winding number of the map 7% — T2, (x,t) — (g(x,t),0(z,1)).
Note that maps g : spacetime — G that are not continuously connected to the map to
the identity are called ‘large gauge transformations’.) Therefore, if v € Z, then (1.17)
is gauge invariant'®.

What does the new term (1.17) do? Well, the first question we should ask about an

effective action for a background gauge field is: what is the resulting charge density:

0S v
) = 5am ot

This equation correctly expresses the fact that deforming the lattice away from a uni-
form configuration will make the density vary. The --- is contributions from other
terms in the action, such as a term like [ Agpy that adds a background density. If
po is constant in time and integrates to an integer, this is also gauge invariant. More
generally, we could add [ A,j# which you can show is gauge invariant (even under
large gauge transformations) as long as d,j* = 0.

Actually we can do a bit better, and include the py term in S,,. We can identify the
goldstone field # with the phase field describing the displacements of the atoms from
their equilibrium positions:

u'(z,t) = %a}ﬁl(x,t) -z’

where d; are generators of the lattice I'. Then the equilibrium configuration is actually
0! (z,t) = Klx* where K (%)JI = ¢/, so K! is the matrix whose columns are the
reciprocal lattice generators. The generalization of (1.17) in d spatial dimensions is

(2ry

/AAd@lAcw?-.-/\ded. (1.19)

13 Alternatively, if spacetime is a manifold without boundary, we can integrate by parts and write

v
S=- 2 fonr

This is manifestly gauge invariant, but it is not manifestly single-valued under 8 — 6 + 27, as it must
be to be well-defined. Fortunately, |, s F/2m € Z is an integer if A is a background U(1) gauge field on
a manifold S without boundary (this is called flux quantization), and so again we conclude that e~
is well-defined if v € Z.
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Again v € Z is required by gauge invariance. This gives the density

oS v 1
) = A ~ @y

11-“ldaxi1 phr ... 8%&8111'

Plugging in the equilibrium configuration gives

det K v
po(x) =v—a =

2md VvV
where V' = deta is the volume of the unit cell. This says that v is the (integer!)
number of atoms per unit cell. [End of Lecture 6]

By the gauge invariance argument above, under the present assumptions, v, and
hence the equilibrium density must be an integer. This is an avatar of the Lieb-
Schulz-Mattis-Oshikawa-Hastings (LSMOH) theorem, which will be our companion
this quarter. Now, you may say to yourself, why can’t I make a system at some filling
which is not an integer? Indeed, I can take 20007 particles and place them in a volume
with 20004 unit cells, and the system must have some groundstate. What gives? Well,
there are two loopholes in our argument, both at the ‘what else can it be?’ step.

1. One we made explicit: if the system has gapless degrees of freedom in addition to
the phonons, then the effective action for just the goldstones and the background
gauge field need not be local — integrating out gapless stuff produces a nonlocal
action.

One specific way in which the system can be gapless is if it spontaneously breaks
the U(1) atom number symmetry. Then there is an additional goldstone that we
haven’t included in our description.

2. The other possibility is that the system does not have a unique groundstate, but k
of them; in that case v may be a multiple of 1/k. The large gauge transformations
can then take one of these groundstates to another.

This can also arise in two ways: if the system preserves all the symmetries, this is
topological order. But degenerate groundstates can also arise from spontaneously
breaking the lattice translation symmetry further to a discrete subgroup. Such a
thing is called a charge density wave.

The statement of the theorem then is: if the filling is not an integer, the system
(ignoring the phonons) must be interesting — it must be gapless or have degenerate
groundstates. Notice that this result arises from some interesting interplay between
translation symmetry and the internal U(1) symmetry associated with particle number
conservation.
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I should be more explicit about the second, more subtle possibility. In the discus-
sion above I always mean the groundstate in the presence of the background fields. It’s
important that the groundstate responds (adiabatically) to the background fields. The
basic idea of why groundstate degeneracy allows the effective action S[A] to be not
single-valued is spectral flow. 1 will say a lot more about this. A large gauge transfor-
mation is a gauge transformation not continuously connected to the identity element.
A good example of a large gauge transformation to keep in mind is threading 27 flux
through a cylinder. But think of this as the endpoint of a path where we gradually
increase the amount of flux. At intermediate stages of the cycle, the energy levels move
around. We start in some groundstate. If there is not a unique groundstate, the final
groundstate need not be the same one.

Flux-threading. Actually, this is a good opportunity to introduce a technique we
will use repeatedly below. Consider v = % — one particle for every other lattice site.
How can we make a state with a gap (at fixed 6)? One way to do it is just to break
translation invariance Z — 27, i.e. double the unit cell. For example, put a particle
in every other site. However we do it, there are inevitably two such states related by
a translation by one lattice site, which I'll denote by |eo) and |oe). It will be useful to
make eigenstates of the lattice momentum (defined modulo 27 in units of one over the

lattice spacing):

|P = 0) = [80) +[0e), |P =) = |ec) —|oe) . (1.20)

Now put the system on a big circle with an even number of lattice sites L € 2Z, so
that our pattern fits. The idea is, as I said above, that a large gauge transformation is
the endpoint of a path of configurations of the background gauge field A. ® = § A =
fOL A,dx is the flux of the background gauge field through the circle. Since charge is
quantized, 27 flux is the same as no flux. Another way to look at it is that gauge
transformation relates

A— A+igldg (1.21)
and if g = g, = e”?"/L we have ® — ® + § ig;'dg, = ® + 27n.
So let’s choose a path in the space of gauge fields from ® = 0 to ¢ = 27

A = Z f(tydw,  7(0) =0, f(T) = 1. (1.22)

soP(t)=¢ A= fOL dz2: f(t) = 2m f(t). If we start the system in a groundstate and do
this process slowly enough (7! < the gap to non-phonon excitations) — with a fixed
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configuration of the phonons § — we must end up in a groundstate. This is because'*

oF
6_d>:<]>

the average current, which must vanish for a gapped system, in the thermodynamic
limit. So the energy ends up at the same value as it started.

Now use Newton’s laws. The gauge field configuration in (1.22) implies an electric
field in the x direction

E, = =—f't) (1.23)

ot L
which exerts a force on each particle. The total change in (lattice) momentum of the
system is then

T ) 27 T, 2N
AP:/O dtZi:Ex(z):Nf/o f'()dt = —— = 2mv

where N is the number of particles.

We conclude that this flux-threading process, done at v = % must interchange
|P =0) and |P = m)". But the result of this process is the image under the large
gauge transformation g;. We conclude that only g, with n a multiple of 1/v takes a

given groundstate to itself, and S, is a perfectly-allowed term in the action.

I emphasize that the conclusion that threading 7w-flux takes one groundstate to an-
other that must be orthogonal (because it has a different eigenvalue of a hermitian
operator, namely the momentum) holds even if translation symmetry is not sponta-
neously broken.

14This is basically the same statement as g—i = j. The extra ingredient is that the phase acquired
by a state evolving for time T of a state with energy E is ET.

5perhaps with a phase that we haven’t determined by this argument. If there is no phase, we could
conclude that flux-threading acts in the basis {|eo) , |oe)} as o®. Can that be right?
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Mobility constraints on dislocations. The preceding discussion also tells us
something about the ability of dislocations to move. Let’s focus on the case d = 2
since it is drawable (and the dislocations are codimension two anyway). The claim is
that if v # 0, then a dislocation can only move in the direction of its Burgers’ vector.
First let’s see this by pictures:

L *\,
*Jﬂ\‘x" //A\T\\\\

([ TTV |
1
N4

\

]
f—

We see that in order to move transverse to the Burgers’ vector, an atom (the red one
in the top right figure) must be created from nothing (or ferried in from oo by moving
a whole line of atoms by one lattice vector).

Earlier we considered only the atom number density by varying the effective action.
The full atom number current in 2d is

_6S[9,A] v
-~ 0A(z,t)  8m

ju 26“"p81,913p9]eu.

The usual (totally correct) story is that gauge invariance guarantees current conserva-
tion. Our effective action with the interesting term .S, is indeed gauge invariant for
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smooth configurations of #; at a dislocation 6 is not smooth, and indeed we find

. Vo /e J
au]“ = @ (]d) 8{28 €rJ
where ( gt )p = e"r9,0,0" is the current density of dislocations (vortices of the goldstone
field) with Burgers’ vector in the a! direction (compare to (1.4)). You can see that
if the dislocation current density has a spatial component in the wrong direction,

current conservation can be violated. To be more specific, recall that in equilibrium,

9,07 = K0! Therefore
. v N T
Ot = ) (Jd) Kiers
and current conservation is violated if j! has a component in a direction other than its

Burgers vector a’.

These days, such excitations with restricted mobility are called fractons (more
specifically, something that can move in only one dimension is called a lineon), though
that word generally also implies that there is some topological order, which is absent
here. (For an attempt to relate fractons with defects of solids see here.)

Incidentally, in the condensed matter literature (maybe material science) you will
find a distinction between screw dislocations and edge dislocations. The discussion
above shows that this is not a topological distinction and one kind can be smoothly
deformed into the other. See Mermin for what they actually are and how to relate
them.

Here is another kind of defect, of codimension d, a vacancy.
As you can see from the picture, this defect is undetectable
from the distant pattern of the lattice. Nevertheless, remov-

ing it requires the creation of an atom for nothing, or its o b 4
transport in from infinity. This suggests that it should have \

some topological signature. Can you figure out what it is
from the action S[A,0]?

Disclinations. If we enlarge the symmetry group to include also rotations, .e. a
nontrivial point group, then the story becomes quite a bit more complicated.

A way to see that something is seriously amiss with boldly applying the general
story above is that the charge of a disclination is bounded above. Consider the square
lattice, for example. Here are disclinations with charge —2,—1,0,1,2,3 (in units of
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7/2), respectively.

&e\k Je ((

The charge is the deficit angle, in units of 7/2 for convenience. (More precisely, by
deficit angle I mean the difference between 27 and the angle one would turn by in going
in a loop around the defect if each turn were actually 7/2, as it is on the perfect lattice.
When the angle is negative, it is hard to draw this way on the plane; we could have
drawn it as a branched cover of the plane.) A disclination of charge 4 on the square
lattice is no lattice at alll But the charge can become arbitrarily negative.

Trying nevertheless, we would say that a general defect of a lattice is labelled by a
conjugacy class of

m((V)=m (

translations X rotations N
- =I'x K
I' X point group, K

where K is the cover of the point group that lifts it to a subgroup of the universal
cover of the rotation group (I think it’s called the ‘double group’). (V') is generally
a complicated non-abelian group. An interesting consequence of its non-abelianness is
that two disclinations can have the same topological charge as a dislocation.

To avoid too much crystallography (not my favorite part of condensed matter
physics), let’s just talk about the square lattice. For the square lattice,

(V) = Z* x (R = 7/2 rotation) = {(@, R")}.

The group law is
(@ R*) (@, R") = (@ + R*@, R*").

What are the conjugacy classes? Well, the inverse is
(@, R")™ = (-R*a,R7%).
The conjugacy class of an elementary /2 dislocation (6, R) contains all the elements
(@, R*)(0, R)(@, R*)~! = (@ — Ra, R).
This means that
(0,R) ~ ((1,1),R) ~ ((1,=1), R) ~ ((n,m), R),¥Y n +m even.
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This means a collection of two disclinations (0, R) and (0, R~!) have the same charge
as any dislocation the components of whose Burgers’ vector sum to an even number.
Here are some picture (from Mermin):

. | \
T | 2\

+1

1 T~

You can see that as the distance between the two disclinations grows, so does the
magnitude of the resulting Burgers’ vector ((1,1), (2,2), (3, 3) respectively). But these
are all in the same conjugacy class.

An isolated disclination is not mobile at all (even without atom conservation)—
its motion requires the rearrangement of infinitely many atoms. However, we've just
seen that a pair of opposite-charge dislocations describes a dislocation, and can move
together in the direction perpendicular to their separation (the Burgers’ vector of the
dislocation). A coarse summary is this phenomenon is the statement that in addition to
the charge of a disclination being a (topological) conserved quantity, the dipole moment
of disclination charge is also conserved. For more on this description, I recommend
again this paper about fractons and elasticity.

1.9 The boojum and relative homotopy

I promised one more application of relative homotopy. Recall that in the A phase of *He,
the linearly-transforming order-parameter field is of the form A;, = d, (e(l) + ie@))

i?
A

and e, e® ¢ = e x e® form an orthonormal frame that completely breaks the
rotation symmetry. The order parameter space is

Va= (82 X SO(3)) /L.
Now put this medium in a space with boundary, 7.e. put the helium in a container.

A boundary condition that actually occurs in practice is that the vector { is fixed to
point normal to the wall of the container. Since ¢ is fixed, only the rotations in the
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eM e plane are free, and therefore, on the wall, the vacuum manifold is restricted to
VX/aH = (S2 X U(l)g X Zg) /ZQ

The extra xZs, is because ¢ could point into or out of the container.

Now consider a patch of the medium near the wall. Draw a hemisphere whose
boundary is in the wall. In the bulk of the hemisphere, the order parameter specifies
a map to Vy, while its boundary maps to V. This therefore specifies an element

[¢] € mo(Va, V™)

of the relative homotopy group. In this case my(Vy, Vi) = Z, as you can show from
the long exact sequence of relative homology. The generator is called the boojum'®. It
is like a monopole stuck to the wall: it looks like a fountain of the ¢ field emanating
from a point on the wall.

If we make a spherical container completely filled with helium, we have (= +¢
everywhere on the boundary, and this forces there to be a monopole-like object inside.
In some regime, the lowest energy configuration is the boojum. (I think one can say
it lowers the gradient energy by sticking to the wall because the field only has to vary
in half of the space near the singularity. This is similar to the reason that bubble
nucleation always proceeds at boundaries.) It seems that boojums can play a role in
destroying superfluid flow.

16For Mermin’s spectacular account of the origin of the name, see here.
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2 Some quantum Hall physics

By popular request, and because it still provides the best experimental examples of all
the most interesting quantum topology phenomena, let’s spend some time talking about
effective descriptions of quantum Hall physics, both fractional and integer. I warn you
that we will take a distinctly macroscopic perspective, and, like in our discussion of
topological defects, will not say much about the important microscopic questions of
energetic competition. For a perspective on those questions, I recommend chapters
12-14 of the textbook by Girvin and Yang (or these lectures by Leggett). I learned
about this aspect of the subject from these notes by Girvin. For a great account of the
whole subject I recommend David Tong’s lectures.

Topological states of quantum matter. There are two main ways in which a
state of matter can be topological: protected edge states and topological order. Frac-
tional quantum Hall systems exhibit both of these phenomena, while integer quantum
Hall states only exhibit the former.

Topological order means a robust spacetime-topology-dependent groundstate de-
generacy. Associated with this phenomenon is also a fractionalization of the quantum
numbers of the microscopic constituents. That is, the emergent quasiparticle excita-
tions carry quantum numbers (statistics, spin, charge) which are rational fractions of
those of the constituents. Particles of fractional spin are called anyons. In three space
dimensions, there are also string excitations with robust and interesting fractional
properties.

These two symptoms of topological order are not independent. The fractional
statistics of the quasiparticles implies a groundstate degeneracy on e.g. the torus: Pair-
create a quasiparticle-antiquasiparticle pair, move them around a spatial cycle, and
then re-annihilate them. This process JF, maps one groundstate to another. But F,
does not commute with F,, by the anyonic statistics. The space of groundstates must
represent the algebra of these operators. Conversely, a robust groundstate degeneracy
requires that the different groundstates are related by the action of non-local operators.
In cases where the groundstate degeneracy is independent of geometry'”, these non-
local operators describe the transport of fractionalized excitations around the cycles of
the space. [End of Lecture 7]

A third essential symptom of topological order is long-range entanglement in the
groundstate wavefunction. The groundstate cannot be made from a product state by a

1"Tn contrast, in type-2 fracton models, the operators taking one topological groundstate to another
are supported on fractals, and so are hard to interpret as transporting anyons. In such models the
groundstate degeneracy depends (in a complicated way) on the system size, and not just on the
topology.
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finite-depth local unitary circuit. Actually there are some exceptional states with this
property but which nevertheless do not have topological order, namely integer quantum
Hall states and a few other examples we’ll discuss below. A sharper diagnostic is the
topological entanglement entropy, defined in terms of the entanglement entropy of a
subsystem, which vanishes if and only if there are no anyons.

Let’s enshrine these symptoms of topological order in a list:

1. Fractionalization of quantum numbers.
2. Groundstate degeneracy that depends on the topology of space.

3. Long-ranged entanglement.

I emphasize that the quantum numbers (their statistics and (if there are global
symmetries) charges) characterize the phase of matter. Especially in D = 2 4 1, the
theory of anyons (their statistics and fusion rules) is a highly-developed mathematical
edifice, called unitary modular tensor category (UMTC) theory. Perhaps now is a good
time to mention the most elementary distinction, between abelian and non-abelian
topological order. By fusion of anyons, I mean the following. An anyon is a particle
whose presence can be detected from a distance, by circling some other excitation
around it and measuring the change of the resulting state. Given two anyon types
a and b, I can consider circling other excitations around both of them. If I have a
complete basis of all the anyon types in the topological order under study, the result
must look like one of them, but which one we get need not be uniquely determined:

axXb=c +cyg+---. (2.1)

If the fusion rules look like
axXb=c

for all the anyons, we say the topological order is abelian. Braiding such particles
merely acts by a phase on the resulting unique state. In contrast, fusion rules like (2.1)
require that the lowest-energy state in the presence of a and b is degenerate; in this
case, braiding the two particles involves not only a phase, but a whole unitary matrix
acting on this degenerate subspace.

If you have studied conformal field theory (CFT), you will notice a formal similarity
between (2.1) and the operator product expansion. This is not a coincidence — a 2d
CFT also defines a UMTC. In fact, the structure was defined first in that context, by
Moore and Seiberg.
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2.1 Electromagnetic response of gapped states in D =2+ 1

Let’s think about a gapped state of matter made of some stuff in D = 2 4+ 1, out of
which we can construct a conserved U(1) current j, (if you like, think of it as electron
number). This means we can couple this current to an external, background, non-
dynamical gauge field A, by adding to the action functional like so:

Smicroscopic[the stuff, A] = Sicroscopic[the stuff] 4+ / JrA, A+

where - - - is whatever other terms are need to make this action gauge invariant. Here
we'll treat A as a background field that we control'®. Integrate out the stuff to see the
electromagnetic response:

eiSeﬁ[.A} = /[DStuﬂ]eiS[Stuff’A].

In the previous section, we already used the fact that the term linear in A gives the
current density:

4]
Ia =——7:5 2.2
0@ = 5 5 (22)
where the RHS is evaluated on the configuration of background fields of interest, which
could be A = 0. Terms quadratic in A encode linear response:
52
74 ()5 (y)) =
) 6.A,(x)0 Ay (y)

Seft-

Recall that (jj) is the main ingredient in Kubo’s formula for the conductivity.

Because the stuff is gapped, Seg is local. By the Landau-Ginzburg-Wilson logic,
we can then determine Seg[A] in a derivative expansion, as follows. To figure out the
power counting, note that A is a gauge field, which is something that we can add to
a derivative to make it a covariant derivative; therefore A has dimension 1, it counts
the same as a derivative.

v 1 5
Set[A] :/ +EA/\]:+ EJ—“..J—“ + e (2.3)

0- A
——
no symmetry breaking

(F = dA.) The A? term is forbidden by gauge invariance'®. With time-reversal
symmetry (and only one gauge field), v = 0. If v # 0, Maxwell is less important than

8Notice that what we’ve done here is not gauging the U(1) symmetry. We are not changing the
Hilbert space of the system. The background gauge field here is just like a particular collection of
coupling constants

19To make it gauge invariant, we would have to add more (gapless) degrees of freedom, in particular
the Goldstone mode ¢ for the broken U(1) symmetry, which would appear in the gauge-invariant
combination (9,6 + A, )%
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the term with v, the Chern-Simons (CS) term. (Actually, without Lorentz invariance
we can have non-vacuum dielectric constant and magnetic permittivity e, i, but this
won’t affect our story.)

The Kubo formula says that the Hall conductivity is:

1 V  in experi ’ i e
. o - perimenter’s units
w—0 1w ~—— 21 h

s 5
T8 AL (k) 5 Ay (k) Sefr[ Al

The analogous Kubo formula for the longitudinal conductivity o™ says that it is
zero. This is one sense in which the system is an insulator. Note that one could argue
with this characterization, since p;; = (a‘l)ij has p,. = 0, like a perfect conductor.
While it’s true that there is no dissipation (since the current is perpendicular to the
voltage drop), no charge moves in the direction of the electric field so I think it’s safe
to call it an insulator. Also, there’s an energy gap (by assumption).

Next we’ll show that, if there is no fractionalization, v is quantized to be an integer.
So different values of v are distinct states, since an integer can’t change continuously.
(Note that there could be other distinctions — states with the same v could be distinct.)

Notice that 2d is special here because the conductivity is essentially dimensionless,
and moreover the resistance is independent of the width of the sample:
T
W,.

!

(Here W, is the width of the sample in the y direction, perpendicular to the current,
along the direction of voltage drop.) So it makes sense to say that o™ is quantized (in
units of the quantum of conductivity %)

. 1
Ry = Vy/]w = EyWy/Iw = Ey/Jx = o

zy

Flux-threading. [ must emphasize that the following argument involves an im-
portant special case of studying the response of the system to background fields, called
fluz-threading. Rather than thinking about static background EM fields, we consider
EM fields that slowly vary in time — in a loop.

Consider the system on an annulus (sometimes called, in this
context, the ‘Corbino geometry’). Adiabatically thread 27
worth of magnetic flux through (a solenoid in) the hole in
the annulus. This means we slowly vary the magnetic field

in the hole, so that the change in flux is the flux quantum
by = h;c = 27.
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In the following equation only I restore un-natural units:

By = AD — /dt&t (/ d@-é) Faraday —c/dt% E.qi T —i/dtjr
hole c Ozy
—

=AQ

where C' is a curve going around the hole. We conclude that an amount of charge
)
AQ = —Oaxy =ve (2.4)
c

(e is the charge of the electron) is transferred from one edge of the cylinder to the other.
Because of the energy gap, we can do the flux-threading adiabatically. Moreover, the
initial and final Hamiltonians are related by a gauge gransformation:

H(® = 0) =~ H(® = 2n).

(We detect a magnetic field by moving a charged particle around a loop and acquiring
a phase el4%c4: since the charge is quantized to be an integer, 27 flux is the same as
no flux.) They have the same spectrum. Moreover, the work done on the system is
[1d® « [dt (%)2 which goes to zero in the thermodynamic limit, if our process is
adiabatic. Therefore the initial and final states must be degenerate in the thermody-
namic limit. But the adiabatic deformation can take one state to another. The states
differ in that an amount of charge v has been moved from one boundary to the other.
Since, in the absence of fractionalization, charge is carried only by electrons, localized
objects with integer charge, we conclude Z 3 v = AQ/e = oy,

If we make the further assumption that the states can be labelled with the same
labels as free-electron states, i.e. electron occupation numbers, we can say more. We've
identified two different states related by the flux threading. The single-particle states
whose occupation numbers have changed must lie near the Fermi level. Since we've
assumed the bulk is gapped, we conclude that there must be gapless edge states.

2

The following argument implies further that a gapped system with o = v<- ®L
hosts a particle excitation with exchange statistics mv.

Now consider the system on the plane. Adiabatically thread 27w worth of localized
magnetic flux through some localized region R of the sample (as in the ® at right).
To do this, we have to stick a really thin solenoid through the 2d surface on which the
system lives. This means as above that (I now return to units with h =c=e = 1)

=g araqa; — - "r:Uzy © ]- .
27r:A<I>:/dt8t</ da.B)F:dy—/dtj{E-dg S L (T
R|OR=C c Oxy
W—/

=AQ
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We conclude that the inserted flux sucks in an amount of charge
AQ = ve.

Because of the energy gap, we can do this adiabatically. And because the flux is a
multiple of 27 we end up with another state of the same system — the inserted flux is
not an extrinsic defect?’. This object is a localized excitation of the system — it can
move around, it’s a particle?'. And if v ¢ Z, it has fractional charge ve.

[End of Lecture §]

But now consider two of them. From the Bohm-Aharonov effect, each has statistics
angle 7o, (for o, = %, this is a fermion). Therefore, no topological order (hence no
fractional statistics) implies that o, € Z%.

This argument has a stronger consequence for bosons: For a system made only of
bosons, without topological order, o,, must be an even multiple of % For a careful
recent discussion of these arguments, see here.

In a gapped state with no fractionalization, all particles, including this one, must
have the same statistics as the microscopic constituents. For a non-fractionalized state
made from fermions, this means v € Z. For bosons, no fractionalization implies v € 27Z.

Roles of topology. Quantum Hall insulators provide examples that are topological
in two distinct ways. The Hall conductivity (apply small electric field in = direction,
measure current in y direction, take ratio)

=P (2.5)

is a rational number — p,q € Z — despite (in fact, with the help of)?* disorder. The
integer quantum Hall effect (IQHE) is governed by (2.5) with ¢ = 1. It happens for

20This is slightly less obvious than in the case where the flux was in a hole in the system. Put the
solenoid at the origin and choose the gauge A = @0%, where ¢ is the azimuthal coordinate in the
plane (this is the field involved with the flux-threading, in addition to any magnetic field responsible
for supporting the quantum Hall state). The gauge transformation that removes A is g = €!¥, which
is singular at the origin of polar coordinates. This singularity has no effect, since it just changes the
overall phase of the wavefunction, ¥ — ¥ [] j elvi

21Here’s something I'm confused about at the moment. Unlike in the case of the ‘Corbino geometry’
above, where the flux was inserted in a hole in the sample, in this case we do expect that the final
state has a different energy than the initial state — the quasiparticle we’ve created has some rest mass
larger than zero, and (by charge conservation) the gap should be of order twice this value. Where
does the argument about the work done break down?

