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0.1 Introductory remarks

e The crux of many problems in physics is the correct choice of variables with

which to label the degrees of freedom. Often the best choice is very different
from the obvious choice; a name for this phenomenon is ‘duality’. There are
many examples of it and we will study some of them. This word is dangerous
because it is about ambiguities in our (physics) language. I would like to reclaim
it.
An important bias in deciding what is meant by ‘correct’ or ‘best’ in the previous
paragraph is: we will be interested in low-energy and long-wavelength physics,
near the groundstate. For one thing, this is the aspect of the present subject which
is like ‘elementary particle physics’; the high-energy physics of these systems is
of a very different nature and bears little resemblance to the field often called
‘high-energy physics’ (for example, there is volume-law entanglement).

e An important goal for the course is demonstrating that many fancy phenomena
precious to particle physicists can emerge from humble origins in the kinds of
(completely well-defined) local quantum lattice models we will study. Here I have
in mind: fermions, gauge theory, photons, anyons, strings, topological solitons,
CFT, and many other sources of wonder I'm forgetting right now.

Topics that I hope to discuss this quarter include:

e effects of topology in QFT (this includes anomalies, topological solitons and
defects, topological terms in the action)

e some more illustrations of effective field theory (perhaps cleverly mixed in with
the other subjects) in diverse areas of physics

e the uses and limitations of path integrals of various kinds
e large-N expansions
e more deep mysteries of gauge theory and its emergence in physical systems.

e duality.

Some other modern topics in QFT, which we could consider discussing, include: en-
tanglement, generalized symmetries, various bootstrap methods, scattering amplitudes,
QFT in curved spacetime. I welcome your suggestions regarding which subjects in QFT
we should study.



0.2 Sources and acknowledgement

The material in these notes is collected from many places, among which I should
mention in particular the following:

Peskin and Schroeder, An introduction to quantum field theory
Zee, Quantum Field Theory (2d Edition)

Banks, Modern Quantum Field Theory: A Concise Introduction
Schwartz, Quantum field theory and the standard model

David Tong’s lectures on gauge theory

Many other bits of wisdom come from the Berkeley QFT courses of Prof. L. Hall
and Prof. M. Halpern.

Some other books that might be useful to us are:

Xiao-Gang Wen, Quantum Field Theory of Many-Body Systems
Sidney Coleman, Aspects of Symmetry

Alexander Polyakov, Gauge Fields and Strings

Eduardo Fradkin, Field Theories of Condensed Matter Systems
Eduardo Fradkin, Quantum Field Theory, an Integrated Approach
R. Shankar, Quantum Field Theory and Condensed Matter


https://www.damtp.cam.ac.uk/user/tong/gaugetheory.html

0.3 Conventions

Following most QFT books, I am going to use the + — —— signature convention for
the Minkowski metric. I am (somehow, still) used to the other convention, where time
is the weird one, so I'll need your help checking my signs. More explicitly, denoting a
small spacetime displacement as dz* = (dt, dZ)", the Lorentz-invariant distance is:

+10 0 0
ds® = +dt* — d7 - dT = 1, da"'de” with 9" =1, = 8 —01 —01 8
0 0 0 —1

pv

S\ K
(spacelike is negative). We will also write 0, = a% = <8t, Vx> , and 0" = n*9,. Tl
use p, v, ... for Lorentz indices, and 1, j, k, ... for spatial indices.

The convention that repeated indices are summed is always in effect unless other-
wise indicated. d is the number of space dimensions, D is the number of spacetime
dimensions (it’s bigger!).

= means ‘equals by definition’. A ~ B means we are demanding that A = B.
)
A = B means A probably doesn’t equal B.

A consequence of the fact that english and math are written from left to right is
that time goes to the left.

%. I will also write

;Xd(q) = (2m)46@ (q). T will try to be consistent about writing Fourier transforms as

ddk ikx £ — 6ik$~ = f(r
[ et = [ak e fi) = fa).

A useful generalization of the shorthand h = % isdk =

IFF = if and only if.

RHS = right-hand side. LHS = left-hand side. BHS = both-hand side.

IBP = integration by parts. WLOG = without loss of generality.

+O(z™) = plus terms which go like 2™ (and higher powers) when x is small.
+h.c. = plus hermitian conjugate.

L 5 O means the object £ contains the term O.

We work in units where i and the speed of light, ¢, are equal to one unless otherwise
noted. When I say ‘Peskin’ I usually mean ‘Peskin & Schroeder’.

Please tell me if you find typos or errors or violations of the rules above.




1 Anomalies

[Zee §IV.7; Polyakov, Gauge Fields and Strings, §6.3; K. Fujikawa, Phys. Rev. Lett.
42 (1979) 1195; Argyres, 1996 lectures on supersymmetry §14.3; Peskin, chapter 19;
highly recommended: David Tong, Gauge Theory, chapter 3]

Topology means the study of quantities that can’t vary smoothly, but can only
vary by jumping. Good examples are quantities that must be integers. Anomalies
provide an example of a topological phenomenon in QFT, which is therefore robust
against any change in the QFT which can be made continuously (like varying masses
or couplings, or the cutoff or the resolution of our description, i.e. a renormalization
group transformation).