22Tf the system is translation invariant, one can show that the Hall conductivity must be strictly
linear in the continuously-variable filling fraction v = p®q/B (p is the electron density, &g = hc/e is
the flux quantum), so there can be no quantized plateaux. One possibility for breaking the symmetry
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free electrons filling Landau levels or Chern bands. The quantization p € 7Z arises
because of topology of single-particle orbits; p is the Chern number. This does not
exhibit topological order. This is an example of a ‘topological insulator’. It is a band
insulator — the electrons completely fill some bands, and therefore there is an energy
gap, measured by the energy difference to the next band (or to the next Landau level,
i.e. the cyclotron frequency eB/m).

The fractional quantum Hall effect (FQHE) is described by ¢ > 1, requires interac-
tions, topological order. g € Z because of topology of many-body wave function. The
electron fractionalizes: excitations have charge 1/q, fractional statistics.

Perhaps I should pause to emphasize that so far we have assumed that a bunch of
stuff in D = 2 4 1 with a conserved charge but without time-reversal symmetry (such
as a 2d electron gas in a magnetic field) can form a state with an energy gap. What
we’ve shown, using the Landau-Ginzburg-Wilson logic, is that if this does happen, the
system exhibits a quantized Hall conductivity. It is a remarkable fact, not at all obvious
from anything we’ve said here, that this actually happens. As evidence, I include the
classic plot:

R, (hle?)

Magnetic field (T)

In this plot, the electron density is fixed, and the horizontal axis varies B. The key
point is that around the value of B where the actual filling fraction (number of electrons
per flux quantum) hits certain microscopically-preferred rational values, the measured
0.y shows a plateau (along which o,, = 0), in striking contrast with the prediction
from translation symmetry” When deforming away from the middle of the plateau,

leading to this conclusion is disorder; this is the sense in which it helps. (It is then less obvious that it
doesn’t just make the Hall conductivity zero by Anderson localizing all the states.) Another possibility
is that the symmetry could be broken spontaneously, as discussed here. It seems to me that another

possibility could be boundaries of the sample.
23Theorem: translation symmetry implies %Y = 222, where p is the electron density. Consider the
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the extra electrons must somehow be prevented from participating in the transport —
they are somehow localized, either by disorder or by forming a (Wigner) crystal.

2.2 Abelian Chern-Simons theory

[Wen’s book or this review; Zee, Quantum Hall Fluids; Zee’s QFT book §VI.2] I want
to explain an example of how properties 1 and 2 can be realized in a simple physical
system, using the EFT (effective field theory) that describes the canonical examples of
topologically-ordered states: (abelian) fractional quantum Hall states in D = 2 + 1.

The low-energy effective field theory is Chern-Simons-Witten gauge theory, whose

basic action is:
n

S(][CL[] = Z K]J /CL[ VAN dCLJ (26)

4
1J

a’ are a collection of abelian gauge fields.

Where did these gauge fields come from? We’ll discuss some perhaps-more-informative
possibilities below, but one very simple way to motivate their introduction is as follows.
By assumption, our system has a conserved U(1) current, J#, satisfying d,J* = 0. In
D =2+ 1, we can solve this equation by introducing a field a and writing

JE = éPd,q,. (2.7)

The continuity equation is automatic if J can be written this way (for nonsingular a) by
symmetry of the mixed partials. (The equation could also be solved by a sum of such
terms, as we write below. This ambiguity reflects some of the enormous multiplicity
of different quantum Hall states.) Then we must guess what dynamics should govern
a. Here we just add all terms allowed by the symmetries, as usual. When it’s not

Hamiltonian H for a 2d collection of electrons in a uniform magnetic field B = Bz, with E = Ey
uniform as well. Choose the gauge A(r,t) = (—cEt + Bxz)j. Gauge invariance means that the
momentum of the ith electron appears in H only in the combination = pi + %A'(ri, t). Remove the
Et term by changing variables to 7, = r; — c%to},ﬁ; = p;,t" = t. The current in the new frame is j, =

—pe <X ’> where X’ is the center-of-mass position in the Z direction. The center-of-mass momentum
in the y direction P = P, = 3"(p;)y is conserved. Therefore if <X’> # 0, I, = >, ((p})y + £BX'
would blow up. We conclude that 0 = <X’> x j, =0. But J'(+') = J(r) + ecEpz and therefore

E
Jr = —pecE =o"WEY

from which we conclude o®¥ = £° without any further assumptions. A closely-related argument

assuming boost invariance appears in many places, in particular in the Girvin lectures.
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forbidden by time-reversal symmetry or parity, the Chern-Simons term is the most
important term at low energies.

Notice that we wrote this action in a coordinate-invariant way without needing to
mention a metric. This is a topological field theory. In the absence of charges, the
equations of motion say simply that 0 = % x f = da. Unlike Maxwell theory, there
are no local, gauge invariant degrees of freedom. And, by Legendre transformation,
the Hamiltonian is just zero. It is a theory of groundstates.

Consider the simplest case of (2.6) with a single such field a, Spla] = [ f=a A da.
As we’ll see, this describes e.g. the Laughlin state of electrons at v = 1/k for k an
odd integer. (More general K describe the so-called hierarchy states, and give some
understanding of the pattern of plateaux that appear.)

When I say there are no local dofs, I am thinking of the limit where we totally
ignore the Maxwell term. The Maxwell term is irrelevant: its effects go away at low
energies. Let’s add it back in and look at the spectrum of fluctuations with the action:

k

14 1 12

where M is some microscopic energy scale above which the Maxwell term matters. The
equation of motion is

6S  k 9, 1
= —_—= — v ” . 2
0 day o Jout M (2.8)
In terms of fA = e f,, this is
Mk
e“”p&,fp + %fﬂ =0. (29)

Taking curl of the BHS (€,,30%(BHS)) gives

(aﬂaﬂ - <M%>2> £, =0, (2.10)

This is the dispersion relation for an excitation of mass % As M — oo, the excitation
goes off to infinite energy.

If we demand that (2.6) is invariant (or rather €' is invariant) under U(1)" gauge
transformations, including large gauge transformations, then & must be an integer®*.
The demonstration of this fact is nearly identical to our discussion of the S, term

24In fact, despite its ubiquity in the literature, I believe that this statement requires amendment.
Strict invariance under large gauge transformations would require the stronger condition that k& is an
even integer. But the failure of gauge invariance of ' by a sign for k¥ = 1 (and more generally k
odd) is acceptable because such systems contain fermions. See below for an explanation.
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above. From the point of view of (2.7), the demand that the gauge group is really
U(1), and the concomitant quantization of flux of da, comes from demanding that the
charge of the current J, is quantized (in units of the charge of the electron). It’s pretty
interesting that this seemingly-metaphysical microscopic information that all charges
come in integer multiples of the electron charge has such strong consequences for the
low-energy description of macroscopic quantum phases.

More generally, K must be a symmetric matrix (don’t forget the sign from integra-
tion by parts) of integers.

Two more ingredients are required for this abelian CS theory to describe the low-
energy EFT of a quantum Hall state:

(1) We must say how the stuff is coupled to the EM field. Notice that these gauge

fields imply conserved currents J, = 5-€,,,0,a}. This is automatically conserved by
antisymmetry of €,,,, as long as a is single-valued. In its realization as the EFT for a

quantum Hall state, a linear combination of these currents is coupled to the external

EM field Au:
Spalar, A = / At

i.e. the actual EM current is J, = >, t; jﬁ. The normalization is determined so that
flux quantization implies quantization of charge.

(2) Finally, we must include information about the (gapped) quasiparticle excita-
tions of the system. Creating a quasiparticle excitation costs some energy of order the
energy gap, and their dynamics is not included in this ultra-low-energy description. As
I described above, however, the quantum numbers of these excitations is a crucial part
of the data specifying the topological order. This is encoded by adding (conserved)
currents minimally coupled to the CS gauge fields:

qu:/a[jép.

Alternatively, we can think of this as inserting Wilson lines ¢! $w alar along the trajec-
tories W of a (probe) anyon of charge ¢’.

Now let’s show item 1, fractional statistics, in the simplest case with a 1 x 1 K-

matrix. In this case, the quasiparticles are anyons of charge e/k. The idea of how this

S
da

— fuu% + jiF, where j% is a quasiparticle current, coupling minimally to the CS gauge

~Y

is accomplished is called flux attachment. The CS equation of motion is 0 =
field. The time component of this equation u = t says b = %p — a charge gets 27 /k

worth of magnetic flux attached to it. Then if we bring another quasiparticle in a loop
C' around it, the phase of its wavefunction changes by (the ordinary Bohm-Aharonov
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effect)
2m
. 12

A%z:(hj{azéh/ b:(hk
c R,OR=C

Hence, the quasiparticles have fractional braiding statistics® .

Now topological order property 2: # of groundstates = |det(K )8, Consider
the simplest case, where K = k, and put the system on a torus 7% = S' x S'. The
gauge-invariant operators acting on the Hilbert space of the CS theory on a torus are
of the form F, = ei§cx“,fy = oy and integer powers of these operators. These
are the operators that transport the anyons around the cycles of the torus. The re-
striction to integers comes from the demand that they are invariant under large gauge
transformations, which take fo a — fo a + 2n7Z. According to the CS action, a, is the
canonical momentum of a,. Canonical quantization then implies that

9
a,(r),a, ()] = —=6%(r = 1)

and hence (by the BCH formula) that these flux-insertion operators satisfy a Heisenberg

algebra: F,F, = ]—"y}"xe%i/ ¥ The smallest irrep of this algebra is k dimensional, where

F. and F, look like clock and shift matrices.
[End of Lecture 9]

If space is a Riemann surface with g handles (like this: @ @ 5| ),

then there are g pairs of such operators, so g independent Heisenberg algebras, all of
which commute with the Hamiltonian, and hence k9 groundstates.

It is also possible to show that CS theory also exhibits the third property of long-
range entanglement. See here.

This description shows a quasiparticle with charge e/k: If we stick in a quasiparticle
at the origin, the equations of motion become

05 k

= a2t @) (211)

From the relation J# = ;=€*"*d,a,, the actual electric charge is then

el Gy
p= eQmey = /{:5 (x). (2.12)

25The fractional statistics of the charge—% quasiparticles of the v = 1/3 Laughlin state were finally
observed experimentally just recently. Their charge had been measured using shot-noise measurements
long ago.
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Finally, we can do the (gaussian!) path integral over a to produce an effective action
for A of the form (2.3). (Complete the square.) We find a rational Hall conductivity
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o =ty (K1)t (2.13)

2

%% The fact that the Hall
conductivity is not an integer is not a problem — e*#l4] does not need to be invariant

In the simplest case of K = k,t = 1, this is ¢™ =

under large gauge transformations, since there are k groundstates on the torus, which
are permuted by flux-threading.

So far, we’ve shown that abelian CS theory reproduces the bulk phenomenology of
some fractional quantum Hall states. Now here is a bonus: we can see what it does
when the sample has a boundary in space (which actual samples in the laboratory tend

to have).
)
Edge physics. Consider U(1) CS theory living on the lower- vacuum
half plane. o X
k
S=— a Ada ‘
47 RxLHP Hall fluid

Let’s work in ag = 0 gauge. We must still impose the equations of motion for ag, which
say 0 = f;; = €;0;a;. This is solved by a = ig7'dg = d¢ (g9 = e7'?,¢ ~ ¢ + 27),
where d is the exterior derivative in just the spatial directions. This looks like a gauge
transformation.

Only gauge transformations that approach 1 at the boundary preserve Scg. This
implies that the would-be-gauge-parameter ¢ is dynamical on the boundary. (Or equiv-
alently, we must add a degree of freedom identical to ¢ to cancel the gauge variation
of the action.)

A good choice of boundary condition is: 0 = a — v(*ga) i.e. a; = va,. The velocity
v is some non-universal UV data; it arises from a gauge invariant local boundary term,
AS = faLHP %ai. Plugging back into the CS action and adding the boundary term,
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we find?®

Scsla = d¢] = ﬁ /dtda: (0:60:0 + v (0,9)%) . (2.17)

Conclusion: ¢ is a chiral boson. kv > 0 is required for stability. The sign of k
determines the chirality.

For the case of IQHE (k = 1), the microscopic picture in
terms of free fermions is at right. For free fermions in a mag-
netic field, the velocity of the edge states is determined by

the slope of the potential which is holding the electrons to- vy
gether. (This can be understood by considering the motion

of a classical charged particle in a large enough magnetlc
field that the inertial term can be ignored: v’ x B = —VV,
solve for v.) It is clearly not universal information.

The Hamiltonian H depends on the boundary conditions; the Hilbert space H does
not.

I have to emphasize that a chiral theory like this cannot be realized from a local
lattice model in D = 1 + 1 dimensions. There are more powerful arguments for this
statement, but a viscerally appealing argument is simply to draw the bandstructure
arising from any lattice Hamiltonian of free fermions. Each band is periodic in mo-
mentum space. This means that an even number of bands cross the Fermi level, and
moreover that each band that crosses with positive slope must cross again with nega-
tive slope to return to its starting point. This is the essence of the Nielsen-Ninomiya
fermion doubling theorem. An analogous argument applies in any number of dimen-
sions. In fact, interactions provide a real loophole in the case of D = 3 4+ 1. But in
D = 141, anonzero chiral central charge (which in the simple examples we’ve discussed
is just the number of right-movers minus the number of left-movers) is associated with
a gravitational anomaly. A lattice model has zero gravitational anomaly, and this is a
scale-independent quantity that must agree between the microscopic description and
the EFT. The real obstruction to making a local lattice model is the anomaly.?”

2611y more detail, let d denote the exterior derivative in just the spatial directions.

- k g k - -
Sola = dg] = — / an (dt&t + d) a=— do A dtd,do (2.14)
AT Jrxrup RxLHP
k 0 es k 7
== ((;5/\ dt@tdqﬁ) Stokes dddtd,do (2.15)
AT Jrxrup AT JrxoLHP
k
== dzdtdd, 0,0 = / dzdtd,$0s. (2.16)
A7 Jrxormp RxOLHP

271f, however, we break time translation symmetry, we can evade this outcome even in D = 1 + 1:
for example, in a floquet system, where H(t+7T) = H(t), the set of energy eigenvalues is also periodic,
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In the case with general K matrix,

K]J
S = —/ ar N daJ
AT JrxLup
1

Scsla’ = do'] = yo / dtdz (K" 0,0"0,¢” + v1,0,0'0,07) .

(v is a positive matrix, non-universal.) This is a collection of chiral bosons. The
number of left-/right-movers is the number of positive/negative eigenvalues of K.

Abelian Chern-Simons theory of the toric code. Consider now the following
theory of two gauge fields with a mutual Chern-Simons term:

Sla,b] = 4£ /dgx (a0b + bda) .

7

k
So the K-matrix is (2 O)' The argument above suggests that a boundary of this

model should have one left-mover and one right-mover, altogether an ordinary boson
in 1 + 1d. In this case, we can add local, single-valued, gauge-invariant terms to the
boundary (such as cos ¢) to kill the edge mode. Notice that unlike the generic abelian
CS theory, this system has a time-reversal symmetry acting by a < b.

So the TO described by this K matrix allows a gapped boundary. In fact it is an
effective field theory of a familiar system. To see this, consider the anyon types: they
can labelled by their electric charges under the two gauge fields (a,b). Because of the
CS term, the electric charge of a gets k units of magnetic flux of b attached to it, and
vice versa. The well-defined operators (ferrying these anyons around) are

We = €i§ca, Ve = elded,

Because of the Aharonov-Bohm phase, if we place the curves in a fixed-time slice, they
satisfy )
WeVe = w9V W

These are the operators that ferry the e and m particles of the Z; toric code.

Given a K-matrix theory with equal numbers of left-movers and right-movers, when
can we gap out the boundary? The question is whether we can add local operators
that give them a mass. For a chiral mode, !*® + h.c. = cos ¢p is not a local operator
because of the commutation relations of ¢, determined from (2.17). But cos(¢r+¢r)/2
is local. A keyword for the answer is ‘Lagrangian subalgebra’. In the case of the

so we can have a band that starts below the Fermi level and ends above it, separated by 27 /T from
its starting energy.
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toric code, a + b = dpg,a — b = d¢y, and both cos (3(¢r + ¢1)(z)) = el e 4 he
and cos (1(¢r — ¢1)(z)) = e'J"? + h.c. are local. These two choices correspond to
boundaries on the toric code where e and m are condensed, respectively.

Non-abelian CS theory. So far we've talked about CS theory with gauge group
U(1)™. CS theory with more general gauge groups G, such as a non-abelian Lie group,
can also arise as an EFT for states of matter. The non-abelian CS action looks like®®

k 2
SCSM:E/MH (a/\da+§a/\a/\a>

. : : dimG
where now a is a Lie-algebra-valued one-form, i.e. a = > 4" a*T* where T4 are

generators of the Lie algebra, say in the fundamental representation.

Again invariance under large gauge transformations, g : M — G, requires that k is
quantized. The variation of the CS Lagrangian

k 2
Log=—trlaANda+-aNaANa
47 3

1 1

under a — gag~" — dgg~" is

k k
Les — Log + —dtrdgg™ A a+ ——tr (g_ldg A g rdg A g_ldg) .
AT 127

The first term is a total derivative integrates to zero on a closed manifold. Over any
closed surface, the second term integrates to the winding number of the map g : M — G,
and therefore the integral of the second term is an integer. We conclude that e'%¢s is
gauge invariant if k£ € Z.

A similar story holds for the edge modes on M = R x ¥ with 0¥ # 0. Again

we work in ay = 0 gauge, and the constraint 0 = 5%50 x f =da+ a A ais solved by

a = gilcig, where d is the spatial exterior derivative. Only ¢ that approach 1 at the
boundary of ¥ are gauge redundancies, and so the boundary value of ¢ is a physical
degree of freedom. Plugging into the action, and adding a local boundary term because
you can’t stop me,

Scs[a = g_ldvg] +/

vtraZ = tr ( / (kg ' 099 ' 0sg + vg ™' 0299 09)
OX xR OX xR

1
+/ —gildg A g’ldg A gldg) .
)

<R 127

28Full disclosure: in treating a as a Lie-algebra-valued one-form I am assuming that it is a connection
on a trivial G-bundle on M. More generally, M must be covered by patches between which a is related
by a gauge transformation. One way to robustly define the CS action is to realize M = ON as the
boundary of some 4-manifold N and use the fact that 8%tr f N f = dwcs. Therefore the integral
fN 8%trf Af= fM wes = Scsla] is perfectly well-defined. One shortcoming of this method is that
not every M is the boundary of some V.
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The first two terms are just like in the abelian case. The third term is still written as a
3d integral, but it only depends on the boundary value of ¢g. It is called a WZW term.
The resulting 1 + 1d field theory is a conformal field theory (CFT) called a chiral G,
WZW model. The central charge for G = SU(N) at level k is

B kdim G
E+ N~

For non-abelian G, G}, CS theory (at least for k& > 1) realizes non-abelian topological
order. For example, SU(2), seems to be a description of the (non-abelian) Moore-Read
state (see e.g. p. 45 of this useful review). In case you missed it, last quarter’s class
concludes with a discussion of some bulk observables in non-abelian CS theory.
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2.3 Representative wavefunctions

You’'ll notice that I haven’t said very much about microscopic energetic questions.
Quantum Hall states have been realized by now in many very different materials (in
semiconductor heterojunctions, in other sandwiches made from semiconductors and
insulators and metals, in graphene), and these energetic questions are pretty different
in each case. Part of the reason to avoid that discussion is that it is different in each of
these platforms. Quantum Hall states can even be realized in lattice models without
any external magnetic field, namely Chern insulators. This just means that the hopping
matrix elements are such that the bands have nonzero Chern number. A filled band
with Chern number one has the same effect on the EM response as a filled Landau
level. (I know Dan Arovas talked about Chern numbers last quarter. Should I say
more about this?)

But there is a valuable perspective more microscopic than CS theory, but still more
universal than lattice details, namely representative wavefunctions. By this [ mean a
groundstate wavefunction somewhere in the same phase. There is mounting evidence
that the groundstate wavefunction of a gapped phase contains all the universal data of
the phase. This is particularly valuable in the case of quantum Hall states where there
is a topological obstruction to exactly solvable models with exactly zero correlation
length (like the toric code).

How to write down a wavefunction in the right phase? One way is to make an
educated guess, which is what Laughlin did. For times when we are feeling less inspired,
here is a reliable method.

Parton construction. [I recommend Sung-Sik Lee’s TASI 2010 lectures] Here
is a strategy for writing down wavefunctions that represent a phase with topological
order. We have already applied this strategy in the case of nematics. It also produces
a candidate effective field theory, and has many other virtues. It is widely regarded
with suspicion.

A practical point of view on what I'm going to describe here is a way to guess
variational wavefunctions for fractionalized groundstates. A more ambitious interpre-
tation is to think of the parton construction as a low-energy duality between a model of
interacting electrons (or spins or bosons or ...) and a gauge theory of (candidate) ‘partons’
or ‘slave particles’. Like any low-energy duality, it is a guess for useful low-energy de-
grees of freedom. The goal is to describe states in roughly the same Hilbert space® as

29T don’t mean exactly the same Hilbert space. The construction takes advantage of our ability to
add in ancillary, decoupled, inert bits in changing our representative of a phase. Sometimes condensed
matter physicists use the phrase “the same Hilbert space” to mean up to this equivalence, and it is
in this sense that we mean it here.
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the original model, in terms of other (hopefully better!) variables. The appearance of
gauge fields (perhaps only discrete ones) is an inevitable side effect when there is frac-
tionalization of quantum numbers (spin-charge separation, fractional charge ...) in D > 14 1.

I will describe the construction in two steps. For definiteness, let’s focus on the
following example. Suppose ¢ to be the annihilation operator for a (spinless) electron
Suppose we are interested in the (difficult) model with

(i) (i)

Comments:

1. We're going to talk about spinless electrons. This is reasonable in a big magnetic
field, which implies a big Zeeman splitting, so that the wrong-pointing spin states
are high energy states we can ignore.

2. We can suppose that the hopping terms ¢;; include some lattice version of the

magnetic field, so t;; = te*i. If you like, you could think of my lattice model

here as just a discretization of electrons in the continuum in a magnetic field.

3. This kind of ‘Hubbard-V interaction’ is the shortest range interaction we can have
for spinless fermions (since the density n; = cjci is zero or one and so satisfies
2
n; =mn;).

4. To fully specify the system (2.18), we need to specify the filling — how many
electrons are there per site. If the electrons fully fill some bands and V = 0,
the system is an insulator; since there’s a gap we expect this fact to persist even
for nonzero V. If the filled bands have nonzero Chern number, this is a Chern

insulator, and there is a quantized Hall response. It is just a lattice version of
the IQHE.

5. If we partially fill some Chern bands, without V' the system would be a metal.
Interactions have a chance to change that. Indeed such a model can produce
fractional quantum Hall groundstates (on the lattice, such a thing is called a
fractional Chern insulator).

Parton construction: step 1 of 2 (Kinematics)
Relabel states of the many-body H with new, auxiliary variables.

For example, a parton ansatz appropriate to the v = % Laughlin FQH state is

e.g. c¢= fifafs = %eaﬁvfafﬁfv
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fs are complex fermion annihilation operators (they must be fermionic in order that
three of them make up a grassmann operator).

Not all states made by fs are in H. There is a redundancy: if we change

fr = PO o= D o fs — fa, o fy = fi, fa = €90 o, fy = e fy
(2.19)
then the physical variable ¢ is unchanged. In fact, there is an SU(3) redundancy
fo = UPfs, ¢ — detUc (of which (2.19) is the Cartan (maximal abelian) subgroup).
We are making the ansatz that c is a baryon.

In any state in H, the number of actual electrons is equal to the number of partons
of each color, since ¢! creates one of each. The Lagrange multipliers imposing

= flf = cfe = number of e7; fi fo = f;fg (2.20)
are the time components ag of a gauge field.

To write an action for the fs which is covariant under this redundancy, introduce
the spatial components of the gauge field, a;. Perhaps you don’t like this idea since it
seems like we added degrees of freedom. Alternatively, we can think of it as arising from
e~ bilinears, in decoupling the cjccxcl 4iCz+i interaction by the Hubbard-Stratonovich
trick. What I mean by this is:

AV [dtni(On;(t) iV [ dte] (t)e;(t)ck(t)e; (t)
(220) i fdig o £l Fia () X £l5(0;5(0)

. olng 1% o
- Db 1fdt 30 i) fdt< % +f§a(t)fja(t)77ijﬁ+h'c'>
= [ Ni; 1€

(2.21)
where 7 is a new complex (auxiliary) bosonic field on each link. Now let n;; = |n;;|e!®
(for each af) and ignore the (massive) fluctuations of the magnitude |n;;| = t;;. Voila
the gauge field, and the parton kinetic term.

[End of Lecture 10]

How does the practical viewpoint of constructing possible wavefunctions arise?
Guess weakly interacting partons: Hpartons = — 2, na fgemij fj + h.c. Then fill bands
of f and project onto the gauge invariant subspace.

But what about the fluctuations of a (i.e. we still have to do the a integral)?
Microscopically, a has no kinetic term; in that sense the partons are surely strongly
coupled and confined at short distances (of course they are — the system is made of
electrons if you look closely enough). a only gets a kinetic term from the parton

fluctuations, by processes like this: m"o-“ . The hope is that with enough
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other partons around, they can be shared and juggled amongst the electrons, so that
which parton is in which electron fluctuates.

Parton construction: step 2 of 2 (Dynamics)

Such a rewrite is always possible, and there are many possibilities. The default
result of such a rewriting is that the gauge theory also confines the partons at low
energies. By a confining state, I mean one in which the energy cost to separate par-
tons is much larger than other scales in the problem, namely, the gap, or the inverse
lattice spacing, or energies associated with chemistry (gasp). This means there is no
fractionalization, and no topological order and usually leads us back to the microscopic
description in terms of the microscopic degrees of freedom. (It doesn’t mean the parton
description is useless however; see §3).

Pure 24+1d gauge theory (without a CS term) likes to do this. Recall that the
Maxwell or Yang-Mills kinetic term is an irrelevant operator according to naive dimen-
sional analysis, if we treat the gauge field as a connection (i.e. something we can add
to a spatial derivative). This is true even of (compact) U(1) gauge theory: In terms
of the dual photon o, defined by 0,0 = iew,p&,ap, the gas of monopole instantons
produces an effective potential of the form

Vg = A% + h.c. = A3 coso.

Expanding around the minimum of this potential, we find a mass for ¢, and hence for
the photon a,. The statement that abelian gauge theory with compact gauge group in
D = 2 + 1 likes to confine is due to Polyakov*".

30See section 7.2 of these notes for more details about this from the point of view of a regularization
on the lattice.
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energy scales in QCD:

Let me emphasize again that it’s deconfined
states of parton gauge theories that are most in-
teresting here. So we are looking for gauge theo-

E 4

anti-QCD:

\ CJ\D\V"I}

F A ries which behave oppositely to QCD, really like S,Le,AT]
o [ qvavkc anti-QCD, where the partons are deconfined be- i1
3 floows low the confinement scale Aanti-qep, as in the fig- wrchi-6CD
ure at right. Interesting states we can make this lea.f,A_]

AC(I) =

way correspond to interesting phases of gauge
theory, a worthy subject.

| o e

“\ f“c AQ]
(TFT)

 (sotr ol

SCA)

'(”(;_n ool Our discussion in this section has followed 4\

of colov - this diagram starting from the highest energies

g (chemistry!) and guessing the lower-energy de- g’f .
6 1,( ?l‘ 11 grees of freedom that result from the interactions

 mespos of the constituents. (This dialectic between high-

( 5“1" energy physics and condensed matter physics, v 4

of GUT and anti-GUT, is described vividly by
Volovik.)

Like gaplessness, deconfinement requires an explanation. Known exceptions which

allow for this:

e cnough dimensions that the Maxwell term becomes marginal or relevant and we

can have a Coulomb phase.

partial Higgsing to Z,,. Condensing electric charge makes monopoles heavy.

lots of charged degrees of freedom at low energy. One way to describe their
effects is that they produce zeromodes on the monopole configuration, and the
monopoles only contribute to higher-dimension operators involving insertions of
the light fields. (Interesting constraints on how many modes is enough, from
strong-subadditivity of the entanglement entropy, were derived here. Partons
which are gapless at points in k-space are called algebraic (something) liquids;
the ‘something’ is whatever visible quantum numbers they carry, e.g. spin; if they
happened in this model it would be charge. If the partons form a Fermi surface,
that is certainly enough (Sung-Sik Lee reviews his proof of this in the notes linked
above). This is a kind of spin liquid which may have been observed in various
materials in the past decade or so.

in D = 2+ 1: the Chern-Simons term a A da is marginal, and can gap out gauge
dynamics, as we saw in §2.2, producing a stable, deconfined, topological phase.

If I've forgotten some please tell me.
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Parton construction of Laughlin state. Let’s pursue the Laughlin example a
bit further, but let’s retreat to the continuum. So consider a pile of electrons in 241
dimensions, on a space of area A with periodic boundary conditions, in large uniform
B. And let’s put only enough electrons to fill a third of the lowest Landau level. That
is, the number of electrons per lowest Landau level state is

1 N, N,

:ye

37 "= Nole) ~ eBA/(ho)’

The fact that this band is partially filled means that if the electrons are free, the system
is gapless. But this degeneracy is fragile. Any interaction between the electrons will
split the degeneracy somehow.

If, on the other hand, the electron fractionalizes as ¢ = fifsfs, then f, carries
charge 1/3*'. Consider then each f, in the same external field B, and suppose the
partons are free (as a first approximation). Their filling fraction is:

N N
77 Ne(e/3)  No(e/3)

=3, =1

The wonderful thing about this guess is that the partons can now form a gapped
state: that is, we can pretend they are free and fill their bands, so that they make a band
insulator. However, because they are filling a Landau level, this band insulator is an
integer quantum Hall (IQH) state. Then, integrating out the gapped partons produces
a (nonsingular but nontrivial) contribution to the effective action for the gauge field:
the IQH nature of the bands means that there is a Hall response for any gauge fields to
which they are coupled, just as we’ve discussed above. This is encapsulated precisely
by the CS term! *°

31 Actually, it is completely arbitrary how we divide up the electron charge amongst the partons;
different choices differ by relabelings of the gauge group which cannot affect the physics.

32 We showed that QHE means a CS term earlier. The massive Dirac fermion in 241 dimensions also
has a Hall response. The mass term ma)t breaks parity in D = 2 + 1. This slightly-more-microscopic
calculation can be done in just the same manner as the path integral calculation of the chiral anomaly,
and the €,,, arises for the same reason:

10g/D¢D¢Jf e~ v (i=m)v _ logdet (ip —m) = Tr log (ip — m)

1
= Tr log (1 —iP/m)e @M et D= (1D =—(0+a)®— 5 S ™
=1 /ip\" >
-T I e —a/M .
()

where X, = %['yu,%] is the rotation generator. Now expand the regulator exponential as well and
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Here is the simplest route to the low-energy theory®’. We saw above that a useful
description of the IQHE is in terms of a dynamical U(1) gauge field in terms of which
the current describing the dofs forming the IQH state takes the form j = %eﬁa, and

the Lagrangian has a term %f. So let’s introduce such a gauge field for each of the
three species of parton:
1
(@p — = ey pla)
J oms

We also have gauge fields associated with the parton gauge redundancy (2.19)*, that
I'll call a* and a?. The full effective action is then

ArL =3 b%dbY + 24 qadb® + 20} (db' — db?) + 2a%(db? — db?) (2.22)

where ¢, are the electric charges of the partons, which satisfy > ¢, = 1. a™? are just
Lagrange multipliers setting b' = b and b* = b3. Setting a = b' = b? = b?, then, the
action becomes

4n L = 3ada + 2Ada Z Go = 3ada + 2Ada

which is the effective action we advertised above.

Hence we arrive at a CS theory, like (2.6), for some particular choice of K, de-
termined by the QH response of the partons, i.e. by their charges-squared times the
Chern numbers of their bands.

The Hall conductivity is just sums of the contributions of the partons:

(e/3)? 1,
= X 3 = —e“/h.
o - 3¢ /

The parton groundstate is |®,,f) = P |free parton state), where PP is the projection
onto the gauge invariant subspace, and the free parton state is obtained just by filling

the lowest Landau levels of the partons. The electron wavefunction is
3

N
U(r) = (O] [T elrs) 1@ng) = | [ zgem = 1| = T 2dem =0 P/)
) i i

~
v = 1 slater det of charge 1/3 fermions

the in D = 3, the term that survives the trace over Dirac matrices is
ia,vy? 1
e 2~

2 1 mwa . 1' v
—y ((8—|—a) + 52,“,]” ) = sign(m) tr'ypEN,,/de§1a”f’

=€puv

330ne place in the literature where it appears is see section IV of this paper.
34You can ask: what happened to the rest of the SU(3)? One possible answer is that it is sponta-
neously broken down to this U(1)? subgroup in the state we are describing.
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where z;; = 2, — z;. This is the Laughlin wavefunction. (Note that (4(e) = 2. so

eB’
(%(e/3) = 3(%.)

Another route to the low-energy theory is as follows. Just couple the partons to an
SU(3) gauge field a and

integrate out the gapped partons: /[Df] el S Lifa) — oikCS(a)t

The resulting low-energy effective field theory of a is SU(3); CS theory (with gapped
fermionic quasiparticles). It’s a non-trivial fact that SU(3); CS theory with gapped
fermionic quasiparticles is dual to the U(1)3 CS theory that we found earlier — they
have the same groundstate degeneracy and anyon types and bulk response theory. I
hope to explain more about this duality after we speak about invertible phases, since
the derivation essentially involves subtracting an invertible phase from the BHS.

The Laughlin quasiparticle is the parton f with a Wilson line to make it gauge
invariant.

D = 2+1 is kind of cheating from the point of view of emergent gauge fields. This
is because the Chern-Simons term is a self-coupling of gauge fields which gives the
photon a mass without the addition of degrees of freedom. We have seen above (in the
toric code example) that this does not necessarily require breaking parity symmetry.

For this reason partons work extremely well to describe QH physics, but they are
also useful for other kinds of quantum matter with strong correlations. For more about
parton gauge theory I heartily recommend Sung-Sik Lee’s TASI 2010 lectures. In his
lectures 2 and 3, he applies this method to bosons and to spins and provides a great
deal of insight.

For a long time I thought that gauge fields were only interesting for condensed
matter physics when deconfinement could be somehow achieved, i.e., when there is
topological order. We’ll see examples in §3 where even confined emergent gauge fields
can do something interesting!

Attempted parable.

The parton construction is a method for ‘solving’” non-holonomic constraints, like
inequalities. In what sense were we solving such a constraint above? Suppose that the
nearest-neighbor repulsion V' is the biggest scale in the problem. Then we want the
number of electrons on each pair of neighboring sites to be < 1.

Here is a much simpler example: I can solve the condition y > 0 by writing y = 2.
So we can do a O-dimensional path integral (integral) over y > 0 in terms of an
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unconstrained variable x by writing

/OO dy e*S(y) — 1/00 dx elog\21|—s(12).
0 2 —o0

In this model, the operation x — —x is a gauge redundancy. In this case, it is a finite
dimensional gauge group and we account for it by the factor of % out front.

The extra log |2z| term in the action from the Jacobian is like a contribution from
the gauge fluctuations. If I were clever enough I would illustrate deconfinement here,
but I guess that isn’t going to happen in zero dimensions.

The parton construction makes possible
e new mean field ansatze,
e candidate many-body groundstate wavefunctions,
e good guesses for low-energy effective theory,
e accounting of topological ground-state degeneracy and edge states,

e an understanding of transitions to nearby states. (I'll give an example below.)

It has the following difficulties:
e making contact with microscopic description,

e its use sometimes requires deciding the IR fate of strongly coupled gauge theories.

2.4 Composite fermions and hierarchy states

The following line of thought, which allows us to understand other abelian FQH that
actually occur (at fractions besides v = %) can be regarded as an important special

case of the parton construction.

Consider what happens as we move away from the center of the plateau where the
filling fraction is exactly %, say by varying the external magnetic field as in the famous
plot. The lowest-energy way to add charge is to create some charge-e/m quasiparticles,
so when we change the filling by a finite amount, we produce some nonzero density of
these objects, still in a large magnetic field. What do they do? They interact with
each other somehow. If they are localized by disorder (i.e. form an Anderson insulator)
or form a Wigner crystal, they Hall conductivity stays at the plateau value. Indeed
at the lowest densities, charged particles with Coulomb interactions do form a Wigner
crystal. But at higher densities, what’s to stop them from forming their own FQH
state?

There are several nice ways to describe this. One is called composite fermions,
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m—1
i 9
one IQH wavefunction, and one boson v = ﬁ (bosonic) Laughlin wavefunction — of

where the idea is to think of the factors in the Laughlin wavefunction 2} as z;;z;

the same variables. Fermi statistics of the electron require ¥ o< z;;, but the extra m—1
powers are something else. Regard the particle whose wavefunction this is as a fermion
(the one in the IQH state) with m — 1 units of some kind of flux attached (we’ll see
precisely what flux in a moment). Such a particle experiences a reduced magnetic field:

B* =B — (m—1)pd,. (2.23)

Since the number of such ‘composite fermions’ is the same as the number of electrons,

we have (if B* > 0)
vB  v*B*

= = 2.24
P= % = a (2.24)
and hence the actual filling v is related to the filling of composite fermions v* by
V*
= 2.25
v (m—1)v*+1 (225)

If we let the composite fermions fill v* € Z Landau levels (or fill bands with total Chern
number v*), we get a gapped state with Hall conductivity given by (2.25). For m = 3,
and v* =1,2,3--- this is

v* 1

(2.26)

T+l 3

@I»lk

2 3
57

You can see these plateaux in the famous plot. This picture suggests a very successful
trial wavefunction for these fillings®*’, namely:

PLLLHZ (2, 2) (2.27)

1<j

Here Pr 1 is the projector to the lowest Landau level: If we are filling multiple Landau
levels, W,«~ is no longer holomorphic; to make wavefunctions for electrons at v < 1,
which we expect to be made just from LLL orbitals, we project this thing into the LLL
by the replacement z; — 2(%0,,.

Note that there are also such ‘hierarchy states’ with fillings larger than %, which
means B* < 0. In that case (2.24) is replaced by

vB  vB* (2.28)
P= D, D '
i * 2345
v
_ —1.2 2 2 Z.. 2.2
2vr — 1 3579 (2:29)

|z; 1
R

35Define U = Ve B so we don’t have to write the annoying gaussian factor.
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065, If we plot the fillings we achieve by this con-
asof struction (2.26) and (2.29) as a function of
:1555 v*, we get the following plot. This will be
050t useful later. (Notice that if instead we took

m — 1 to be some other even number as

our starting point, the asymptote would be

s v = -1 instead.)
oast m—1

[End of Lecture 11]

Now here is an explanation of the above numerology in terms of partons. We make
the parton ansatz

c= fb. (2.30)

c is the electron destruction operator, and f and b are fermionic and bosonic partons
respectively. This fractionalization leads to a U(1) gauge field which let’s call a;, under
which f and b have charges 1 and —1. What are the charges of f and b under the
external A7 I claim that it does not matter, as long as they add up to one. Now (here
we make a choice), let’s put b into a v = 1/2 Laughlin state. One way to do that is
to write b = didsy in terms of two more fermionic partons, introducing a second gauge
field as under which d; » have opposite charge (note that it again doesn’t matter how
we distribute the a; charge between d; and d5), and let each of d; and d, fill a Chern
band. The full table of charges is

A a1 ay
dijgg 0 1
da|q2 1 —1
flap =10

Now let’s integrate out d; and dy. In general, integrating out a field d; with charges ¢*
under gauge field a® filling chern bands with total chern number ¢; leads to an effective
Lagrangian

Ci

Li= -3 (afaa)d (aas) (2.31)

af

A useful mnemonic is the following diagram:
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For convenience of writing I'll call ay = A, so the couplings to the external gauge field
are included in (2.31). We ignore any other interactions between the partons, so the
contributions of multiple fields just add. So integrating out d; o leaves us with

c
Leg = (ag + qrA)d (as + 1 A) + ﬁ (a1 — ag + gA) d (a1 — as + @A) + L(f,a)
(2.32)

We can think of these CS terms as attaching flux to the remaining parton f, which is

1
47

the composite fermion.

Now we can decide what to do with f; depending on what we do, we’ll find different
states, with different Hall response. If we let f fill Chern bands with total Chern number
v*, we can integrate out f, too, in the same way, and get Leg = ), L; with L; as in
(2.31). If we set v* = 1 we reproduce exactly our earlier construction of the Laughlin
state. To find the general Hall response, we can just solve the equations of motion for
aj 2; these are linear equations that determine a; 5 in terms of A. Plugging back into
(2.32) then gives an action of the form L = J~AdA with, setting ¢; = ¢; = ¢,

cv*

— ) 2.33
v c+ 2v* ( )

If I set ¢ = 1, this is exactly (2.26). And the parton trial wavefunction is just (2.27).

Hierarchy and K-matrices. There is another way to construct the hierarchy, by
combining the logic with which we began §2.2 with the picture with which we began our
discussion of the hierarchy states. So we’ve argued that the EFT in terms of CS gauge
fields is an inevitable consequence of U(1) symmetry, a gap, and broken time-reversal
symmetry. That’s the same situation we’re in when we add a density of quasiparticles
to move away from the center of the plateau (assuming we make a gapped state). So
the same logic suggests that we write also the quasiparticle current

: L ooa -
j(I;p = %e,u payap (234)

in terms of a (new) CS gauge field! You can’t stop me. The minimal-coupling term
a,jk, becomes a mixed CS term. The full action (epsilon tensors are implicit) is

4nL = kada + 2Ada + 2add + kada + - - -,

where I've added a CS term to describe the dynamics of the quasiparticles, by the

same logic as before. This is of the form (2.6) with a 2 x 2 K-matrix, K = <]1C ]%:)

36Tn this calculation, it is an extremely useful check to leave the electric charges of the partons
arbitrary, and make sure that the answers only depend on the sum of their charges, which is fixed by
the charge of the electron.
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with charge vector t = (1,0). If we integrate out @ and «a in this action, we’ll find Hall
conductivity

If k = 2, we reproduce our previous hierarachy states. These FQH states of compos-
ite fermions are observed here here. This CS description determines the groundstate
degeneracy (to be | det K|9 on a genus-g surface) and the charges and statistics of the
quasiparticle excitations above this state: minimally couple particles to a and a. The
quasiparticle charges that one computes this way are observed experimentally, e.g. at

p= 257

Now, why should we stop here? Moving away from the middle of the plateau of one
of these states, there is a density of those quasiparticles whose charges I just mentioned.
Why can’t they, too, form a QH state? Then we would write their current in terms of
yet a third CS gauge field, and we would arrive at a description with a 3 x 3 K-matrix,
and a Hall conductivity that was a continued fraction with a third level. You can also

see these states in clean samples.

This construction gives K-matrices with integers on the diagonal and ones on the

ma

next-to-diagonal. The K-matrix K = ( " ) and charge vector ¢t = (1, 1) also de-

. Mo
scribes states that exist (named after Halperin), and whose filling fraction, quasiparticle
data and GSD you can now compute.

I —

Wia’. But in order to preserve the flux quantization, the matrix W must have
| det W| = 1, that is W € GL(n,Z). Thie resulting equivalence relation acts by

We can relate theories with different K-matrices by a relabelling of fields, a

K" — WEKSEwW] o — Wi, (2.35)

Quantum Hall Metal. Now comes some real magic: look again at the limit as

v* — oo of the plot above. What happens when v = § (or more generally v = —L=)
in the composite fermion construction? Look at (2.23): when v = ﬁ, the composite

fermion sees no magnetic field at all! This is despite the fact that half-filling happens
(for realistic electron densities in a 2DEG) at enormous magnetic fields like 25 Tesla.
This suggests that in our parton ansatz (2.30) the composite fermion f can just fill a
Fermi sea, and would move in straight lines in response to an external electric field.
This would be a gapless, metallic state. And indeed that is what is seen near v = %!

37A nice resource for the literature on experimental studies of FQHE up to 2004 is the slides of
Willett here.
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A trial wavefunction for this amazing state is then just

W(2) = Pre | [ 25 det ™ (2.36)

1<j

where the {k;} label the N lowest energy modes. I think this wavefunction was first
written down by Read and Rezayi, but Halperin, Lee and Read explained a lot of the
physics, so I call it the HLR state. A similar story occurs (in experiments as well) at
other fillings of the form v = ﬁ for m an odd number.

But there’s more: let’s start at the HLR state at v = % and vary the magnetic field
(at fixed electron density) away from the special value where the composite fermions see
no field B=B,,_ 1 +0B. What happens when we subject a Fermi surface to a magnetic
field? We get quantum oscillations: various quantities, including the conductivity, are
periodic with period 1/§B. But this periodic structure is exactly where the hierarchy

plateaux appear! (That is: if % =+ for some integer v*, the actual filling fraction

V*
p®o
isv = ﬁ) This means we can regard all of the hierarchy states, including the
original Laughlin states, as extreme manifestations of quantum oscillations.
Notice that the composite fermions at the Fermi surface still interact with a Chern-
Simons gauge field. This is a non-Fermi liquid: a metallic system that is not described

by ordinary Fermi liquid theory.

Incompressible states at even denominators. Finally, one thing that fermions
at a Fermi surface like to do is pair up and superconduct. What happens if the
composite fermions in the HLR state form a superconductor? Well, by Fermi statistics,
it has to be a p-wave superconductor because the composite fermions are spinless (we're
assuming the electrons are completely spin-polarized). If they form a p + ip (nodeless)
superconductor, the projection of the BCS wavefunction is the Moore-Read state, which
is a non-abelian topological order. (Perhaps more on this wavefunction later. This is
not how it is was first discovered.) Whether or not the composite fermions pair up
depends on the consequences of the CS interactions, and on microscopic details. (For
an analysis of this drama, see here.) In the half-filled lowest Landau level, we see a

metallic state, but in the half-filled third Landau level (i.e. at v = g), there is indeed

3 7

an incompressible state, which could be the Moore-Read state. (At v = 5, 7, one finds

instead states that break translation symmetry — stripes.)

Recently there has been some further development in our understanding of what
happens near v = % The state (2.36) makes a distinction between a half-full and a
half-empty Landau level — it is not symmetric under the interchange of particles and
holes. But experiments show that the physics is particle-hole invariant. Sonuggested
a way to write down a particle-hole symmetric state by starting with Dirac composite

fermions, rather than the non-relativistic ones that I’ve been talking about. This line
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of inquiry has also had some important consequences for our understanding of the
gapped and likely non-abelian state at v = % Recent measurements (of thermal Hall
conductivity (which counts the number of edge modes, including neutral ones) and of
interfaces with other states) favor a particle-hole symmetric version of the Moore-Read
state (called the PH-Pfaffian).

Transitions to neighboring phases. What happens if the Chern numbers of the
bands occupied by the partons d; 5 are not both 1 (let’s call it (¢, ) = (1,1))7

o0 . ~. 0 Itisnot hard to describe a transition where Chern numbers
A A change: just vary the bandstructure until the bands touch
at a Dirac point. Moving past that point, the two touch-

ing bands exchange Chern numbers. (I like to think of it
like a crossover event during meiosis. The pictures are very

similar.) If one is filled and one is empty, this will change
/\ the resulting contribution to the Hall response. For example,
imagine that in the figures at right the blue band is filled.
And we see that a theory of the transition is a Dirac fermion
o= coupled to Chern-Simons gauge fields.

[End of Lecture 12]

Consider just the theory of a boson b, with the ansatz b = d;dy, where d; and d»
fill Chern bands with Chern numbers (ci, ¢2). The effective Lagrangian for the gauge
field a; gluing them together is

c ¢
L= ﬁ (a1 + qiA) d (a1 + ¢ A) + ﬁ (a1 + gA) d(—a1 + g A) . (2.37)

Integrating out a; gives Hall response

C1C2

Vy =

= . 2.38
Cc1 + C ( )

Several cases are interesting. If (¢q,c2) = (1,0), the calculation above gives v = 0, no
Hall response. But the state of the boson b = d;ds is still an insulator, there is still an
energy gap. This is a (weird!) description of a featureless Mott insulator.

Another very interesting case is when (¢, ¢2) = (1, —1), in which case (2.38) blows
up. This is a signal that the theory is actually gapless. In fact it is a dual description of
the superfluid phase of the boson. To see this, go back to (2.37). When ¢; = —¢y =1,
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it reduces to 1
L= —adA+ f? (2.39)
2

which says that there is no CS term for a, and I've added back the Maxwell term,
since it’s now the leading term governing the dynamics of a. Earlier I said that pure
compact U(1) gauge theory in D = 2 + 1 confines because of monopole instantons.
But the first term in (2.39) says that magnetic flux of a carries charge under the U(1)
global symmetry. This means the operator € is not U(1) symmetric (o shifts) and
can’t be added to the action. This describes a gapless theory, where the photon is the
goldstone boson, da = edo, for spontaneously breaking the U(1) symmetry.*®

€

In the presence of some lattice symmetry (like parity, k& —
—k) that forces two band-touching points at the same point

in the phase diagram, it can force the Chern number of the N
filled band to change from ¢ = —1 to ¢ = 1. If this happens /\A
to d; (fixing ¢ = 1) we have a direct transition from the
Laughlin v = % state to a superfluid. Notice that the critical

theory involves two species of Dirac fermions.
parity-breaking coupling

We can thereby produce

a boson phase diagram

that includes these three M

phases. IQH SF - -

g
(The state with (c1,ce) = (=2, 1) is also interesting — it isa A .
boson IQH state with v = 2.) N

Now we can use this to make a theory of electronic transitions out of the HLR
phase, for example to a Mott insulator. In our description of the HLR phase, the Hall

response comes entirely from that of b. When b goes from the v = % state to the Mott

insulator, the full electron state goes from HLR to a (fermionic) Mott insulator. (And

indeed, the general formula, if f also fills Chern bands with Chern number v*, is
C1ColV*

= . 2.40
v (1 + )V + 19 ( )

Again if (¢4, ¢2) = (1,0), we find no Hall response.)

38 Another way to think about (2.39) is to integrate out a and see what effective action we get for A.
The equation of motion says roughly 0%a ~ A, and plugging back in we get Leg[A] ~ A0 (77) 0A ~
A?, a Meissner mass for A, as we should have in a superfluid.
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With the fractionalization ¢ = bf, if b instead forms a super-
fluid state, it completely higgses the U(1) gauge field gluing
together b and f. The result is that we can forget about both
b and the gauge field, and we get an ordinary Fermi liquid. So
in this way we can describe a phase diagram containing the
HLR state, Mott insulator and ordinary metal. You could
imagine moving around in such a phase diagram by applying
a periodic potential to a 2DEG, at fixed electron density and
magnetic field.
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3 Symmetry-protected topological phases

We begin with a low-tech example-based response-theory point of view on symmetry-
protected topological (SPT) states. Sources for this discussion include Senthil’s review.
Useful and brief is the second part of this review. See also this Journal Club for
Condensed Matter Physics commentary by Matthew Fisher.

We are interested in possible ways to distinguish phases of quantum matter (without
having to check every possible adiabatic path between them in the infinite-dimensional
space of Hamiltonians). Here is a simple yet still-interesting question (which has been
very fruitful in the past decade or so): how do we distinguish phases of matter that
preserve their symmetry group G but don’t have topological order?

One possible answer: put them on a space with boundary, i.e. an interface +¥
with vacuum or with each other. Quantized (hence topology) properties —L
of the surface states can be characteristic of distinct phases.

The rough (and not entirely correct) idea is: just like varying the Hamil-
tonian in time to another phase requires closing the gap H = H; + ¢(¢)Ha, A ’[‘

so does varying the Hamiltonian in space H = H; + g(z)H,. (We've al- B
ready seen an exception to this in the interface between the toric code

and vacuum.)

Notice that the possibility of characterizing a state in this way requires that the
D — 1-dimensional edge theories involved must not be realizable intrinsically in D — 1
dimensions, consistent with the symmetries involved. If they could be so realized,
preserving GG, we could paint them on the surface of any bulk state, and they therefore
could not be characteristic of the bulk state. Therefore there is a correspondence
between SPTs in D dimensions and obstructions to symmetry-preserving regulators of
quantum field theory (QFT) in D — 1 dimensions.

Definition: a gapped groundstate of some local Hamiltonian H preserving G without
topological order, and which is distinct from any trivial product state in the space of G-
symmetric Hamiltonians, is called a SPT (symmetry-protected topological) state with
respect to G. (There are some subtleties with this definition to which we’ll return.)
Inevitably I will also use the term ‘SPT’ for the phase of matter of which such a
groundstate is a representative.
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The deformation classes of SPT states form a

group. The group law is stacking. Stacking A and \\ \\
B means we make the system whose Hilbert space

is the tensor product of those of A and B, and A

whose Hamiltonian is the sum. (Then we are al-

lowed to deform the Hamiltonian, preserving the \

gap, as usual.) The inverse of a state A, which &

we can call —A, is (usually) the mirror image. A
cartoon of why this is the case is given at right.

To be clearer, the definition of the inverse state of A is a state with the property
that there exists a finite-depth unitary circuit U such that

Ultha) ® |[th_4) = product state. (3.1)

Please don’t take the cartoon too seriously; its main point is to show that the edge
modes can be cancelled. In fact, if we consider a state with gapless edge modes on
a space with boundary, the operation (3.1) cannot be done with a finite-depth circuit
(by the Lieb-Robinson bound) — it’s only on a closed spatial manifold that we demand
(3.1). Note that with topological order, even if we can gap out the edge states, there is
still stuff going on (e.g. anyons) in the bulk, and no such ¢)_4 or U exist: states with
topological order do not form a group under stacking.

Naturally, a state that has an inverse is called invertible. It would have been wise of
me to define SPTs to be invertible states, and I will do so below. In any case, one can
ask whether the absence of topological order, for example the vanishing of the topo-
logical entanglement entropy (TEE) is sufficient to imply the existence of an inverse
state. A sketch of why this might be the case is the following: a nonzero TEE is an
obstruction to the reconstruction of the global groundstate from the density matrices
on subsystems. If all TEEs vanish, in a system with no edge states (such as A plus
its mirror image with gapped boundary conditions), we can therefore assemble the
full groundstate wavefunction by the following procedure, starting from the state on
an array of balls (each large compared to the correlation length), which we’ll call the
0-skeleton.

ol Then we can connect these balls by tubes (also topologically

balls) acting like 1-cells in a cell complex; then we can glue
in 2-cells, and so on. The resulting process defines a finite-
depth unitary circuit, and the idea is that TEE and edge
modes are the only obstructions to doing this. (More details
can be found in §3.1 here. A related construction is described
here, in section 1.2.).

How to characterize these states more precisely? Many possibilities have been
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explored so far. To get started:

1. If G D U(1), we can study the response to an external electromagnetic (EM)
field. Just like the integer quantum Hall effect, this will involve some quantized
coefficients.

Without a U(1) (or other continuous symmetry), we need something else. (And two
states with the same quantized EM response may be distinct for some other reason.)

2. What happens if you gauge G? In general this produces a new state, with TO
(or gapless). That state can be used as a label on the SPT. (This works both
ways: labelling TO or gapless states is the hard part.) I'm not going to say more
about this here.

3. Weird, seemingly-forbidden stuff at the surface. For example, the surface could
have half-integer Hall response, but no topological order. Or the surface can
have patterns of fractionalization that violate associativity constraints. The gen-
eral name for these phenomena, which mean that the effective action of the edge
theory is not gauge invariant, is anomalies. And the phenomenon where the pres-
ence of the bulk theory allows for would-be-impossible things on the boundary,
is called anomaly inflow.

[End of Lecture 13]

This concept of anomaly has many manifestations. A useful basic definition of
an anomaly is any obstruction to gauging a symmetry, that is, to treating the back-
ground fields as dynamical variables. The name comes from high energy physics. The
perspective there is that there can be symmetries of the classical action that are not
symmetries of the path integral (i.e. of the path integral measure). We’'ll have an
occasion to review some examples of this in a bit.

Since anomaly is defined to mean some failure of gauge invariance of the effective
action, you can already see that it has a close connection to the LSMOH ideas.

The definition above gives a group of SPTs for each choice of symmetry group
G and dimension d. This group is abelian. What can it be? Essentially using the
Landau what-else-can-it-be method for suitably-general choices of background fields,
this group has been determined. It is the Anderson dual of the G-equivariant bordism
group in d + 1 dimensions. Later I will try to make some of these words meaningful.
For now, I want to convey the nature of this classification: what’s been classified is the
effective actions of the background fields. The classification we have does not produce
representative wavefunctions.
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Perhaps I should emphasize here that there is an important divide between SPTs
that are made from only microscopic bosons, where the Hilbert space is a tensor prod-
uct, and SPTs with microscopic, gauge-invariant fermions, where distant local opera-
tors are allowed to anticommute. With even free fermions, there are many examples of
SPTs (called topological insulators) realized by topological bandstructure. In contrast,
SPT states of bosons (especially in D = 3 + 1) are particularly interesting partly be-
cause they require interactions. (Non-interacting bosons just form a boring superfluid.)
Note that ‘states of bosons’ also means states of spins by a simple mapping of states.

Why study SPTs? For me, the point of studying SPT states is several-fold.
The general question being asked here is basically: how can symmetries be realized on
many-body systems? Clearly this is an interesting question of broad applicability.

One motivation is that by understanding all the ways in which symmetries can be
realized in quantum systems, we can learn how to gauge them, and thereby make new
states with topological order. Are all topologically-ordered states obtained this way?
Maybe not. (e.g. how to think about fibonacci anyons in this language? Actually the
parton construction produces a gauge theory that can be regarded as gauging an SPT'.)

A second reason is that each SPT state in D dimensions represents an obstruction to
regularizing a QFT in D — 1 dimensions with certain properties. Such a QFT does not
come from a local, symmetric lattice model. A famous example of such an obstruction
is the Nielsen-Ninomiya fermion-doubling theorem. Some new anomalies have been
found this way. This perspective has also added some new vigor to the quest to define
the Standard Model (a chiral gauge theory) on the lattice.

One outcome of this direction is that the surface of an SPT facilitates the emergence
of supersymmetry from a lattice model. Supersymmetry is a great idea still looking
for its place in nature. The basic idea is that the supersymmetric fixed point has two
relevant deformations, but one of them is forbidden by a funny (SPT-edge) realization
of time-reversal symmetry.

Finally, a zeroth-order reason to study SPTs is that they exist. If we are going to
understand all phases of matter, we need to understand them.

3.1 EM response of SPT states protected by G D U(1)

31.1 D=2+1,G=U(1)

.. . . . sy 2
This is what we did in §2.1. Our conclusion was ¢”¥ = lim,_, G k=0 — 3, — o

iw h
and v is quantized if there is no fractionalization (and v is even in a model of bosons
without fractionalization).
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On the other hand, even without TO, the integer v provides a label on a phase of
matter, since it cannot vary continuously.

3.1.2 K-matrix construction of SPT states in D=2-+1

Let’s talk about effective-field-theory realizations of such states.

(This discussion is from here.) Recall our description of abelian FQH states, with

K
S[a[]: E 4—711:]/(11/\(1(1,].
1J

The actual particle (electron or boson) current, representing the global U(1) symme-
try, is J, = %ew,p(?,,af,tf. That is: coupling to the external gauge field is AL =
Atledal /(2mr). We showed that this produces a Hall response

effective action

o™ = i15_11(_115.
2m

The number of groundstates on a genus-g surface is | det K |9. If we choose K with
| det K| = 1, this suggests that there is no topological order. We can check that this
is the case by examining the spectrum of quasiparticles. Quasiparticles are labelled by
an integer vector [ specifying their coupling to a’.
self (exchange) statistics: = mIT K11 .
mutual statistics: 015 = 2nlT K~11,.
external U(1) charge of quasiparticle I: Q = tT K~11.

To make an SPT state, we must ensure that all these quantum numbers are multi-
ples (not fractions!) of those of the microscopic constituents.

To describe a boson IQH state, consider K = ¢%. Think of the two states as like
two ’layers’ or species of bosons, so we can take statistics vectors [ = (1,0),ly = (0,1).
These are self bosons and mutual bosons. If we take the charge vector to be t = (1, 1)
(both species carry the charge) then this state has v = 2.

For v = 2 boson IQH: K = o”,t = (1,1). Let’s put the system on the lower-half
plane and look at the edge theory. Writing it in terms of the eigenvectors ¢* of K, we
have

7

Sesla’ = d¢'] = 41 /dtd:v <3t¢+3x¢+ — 00”0 + v (8qui)2)

This shows that ¢F = \/Ai (¢! + ¢?) are left- and right-moving respectively.
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Conclusion: it’s just a non-chiral free boson (at the SU(2)

radius). This is relatively ordinary in the sense that it arises
_— ﬁiqra!l

as the low-energy effective theory of the (gapless) spin-half 7 _—

Heisenberg chain.

How is the thing at the edge of the v = 2 boson IQHE spe-
cial? The specialness arises in the way the U(1) symmetry is
realized — in the coupling to the external gauge field: since
t=(1,1),

L3 A", (6" + ¢%) ox A"D,0" .

Specifically, although ¢, = cg, only the left mover ¢, carries the U(1) charge. This
means that preserving U(1), we can’t backscatter, that is we can’t add to the action
(local) terms like AS = g4 cos (¢t £ ¢~ + a) (o is a constant) which would lift the
edge states. (Such terms made from just ¢ would not be local.) This means the U(1)
protects the edge states.

The paper linked above suggests some possible microscopic realizations of this state,
which seem to be borne out by numerics.

3.1.3 D=3+1and G=U(1) x ZT

The effective field theory for any 3+1d insulator, below the energy gap, has the follow-
ing form

2
Seg|E, B] = / d’zdt <EE2 - %1? + %E’ B+ O(E, 5)4) (3.2)
where ¢, i are the dielectric constant and permittivity, and « is the fine structure
constant. (In saying that the next corrections go like the fourth power of £, B I am
assuming that we can approximate the material as isotropic and using rotation invari-
ance. Without this assumption, I should have written €;;£;E; and so on. Moreover,
if the system has a nontrivial ferromagnetic or ferroelectric response, we could have
linear terms: 1 - B 4+ p- E (and cubic terms).) Flux quantization implies that

e? e?

— | d2E-B=— | FAFeZ
472 o, v 872 Jar,

is an integer for any closed 4-manifold M, (0M,; = ()) that admits a spin structure,
i.e. on which we can put fermions. This means that the partition function of a fermionic
system on such a manifold is periodic

Z(0 + 2r) = Z(6)
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and hence the spectrum on a closed 3-manifold (My = S! x X3 is spin) is periodic in
0. (As we will discuss, shifting 6 by 27 is not so innocuous on a space with boundary
or for the wavefunction.)

Time reversal acts by
T:(E,B) — (E,-B)
which means # — —6, which preserves the spectrum only for 6 € 7Z. So fermionic time-
reversal-invariant insulators are labelled by a quantized ‘magneto-electric response’
0/m=1.
o/
Now consider what happens on a space with boundary, like
for any actual chunk of material. The interface with vacuum
is a domain wall in 0, between a region where § = 7 (TI) and ~ vacuum £
a region where # = 0 (vacuum).

Letting 6 depend on space, the electromagnetic current derived from (3.2) is

62

]Z“M = —We"‘w‘s@ag(%flg + - (33)

™
where the --- indicate contributions to the current coming from degrees of freedom
at the surface which are not included in (3.2). If we may ignore the --- (for example

because the edge is gapped), and approximate 0.0 = Af(z), then we find a surface
Hall conductivity (restoring units 27 = h)

2N e (1

where A6, the change in 6 between the two sides of the interface, is a half-integer
multiple of 2.

In terms of the edge theory, the periodicity in 6 ~ 6 4 27 for the fermion TI can
be understood from the ability to deposit an (intrinsically 2+1 dimensional) integer
quantum Hall system on the surface. This changes the integer n in the surface Hall
response (3.4).
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Parallel with polarization. There is a nice parallel between this connection
between the bulk ambiguity in # and the possibility of depositing IQHE layers on the
surface and the theory of electric polarization. The polarization P of a (say 1d) crystal
is a periodic variable, because shifting every electron by a lattice spacing takes the
crystal back to itself in bulk. In the presence of a surface, this shift removes charge
from one surface and deposits it on the other surface. Indeed, a good understanding

39

of polarization is in terms of the Berry connection®”. Very roughly, this is because

polarization is the density of electric dipoles e () ~ e [, <i§k> =e/, /f(k)
[End of Lecture 14]

And indeed, there is a D = 1 + 1 analog of the story above: Consider an insulator
in D =1+1 with U(1) symmetry and a Z, charge-conjugation symmetry, under which
Ju — —Jju- The effective action for the background gauge field can have a term of the

form 9
SplA]l = / —F. 3.5
A= 5 (35)
You can see that P = o=, since the coupling of an electric dipole is d- E and P should

be the dipole den81ty.

39More precisely, the polarization can be obtained as an integral over time of the current that
produces it: Cfft) = j. Now imagine varying some parameter A in H to produce adiabatically such a

polarization. First order perturbation theory says the change in the state of the nth band is

Ouna) = ~inA 3 iw’”: M) .

The contribution to the resulting current is

dﬁ" _/ep _ lh@ "/)nk|ﬁ|¢mk><wmk‘a>\"/)mk>
@ <m> RPN By ey o

jn = + h
m#n

Now use Bloch’s theorem to write ¥,1,(r) = €* ", (1), with u,x(r) periodic, which satisfy Hy, [uni) =

2 = —
Epk |ung) with Hy, = % + V. Therefore = 7V Hy, — k. Expanding the eigenvalue equation to
first order in dk to eliminate Oy H leads to some juicy cancellations and gives

Pie Y (Tl + he

n,occupied

The polarization is therefore

- v dP . Lo
P= i A =elm | —i Z. BzddkAm(k)
n,occupied

where ./rmn(k) = i (umg| Vi |tnk) is the Berry connection.
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Because of flux quantization, Z(6) = Z(0 + 27) on a closed manifold. Microscopi-
cally, 0 = $dk Zmoccupied A, is just the Berry connection. It is periodic because under
a rephasing of the wavefunction u,x(r) — g(k)uu.(r), A — A+ g '0rg changes by
a gauge transformation. The choice g(k) = €™ for m € Z (where a is the lattice
spacing) shifts 6 by 2.

Under the charge conjugation symmetry, F' — —F'. The allowed values of 6, then,

are § = 0,7. In the presence of a domain wall connecting the two phases, the EM

0,0

=, which says that there is a half-unit of charge

current has a contribution j, = €
localized at the wall.

Note, by IBP, the similarity between the polarization term (3.5) and S,[0, A] =
i 5-df A A in our theory of elasticity! In fact, the most current, many-body under-
standing of electric polarization in general dimension d is in terms of a term just like
our d-dimensional term

1%
S,[07, A] = @nyd / AN A - A dbey, ., (3.6)

10 More generally, the point

The role of the polarization vector is played by P = %
in life of the term (3.6) is to encode the response to flux-threading. It is sometimes
said that (3.6) is like an unquantized anomaly, since P itself need not be an integer.
But, as we saw earlier, the coefficient v is an integer if the action needs to be invariant

under large gauge transformations (i.e. if there’s no groundstate degeneracy).

While I'm talking again about S, I have to mention something else that it encodes,
called the Thouless quantized charge pump. It is closely related to the presence of the
fractional surface charge. Consider the case of D = 1+1. Suppose we can adiabatically
vary the coupling parameter 6 n times through its period, § — 6 + 27n, during some
time interval 7. What amount of charge () passes a given point in the bulk? The

current is j* = ~e"0,0, so

T T y y
AQ = / dtj*(t) = / dto)— = — ¢ df = vn. (3.7)
0 0 2r 2w

So, under the by-now-familiar assumptions that quantize v, the charge transported in

an adiabatic loop is quantized. (Note that when the parameter % is interpreted as

the polarization, this conclusion becomes a bit tautological.) We've already seen an

4ONote that in the reference above, the term is described in terms of Z gauge fields. These are
somewhat-mysterious objects whose properties are identical to those of df" (they encode the size and
shape and defects of the lattice, in that e.g. fci df* = L;, and % is the density of dislocations with
Burgers’ vector E) The intended advantage of the formulation in terms of the more-mysterious 7Z
gauge fields is that they carry less information than a configuration of 67, which also carries geometric
data. In practice however I think it’s always necessary to pick an analog of the # anyway.
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example of this in Laughlin’s argument around (2.4) — consider the limit where the
annulus is a thin tube, so it looks like a 1d wire. Generalizations to higher dimensions,
closely related to (3.6) are discussed here.

Polarization from monopole quantum numbers. Plugging in 6/ — 0/ + 27 P!
to (3.6) gives

d
Spol = Z(—l)iHPi / AT AdANZTTE A A2 (3.8)

i=1
where ¢ = dz;f: are the Z? gauge fields associated to lattice translations. Let’s ask how

this action responds to the insertion of 27 flux.

1. In D = 1+ 1, insertion of 27 flux is an event in spacetime described by F =
2m0%(x, ), and this produces a phase S, = 27 P.

2. In D =2+ 1, 27 flux is a particle, with a worldline on which F' = 27§?(x, ) has
support. The term evaluates to

Spol = / dt2m (P*0,0Y — PY0,0%) . (3.9)
worldline
What does this do? Consider the canonical momentum for #*:
. 5S o
' = — =+ 27" P? 3.10
o) T (3.10)
where the - - - are contributions from other terms. The generator of lattice trans-

lations in the ¢ direction is
Ti= eim — T ezwieijpf
= =T, .
This says that 27 flux carries lattice momentum
k = 2n(—PY, P*).

We can therefore infer the polarization by measuring the momentum (phase ac-
quired by unit translation) of the state in the presence of 27 flux.*!

41Some more telegraphic comments connecting this point to other ideas: The fact that flux can
carry lattice momentum was realized long ago by Haldane and by Read and Sachdev, and plays
an important role in the Neel-to-VBS transition on the square lattice (the skyrmion of the AFM is
realized in the NCCP! description as 27 flux, and the fact that it carries lattice momentum is why
its condensation produces a state that breaks translation symmetry, the VBS phase). More generally,
this idea was used by Song-He-Vishwanath-Wang (the same authors in an earlier paper) to provide
an understanding of the lattice-symmetry-breaking phases of a system containing an algebraic spin
liquid. Those phases are described by the condensation of monopoles; the monopole quantum numbers
therefore determine the lattice symmetries that are broken.
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3. In D =241, the insertion of 27 flux is still codimension two, so it happens along
the worldsheet of a string. The endpoint of such a string is a magnetic monopole.
The polarization term evaluates to

Spol :/ dtdz2me* P19,670,0". (3.11)
worldsheet

This changes the canonical momentum of 67 by
IV =+ 27e"* Pig, 0k

The consequence is that acting on the 27-flux string, the translation operators
satisty

TxTy — TyTxGQﬂ'iPZ ]
This is the magnetic translation algebra for a particle with charge ¢ in a magnetic
field B, with 27 P* = ¢B.

This phenomenon is closely related to the magneto-electric response in (3.2), as
follows. As I mentioned, one way to think about the # angle is

Upon turning on a magnetic field, we should have

N (3.12)

A2

But as we’ll see below, in the presence of nonzero 6, a magnetic monopole carries

electric charge ¢ = %. This means that when we turn on B?, the monopole

behaves like an electric charge in a magnetic field, and so the magnetic translation
algebra should obtain, with an extra contribution

0
2nAP* = ¢B* = —B~,
27

which is (3.12).

In D = 2+1 we had a very general argument that fractional Hall response required

fractionalization. There is an analogous theorem about the magneto-electric response
in T-invariant systems: in the absence of fractionalization, % must be an integer for a

gapped T -invariant system.
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Here’s the argument: Put the system on 7%, and apply a tiny magnetic field B =
Bz, uniform in z,y, so that fdxdyeBZ = 2m, the minimal flux. I say that this is
tiny to emphasize that this time-reversal-breaking cannot close the gap or otherwise
destroy our effective description. Now adiabatically thread 27 flux through the z-
circle, so f()z A= %,t € [0,1], and E = ,QCQT’TZ From our effective action (3.2), the
ground-state-to-groundstate amplitude for this process is

7 — CeiSlEB] _ oif

where C' is some real constant (since the other terms in the action are time-reversal
invariant).

But our system is assumed to be T-invariant (before we applied E) This means
that the response to the time-reversed background field configuration must be the same.

The time-reversed configuration still has ¢ A = 2?”, but the magnetic flux is reversed,
[ B =—2%. We conclude that

ZT = Ce™® £ 7 = Ce¥

and therefore § must be 0 or w. If there were topological order, the flux-threading
process could take one degenerate groundstate to another, and we find a quantization
condition on 6 related to the number of torus groundstates, as in the FQHE. |

Bosons. Similarly, we argued above that a non-fractionalized system of bosons
in 24+1d must have a Hall response which is an even integer. And we just said that
shifting 6 by 27 corresponds to gluing to the surface a layer of IQHE with unit Hall
response. Therefore a (3+1)d boson TI has a 6 parameter with period 47, and the
T-invariant value 6§ = 2x is nontrivial. The fact that a surface layer of IQHE would
require fractionalization in a bosonic system mirrors (in a pretty remarkable way, I

think) the mathematical fact that such a system can be put on a manifold that isn’t

FAF
872

Z(0) = Z(0 + 4m). For a bosonic system, even 6 = 7 is fractional.

spin, where [ X can be a half-integer, so Z is only periodic in # with period 4,

Gapped TI boundary. There is one subtlety in the above argument for the half-
quantized surface Hall conductivity (3.4): it implicitly assumes that the EFT (3.2) is
still valid even in the presence of the boundary, i.e. that there are no gapless boundary
dofs.

To be able to gap out the edge states it is sufficient to break 7 symmetry at the
surface, for example by applying a magnetic field. Here is a dramatic manifestation of
the nontriviality of the bulk theory in this case.
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There are two different ways of breaking 7, corresponding gapless,
to the two directions in which the magnetic field can point. d«h:!g:ll
The 1+1d domain wall between these on the surface sepa- li‘

rates two regions whose Hall conductivity differs by % This

is just like the interface between IQHE and vacuum. Gauge 1

invariance then requires that this wall must support a chiral TT \

edge mode.

With interactions or disorder other edge states are possible within the same bulk
phase, including gapped edge preserving 7. Such an edge must have topological order,
and in fact anomalous topological order. These were found in a big flurry in June 2013.
In fact, the edge is a time-reversal-invariant version of the Moore-Read Pfaffian state.
I’ll say more about such states later.

No matter what, the edge must somehow be interesting. 1 hope this sounds familiar
to you from our discussion of LSMOH theorems. Something that may be confusing:
when we discussed LSMOH theorems, we weren’t thinking of a system living on the
edge of a larger system. Why is it OK for those systems to live in a well-defined
symmetric way without a bulk? The answer is that the symmetries involved there
were spacetime symmetries (in particular, translations), which do not act in an on-site
way: a translation, by definition, takes one site to another site. Such a symmetry can
be anomalous, even in a well-defined lattice model.

In the next bit, we’ll briefly discuss a physical realization of the non-trivial case
f = 7 using non-interacting fermions. Later we’ll get to the nontrivial case 8 = 27 for
bosons.

3.1.4 Free fermion topological insulators in D =3+ 1

[At this point, perhaps it would have been wise for me to follow these beautiful lec-
tures by Witten. I particularly recommend them if you are not comfortable with the
relativistic notation I am using.]
Free fermion TIs exist and are a realization of this physics with
0 = w. The simplest short-distance completion of this model is a lattice model
single massive Dirac fermion: 1/a
S[IA, V]
S[A, Y] = /d?’:vdt U (iv"DM +m + iﬁw5) v, S[A]

Here the Lorentz symmetry is just to make things pretty. 7° = i7%y!y2~3 is the chirality

operator. The i in front of m is required for reality of the action. It is convenient to
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denote M = m + im. We can take time-reversal symmetry to act by*?
T i —i, ¢, 5) =y (-t,5), = M~ M* (3.13)

. . T
so time reversal symmetry demands real M, but this allows "
for M > 0 or M < 0. As I will explain in the next sub-

section, these represent two inequivalent SPT phases. (If we T Z T-]': * V > Re)
acwm

break time-reversal symmetry, of course we can adiabatically
connect them just by rotating the phase of the mass.)

[End of Lecture 15]

A further short-distance completion of this massive Dirac fermion (as shown in the
figure above) can come from discretizing the above action on a lattice. More generally,
filling an odd integer number of bands with a nontrivial Chern-Simons invariant of the
Berry curvature produces § = w. (The example given in that paper of such a lattice
model is just a direct discretization of the action for a massive Dirac field given above.)

That is,

0 = —% - dSk‘ Eijktl" (A,(?]Ak — l;A,AJ.Ak) (314)
where A;(k) is the Berry connection. (The unfamiliar i in the second term is there
because the three dimensions are Euclidean.) This paper gives a nice derivation of this
formula by interpreting 6 as the response of the electric polarization of the medium to
a magnetic field: 6 = %g—g. (Recall that the polarization itself can be expressed in
terms of the Berry connection.) This is a beautiful formula, but it has the following
two disadvantages: First, writing this formula relies on translation symmetry, so that
the BZ is well-defined. But the TI is a phase of matter protected by U(1) x T — it is
robust to the breaking of translation symmetry. Second, is a single-particle formula —
it assumes non-interacting fermions. In fact, however, there is a way to interpret (3.14)
that makes it robust to disorder and at the same time becomes a many-body formula:
put the system on 7° and reinterpret Ki—zy,~ as a flux thread through the 7 direction,

as in the work by Niu, Thouless, Wu.

Let me say a few more words about the important step taken by Niu, Thouless and
Wu*?. Put the system on T? with ' = 2 + L’ and impose boundary conditions

einaLﬁ\Il(x) = U (z) (3.15)

42Note that it looks like 9 transforms linearly, rather than antilinearly. But really it’s just that
i— —i, ReYy = Rev and Imv¢) — —Im4.

43Those authors had in mind the quantum Hall response in D = 2+ 1 (and its formula in terms of
the Chern number of the Berry connection), but the same logic applies here, and to the polarization
inD=1+1.
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where W(x) here is the full many-particle wavefunction, and I}, = —i aig +A;(x%) is the
canonical momentum of the ath particle. There’s no sum over i or « in the exponent,
so the monster acting on the wavefunction on the LHS is the (magnetic) translation
operator that translates the ath particle all the way around the ith direction. On the

one hand, this boundary condition can be removed by the unitary transformation

B(z) = e X0 T Zam1 T (g) | (3.16)

Acting on ®, —id,: gets replaced by —i0,: + ©¢. This means that ©¢ appears wherever
. 2

k* would appear. Aslongas H =), QHm + V(x), the perturbative calculation proceeds

as before and gives the integrand of (3.14). On the other hand, (Niu et al argue that)
in an insulating phase in the thermodynamic limit the response to background fields
is independent of the boundary conditions, © (in fact such insensitivity to boundary
conditions is Thouless’ definition of an insulator). Therefore, we can average the result
over O, and we obtain (3.14).

The Qi et al paper linked above describes various other physical consequences of
nontrivial magneto-electric response, about which I'll say more below. One example
is an extra contribution to the rotation of the polarization of light reflected off the
surface; such effects can be understood entirely using the effective action (3.2) (with
position-dependent €, y, 0).

3.2 Anomaly inflow and fermion zeromodes on topological de-
fects

[Harvey] An elaboration of the example above is the context where the notion of
anomaly inflow was first discovered. Consider coupling the bulk fermion to a com-
plex scalar field, in addition to the gauge field. Essentially we are just making the
mass M into another background field .

So consider the following action in D = 3 + 1:

S[A, &9 = / dix (wiwDW — ¢ (P14 17°®s) ¥

(3.17)
I've written the action as if A and ® were dynamical variables, including their kinetic
terms, but actually we will regard them as fixed background fields throughout this
discussion, so I put them in a ghostly color. For some application of these ideas, they
are indeed dynamical. We're going to regard ® as a proxy for the bandstructure of a TT.
We're going to be interested in configurations of ® which are nonzero most everywhere,
so we'll assume U(z) has a minimum at |®| = M > 0.
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The action (3.17) is invariant under the transformation
d — 0D, h — ey, (3.18)

which I'll call U(1)4, with associated Noether current j%. This chiral symmetry is
anomalous in the sense that, although S is invariant, the measure of the fermion
path integral is not. As a result, the variation of the effective action under a chiral
transformation (3.18) is not zero, but (in flat space)

FAF
5aS:/oz 8A2 :/aaujg. (3.19)

™

This is the chiral anomaly. For a derivation, see here, pages 14-15.

If & were dynamical, the U(1) 4, in addition to being violated by the chiral anomaly,
would be spontaneously broken, and there would be a goldstone mode 6, where & =
Ml called an azion. Its coupling to the fermions M ei975¢ can be removed by a
redefinition of ¢ by a chiral rotation (3.18). The anomaly then implies that the axion
reappears in a term of the form (3.19) with a = 6. We can then write a simpler effective
action for just the massless fields (called ‘axion electrodynamics’):

Sal.0) = [ s (15 Ff JERCED

v — 1opwpo [ 44
Here ' = je Foo™.

Now let’s return to the description of a T-invariant TI, where ® = +M is real, and
only the fermion is dynamical. We conclude that M > 0 and M < 0 produce effective
actions whose value of 6 differ by 7, as promised. That is, the phase with M < 0 has
0 = m and hence represents a non-trivial topological insulator phase, distinct from the
vacuum. (It is not really so meaningful which is which. Such a phenomenon is called a
relative invariant. Within a chunk of the phase, we can’t tell which is which, but when
putting them next to each other, we can tell the difference.)

Now that we've derived the effective action (3.2) from a more microscopic theory,
let’s think harder about its consequences. The equations of motion for the EM field
are O"F,,, = J, with (repeating (3.3))

62

Jy = 10" <0FW> . (3.21)
44Let me state my beliefs about the factors of two:

1emmPap, F, . Fmm FAF 1 =~ =
/d‘*xfipq :/d“xi :/ A :/d4x—E~B
2 8 8 4 2T

are all integers times 2.
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Consider a situation where the axion field € varies in spacetime. To make it more
visceral, let’s write the equations in terms of £ and B:

p~OV-B+B-VO j~0B+VOxE. (3.22)

The first term in the first equation is there even if 6 is constant, and says that a
magnetic monopole carries electric charge 6/7; this is called the Witten effect. The
second term in the j equation is responsible for the surface Hall effect. The second
term in p is also interesting: it says that breaking 7 at the surface with a magnetic
field results in a deposition of charge. More on the interplay between this and the
Witten effect below.

A very interesting way to make 6 vary (while preserving 7') is to have an interface
between a TI and vacuum. An interface between the TI and vacuum is a domain wall
in ® between +M and —M. Let’s consider what the theta-term does in the presence
of such a wall:

Sy = L fgppper [0, ANE
82 T 8T

Now think about the limit where the domain wall is very narrow, so # is =M almost

(3.23)

everywhere. Then we can write df = A#d(y)dy, and we have
_Af1 / ANF
=0

S, = 3.24
o T 2 8 ( )

Now what is A87 Actually, the axion is ill-defined if ® goes 6
through zero. To regularize this, let’s add a tiny imaginary |
part to ®. We are explicitly breaking 7 by a small amount at

the surface. The profile of 8 looks like the figures at right for - y

Im® positive and negative, respectively. We conclude that
A0 = £+7. There is a 27 ambiguity in Af.

Using this result in the expression (3.24) for the theta term, we see that

1 [ AAF
Sp=+= . 3.25
’ 2/yo 4 (3.25)

the domain wall has a half-integer quantum Hall response! As we’ve discussed before,
this is not gauge invariant. Such an effective action, for a (2 + 1)-dimensional system,
requires either gapless modes or topological order. This is an LSMOH theorem for the
edge of the TI — it can’t be boring.

There are two immediate questions we can answer:
1) The full (34 1)-dimensional effective action must be gauge invariant! How does that
work?
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2) What is responsible for the half-integer Hall conductivity on the edge in the case of
free fermions?

Let’s think about the equations of motion for the fermions in the presence of the

domain wall ®(y):
68

0=557"= "0+ 10, + 2(4)) ¥. (3.26)
Here a = 0, 1, 2 label the coordinates along the wall. I've turned off the background field
A for a moment, it wouldn’t change anything. Consider the ansatz ¢ = 1. (2%)e®®),
where y is the coordinate normal to the wall. If we choose y¥n. = +in. (the ~* are

antihermitean matrices that square to —1), the Dirac equation separates:
Fo,a+P(y) =0, 0yne =0. (3.27)

The solution of the first equation is ax(y) = £ [ dy’®(y'). Therefore if & — +M as
y — 400, then e*- is exponentially localized on the wall.

We conclude that 1) = n_(z%)e” /o #'®W) is a mode of the

field exponentially localized on the wall, which satisfies the wi)
M V0

hosts a single 24+1d massless Dirac fermion. The spinor n_ e

massless Dirac equation along the wall. Such a domain wall

satisfies 7Yn_ = —in_, so has two independent components,
as befits a spinor in D = 2 + 1.

There is no way to give a mass to a single Dirac cone in D = 2+ 1, while preserving
U(1) x 7 symmetry®. This is true even if we break Lorentz symmetry — the term
un'n is a chemical potential the addition of which only makes the gaplessness more
severe by creating a Fermi surface. Even breaking the 7 symmetry on the boundary
(either explicitly or spontaneously) produces something interesting, as it must. That
is, if we add a ® mass (an imaginary part of M) localized at the wall, we give a mass
to the Dirac fermion on the edge. But as shown in footnote (32), the Hall response of
a single Dirac fermion of mass m = Im M is %% — exactly the kind of half-integer
Hall response required to cancel the anomalous variation of the bulk action. Moreover,
a single Dirac fermion (even a massive one) is not something that can arise from a local
lattice model — this is the content of the Nielsen-Ninomiya fermion doubling theorem
in D =2+ 1. In fact, the very effective action we just wrote is a proof of this claim
(at least in the presence of the U(1) symmetry): if there were a local lattice model, the

effective action would be gauge invariant*°.

45How does the 7 symmetry act on the zeromode? The matrix y'v3 appearing in the time-reversal

transformation of v, (3.13), commutes with 72, so acts as a 2 X 2 matrix ic? within the eigenspace of

,)/2

46 Another proof is to look at the Berry connection in the presence of single Dirac point. It has a
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The TT is protected by U(1) x T, so there is another way to gap out the single Dirac
cone, namely by adding the superconducting term

Angeany + h.c. (328)

(a,b =T, ] are the remaining spin indices) that breaks the U(1) symmetry. This is what
happens if we stick a superconductor on top of the TT surface. This state, naturally, has
some very interesting properties, too. One way to see them is to consider what happens
in the presence of a superconducting vortex. The answer is: Majorana zeromodes, as
we’ll see below.

You can see that the sum of the contribution from Sy and from the Hall response
of the edge theory is gauge invariant. The ambiguity in Sy is up to the stacking of an
integer quantum Hall state on the domain wall. This is a well-defined non-anomalous
D = 2+ 1 system that we can just paint on there.

This phenomenon of cancellation of anomalies between bulk and boundary is called
anomaly inflow. Let’s discuss some other examples of this phenomenon.

Anomaly inflow in D = 2 + 1. Let me explain the edge states of the IQHE in
the same language. Consider a Dirac fermion in D = 2+ 1 whose mass we regard as a
background (real) scalar field:

AdA

5= [ &0 Gy - oi0) + [

In D =2+ 1 the Dirac representation is irreducible and there is no chirality operator

75, so the mass (and hence ¢) is real. (One subtlety here is visible in the last term:

(3.29)

as we've seen a single Dirac fermion in D = 2 4 1 is not something that we can make
with a lattice model in D =2 4 1. So you could say that there is a second very heavy
Dirac fermion, which is responsible for the half-integer Hall response term at the end
of (3.29).)

Now consider a background configuration of ¢(y) describing

a static domain wall. Again think about the limit where the

domain wall is very thin, so that everywhere with y < 0 has ¢
constant mass —m, and everywhere with y > 0 has constant
mass +m. The Hall response is then described by

y
1 AdA 1
Sc [A] ~ /(1 + Slgn(y)) 8_7TAdA = / . ? (330) vacuum IQH
y>

We conclude that the left side is vacuum, and the right side
is an IQH state.

singularity with nontrivial Berry flux coming out of it. But in a lattice model, the Brillouin zone is
compact (a d-torus) and this flux has nowhere to go.
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What is the gauge variation of the action (3.30), under A — A + d\?

1 stokes a Fab
(xseff:/ JodAAdA ok —/ ASab (3.31)
Y y=0

>0 4m 4dm

This failure of gauge invariance is analogous to that of (3.25).

Again consider the Dirac equation in the presence of the domain wall:

05 . a .
0= (5_@70 = (170, +17Y0, — &(y)) ¥

where now a = 0,1. Making a similar ansatz ¢ = 4 (2%)e®™), with ' = £n, with
v = 4941 we again separate the Dirac equation. We find a chiral fermion mode

s a _ 01, __

"0, =0, v n=n. (3.32)

Note that v°! is the 2d chirality operator, the analog of +* along the string worldsheet.
If we couple this system to the background gauge field A, a charged chiral fermion
mode produces a 2d version of the chiral anomaly:

EabFab
IrSa4[A] =/ AOM5, :/ A 1 (3.33)
y=0 y=0 ™

(this is half the value you’ll see quoted for the chiral anomaly of a 2d Dirac fermion;

that’s because we have only the right-mover). This variation cancels the bulk contri-
bution (3.31). In this case, there is no option of gapping out the edge mode.

Anomaly inflow in codimension two. Let’s return to the D = 3 4+ 1 axion
electrodynamics (3.20) related to the 3+1d TI. Now recall that m(V = S') = Z for
this system, so there are topologically-protected vortex string defects. Since ®, when
real, is a proxy for the TI bandstructure, maybe you won’t be too surprised that
something like the physics below occurs on dislocation lines in a TI*".

f
In cylindrical coordinates, where p is the distance from the \(,p)

string, such a vortex string has a profile like ® = f(p)el”,
where f(p — 0) — 0, f(p — o0) — M. What we have to say
is insensitive to the detailed form of f, which looks roughly
like the figure at right.

47 Actually, what happens on a dislocation line is a helical mode: a pair of complex fermion modes
with opposite chirality. Since, as we saw above, a dislocation line can be regarded as a dipolar
boundstate of disclination lines, this strongly suggests that a disclination line in a TI should carry a
chiral mode like we are seeing here. I'm not sure if this has been studied.
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Now apply an electric field along the string, E = E3. According to (3.22), this
produces a current flowing radially in to the string,
¢ b

J—_ — gb .34
J= gt (3.34)

The divergence of this current satisfies V-J =0 for p # 0, but

27
= 7 stokes - 7 E
/V-Jt:k 74 dn-J:/ dgopJp:—Z—.
R OR 0 ™

But charge conservation then requires that the charge has to go somewhere — the string
acquires charge, and the charge per unit length accumulating on the string (per unit

time) is:
dQ - - ek
%——/RVJ—Z. (3.35)
We conclude 1
o, = 52(m)4—eabFab (3.36)
T

where x| are the two directions transverse to the vortex.
(Cliff-hanger!) [End of Lecture 16]

I claim that the resolution is that the string has a normalizable charged chiral
fermion zeromode. That is, the Dirac field has a mode which instead of being a plane
wave like in empty space is exponentially localized on the vortex, and satisfies the 2d
chiral Dirac equation. But now think about the world from the point of view of the
worldsheet of the string. It is a QFT in D = 1+ 1 with a chiral fermion, like the edge
of an integer QH state, and this chiral fermion carries charge under the gauge field A.
But then the chiral anomaly in D = 1+ 1 implies that the 2d chiral current is violated
by a definite amount in a background EM field:

0%, = ﬁe“bFab (3.37)
where a = 0, 1 labels coordinates along the string, and j is the current restricted to the
string worldsheet at x; = 0. This violation of charge conservation exactly accounts
for the violation of charge conservation by (3.36). (Notice how tightly constrained
everything was! Even I could get the factors of two right eventually.)

So this is an example where the anomaly of an ‘edge theory’ is cancelled by a bulk
theory with two more dimensions.

Let me outline the discovery of the zeromode in this case. The Dirac equation in
the vortex background, assuming azimuthal symmetry, is

i7" 0, + iy cos  + iv* sin |0 | Vs = f(p)e ey, (3.38)

23,

:ei’Y
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Here we've decomposed 75 = 791423 with 4%t = —10491 23 = iv2~3 are respectively the

chirality operators along and transverse to the string, and we’ve written the equation
in a chiral basis where 71, = #£.. The weird second term just comes from the
derivative terms normal to the string. Note that we’ve ignored the possibility of a
gauge field profile as a result of the vortex. Such a profile can lower the energy of the
vortex. But the zeromode will exist either way — we can absorb the gauge field bits into
a field redefinition of v, so let’s just ignore it. In fact, the existence of this zeromode
is guaranteed by an index theorem (this version is due to Callias), relating the number
of zeromodes of the Dirac operator to integrals of curvatures.

This equation (3.38) is solved by
Yy =—in?y_, P =mn(a)e 16 (3.39)
if
70,1 =0, "' =—n. (3.40)

This last condition (3.40) is exactly the 2d Dirac equation for a chiral fermion. Restor-
ing the coupling to A, because 1 is charged under A, so is i coupled to A(z; = 0).

Using the form of the 2d chiral anomaly (3.33), we conclude that

GQBFQB
Ox (Sbulk + Sstring) = / N, + / )\4— =0, (3.41)
> >

7

where 3 is the 2d worldsheet of the string.
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The chiral anomaly in D = 1+ 1. [Polyakov, Gauge Fields and Strings, page
102; Kaplan 0912.2560 §2.1] The formula for the violation of the axial current is easy to
understand in the special case of D =1 + 1 in terms of flux-threading. Consider non-
relativistic free (i.e. no 4-fermion interactions) fermions in 1+1 dimensions, e.g. with
1-particle dispersion w; = ﬁl? (Alternatively, we could have considered a tight-
binding model of electrons hopping around on a chain, and here we are drawing just
the bottom of the band.) The groundstate of N such fermions is described by filling
the N lowest-energy single particle levels, up the Fermi momentum: |k| < kg are filled.
Put them in a box of length L, so that k, = Q’TT” (In Figure 1, the red circles are
possible 1-particle states, and the green ones are the occupied ones.) The fields near

these Fermi points in k-space satisfy the Dirac equation:
(w — Updk) wL = 0, (w aF Updk) wR =0

where 6k = k — kp. (The modes ¢, arise from the original fermion field as ¢ (z) ~
’l/)L(l‘)eika +wR(l‘)€ika~)

It would therefore seem to imply a conserved € .
axial current — whose conserved charge is the num-

ber of left moving fermions minus the number of

right moving fermions. But the fields ¥ and g

are not independent; with high-enough energy ex- |
citations, you reach the bottom of the band (near = . k
k = 0 here) and you can’t tell the difference. This cr

means that the numbers are not separately con- €

served.

We can do better in this 14+1d example and
show that the amount by which the axial current is
violated is given by the anomaly formula I claimed

above. Consider subjecting our poor 141d free

ke ke
fermions to an electric field E,(¢) which is con- —hetdy riop

stant in space and slowly varies in time. That is,
we adiabatically thread flux fOL A,dx through the
circle. Suppose we gradually turn it on and then

Figure 1: Green dots represent oc-
cupied 1-particle states. Top: In the

groundstate. Bottom: After applying
turn it off; here gradually means slowly enough g, (¢).

that the process is adiabatic. Then each particle
experiences a force 0;p = eE, and its net change
in momentum is

Ap=e / dtE,(1).
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This means that the electric field puts the fermions in a state where the Fermi surface
k = kp has shifted to the right by Ap, as in the figure. Notice that the total number
of fermions is of course the same — charge is conserved.

Now consider the point of view of the low-energy theory at the Fermi points. This
theory has the action

St = / dadt (118,) ¥

where ~* are 2 x 2 and the upper/lower component of ¢ creates fermions near the
left /right Fermi point. In the process above, we have added Ng right-moving particles
and taken away NV, left-moving particles, that is added Ny, left-moving holes (aka anti-
particles). The axial charge of the state has changed by

Ap L

L e e
= = = f— = — = — — — — 1222
AQa = A(Ni—Np) = 25 7T —Ap 7Te/thgﬁ(t) W/dtdex p / e I

On the other hand, the LHS is AQ4 = f(?“J;j‘. We can infer a local version of this
equation by letting E vary slowly in space as well, and we conclude that

e
O Jh = —e, F*.
neA 27_(_6#

If we had only the right-moving fermion (impossible in a D = 1+ 1 lattice model),
the anomaly would be half as big.

WZ descent. Let’s formalize a little bit the cancellation of the anomaly in terms
of what is called the Wess-Zumino descent procedure that relates anomalies in various
dimensions. The cancellation follows from the relations

Ipio=dIY),, 8Ipy =dIf).

Here I, is a k-form. ¢ indicates gauge variation, and d is exterior derivative. In the
above, we have D = 2,

FAF o AAF 4 AF

The axion electrodynamics action (3.20) contains the interesting term

S :/ o1, "= —/ do A 1"
My My

if OM, = 0. Then its gauge variation is

5 (—/ d9A1§°>> = —/ do A SIS = —/ o A drV :/ 4?0 A IV,
My My My My
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Now the axion winds around the string, so

]{ d6:A9:27T:/ d*0
around string disc around string

so we can approximate d?f = 27dy(X), where ¥ is the string worldsheet. Therefore

53y = 27 / Y
b

which is the formula for the 2d anomaly.

The reason to go through this trouble of formalizing is twofold: first, the same story
relates local anomalies in any even dimensions D and D + 2. Second, it’s now easy for
me to say what happens if we redo this in a fixed curved spacetime background: we
just add some terms to the I's that depend on the curvature:

IiF/\F trRAR
YT8r2 48 (2m)2

ISEO) and I, then get extra terms involving the gravitational CS term and R respectively.
In fact in every even dimension, these objects are all pieces of the same thing:

I = A(TM) A trez=.

This is a formal sum of differential forms of different (even) degree; the chiral anomaly
in D dimensions, Ip, is the D-form piece of it. E(TM ) is called the A-roof genus and
is a polynomial in the curvature form. The quantity I is the integrand of the RHS of
the Atiyah-Singer index theorem counting zeromodes of the Dirac operator. As we’ll
see below, this is not an accident.

Zeromodes on vortices. Essentially the same calculation shows that a vortex of
a p + ip superconductor carries a majorana zeromode. This is the basic mechanism
by which the Moore-Read state (or any other realization) exhibits Ising topological
order. But let’s consider a vortex in the Fu-Kane superconductor on the surface of
a TI, preserving ZJ but breaking the U(1) symmetry. The action for the edge Dirac
mode is

S[n, A] = / 1 (70 Doy + Aniean + A™nieans) (3.42)

a, b are (2+1)d spinor indices. You can check that this action is real. Here we regard the
superconducting pairing function A in the same way we regarded the background field
® earlier. We allow it to depend on space, for example in a vortex configuration,
A = €%f(p). Just to be clear: this is a continuum description of a vortex in a
superconductor stuck to the surface of a TI.
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So the Dirac equation is

08
0= ?’yo = iy"D,n — A*o’n* (3.43)
U]
Let’s choose the gamma matrices to be 7! = 02 = ie,7? = 037" = io! (mostly

plus convention); this choice can’t matter. If we look for solutions independent of the
azimuthal coordinate ¢, we have

i7°0, + i7" (cos p + 1y sing) 0, | n = A*y'y* (3.44)

—eir12e

where '2 = iy19? is the chirality operator in the two space directions. Now let’s look
for a solution independent of ¢ (a zeromode). Choosing y*?1. = +n., we have

ei0,n. = f(p)e ¥y . (3.45)

To match the ¢-dependence, there can only be a solution for 7_.

A crucial point: (3.45) is not a linear equation in 7 over the complex numbers. It
determines the phase of 1. Make the ansatz 7 = e'®n, for some real chiral spinor 7.
Then we have

520 0 = F(p)mo.

To have a normalizable real solution
mlp) = e w10,

this equation must take the form 0,my = —f(p)no, which means
T !
Z 42 =
5 +20=m

meaning that o = 7.

The particular answer for the phase is not important and would change if we
changed representation of gamma matrices, but the point is that the phase is fixed:
we have found a majorana zeromode. This is a fermion zeromode satisfying a reality
condition. The mode expansion of the quantum field n(z*) is then something like

n(@) = é*no(p)y + 3 (aruf (2) + blug (2)) (3.46)

where the second term is the usual thing with operators that create and annihilate
particles and antiparticles in states that look like plane waves far from the vortex,
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ut(z) ~ etikuc”

for large |z|. Canonical commutation relations then tell us that the
mode operator v anticommutes with the other modes and squares to 1.

What’s the big deal? Suppose we put N well-separated vortices. Then each vor-
tex A = 1..N will have its own real zeromode (that they are exponentially localized
guarantees that they are exponentially close to being zeromodes™®), n¢', and associated
majorana zeromode operator v, They anticommute with all the other mode operators
(and hence the Hamiltonian) and amongst themselves satisfy the (Clifford) algebra

(v, 77} = "% (3.47)

What are the representations of this algebra? For N zeromodes there are 2L3) states
(where | x| denotes the floor of z, the largest integer smaller than x). This grows like
\/§N at large N. Tt is as if there are v/2 states per vortex. The Hilbert space therefore
cannot be stored locally on the vortices. The operations of adiabatically moving the
(identical) vortices around each other and exchanging them act on the Hilbert space
by interesting unitary operators — it gives a representation of the (infinite) braid group
on N elements that is not just a representation of the (finite) permutation group, Sy.

In the Fu-Kane superconductor (and in a p + ip superconductor), the objects car-
rying the majorana zeromodes are extrinsic defects rather than dynamical particle
excitations of the system. This system does not have non-abelian topological order.
The situation is different in the Moore-Read state, and in another surface termination
of the TI that we’ll construct momentarily.

. Vacuum
Topological

insulator

More about the Witten effect. Consider a ball of TI.
When we bring a magnetic monopole from the vacuum out-

side into the TI, it acquires electric charge e/2. (The charge "o
is ambiguous modulo e, because an electron or hole can stick (fagul =201
to it.) Charge conservation then requires that a compensat-

Vacuum

Topological
insulator

ing charge —e/2 is stuck to the boundary of the TI somehow.
Each of the many possible boundary conditions accomplishes
this in its own way, and it’s worth examining these mecha-

. =L
nisms. (1e,8)=( £,1)

The simplest is the Fu-Kane superconductor, AL = no?n + h.c.: a superconductor
breaks the U(1) symmetry and can absorb arbitrary amounts of charge. End of story.

48 Assuming an extra discrete symmetry, the Callias index theorem guarantees that they are exact
zeromodes. See Appendix B of this paper.
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Next simplest is a time-reversal-breaking surface, AL = m#nn. We saw already how
moving a monopole through the surface is consistent with global charge conservation
because of the two terms in the contribution to the electric charge density p from the
theta term, (3.22) — the surface carries charge e/2 in the presence of 27 flux. Actually
we knew this from the Laughlin flux-threading argument: threading localized 27 flux
through a system with Hall conductivity ™Y = I/% produces a quasparticle with charge
ev, which here is :l:% depending on the way in which we break time reversal. This
charge then gets transported around the surface by the Hall effect due to the moving
monopole.

What happens when there is a gapless edge? Think about the case where the
boundary of the TI is a nice round S2. In that case, the Dirac field  on the surface
is living on an S? with a single magnetic monopole inside. This is a classic problem.
The answer is that n has zeromodes. These are eigenvectors of the Dirac operator
on S? with one unit of flux fSQ F = 27, with eigenvalue zero. Their number is the
subject of the Atiyah-Singer index theorem, which says that the number of right-
handed zeromodes minus the number of left-handed zeromodes of the Dirac operator
on an even-dimensional manifold X is

ny—n_= / ATx)Awwets = [ £y (3.48)
X S2 2m

This quantity is topological because nonzero eigenvalues of D = iy*D,, come in pairs
related by the action of the chirality operator. That is, nonzero-energy eigenstates of
H = {D, D'} are all doubly-degenerate, with one state of each chirality. This means
small deformations of D can only change the number of zeromodes by the addition
or subtraction of one of each chirality. The statement (3.48) is some pretty heavy
machinery, but for physics purposes it essentially follows from the QFT derivation of
the chiral anomaly.

What is the consequence of the single zeromode 7y of 1 guaranteed by the index?
Unlike in the Fu-Kane discussion, this Dirac equation is linear, so this is a complex
zeromode, which carries U(1) charge 1. It leads to a complex fermion zeromode operator
c' of charge 1 (n(z) = nyc+nonzeromodes), satisfying {c,c'} = 1 (and commuting with
all the other nonzeromode operators, and the Hamiltonian). This means that there are
two degenerate states |—) annihilated by c and |+) = cf|—) annihilated by ¢f. These
two states have electric charges ¢+ that differ by 1 (or e): ¢, — ¢_ = 1, and they are
related by charge conjugation symmetry, so ¢ = —q,. We conclude that these two
states have charge 5. After the monopole enters the TI, the charge is spread out all
over the surface according to the wavefunction 7y of this zeromode.

Finally, there is another possibility for a surface state of the TI: there can be
a gapped, symmetric surface. Think about what happens when a monopole enters
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a TI with such a surface. In such a gapped state, charge cannot propagate freely.
The charge e/2 that gets stuck on the surface when the monopole enters must be
carried by a gapped quasiparticle with charge —e/2. We conclude that the gapped
symmetric surface must be fractionalized, i.e. must have topological order, since it
hosts a quasiparticle of fractional charge. Next we turn to a simple way to describe
such a state.

Symmetric gapped surface of D = 3 + 1 TI. Here is a way to motivate the
D = 2 + 1 topological order that carries the same anomaly as a single Dirac cone,
or as the Fu-Kane superconductor, or as the state with %—integer Hall response. Such
states were first constructed in these four papers, and later understood better using
D = 2 4 1 dualities in these papers. There is also a close relation with Son’s particle-
hole-symmetric description of the half-filled Landau level. The construction I'll describe
comes from here.

Begin with the single Dirac cone
S[n) = /d”lxﬁi’y“D#n. (3.49)

Let’s regard this as the Higgs phase of some new U(1) gauge theory. Essentially, we
are making a parton construction, with ansatz

n=xw". (3.50)
The charge assignments are:
X ¢ w
Al 2 0 (3.51)
aln 2n —1

Here x is a Dirac fermion with a kinetic term just like (3.49), and ¢ and w are complex
scalar fields, with appropriate kinetic terms. n is a number that we’ll fix below.

First, to see why we should care about this theory, observe that if we condense w
(but not ¢), we Higgs the new U(1), and we can forget about it, and we are back to

49There is another, unphysical, possibility for the surface that sometimes occurs in solvable lattice
models, called symmetry extension. That is, the protecting symmetry group G could be a subgroup
of a larger symmetry H D G in the presence of an edge, with the property that the anomaly for G
is not an anomaly for H. Certainly it’s possible for the edge theory to have some enlarged emergent
symmetry. But this is unphysical because it requires H to be an ezxact symmetry of the theory with a
boundary, since G C H. In contrast, emergent symmetries are always broken by irrelevant operators.
I recommend this talk by Witten for a clear discussion of an example where this happens.

Such a solvable model can be used to construct a gapped symmetric boundary state, by gauging
H/G. In that case, the would-be extra symmetry is just a redundancy of description — certainly H/G
gauge theory is allowed to emerge.
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the theory of 7, (3.49), since if w is condensed then (3.50) says n = x (w™) = x. This
already proves that the two theories have the same anomalies, whatever other phases
they realize.

[End of Lecture 17]

The role of ¢ is more interesting. We should think of ¢ as arising by decoupling a
four-fermion interaction of y in the s-wave BCS channel. This just means that with
the given charge assignments, we can (and should) add a term that looks a lot like the
Fu-Kane term, an s-wave pairing term for y:

Ly = dXaie™xp + he.c. (3.52)

where the dynamical field ¢ plays the role of the superconducting pair field A. But
now think about what happens in a phase where we condense ¢ (but not w): since ¢
is charged under both a and A, condensing ¢ higgses a combination of them down to
a diagonal subgroup, which we can regard as the new global U(1) symmetry to which
A is coupled. (The mass term is (24 + 2na)?; varying a will just set a = —2A/2n,
and there is no mass term for A.) The global U(1) that survives is the subgroup under
which ¢ is neutral, with generator ¢ = g4 — q./n. The effective table of charges in this

X¢ w
Al0 0 —1/n (3.53)

Moreover, since ¢ carries charge 2n > 1 under U(1),, a discrete (Zs,,) subgroup of U(1),

phase is then:

survives. This is a gapped state with topological order that preserves the protecting
symmetry G = U(1) x Z], so it must be interesting somehow.

Ignoring the fermions, this would just be Zs, gauge theory, an abelian topological
order. But now let’s think about the vortices of ¢. These are actual dynamical quasi-
particles in the system. A vortex of ¢ has fractional flux [ 5 = ﬁ — it is an m-particle
or ‘vison’ of the Z,, topological order. Ignoring the fermions, the quasiparticles would
be labelled by e and m quantum numbers (k, v) and would satisfy the abelian braiding
statistics Wi, Wiy = Wk/v/kae%W

But the Dirac equation for y is just the same as in our discussion of the Fu-Kane
superconductor. We conclude that the vortex carries a majorana zeromode. There is
a crucial physical difference, however: in the Fu-Kane case, the vortex was an external
defect of a fixed background field A. In contrast, ¢ is a dynamical variable on the
surface of the T — its vortices are quasiparticles. (And they have finite energy, since

the U(1) acting on the phase of ¢ is gauged.)

You could ask about charge v > 1 vortices, which seem to have v majorana zero-
modes ;. But in the absence of extra discrete symmetries, nothing forbids quadratic
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terms iv;7; in the Hamiltonian which lift these zeromodes. So odd v vortices have a
single majorana zeromode, and even v vortices have none.

So far we have not determined n. Let us think about the monopole operators of
this U(1) gauge theory. A monopole operator is a kind of disorder operator, defined
by a boundary condition in the path integral over a. The monopole operator e(®)
is defined by cutting out a small ball around the spacetime point z, and demanding
that on the boundary S? of this ball, we have fsg f = 2w, as if there were a magnetic
monopole inside:

<ei”(’”) =271 / [Da]e™ - . (3.54)

§S% f=2n

The quantum numbers of such an operator can be determined by regarding the radial
direction away from the point x as time, so that the S? surrounding x is an equal-time
slice. The quantum numbers of the operator are just those of the resulting groundstate
on S? with flux™’.

The Dirac field y has charge n, and so the same index theorem we used above
predicts that it has n complex chiral zeromodes on S? with one unit of flux, whose
associated operators we’ll call x;—1.,. Being a mode of a spin-half field, each x; has
half-integer spin. They satisfy

{X«z,X;} =i, {xiX;}=0= {XLX}}-

This algebra is represented by starting with a lowest-weight state |{}) annihilated by
all the y;s, and acting with XIS until we get to a highest-weight state |{}), annihilated
by all the x!s. Let’s determine the U(1)4 x U(1), charges and spins of these states:
each XZT adds charge Ag = (—1,—n), and a half unit of spin. The spectrum of charges
must be symmetric about zero, so we must have

G = —qu = qu + nlq

2

from which we conclude that the charge of |{) is ¢y = (%, —%) The states in the
middle

Xhooxd L, 1) (3.55)
have charge (g, —”—22) + 5(=1,—n) = 0.

Now we can constrain n on physical grounds. First, if n is odd, the spectrum
cannot be symmetric under charge conjugation. For example, if n = 1, the states

50More precisely, this statement uses the state-operator correspondence of conformal field theory.
Conformal symmetry is valid at high energies in the system we are studying, and so we can use it to
determine the microscopic quantum numbers of the monopole operators here.
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1) and |1) = xI [4}) have spins differing by a half-integer, and therefore cannot be
related by a discrete symmetry. So we assume n = 2s is even. This means that there
are gauge-invariant local monopole operators associated with the states (3.55). These
states have integer or half-integer spin according to whether s is even or odd”!, i.e. the
associated gauge-invariant monopole operator €°(®) has spin s/2 mod Z, and is neutral
under U(1)4. But in a condensed matter system with all the degrees of freedom made
from electrons, all half-integer-spin particles (fermions) carry odd charge under U(1) 4.
There is no way even the magic of emergence can change this property, it’s a property
of the Hilbert space. This ‘spin-charge relation’ is only satisfied by this gauge theory
if s is even. We conclude that the minimal possible value of n is n = 2s = 4.

Being more explicit about the potential terms, we llrﬁ
can write
4 2 4 2 Di Di ?
Ly = wy|wl* + rufwf +uglo|* +rolof*  (3.56) 73 <4o o
WP £0 <w?*0
and we can think about varying the signs of ry, 74 S
to condense or not each of w, ¢. The phase diagram w
looks schematically like the figure at right. The walls :ﬂ;ﬁf;:nductor Anomalous
are surface phase transitions, leaving the bulk SPT <P te tosof f':_al:rder
intact. <w? 0 cwy =e

The upper right corner, where neither ¢ nor w is condensed is less easy to un-
derstand. Presumably the U(1) gauge theory confines by the Polyakov mechanism,
because it has only a single Dirac fermion charged under it (I think the current consen-
sus is that the critical number of flavors above which U(1) gauge theory in D = 2+1 is
deconfined is Ny = 2). Does the fact that x has charge 4 make a difference? Maybe. So
we should look for gauge-invariant objects. The gauge invariant fermionic boundstate
xw" is then the right degree of freedom to consider. (Are there others? There are also
monopole operators, the bosonic ones of which should be added to the action®.) But
this is just 7, and it can’t get a mass unless we break 7 or U(1). So maybe this is just
the same phase as the upper left.

Exercises:

1. Apply the same technique to identify topologically-ordered symmetric gapped
edge states for the case where the bulk is protected by G' = U(1) x Zg X Zy where

51Here I appeal to the fact that |{}) is a unique state annihilated by all the x;, which therefore must
have spin 0.

52Note that these operators should also be added to the action in the phases with (¢) # 0. But there
they don’t do much besides explicitly break the flux conservation symmetry which is not a microscopic
symmetry.
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the extra Zs is a chiral particle-hole symmetry as in this paper. The consequence
of this extra symmetry is that an arbitrary integer number k£ of Dirac cones on
the surface is protected — the classification is Z rather than Zs,.

2. Apply the same technique to understand the edge states of a D = 341 topological
superconductor, like 3 He-B.

3.3 Coupled-layer construction

The simplifying assumptions defining SPT states allow them to be built from lower-
dimensional parts, actually in several different ways. (So it is a good idea to understand
low-dimensional examples well.)

The idea of this subsection comes under many names. It is sometimes called the
coupled-layer construction, or network construction, of SPTs.

The idea is to start with just the edge theory E and its inverse £ in D —1 _
dimensions. This is what we would have if we had a very thin slab of the & c
SPT. Call this a layer. Since E by definition has the opposite anomaly /A W

to E, a layer has no anomaly, and can be realized symmetrically in D — 1

dimensions.

Now take a bunch of layers and make a one-dimensional chain of them. This makes
a trivial state in D dimensions. But in this chain, each F is next to the £ from the
next layer, and there is a natural coupling between them. If we make this coupling
larger than the one within the layer, we can drive a transition to a new D dimensional
state that manifestly has E at one end and E at the other, which is the SPT.

Here are many examples.

e AKLT/Haldane chain. An example of an edge for a D = 1+ 1 SPT for

G = SO(3) is a single Spin—%. A pair of spin—%s is a linear representation of

SO(3), not a projective representation, since the two signs in the 27 rotation

cancel out. Call this a layer and label the two spin operators S and S. It can be
destroyed by the symmetric hamiltonian

H=Y 55 OO ()

within the layer. We can depict the groundstate of Hj as at right, where each
small circle represents a spin one-half, and the blobs represent singlets. (This
system is in the same phase as the spin-1 Heisenberg model; the difference is just
the singlet in 2 ® 2 = 1 @ 3, which plays no role.)
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Now there are naturally two distinct ways of gapping out the bulk. One is with
Hy, and the other is with the pairing

-1

Ha=0 2 5 S fcveddeded ) (W
between the right spin of one layer and the left spin of the next. When g > 1 we
are in a gapped phase distinguished from the trivial one by the fact that the left
spin—% of first layer and the right spin—%
(3.58) for the extreme limit, where the wavefunction takes the form

of the last are unpaired, as depicted in

AKLT) = @; [T, List =1t ) /V2. (3.59)

The edges of the chain thus lie in projective representations of the symmetry group
SO(3). This is the general property of the edge states of SPTsin D = 1+1. One
is led to believe, then, that they are classified by the group cohomology group
H?(G,U(1)) that classifies projective representations of G.

Notice that there must be a phase transition at some point in between as we
increase ¢g. It happens when g = 1, so that we get a homogeneous spin-half
Heisenberg chain. This model is described at low energies by the SU(2); WZW
model CFT with ¢, = cg = 1. The model is also exactly solvable by Bethe
ansatz.

A very similar story obtains with the same degrees of freedom if instead of SO(3),
we choose the protecting symmetry to be G = ZJ], time-reversal symmetry.
Recall Kramers’ theorem: on a spin-half, 72 = —1. Such a pair of states is called
a Kramers’ doublet, whose degeneracy can’t be split while preserving 7°%. On
a pair of spin-halfs, in contrast, 72 = 1. So if we make a 1d array of an even
number Kramers’ doublets, we again have two choices for how to pair them (for
example by the Heisenberg interaction), and the interesting one leaves behind a
single Kramers’ doublet at each end. Notice that this is a Z, classification, since
a pair of such doublets can be destroyed by the symmetric hamiltonian (3.58) (or
just XX + Z2).

e Kitaev chain. Consider a single complex fermion mode ¢ in 0 + 1 dimensions,

with {c,c'} = 1. Regard this as two majorana modes ¢ = 7\’;?, with {7,7} =

53Here is the proof that [1)) and T |¢) are orthogonal when 72 = —1:

antiunitary

(] T ) Y (Tl PR T Telg) = (T2 Tw) T = — (] TY) = 0.

I learned this argument from Yi Li.
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0,72 = 1,57% = 1, and think of v and 7 as generating the edge states F and E
respectively.

To specify what I'm talking about, I should say what is the protecting symmetry
I have in mind. Let’s consider two cases: G = ZJ and no symmetry. ZJ acts by
c— c,i— —i, so v — v,7 = —7. In either case, we can add

Hy =Y cle; =i === ) (3.60)

in each layer, which has a unique groundstate (¢; |0) = 0). We can depict the
groundstate of Hy as at right, where now each small circle represents a majorana
mode, and the blobs represent complex fermion modes whose number operator
appears in Hy.

The chain of layers is then just a 1d chain of spinless fermions. With either choice
of symmetry, we can add both fermion hopping terms, as well as p-wave pairing
terms c;c;1 1. Let’s consider the coupling

N—-1
Hy =g Wi cEREDEDEDED o (3.61)
=1

For g < 1, the gap stays open and we remain in the trivial phase. When g = 1,
the gap closes, and we have a translation-invariant majorana chain with half the
unit cell. A massless D =1+ 1 (non-chiral) majorana fermion propagates along
the chain. (For a derivation of this statement see p. 54 here.) This is locally the
same as the critical Ising model, a CFT with ¢ = % For g > 1, locally it looks
the same as the trivial phase, in that each majorana in the bulk is paired with
a neighbor. But now it is the neighbor from the next layer. This leaves out one
majorana from the first layer and one from the last as unkillable edge modes.
The extreme limit g > 1 is depicted in (3.61). This is the Kitaev chain (reviewed
here). Since the two unpaired majorana modes are separated by a distance of
order system size, the product a protected qubit with degeneracy exponentially
small in the system size.

In Hy + Hy, we've chosen some special couplings, but the gapped phase we've
discovered occupies an open set in the space of all couplings of a p-wave super-
conductor of spinless electrons in 1d.

The difference between the two symmetry choices arises when we consider stack-
ing multiple copies of the Kitaev chain. If we have no symmetry, then when we
stack a pair of these chains, nothing prevents us from pairing up the two end
majoranas at each end. There is a Zs classification in this case.
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With the Z] symmetry acting as above, the coupling 1751)75 ) (where the index

in parentheses labels which chain the mode comes from) or 17](\,)%(3) is forbidden.
This suggests that an arbitrary number of chains produces an arbitrary number
of majorana modes which can’t be destroyed by adding mass terms, leading to a

7, classification.

This is true for free fermions. However, Kitaev and Fidkowski showed that al-
lowing interactions reduces this to a Zg classification. They explicitly identify a
4-fermion term W that can lift the degeneracy of 8 majorana modes in a ZJ] -

invariant way, i.e. it has a unique groundstate.
Adding this term in the bulk provides a route to go around the phase

Iw
transition of the free fermion theory that would separate k chains and T
k 4+ 8n chains. Their construction involves some lovely group theory,
featuring the triality symmetry of SO(8). heg k<9

[End of Lecture 18]

Integer quantum Hall states. Now an example where layers of D = 1+ 1
systems produce a gapped state in D = 2 + 1. To make the fermion IQHE, a
layer is just a single non-chiral boson mode ¢, where the right-mover is £ and
the left-mover is £. These can be gapped out by the backscattering interaction
Soitocos gt = > tgcos (¢Y + ¢%). But if we add

3 tecos (6 + 057

we can gap out all the modes in the bulk in a different way, leaving behind a
leftmover at one end and a rightmover at the other.

Alternatively, here is a model of a transition in a system of (spin-polarized)
electrons across which the Hall conductance changes by %, just in terms of free
fermions.

=

RN

2N
— / dedr Y " L;
j=1

LT T
Ej:c}(é’T—isjé’) tj<]+lc]+ccj+1> \%
(. - 4 N P JR—— o, —
\/

IQHE edge 1nter1ayer hopping
1<t
, te, Jj even (—1)’ e
o ' , Sj = —(— .
t,, j odd +ed \/,/ -~ -
oS e

For each j we have one chiral mode, that is, a D = 14 1 complex chiral fermion.
The t; term is some back-scattering by which these layers hybridize and eat each
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other.

For t. < tp, all layers are paired and there’s nothing left; o,, = 0.
For t. > ty, there are leftover chiral modes at the edges, 0., = % The transition
occurs at t, = t,, where we restore some extra translation symmetry. Taking a
continuum limit N — oo, Na fixed we find a 2+1d Dirac fermion.

A similar example for the case of

the boson IQHE is shown in the ] durgd et VR
picture at right. = v o 3 9 - \4 /1("

In general, the way the edge ex- -——1 ¢

citations emerge in each of these to | —

examples is just like in the clas-

sic picture of edge charge from po- all&—
larization of an insulator; the role

of the polarization angle is played JE€’<+=~ ~ \f__J o ~N—

by arctan <§—e), where t., are the .
o -~ . :
couplings between the layers on the t.< 1e \/ s

even and odd links respectively.
e D=3+1TI, with G =U(1) x ZJ. [From here]

Here each layer EE is two Dirac cones in D = 2 + 1. For
example, we could take the layer hamiltonian to be VA BRVA

/i\ L=\

= 3 Pkl (oDt holk) =7 (haoy = byo)

(2 </‘.’\ <\\

where 7 acts on a ‘valley degeneracy’ labelling the two cones, 7 N

which both lie at (k;, k,) = (7, 7) in this approximate de- AVALEY,

scription. We could add a T-invariant mass that pairs them SIS

up, but let’s not. Note that my bandstructure is not periodic I\ &

in k£, but what I've written is just an approximation near the A < \

Dirac points; the important thing is that it could be made ~ N
periodic, consistently with the doubling theorem. >/ / (=1

\ £~-\

Now couple the layers by O O

Hy=>" ( 7{ kel (k) hycip (k) + h.c.) . hy =T, +i7, . &S\

i=1 — =T*X

The (3 + 1)d bandstructure described by Hy+ H,, is a discretization of a massive
D = 3 + 1d Dirac fermion. The resulting single-particle edge hamiltonians are
heage = £k X &, and can no longer be paired up with each other because they are
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separated by a distance of order system size.

e G = 7] boson SPT in D = 3 = 1. [From here] The edge state we wish to
construct is the all-fermion toric code. This is a Zs topological order where all
the nontrivial anyon types, e, m, ¢, are fermions. This arises as U(1)* CS theory
with K matrix equal to the Cartan matrix of SO(8). But that theory is chiral (it
has four chiral boson edge modes, ¢ = 4) and clearly breaks 7 symmetry.

But two copies of this TO is related to two copies of the ordinary toric code, by a
relabelling. Each one has six fermionic anyons and 10 bosonic anyons (including
the trivial anyon), with the same braiding data. That is certainly realizable in a
T-invariant way.

So a layer in this construction will be two copies of the ordinary toric code.
We'll stack some number N/2 of such layers. For convenience let me label the
individual toric codes ¢ = 1..N. Now add a bulk hamiltonian that couples the
layers and has the consequence that the objects

B = eimi1€i40

condense. B; is a boson (since it’s made of two fermions and a boson with trivial
mutual statistics), so it makes sense to condense it. Moreover, different B; have
trivial mutual statistics, so we can condense them at the same time. (We could

just add AH = — 221\512 B;.)

, : . . . /e € m
In the diagram at right, for N = 6, the objects circled in red
are Bs. You can ignore the daggers on € = ¢/. Condensing Km \ / /J\ €
B destroys all the topological order in the bulk, since each / ( \ }
bulk anyon has nontrivial braiding with something in the ¢ m €
condensate. The nontrivial anyons that survive (circled in et € / ( m
yellow) are €; and mjey at one end (and their boundstate), :
and ey_ymy and ey (and their boundstate) at the other. | m \ e \E
But these particles are all fermions! U i

€ m €

A very similar construction produces a different SPT with the same symmetry,
where all the quasiparticles are Kramers’ doublets.

3.4 Wavefunctions for SPT's

Decorated defects. If we are interested in making paramagnetic states, one way to do
it is to begin with the ordered state, and then destroy the order by condensing defects,
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like the ones we studied in §1. This point of view in terms of defects in the would-be-
bose-condensate turns out to be very fruitful. The completely trivial Mott insulator
of the bosons with U(1) symmetry is described in this language as a condensate of
featureless vortices (in 2+1d; in 34+1d they are vortex loops). (With Z, symmetry, we
would talk about domain walls instead.) More interesting states are obtained instead
if the defects in the order carry some kind of decoration. A scheme for understanding
SPT states then follows by characterizing possible decorations of the defects. I will not
pursue it explicitly here.

BF theory for 34+1d boson SPTs. Consider the following D = 3 + 1 analog of
CS theory

Note that the theta angle ¢ here is not the same as the 6 in the magnetoelectric resonse,
but time-reversal symmetry requires ¥ = 0 or 7.

This is called BF theory because the lagrangian is B times f. It is topological,
like CS theory, in that we didn’t need to introduce the metric to integrate the action
covariantly. In D = 3 4+ 1 we need the form degrees to add up 2+ 1+ 1 =4. We can
add analogs of Maxwell terms (for both B and a), but just like in D = 2 + 1 they are
irrelevant, i.e. they merely introduce new UV physics, they don’t change the IR.

(The coefficient of the BA f term is chosen so that there is no bulk topological order.
If we multiply it by k& we get a description of Z; gauge theory. Note that the more
general seeming thing with a more general matrix coupling f and B can be removed
by an integer-valued field redefinition that changes nothing.)

Briefly, who are these variables? Focus on the case K = o*. In D = 2 + 1: the
flux of the CS gauge field was some charge density. Here, each B’ implements a 3+1d
version of charge-vortex duality, where for each boson current

1
=12 _ I
V—— ZWG#...aB,,

which has 9j! = 0 as long as B is single-valued. The point of a is to say that B is
flat, so that there are no local bulk degrees of freedom.

One virtue of this effective action is that it reproduces the EM response we expect
of a topological insulator. If we couple to an external U(1) gauge field A by

AL = A, (1 + J2)

then 03
log / [DaDBletS@BAl — / gadAndAL -
m
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that is, the magneto-electric response is 0gy; = 219. So ¥ = 7 will be a nontrivial boson
TI. You can also see from the equations of motion that the magnetic field lines of ai
are the vortex lines of the microscopic bosons b;.

Ways of slicing the path integral. Now let’s think about the path integral for a
QFT with a theta term. Examples include the BF theory above, and many non-linear
sigma models which arise by coherent-state quantization of spin systems. In general
what I mean by a theta term is a term in the action which is a total derivative, and
where the object multiplied by theta evaluates to an integer on closed manifolds. The
following point of view has been vigorously emphasized by Cenke Xu.

When spacetime is closed Z (6 + 27) = Z(#). On a closed spacetime manifold M

Zy(Mp) = /[Dstuff]e_s = Zew"Zn

neEL

and Zy(Mp) = Zp o.(Mp). In particular, we can take Mp = S' x Np_; to compute
the partition function on any spatial manifold Np_;. This means the bulk spectrum is
periodic in # with period 27.

With boundaries, it not so in general. A boundary in space produces edge states.
We've already said a lot about these.

A boundary in time in the path integral means we are computing wavefunctions.
For quantum mechanics of a single variable ¢(t), this is manifested in the Feynman-Kac

w(q) :/ H dq(t) efseuclidean[q] i
a(to)

=9 te(—oo,to)

formula

For a field theory, ‘position-space wavefunction” means a wavefunctional ¥[¢p(x)], in

0 = / D()] T [4(2)] [6(2))

where x labels spatial positions, and |¢(z)) are coherent states for the field operator
¢(z). Which wavefunction? If the path integral is over a large euclidean time 7" before
reaching the boundary, this is a groundstate wavefunction, since the euclidean time

TH

propagator e ' is a (un-normalized) projector onto lowest-energy states.

Semi-philosophical digression: An important guiding concept in the study of in-
teresting gapped states is that it is the same stuff living at a spatial boundary (edge
modes) as at a temporal boundary (the wavefunction). This perspective first arose
(I think) in the context of quantum Hall states where one can write groundstate and
several-quasiparticle wavefunctions as correlation functions of certain operators in a
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141d conformal field theory (CFT), which is the same CFT that arises at a spatial
edge. Why should this be true? It’s because the bulk can be described by a path
integral for a Chern-Simons gauge theory, which has a certain CFT (chiral bosons for
abelian CS theory, more generally a WZW model) living at its boundaries, wherever
they are. For a spatial boundary, it produces a copy of that CFT at the boundary
(roughly the group-valued CFT field ¢ is related to the CS gauge field by a = g~'dg).

XS

1
/\eA t
@ Wi

For a temporal boundary, the path integral expression for the wavefunctional (with

some Wilson line insertions at the positions of the electrons) takes the form

Ulg(x)] = /(t o S e) = <H Va(xa)> : (3.62)

WZzZWw

A too-brief explanation of this rich formula: the wilson line insertion is W[C| =
trrpPelfc® where R is a representation of the gauge group G and P is path order-
ing. In (3.62), z, are the locations where the curve C intersects the fixed-t = t
surface, and V,, are some operators in the CFT the appropriate representations R of

G.

For 3+1d boson SPT states, the analogous bulk EFT is, instead of CS gauge theory,
some weird BF theory or strongly-coupled sigma model. At a spatial edge, we have
some vortex excitations in D = 2 + 1. Correspondingly, the bulk wavefunctions will
turn out to have a nice representation in a basis of states labelled by vortex loop
configurations in D = 3 + 1.

Side remark: the canonical application of this story is to the Haldane chain — a
chain where each site carries a representation of SO(3). At low energies, such chains are
described by an NLSM with a theta term. # = 0 is trivial and gapped. # = 27 is gapped
and trivial in the bulk but the edge states are spin %s — a projective representation of

SO(3).

Let’s apply this picture to BF theory.
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In contrast to the case of a closed manifold, if we compute the path integral on a
ball, with a boundary say at 7 = 0, then 6 does matter, not just mod 27.

Choose a, = 0 gauge. Since a and B are conjugate variables, the analog of position
space here is |@(z)). For the same reason, we can only specify BCs on one or the other:

/( - )[D&’(w,T)DB(x,T)]e_s[a(m’T)’B] = <6(I)’gs> (3.63)
a(x,7=0)=ad(x

Notice that in expressions for functionals like Sla(z,7)] I am writing the arguments
of the function a to emphasize whether it is a function at fixed euclidean time or not.
The fact that the theta term is a total derivative

Al =d (" Af7) =8r’dw(a)
means that the euclidean action here is

Sla(z, 7)] = /MD %B/\eriﬁ /BMD w(@(@)).

7

The 6 term only depends on the boundary values, and comes out of the integral in

The integral over B! is

/[DB]ei;WfBI/\aI _ 5[f1]

The delta functional on the RHS here sets to zero the flux of the gauge field for points
in the interior of the cylinder. After doing the integral over B, there is nothing left in
the integral and we can factorize the expression (3.63) to determine:

v
Ulds(x)] = exp i@ alda’e” K’ (3.64)
space

[\ J/
-~

K=o7, C g . .
= iv(linking # of 27w magnetic flux lines)

What does this mean? Label configurations of a by the flux loops (i.e. the field

lines of the vector field). This wavefunction is (—1)!inking number of the 1-loops and the 2-loops

If we break the U(1) x U(1) symmetry, the flux lines of 1 and 2 will collimate (by
the Meissner effect).

Claim: in the presence of an edge, these flux lines can end. The ends of these flux
lines are fermions. (Warning: doing this right requires a framing of the flux lines —
i.e. they shouldn’t collide.) Conclusion: on the surface of this SPT state of bosons
there are fermionic vortices.
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Figure 2: The end of the ribbon is a fermion: In the first step, we rotate the red string around
the blue one. The squiggles mean that the states associated with these configurations have the same
amplitude in the groundstate, according to (3.64).

Note that the BF theory describes a very strongly confined abelian gauge theory in
the following sense: the flux gets set to zero by the B term. (With a string source for
B the flux gets localized to the source.)

Comment on Kodama state of gravity. This wavefunction (3.64) actually
solves the Schrodinger equation for quantum Maxwell theory at finite coupling. There
is even a non-Abelian version of it for which this is also true. There is even an analog
for gravity called the ‘Kodama state’! What’s the catch? It’s not normalizable as a
wavefunction for photon fields; attempting to quantize the model about this ground-
state gives negative energy for one of the two circular polarization states. But as a
wavefunction for the confining phase of the gauge theory it’s fine.

Note that this paper does an analogous thing for very strongly coupled sigma models
with theta terms; they just set the kinetic term to zero (!) and find wavefunctions
closely analogous to (3.64). They would have the same problem as Witten points out
if they thought of their wavefunctions as wavefunctions for gapless magnons. But for
the disordered phase of the sigma model (gapped and analogous to confinement) it is
just fine. Some of these are the same wavefunctions we’ll arrive at in the following
discussion.
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Group cohomology SPTs. Here is a nice construction of a large class of bosonic

SPTs.

To begin, suppose that spacetime is chopped up into a simplicial complex. This
means that it is divided up into volumes, each of which is a D-simplex, and each of the
faces is a D — 1-simplex and so on. We will construct a path integral. The degrees of
freedom are elements of G living on the O-simplices (vertices). It will have the following
properties:

1. Tt is G-symmetric.

S(

2. The amplitude for any configuration e=5{9) = 1 on a closed spacetime manifold.

3. The amplitude e549} is subdivision invariant. That is, it represents a fixed-
point of the renormalization group.

The essential ingredient is a group cocycle, which is first of all a map:
vp : GPT = U(1)

—given D+1 elements of GG, it determines a phase. Notice that a D-simplex is specified
by D + 1 vertices. The amplitude is a product of a bunch of these phases, one for each

Z H V;'omip (gig .. 'gip)‘ (3.65)

{g} simplices, [ip-ip]

D-simplex:

1
7 —
|G

Here s;,...;;, = 1 depending on the orientation of the simplex. To de-

fine the amplitude, actually we need to specify a branching structure of

the simplicial complex: each edge gets an orientation, and no loops are <
allowed. This means that the vertices in a simplex can be ordered by
the number of incoming arrows, and they are all different. A simplex
has s;,..;, = +1 if this order matches the orientation in spacetime.
For example: in the figure, the simplex [012] has sg12 = +1 since 012
are traversed anticlockwise, but [123] has orientation sj93 = —1 since
123 are traversed anticlockwise.

The properties claimed above follow from the two further conditions that are part
of the definition of a group cocycle. First, v is G-invariant:

v (90,91~ 90) = vp(990, 991 -+~ 99p) (3.66)

where s(g) = +1 according to whether ¢ is unitary or antiunitary (an antiunitary
transformation reverses the orientations of the spacetime simplices). And secondly, v
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is a cocycle, (0v) = 1, or more explicitly

D+1 _
H y](;l) (90" Gi—1, gi+1" " gp1) = 1. (3.67)
i=0

Notice that the replacement vp — vp (0u) for some (D — 1)-cochain p would work just
as well. But the factors of y cancel out in the product (3.65) (on a closed manifold).
The data defining Z is therefore an element of the group cohomology group [v] €
HP(G,U(1)) = closed D-cocycles modulo exact D-cocycles.

For example, the cocycle condition (3.67) in D = 2 is exactly the statement that
the summand of the partition function of the model on a tetrahedron is equal to one:

L

3.67) v(123)r(013) B
1 o @ =7 “é}g . (3.68)

(Here I am using the numbers 0---3 to stand for the group elements gy --g3.) We
can make more general closed 2-manifolds by gluing tetrahedra along their faces (the
connect sum operation). A similar statement to (3.68) holds in higher dimensions.

There are several ways to see that nontrivial v produces a nontrivial phase of matter,
protected by GG. The first is to couple this system to background G-gauge fields on
the links of the complex. This just means G-valued variables on the links. If we make
these variables dynamical, this is exactly the partition function of the Dijkgraat-Witten
discrete G-gauge theory twisted by the group cocycle v. The cocycle condition (3.68)
(more generally (3.67)) is the condition that the bulk DW partition function is gauge
invariant on a closed manifold. For example, in D = 2 + 1 this procedure produces
two different Z, gauge theories; one is the toric code (associated with K-matrix K =
207), whose fixed-point groundstate wavefunction is a uniform superposition of closed

loops. The other, associated with the nontrivial cocycle in H3(Zy,U(1)), is the double
22
20

( -1 ) number of loops

semion model (associated with K-matrix K = ( )) Its fixed-point groundstate

wavefunction is a sum over closed loops weighted by . So if you believe
that these theories are different for different v, then the SPTs must be different.

A second, perhaps more direct way is to look at the groundstate wavefunction
that’s defined by this path integral. That is, consider the path integral on the lower-
half plane with boundary conditions on the real line which produces the groundstate
wavefunction. Equivalently, we can replace the half-plane with the ball. But since the
model is subdivision invariant, we can coarse-grain until there is only a single interior
vertex in the ball. (This can be called a minimal diagram.)
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Denoting by h the boundary group elements, and labelling the interior
vertex *, the resulting wavefunction is

]_ Sip-ip* * A
U, ({h}) = il IIT v (hi hip.g®) . (3.69) .
g* simplices,ii--ip* \
But by property (3.66), the summand is actually independent of g*. 2 s
So we can instead write \ .
q’”({h’}) = H VglmiD* (hin e hiD ) g*) (370) Ei:;ramisfor ;hC: ! ili;imal

simplices,iq i p*

with no sum.

Now, what is the Hilbert space where this wavefunction lives? To each vertex (0-
simplex), associate a Hilbert space which is a regular representation of G, that is, the
Hilbert space of site ¢ is H; = span{|g),,g € G}, and these states are orthonormal.
Define [1);, = > .- 19); (I don’t normalize it just to avoid clutter later). Then the

Hamiltonian
Hy= - [1X1];

has a unique groundstate |1) = ®; [1),, a trivial product state. Its wavefunction in the
group-element basis is ¥ ({g}) = ({g}|1) = 1, that is, [1), = > 9);-

From this trivial state, we can make the state (3.70) using the following local,
finite-depth but not G-symmetric unitary:

Up=> TI w0 (hae iy g {BIN{RY.

{h} simplices,i1---ip*

So H = Ug*HoU;* has groundstate Uy [1) = |V¥,) with wavefunction (3.70). (If we
sum over ¢g* to make U manifestly symmetric we get something that’s not unitary.)

This H is local (because U is a local circuit and Hj is local) and is G-symmetric (this
takes some work to show). Certainly one thing you can see is that U is not a product
of symmetric gates — the individual factors of v(h---h, g*) are not at all G invariant.
It’s only the product that could be symmetric. So this is not an approximation to time
evolution through G-symmetric local hamiltonains, and |W,) represents a nontrivial

G-SPT phase.

Haldane chain example. Thinking about the Haldane chain as a Z] SPT, we
can write it in this language as follows. Name the group elements Z] = {e,t}, with
t?2 = e. The not-one elements of the nontrivial cocycle are:

ve(e, t,e) = 1a(t e t) = —1
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This wavefunction doesn’t look quite like the AKLT wavefunction (3.59). But it is
related to it by local rearrangements, as follows.

First copy (in the g basis) each site into two sites g; = h] = hl,,, so that the
wavefunction is U, ({h] = ki, = g;}) = [1, 2(gi, gi+1,9*). So far this was adding in
ancillary bits and acting with a local unitary. Now regard h! and h! as making up a
single site, as the labelling suggests. And do a local basis transformation by the unitary

u; = vo(hl, by, g*) Rk, hYRE, B = va(giz1, gin g%)|RE, B XL, B

3 (2 7

This gets rid of the v, in the wavefunction and makes it exactly the state (3.59).

The same would have been true if vo were equal to one. The nontrivial bit in the
new basis is how the symmetry acts. In the original basis, it acted by i — —i combined
with e <> ¢, i.e.

Wy (al{h})) = a” [{gh}) .
In the new basis you can check (using both defining properties of v) that it acts by

Wi(g) |hihi) = va(Ri, 39", g*)v3 (hi, 99", g°) | hihi) -

It factorizes in its action on the two parts of the site! This means that at the ends of
the chain we’ll be left with just one factor — a projective representation with exactly
the phase vs.

An example in D = 2 4+ 1 with G = Z, (unitary) is developed in detail in this
paper. Gauging the Z, symmetry results in the double-semion theory. Its edge theory
is the same one we found for the boson IQHE: only the left-mover is charged, so the
Zo symmetry acts by T-duality on the edge mode.

[End of Lecture 19|

3.5 Spin structures and fermions

In unitary, continuum, relativistic theories, fermions are always created by spinor fields.
This is the spin-statistics theorem. I have two points to address on this subject. First,
in the preceding discussions, we’ve often found it useful to consider putting our systems
in spaces or spacetimes that are not just flat space. The ability to put spinor fields on
a particular manifold M is not automatic — the manifold must have a spin structure.
Essentially, this is a consistent set of choices of sign for each loop in M, in recognition of
the fact that a 27 rotation should produce a minus sign on a fermion. Some manifolds
admit many different spin structures, and some do not admit any spin structure at all.
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Second, in condensed matter physics, we often give up the adjectives ‘continuum’
and ‘relativistic’. Does a theorem relating spin and statistics still hold? The answer is
yes, if it is satisfied microscopically.

[The subject of spin structures is often treated in a very abstract way. Here is
a paper that can help make it concrete. Another useful reference is the lectures by
Preskill on vortices. Also these lectures.|

To put a spin structure on a manifold M, we need a notion of parallel transport of
not just vectors (local sections of the tangent bundle, which has structure group SO(D)
for an oriented manifold), but spinors. The structure group for the bundle of which
spinors are local sections is G = Gpin(D), the double cover of SO(D). It’s a double
cover because a 27 rotation of a spinor acts by —1.

The simplest example to keep in mind is M = TP, where we must choose a boundary
condition for fermions around each 1-cycle of the torus, periodic or antiperiodic. These
two choices are associated with the names Ramond and Neveu-Schwarz respectively.
So there are 2P possible choices of spin structure on 7”. Think about S! for a moment.
It is the periodic (Ramond) boundary condition that’s the nontrivial one, since it can’t
be extended to a disc whose boundary is the circle.

More generally, there can be an obstruction to the existence
of such a double cover of the tangent bundle, if M contains
non-contractible spheres. Given such a sphere, consider a
family of closed loops 7(t,s) (with the same base point p),
starting and ending at the trivial loop (v(¢,0) = v(¢,1) = p
for all ¢). Parallel transporting vectors along each loop (-, )
produces an element of SO(D) for each s. Therefore (¢, s)
produces a closed loop I' in SO(D).

Now let’s think about the loop I', which begins and ends at _y
the identity, and therefore defines an element of 7;(SO(D)). ) Spn(o)

" may not be contractible, since 71 (SO(D)) = Z, (the double | J/
cover Gpin(D) is the universal cover). If I' is not contractible, ~

its lift to Spin(D) will be an open path, starting at 1 and ﬂ.© o)
ending at —1L. ven - c~toockible T

But that would mean that a spinor would have to change sign under an infinitesimal
loop. There could then be no smooth spinor field on M.

Notice that [I'] € m1(SO(D)) = Z, is a property of M. It classifies (up to homotopy)
the SO(D) bundle on S? obtained by the restriction of the tangent bundle to S?. If
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[T'] # 1, this bundle describes a Zs monopole. Note the similarity with the argument for
Dirac quantization by considering the holonomy of the electron wavefunction around
the equator.

An example of a manifold that admits no spin structure is CP? = SU(3)/U(2) =
G/H. Using this description as a coset, you can identify a non-contractible loop in

SO(4).

This similarity with the monopole suggests a cure for the problem in the case where
the spinor field is coupled to a gauge field. We can cancel the offending sign by a choice
of wrong quantization for the flux of that gauge field. A spin, structure is obtained by
putting a monopole of charge ¢ inside each sphere for which there is a problem, giving
the spinors charge e with the wrong Dirac quantization condition 2eg = n + %, n € 2.
(Notice that by the spin-charge relation, systems made from electrons can be put on
an arbitrary spacetime by introducing such a spin, structure.)

Stiefel-Whitney classes.. Here’s a more systematic and general way of thinking
about the possible obstruction to a spin structure we just encountered. Consider a good
cover of our manifold M. This means a collection of open sets {U, }, each of which is
topologically a ball, whose intersections are also balls. We’ll denote double-overlaps by
Uap = U, N Ug, and triple overlaps as Uy, and so on. The transition functions of the
tangent bundle T'M of a D-dimensional manifold M are maps on the double-overlaps

9ap : Uap — O(D). (3.71)

If the manifold were oriented, these maps would live in SO(D), the component con-
nected to the identity. In general then, to each U, we can associate a sign

(1) : Ung = Zo = O(D) /SO(D) (3.72)

that says in which component of O(D) the map lives on that patch. (The map is just
(w1)ag = det gap.) I claim that (dwi),s, = (wi)ap(wi)sy(w1)ya = 1 on triple overlaps,
i.e. wy is a Cech cocycle, and therefore defines a cohomology class [wy] € HY (M, Z,). If
this class is the trivial class, then (w1)as = (05)ag = Sasp is exact. Then s, : Uy, — Zo
specifies an orientation of M. wy(T'M) = [w,], called the first Stiefel-Whitney class of

M, therefore represents an obstruction to orienting the manifold.
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For example, at right is a good cover of the circle. Three
patches are required so that each pair overlaps only in one
disk. I've indicated a set of transition functions g,z rep-
resenting a nontrivial element of H'(S!,Z,). You can rec-
ognize them as defining the transition functions of the (not
orientable) mobius bundle.

)

Tt/

Now suppose that [w;] = 0, and moreover that we’ve chosen an orientation {s,}q
of M, so that the gag live in SO(D). A spin structure on M requires a lift of these
maps to the spin group

gag : Uaﬂ — Gpm(D)

On triple intersections, recall that the transition functions of a vector bundle satisfy the
cocycle condition (89)apy = GapdsrGya = 1 00 Uapy (i.€. gop specifies an SO(D)-valued
1-cocycle). This means that

Wapy = Gapdpydra : Uapy — Lo

is just a sign. I claim that w is a Cech cocycle, (6w)apys = 1 (I don’t know how to
check this in a non-ugly way), and therefore wo(TM) = [w] € H*(M, Z,) represents an
element of Cech cohomology. This is the second Stiefel-Whitney class. If it is trivial,
i.e. if (W)agy = (6f)apy = fapfsyfra is exact, for some fop : Usg — Zo, then we can
just take as the spin structure

o = Yapfap- (3.73)

But if ws is not exact, it is an obstruction to the existence of such an f.

Spin Chern-Simons theory, a Confession. On one of the homeworks, I asked
you to find the condition on k in order that Acgs = eitr /444 i5 invariant under large
gauge transformations A — A + w with w closed but not exact. At the time I thought
the answer was that k& had to be an integer. I now believe that Acg is only invariant

when £ is an even integer.

But, you say, k = 1 describes the response to an IQH state. Here is a story I made
up to make myself feel better about this. Consider an IQH state on T2, for example,
with, say, * = * + L,,y = y + L,. A way to realize the result of the large gauge
transformation that takes A — A + dx physically is to thread 27 flux through the
z circle. So take A, = 2wt/L,, so that § A = 2t for ¢t € [0,1]. This produces an
electric field F,, which because of the integer Hall response pumps a single unit of
charge around the y direction. But in this system, charge is only carried by electrons,
which are fermions. Moving a single fermion around the y circle changes the sign of
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the wavefunction, or not, depending on the choice of spin structure. The default spin
structure, the easier one to describe, is the one with antiperiodic boundary conditions
on the fermions. So we can attribute the sign acquired by the amplitude during the
large gauge transformation to this sign from the choice of spin structure.

3.6 Characteristic classes and classifying spaces

Stiefel-Whitney classes of T'M are examples of a more general notion of characteristic
classes of a bundle. There are many ways to think about characteristic classes. Here is
one: The topology of a G-bundle on M can be specified by a map v : M — BG. This
is the point in life of the classifying space BG. Such a space exists for each G. But
then each cohomology class of BG produces a cohomology class on M via the pullback:

v H'(BG, A) — H"(M, A) (3.74)

(for any abelian group A). The images of this map are characteristic classes.

Classifying space and universal bundle. One way to think about this is that
there is a universal G-bundle with total space EG

G— FEG

\Lf

BG (3.75)

with the property that any bundle on X is the pullback of £ via the map v : X — BG.
(The fiber over the point z € X is £ '(y(x)).) BG is determined (up to homotopy) by
demanding that F'G is contractible and admits a free G’ action. Essentially, it’s always
some kind of infinite-dimensional sphere. For example, for G = U(1), it’s the limit of
the Hopf fibration as the dimension goes to co.

U(B—> §2o+1 Lo —> S SU(2) —> Gioo+!
CP* = BU(1) RP™ = BZ, HP® — BSU(2)

Note that for bundles on X of dimension < k we actually only really care that 7, (EG)
vanishes, and so in practice we can just think about high-dimensional spheres and
they’ll do just as well.

By the way, here’s a nice use of the classifying space to define the Dijgraaf-Witten
path integral for a discrete G gauge theory with a cocycle v € HP (G, U(1)). The group
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cohomology we defined above is in fact related to the ordinary cohomology of BG **.
For discrete GG the relation is just

HP(BG,U(1)) = H?(G,U(1)) (3.76)

(these very similar-looking objects have very different definitions!). So if spacetime M
is divided up into a simplicial complex (with a branching structure), we specify a gauge
field configuration by a map v : T" — BG for each simplex 7', and the cocycle v €
HP(BG,U(1)) associates a phase v(y(7T')). The amplitude (summand of the partition
function of the DW theory is then just

Whl= 11" (1) (3.77)

where s(T') is the same sign choice as above”. Note that W[y] is (a discrete representa-
tive of) the characteristic class defined by the pullback of the class v € HP(BG,U(1))
via the map . In fact, the relation between (3.77) and the group cohomology SPT
construction above is the best way to understand the equation (3.76).

A second perspective, more obviously related to what we said in the discussion of
spin structures, is from obstruction theory: try to construct a nowhere-zero section of
the bundle V' in question. Approximate M by a cell complex. First find a solution on
the O-cells. Then try to extend this solution from the p-cells to the p+ 1-cells: suppose
given a vector field on SP = dBPT! that is, a map SP — R™ (where m is the rank of the
bundle, and I'm supposing that it’s a bundle over R for example), can it be extended
to the interior of the ball? The bundle itself can trivially be extended to BP=!, since
Te(B) = 0. But demanding that the vector field is nowhere zero means that this map
is homotopic to a map S? — S™ . For p +1 < m, this is fine, but for p +1 = m,
there is a winding number, the degree of the map, which if it’s nontrivial obstructs
the extension to the interior. So we have an integer for each m-cell, an element of
H™(M,Z). This thing mod two is w,,(V'), the Euler class of the bundle V. Or: This

%4In general, the relation is HP(G,U(1)) = HPTY(BG,Z); for discrete G, this is the same as
HP(BG,U(1)) by the long exact sequence associated to Z — R — U(1), using the fact that for
discrete G, H*(BG,R) = 0.

55 Actually there is one more step: we must show that the partition function actually only depends on
a configuration of link variables g, specifying a flat connection. The key idea is that a configuration
of the link variables specifies a map v : M — BG because of the homotopy equivalence of QBG
and G. (This is consistent with 7 (BG) = m(EG/G) = G = mo(G) and with BG = K(G,1) and
G = K(G,0).) Define v to take all O-cells to the base point of BG. A link-variable configuration
{95 }oen, associates an element of G to each edge, and hence a homotopy class of closed paths in BG
(starting and ending at the base point). Then the flatness of the connection allows us to extend this
map to all the higher-dimensional cells.
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failure to construct a nowhere-zero section means that any actual section has zeros.
This locus of zeros gives the Poincaré dual of w,, (V).

If we instead try to construct ¢ linearly-independent nowhere-zero sections, we can
orthogonolize the sections and produce a map SP — S™7 ¢, which gives an element of
H™~9(M,Z,), which is the w,,_,(V). The Poincaré dual to this is the locus of points
where the sections fail to be linearly independent.

I haven’t shown that this definition is the same as the definition in terms of Cech
cohomology above.

Actually there are some very simple examples of characteristic classes. Let’s think
about the case of a complex vector bundle V' over X. Then choose a connection A on
V. Let’s call G C U(N) the structure group of V. Now make a G-invariant polynomial
in ' =dA+ AN A, where G acts by F' — g~ 'Fg. For example,

c(G) = det (1—}—2—?) = 1+c1(F)+02(F)+.‘.

is the sum of symmetric polynomials in the eigenvalues of F' called the total Chern
class of F. ¢;(F) is the degree-j part of ¢(F') and is a 2j-form. Some properties of
these objects that I will not prove:

1. dc(F) =0, so these forms all cohomology classes on the base manifold X.

2. Their integrals fs ¢(F) over closed cycles S C X depend only on the transition
functions of the bundle V and not on the choice of connection. This is because

given two connections Aj; one can take a convex combination of them (A, =
Ag + t(Ag — Ay), Fy, = dA; + A?) and show that the difference of their Chern
classes is exact:

1
en(F) = en(Fy) = md / ditr(Ag — Ay) A F1.
0

For an elementary proof of this statement, see Harvey’s anomaly lectures.
3. The total Chern class behaves nicely under the direct sum operation on bundles:
c(VaV)=cV)AcV"). (3.78)

So for example, co(V @ V') = (V) + co(V') + 1 (V) A er (V7). Notice that this
relation (3.78) implies that the Chern classes are stable under the addition of
trivial bundles ¢ (V' @ trivial ) = ¢(V).
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For real bundles, F' is a real antisymmetric matrix, and it is better to define instead

F
p(F):det(l—%>:1+p1+p2+...

where the degree-2j bit p; is a 45 form. p is for Pontryagin.
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3.7 Classification of SPTs, part one

[ found this document very helpful.] Stacking is something we can do with anything.
Given two physical systems A and B, we can make A + B just by putting A and B on
top of each other. If A and B are specified by G-preserving, gapped groundstates of
G-symmetric Hamiltonians with an energy gap, then A + B is, too.

To be a little more precise, let’s say MY is the space of deformation classes of triples
(H, p, H), where H is a Hilbert space made as a tensor product (or, for fermions, a
graded tensor product) on a d-dimensional lattice, p is a representation of G on the
Hilbert space H, and H is a local hamiltonian on H. By deformation classes, we can
mean adding ancillas and adiabatic variation without closing the gap.

So stacking means Ha.p = Ha D Hp, parp = pa D pp, and Hy,.p = Ha + Hp,
and then we are allowed to deform while preserving the gap. Stacking with the trivial
phase does nothing. So stacking gives M the structure of a ‘monoid’ — a group except
for inverses.

A better definition of SPTs with G' symmetry in d dimensions is
SPTY, = invertible elements of M, . (3.79)

Thus SPTdG is a group, essentially by definition. Moreover, it is not too hard to see that
/\/l‘(l; is associative and commutative. Basically it’s just because H; ® Ho = Ho D Hi.
Therefore SPTdG is an abelian group. Discrete abelian groups are pretty simple. How
can we resist asking: for a given G, d (and specification of the microscopic constituents,
i.e. is it made of bosons or fermions) which one is it?

But first, some important comments about this definition. This definition is differ-
ent from (a definition of SPTs that was made in the earlier literature)

SRE{, =G-symmetric non-SSB systems
that can be deformed to the trivial state while preserving the gap,

but not through G-symmetric Hamiltonians.

SRE stands for ‘short-range-entangled’, and my notation here is not standard. SREdG
is a subgroup of SPT% (and in fact a direct summand).

Why is definition (3.79) is better? The condition of invertibility is weaker than
deformability to the trivial phase in the absence of symmetry, but it still implies the
absence of anyons (since obviously you can’t get rid of anyons by adding more anyons).
It should therefore also imply a unique groundstate on any closed manifold. These
properties are easier to check than deformability to the trivial phase.
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Nontrivial invertible states with no symmetry. Unlike SRE‘é, our definition
of SPTY, is nontrivial even when G' = {e} is the group with one element. Such systems
are protected instead by a gravitational anomaly. For fermions, examples of such states
are the following:

e In D =2+1, ap-+ip superconductor, two copies of which are an IQH system
after the U(1) symmetry is broken. In this case, the central charge of the edge
modes indicates the gravitational anomaly.

e In D =1+ 1, the Kitaev chain. Oh there is a lot to say about this.

e In D =0+41, an odd number of majorana modes. You can see that there is a Zy
classification of such states, since, given two majorana modes, the perturbation
H = iy lifts both of them.

For bosons, the first example is the Eg state in D = 2 + 1. Our description of this
state is abelian CS theory with K-matrix equal to the Cartan matrix of the Lie algebra
Es. What’s special about Fs? The Ejg lattice has the remarkable property that it is
even and self-dual. Lattices with both of these properties only occur in dimensions
that are multiples of 8. (These are the same reasons that Eg plays an important role
in string theory.) These properties imply in particular that |det K| = 1, so there is a
unique groundstate on any Riemann surface, and that all the quasiparticles are bosons.
So there is no topological order.

Functorial properties. Think of SPTdG as a machine that eats a group G and
spits out a discrete abelian group. In trying to figure out what this machine does,
the following observation is valuable: In fact SPT? is a (contravariant) functor, from
groups to groups. That means that it maps the structure of the victim to the structure
of the output: given a group homomorphism ¢ : H — G, there is automatically a
group homomorphism ¢* : SPT% — SPTY,. (The fact that the arrows get reversed is
the reason for the adjective ‘contravariant’.)

Despite the intimidating words, this is simple. First consider the case where the

homomorphism is just inclusion of a subgroup: H < G. Then [A] € SPTY, is also
[A] € SPTY, since anything G-symmetric is also H C G-symmetric. (Note that
a nontrivial G-SPT could be trivial as an H-SPT.) More generally, given a group
homomorphism ¢ : H — G and a G-SPT, (H, p, H), we can make an H-SPT by

o (H,p, H) = [(H,pop, H). (3.80)

Notice that
pop:HS G L UMH) (3.81)

(where U(H) means unitaries on H) is a rep of H.
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3.8 Global anomaly inflow

[We'll follow Witten for a bit. I found this paper by Garcia Extebarria and Montero
very useful.]

How to discover that anomalies are encoded in an extra-dimensional
theory. Let me return once more to the gapless edge theory of a (3 + 1)D TT with
G = U(1) x Z]. A mass term for the Dirac fermion breaks time-reversal symmetry.
With two such modes, [ i7;72 would be T-invariant, so there is a Z, classification of
anomalous theories. One way to think about this is that if we can add a symmetric
mass term, we can use Pauli-Villars regularization to define the path integral in a
manifestly symmetric way so there can be no anomaly.

Let’s think about trying to define the path integral for  on some oriented spacetime
X:
Zx =det (D), D=iy"D,.

This dirac operator D = DT is hermitian and so has real eigenvalues, so Zx = LN €
R. This is a consequence of T-invariance: in general, for an oriented manifold X,
Z*(X) = Z(X), where X has the reversed orientation. With two Dirac fermions, the
partition function would be Z% = [, A7 > 0 would be positive, but with one copy the
sign of Zx is not fixed:

signZX — (_ 1)#of negative eigenvalues of D mod two

In the continuum, the object in the exponent is infinity. Note that if we are willing to
break 7 and add a mass, then there is no problem defining the sign of Zx.

You might not think to care about the sign of Zx, and think that we can just
declare it to be positive. But here’s why it’s non-trivial: just declaring it to be positive
is not a gauge-invariant choice. Zx here is really a functional of the background fields
(g9, A), where A is the background U(1) gauge field and g is the metric on X. Suppose
we declare Z(go, Ag) > 0 for some reference background. Then we define the sign
of Z(g, A) for general (g, A) by finding a path from (go, Ag) to (g, A) in the space of
background fields. Z changes sign whenever an eigenvalue A crosses 0 along this path.

But: let ¢ be some gauge transformation (or coordinate change, i.e. diffeomor-
phism), under which (go, Ao) — (g2, AS). Then

As = (1 - S)AO + SA(?> gs = (1 - 3)90 + Sg(q)5

is an allowed background for s € [0,1] (note that g, > 0 if go; > 0). Now we can ask:
as we vary s, how many eigenvalues cross 07
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Gauge invariance of our definition requires an even number. T

The fact that ¢ is a gauge transformation means that the //J

spectrum of D is the same at s = 0,1. But the fact that the .
spectrum goes off to infinity means that a given eigenvalue //
need not return to itself — there can be spectral flow. .

-2

There is an index formula for the net number A of eigenvalues crossing A = 0, so
Z (g0, Ao) = (—1)AZ(gg’,Ag).

The formula is A = J where J is the index of a (3 + 1)D Dirac operator D on the
following 4-manifold, Y;. Y} is called the mapping torus:

Y =1xX/(0,z) ~ ¢(0,x)

where ¢ here is the action of ¢ on the metric. The same identification on A, determines
a U(1) connection (and bundle) on Yj. (If ¢ acts only as a gauge transformation and
not a diffeomorphism, then the space Yy is just S* x X.)

The conclusion here is that Zx (g, A) is not a function on the space of background
fields, but rather a section of some bundle with structure group Zs. The nontriviality
of this bundle is what makes the theory anomalous. (In this example, it says either we
have to give up 7 or we have to give up gauge invariance.)

So we have an association between our anomaly (manifesting itself as a difficulty
in defining the sign of the path integral on X) in D — 1 dimensions, and a field theory
in D dimensions. One way to think about the association is that if we coupled the
two of them together, there would be no anomaly — this is anomaly inflow. So to
understand Zx, we can find a manifold Y with 0Y = X and extend the gauge bundle
on X to Y and put the ‘anomaly theory’ on Y. In this case the ‘anomaly theory’ is a
(3+ 1)D massive Dirac fermion with M < 0. Think about the bulk path integral on a
background configuration with Dirac index J: this means, generically that there are J
left-handed zeromodes 9" (and their conjugates Y* . The path integral is then of the
form

Dl = / [DU]e) PED-M) ¥ / Al - Ay dipt - - di MO = M

In the TI phase, M < 0, so the sign of this path integral is indeed (—1)7.

Now let’s generalize. We want to identify possible anomalies of a system in D —
1 spacetime dimensions: failures of the effective action (as a functional of general
background fields, on general manifolds) to be gauge invariant. Such a system is
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then a candidate for a characteristic surface state of an SPT in D dimensions. The
construction here will incorporate the D dimensional theory quite organically.

To begin, suppose we wish to understand the partition function Zx of our putative
anomalous theory on X, a D —1 manifold. Zx is a section of a nontrivial bundle on the
space of background fields. The first step is to find a D-manifold Y with 9Y = X°°.

Any structure that we care about, such as a background
gauge field or a spin structure on X we must also extend

to Y. The key idea is that there is a quantity associated
with Y that’s a section of the same bundle — it’s the par- ‘

tition function of the associated ‘anomaly theory’, i.e. the
bulk SPT. X

In the case where the anomalous edge theory in question is just free fermions, the
‘anomaly theory’ is a massive fermion in one extra dimension. The dynamics of the
massive fermion are not important at all here, and sometimes the ‘theory’ is described
as just an association of a phase to each D-manifold, called the n-invariant:

e?™ Y = partition function of SPT on Y

(with boundary conditions compatible with X).

To get started at appreciating this idea, note that it incorporates all the perturbative
(or ‘local’) anomalies of fermions by taking Y = 07,7 = X x D (D is a disk). Then
the APS index theorem for manifolds with boundary says that the index of the Dirac
operator on Z is

~

Z > Ind (iDy) = ny + / A(R) A trez

z
which says

~

627ri77y = exp (27Ti/z (A(R) A tr€;>D+2) — 627rifz Ip41 (382)

whose variation, by the WZ descent procedure, reproduces the chiral anomaly in D —1
dimensions.

Any anomaly in a gauge transformation not continuously connected to the identity
is called a global anomaly. Such a gauge transformation is a map from spacetime X
to G. Homotopy classes of such maps are denoted [X, G]. For example, the one-point
compactification of R? is X = S and [S?, G] ~ 74(G) (under some assumptions about
G). For example, in a system in d = 3+ 1, with G = SU(2), we have m,(SU(2)) = Zo
and there is an interesting possibility of an SU(2) anomaly.

56In fact, not all X admit such a Y. What to do in that case I hope to explain below. If I fail, see
section 6 of the Garcia-Etxebarria and Montero paper.
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The n invariant has some nice properties that we want for any SPT: If we can
decompose M = Y; U Y, as the result of gluing two open manifolds along cancelling
boundaries (0Y; = —0Y;), then

627Ti’l]y1uy2 — 627ri17y1 e27ri17y2' (383)
So for example the change of phase from Z[Ag] to Z[A?] is

Z[AQ] = e*™inxx1 7] Ay).

X“_—"KX

@ d
AN A,

This means that this idea incorporates the mapping-torus global anomaly we discussed

above.

More general anomalies. Now if the partition function of the anomaly theory on
a mapping torus is not equal to one, it clearly represents a failure of gauge invariance
of the theory on X. But what about the partition function of the anomaly theory on
other manifolds?
Take any closed D-manifold Y and chop it into two parts:
Y =Y, UY; with 0Y; = X = —0Y5. Then Y; and Y5 each
represent a possible extension of X that could be use to de-
fine the partition function of the edge theory on X. But if

eZm(iUY2) £ 1 it means that the answer for the partition

function on X depends on the extension to Y! So this is
also an anomaly. (Sometimes this case is called a Dai-Freed
anomaly.)

For the case of free fermions, if the local anomalies vanish (this means the anomaly
polynomial I = 0), then 7y is topological, and moreover is a bordism invariant. To see
this, suppose Y; is bordant to Y. This means that there exists Z with 0Z = Y, 11 Y,
(that symbol IT means disjoint union). Now use (3.83) to write

2riny .,
6277177Y1H}72 — € (322)

e?rifz o2 — 1 (3.84)

627ri7]y2

by the assumption of no local anomalies. In the first step of (3.84) we used the fact
that e?™y = e=2miny
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3.9 Classification of SPTs, part two

[Kapustin, Freed, Xiong. See this last paper for more references.] Maybe we should
expect this property (3.84) for the effective action of any SPT — it should be a bordism
invariant. Note that this is a stronger condition than just topological invariance.
So there should be an association between SPTs and U(1)-
valued bordism invariants, satisfying the cutting and gluing

|

rules like (3.83), and unitarity (®x—_ay|Px—sy) = Zy y = 0
(where |® x_sy) is obtained from the path integral on Y as a
functional of the boundary conditions on X = 0Y’, and norm

is the path integral on the space obtained by gluing along x X
the opposite boundaries).
Bordism classes form an abelian group under disjoint union, [Y;] + [Y3] = [V; [T Y5].

This is true whatever additional structure we wish to include, such as a G-bundle or a
spin structure, or a map to some space W. For example,

ngin(W) = equivalence classes of D-dimensional spin manifolds with a map to W

with the equivalence relation Y; = Y5 if 37 with 0Z = Y; I1 Y, consistent with all the
structure.

Gauge theory as classifying space sigma model. Now why would we want
to care about maps to some space W7 One reason is if our theory were a non-linear
sigma model with target space WW. This perspective leads to an improved topological
understanding of WZW terms. Here is a second reason: we saw above that for any
space Y and group G, there is a space BG, the classifying space, with the property
that

G-bundleson Y/ ~ < [Y, BG|.

So one way to include the data of a G-bundle in our bordism groups is to specify
the bundle by a map to the classifying space W = BG. (Note that we are actually
asking for bundles with connection, but the space of connections is contractible so does
not contribute to this homotopy classification.) So the eta invariant (or more generally
an SPT partition function) is a group homomorphism

2™ . Q" (BG) — U(1). (3.85)

If the bordism group €2 vanishes, then there can be no anomaly, and the bordism group
classifies possible anomalies, and hence possible SPTs.

Bordism invariants and SPT effective actions. Consider a bosonic SPT «
with respect to some symmetry G. The partition function of a on a closed oriented
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manifold Y with background fields for G is e?™5V[4. Some properties of this functional
follow from our assumptions:

e Since the phase « is gapped, Sy is a local functional of the background gauge
field A and the metric, and it’s gauge invariant. Terms whose coefficient we can
vary continuously while preserving these properties (like a Maxwell term) don’t
label the phase.

e Since « has a unique groundstate on any closed spatial slice, the amplitude

e? 5% [ must be a phase’”.

o S2[A] = —S¢[A] by the CPT theorem.
* Sviny, = 5%, + 55,

o SY[A] = Sg[A] where & is the inverse SPT phase.

What terms can appear in S¢[A] = [i, >, £? If the variation of a term in S with
respect to g,,, vanishes, then that term is said to be topological. There can certainly be
non-topological terms, like a Maxwell term. A less innocuous non-topological term is
a gravitational Chern-Simons term. Such terms occur in D = 4n —1; in D = 3, such a
term produces a thermal Hall response k,,,. In the SPT group law, any two SPTs with
the same kg, differ by an SPT with xg, = 0. So let’s first classify SPTs with x,, = 0.

So let’s focus on the topological terms in S¢[A]. How can the effective action depend
on the topology of Y and the G-bundle on it?

e No symmetry. First, suppose the protecting symmetry is nothing, G = {e}.
The fact that there is no time-reversal symmetry means that Y must be oriented.
S then depends on the topology of Y through local integrals. This must be a
sum of integrals of products of characteristic classes of TY. These are Pontryagin
classes (in degrees that are multiples of 4) and Stiefel-Whitney classes (in all
degrees, but just mod two). Such sums of integrals of their products are called
Pontryagin and Stiefel-Whitney numbers of Y. These numbers depend only on
the bordism class of Y. In fact, Thom proved that they also determine the
bordism class of Y.

57To see this, slice an arbitrary D-dimensional Y along some closed D — 1 manifold ¥ into ¥ =
Y1 Us s, so we can write Zy = (Y1|Y2), in terms of some normalized states |Y7 2). Since dimHy = 1,
we have, using the magic of 1d linear algebra,

1Zy > = (M|Y2) (Ya|Y1) = (V1 [V7) (Y2[Y2) = 1.
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So in this case the effective action is a group homomorphism
>V Qp so(pt) — U(1).

The SO subscript indicates that the structure group of Y is SO(D). The fact that
Sy is additive under disjoint union implies that it is a group homomorphism. The
group of homomorphisms from Qp to U(1) can be called the cobordism group

Q&5 (pt, U(1)) = Hom(Q2pso(pt) — U(1)). (3.86)

But the abelian group pso(pt) can include a free part. The associated terms
are like theta terms with continuously-variable coefficient that don’t label the
phase. So we expect bosonic SPT phases with no symmetry to correspond to

bSPTg:{e} = Q?O (ptv U(l))/QSDO (ptv R)
These are the SPTs missing from the SRE subgroup.

e Time-reversal symmetric phases. If G = ZJ], then Y can be unoriented.
This also means that a = @, and 25¢[A] = 0 mod 1, that is, S¢[A] =0, 1 mod 1,
so all phases are order two. The bordism invariants are just the Stiefel-Whitney
classes, also all mod two, so there is no free part. So we expect

bSPTE_,; = Q8 (pt, U(1)).

e General unitary G. The background gauge field specifies a map v: Y — BG,
and so we can demand that our cobordisms include an extension of this map:

bSPTE = QL (BG,U(1))/Q5, (BG, R).

e General symmetry. If the symmetry includes time-reversing elements, we can
specify them by a homomorphism p : G — Z,, with ker p is the unitary part of
the group. p induces a map BG — BZ,, and hence a pullback Z of the universal
Zo-bundle to BG. A background gauge field configuration v for G' must have the
property that the pullback v*(Z) is the orientation bundle of Y.

Let’s think about the case G = Z] in more detail. The formal sum of unoriented
bordism groups over dimension is a nice graded algebra of polynomials Q.0(pt) =
Zs|{z;}] with generators z; of degree j = 2,4,5,6,8... (that is, not 2 — 1). This is a
result of Thom that I will not prove. This means that the groups are:

D1
QD7o(pt)HO‘ZQ‘0‘Z2 X ZQ‘ZQ

We can associate them with particular combinations of Stiefel-Whitney classes. We’ve
seen the associated phases already in this class.
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e The result in D = 1+ 1 comes from the invariant [, w} = [, wo = the euler

character of Y mod two. This means that Zy = ezﬁ(%f‘/ wa(Y)) _ X (V) = 41

according to whether or not Y is orientable. This is the Haldane chain.

eIn D =2+ 1 the SW classes satisfy the relations wywy; = ws = w} = 0 for
all closed 3-manifolds. This is consistent with the statement that every such
3-manifold is null-bordant — the boundary of some 4-manifold.

e In D = 3 + 1, the relations wzw; = wow? = 0 and wy + w3 + wi = 0 leave two
independent invariants that we can take to be %w‘f and w3. This means three
nontrivial bosonic SPTs for time-reversal symmetry (two nontrivial generating
phases and their stacking). These are just the phases we saw from the coupled-
layer construction. The one corresponding to w3 is the one we discussed more
explicitly, whose surface is the all-fermion toric code (this phase is called efm f
by Wang and Senthil). This makes sense because if there are neutral fermions, we
can only put the system on a spin manifold, which has wy = 0: hence the anomaly
disappears in the presence of neutral fermions. The other one, corresponding to
%wi‘, is the one visible in group cohomology, and has a surface which is the toric
code where e and m are both Kramers’ doublets (called e7Tm7T by Wang and
Senthil).

e Finally in D = 4+1, the nontrivial invariant is 1 [ wows, whereas H*(BZ,,U(1)) =
0. This phase survives the breaking of time-reversal symmetry. It has a surface
given by all-fermion electrodynamics, and an effective description in terms of

2-form CS gauge theory with action S[B,C] = [, BQ:C.

Generalized cohomology and loop spectrum. These bordism groups are an
example of a generalized cohomology theory. There is a set of seven axioms due to
Eilenberg and Steenrod defining what is a cohomology theory. It is a contravariant
functor from topological spaces to abelian groups, just like SPT%. The usual de Rham
and Cech theories satisfy all of these axioms. A generalized cohomology theory fails
to satisfy the last axiom, which demands that H*(point) is trivial. This is where the
non-SRE states come in.

[End of Lecture 20]

A spectrum (or loop spectrum or Q-spectrum) is a machine for producing a general-
ized cohomology theory. It is a family of topological spaces Ky, labelled by d € Z with
property that Ky~ QQK;,1, where QX means the loop space of X, and the relation is
homotopy equivalence. Given such a spectrum K,, the generalized cohomology groups
associated with K, are defined to be

HYX,K) = [X, K]
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homotopy classes of maps into Ky°%.

To make contact with something more familiar, an example of an {2-spectrum is
K2, with K = K(A, d), the Eilenberg-Maclane spaces for an abelian group A, defined

A d=gq
by m,(K(A,d)) = 0 dse These are to homotopy what spheres are to (reduced)

cohomology. (Note that BG is a K(G, 1) by the long exact sequence on homotopy
from (3.75).) And in fact H4(X, K4) = H(X, A), the ordinary cohomology groups
with coefficients in A.

Perhaps I should mention that H%(e, K) is indeed a contravariant functor, in the
sense that given f : X — Y, then we can define a pullback operation f*: H4(Y, K) —
H4(X, K) by pre-composing maps: [c] — [co f]. And there is indeed a group structure
on HY(X,K) 3 [c12]. c12: X — QKyy1, where the group law is [c1] + [ca] = [c1 + 2],
where ¢; + ¢ means concatenate loops for each point in X. This addition is abelian
since HY(X, K) = [X, K] = [X, QK1) = [X,Q2K,42], so the order of concatenation
doesn’t matter (the same reason that m,~q(X) is abelian).

The rough idea for making contact with physics is that K is the space of G SPTs
in d dimensions, and QK is the space of maps from the unit cell to Ky. The whole
thing is a big generalization of the Thouless pump.

Looping and de-looping. It remains to construct a loop spectrum from SPTs.
This requires a relation between SPTs in d dimensions and loops of SPTs in d + 1
dimensions. Let F; = { d-dimensional invertible states}. Let’s define a map called
‘pumping’ that takes
£ Fy — QF

Ca = fla)

with f(a)o = f(a);. It is best to just look at the picture, which shows a loop in the

(3.87)

58When speaking about homotopy classes of maps there is always the annoying question of whether
the maps fix a base point. Here if we demand that our maps fix a base point, we get H¢(X, K), the
reduced cohomology. Recall that the idea of reduced cohomology is to mod out by the cohomology of
a point.
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space of invertible states in d + 1 dimensions:

t

Here y is the extra dimension.

And we can define a map going the other way

OFy — Fy

B(t) > 9(8) (3.88)

by cutting the system open at some particular point in z. ¢(b) is the d-dimensional
SPT that is pumped past the cut to the right.

Claims: f and g are homotopy inverses. g o f = 1 by construction, and fo g~ 1.

Concatenation of loops [i(t), B2(t) in QF,;.; maps to stacking of d-dimensional
SPTs, g(f1.).

So the current understanding is that
SPTY, = HYBG, K) (3.89)

for some Q-spectrum K. As we discussed above, the group cohomology H*(G,U(1)) is
related to the ordinary cohomology of BG. So just as the homotopy groups are different
from the cohomology groups of a space, this improved classification will both add and
remove SPTs relative to the states that were explicitly constructed in 3.4.

If we take K to be the Thom spectrum (which I'm not going to say what it is), we
get the cobordism classification motivated above. A nice thing about this perspective
is that as our understanding of the space of invertible states F; grows, we can improve
our classification.
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