Suppose we have in our hands a classical field theory in the continuum which has
some symmetry. Is there a well-defined QFT whose classical limit produces this classical
field theory and preserves that symmetry? The path integral construction of QFT offers
some insight here. The path integral involves two ingredients: (1) an action, which is
shared with the classical field theory, and (2) a path integral measure. It is possible
that the action is invariant but the measure is not. This is called an anomaly. It means
that the symmetry is (explicitly) broken, and its current conservation is violated by a
known amount, and this often has many other consequences that can be understood
by humans. It means that the theory cannot be regulated in a way that preserves the
symmetry.

Notice that here I am speaking about actual, global symmetries. I am not talking
about gauge redundancies. If you think that two field configurations are equivalent but
the path integral tells you that they would give different contributions, you are doing
something wrong. Such a ‘gauge anomaly’ means that the system has more degrees
of freedom than you thought. (It does not mean that the world is inconsistent. For a
clear discussion of this, please see Preskill, 1990.)

You could say that we have already seen a dramatic example of an anomaly: the
violation of classical scale invariance (e.g. in massless ¢* theory, or in massless QED)
by quantum effects. A regulator necessarily introduces a length scale into the problem
and explicitly breaks scale invariance.

Notice that the name ‘anomaly’ betrays the bias that we imagine constructing a
QFT by starting with a continuum action for a classical field theory; you would never
imagine that e.g. scale invariance was an exact symmetry if you instead started from a
well-defined quantum lattice model. Partly for this reason, the concept of ‘anomaly’ is
not native to the condensed matter literature (but has recently been flourishing there).

The example we will focus on here is the chiral anomaly. This is encapsulated


http://www.physics.uc.edu/~argyres/661/
http://www.damtp.cam.ac.uk/user/tong/gaugetheory/3anom.pdf
http://inspirehep.net/record/28603?ln=en

by an equation for the violation of the chiral (aka axial) current for fermions coupled
to a background gauge field. The chiral anomaly was first discovered in perturbation
theory, by computing a certain Feynman diagram with a triangle; the calculation was
motivated by the experimental observation of the process 7° — v, which would not
happen if the chiral current were conserved. (The relationship between the chiral
current and the pion is explained in §3.5.)

I will outline a derivation of this effect (using the fermionic path integral) which
is more illuminating than the triangle diagram. It shows that the one-loop result is
exact — there are no other corrections. It shows that the quantity on the right hand
side of the continuity equation for the would-be current integrates to an integer. It
gives a (physics) proof of the index theorem, relating numbers of solutions of the Dirac
equation in a background field configuration to a certain integral of field strengths. It
butters your toast.

1.1 Chiral anomaly

Chiral symmetries. In even-dimensional spacetimes, the Dirac representation of
SO(D — 1,1) is reducible. This is because

D-1
Y =a H Ay # 1, satisfies {7°, 7"} =0,Vpu

n=0
which means that 4° commutes with the Lorentz generators

1
[/YSa ZW/] = 07 ¥ = 5[’}/“’ ’71/]
We can choose a so that (7°)2 = 1 so that i (1++°) are projectors. A left- or
right-handed Weyl spinor is an irreducible representation of SO(D — 1,1), 9¥r/p =
% (1 £~5) 1. This allows the possibility that the L and R spinors can transform differ-

ently under a symmetry; such a symmetry is called a chiral symmetry.

Note that in D = 4k dimensions, if ¢y, is a left-handed spinor in representation r
of some group G, then its image under CPT, ¢ ¢FT (¢, ¥) = i7° (¢, (—t, —F))", is right-
handed and transforms in representation T of G. Therefore chiral symmetries arise
when the Weyl fermions transform in complex representations of the symmetry group,
where T # r. (In D = 4k + 2, CPT maps left-handed fields to left-handed fields. For
more detail on discrete symmetries and Dirac fields, see Peskin §3.6.)

Some more explicit words (of review) about chiral fermions in D = 3 + 1, mostly
notation. Recall Peskin’s Weyl basis of gamma matrices in 3+1 dimensions, in which
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~° is diagonal:

0 &+ o s (10
,y,u - (O’M 0 ) ) ot = <]l7 o.)y’ ol = (117 _0-)#’ v = <O —]l) .

This makes the reducibility of the Dirac representation of SO(3,1) manifest, since the
Lorentz generators are o [y*, "] block diagonal in this basis. The gammas are a map
from the (1,2g) representation to the (21, 1) representation. It is sometimes useful to
denote the 2g indices by a, = 1,2 and the 2y, indices by ¢, 3 =1,2. Then we can
define two-component Weyl spinors 1,/ r = Pr/rt) = % (1 £+5) 1 by simply forgetting
about the other two components. The conjugate of a L spinor x = v (L means
y5x = x) is right-handed:

x=x"° P =x"""=-x"""=-x""=-x

We can represent any system of Dirac fermions in terms of a collection of twice as many
Weyl fermions.

For a continuous symmetry G, we can be more explicit about the meaning of a
complex representation. The statement that 1) is in representation r means that its
transformation law is

5¢a = ieA (tf)ab wb
where t2, A = 1.. dim G are generators of G in representation r; for a compact Lie group

G, we may take the t* to be Hermitian. The conjugate representation, by definition,
is one with which you can make a singlet of G — it’s the way ¢*7 transforms:

oyt = —iet (1) it
So:
th=— ()"

The condition for a complex representation is that this is different from ¢2 (actually
we have to allow for relabelling of the generators and the basis — two representations
r1 2 are equivalent, ry = ry if there is a change of basis (the same for all A) that relates
the generators: tfl = UTtrAlU. r is complex if r 2 ry. The simplest case is G = U(1),
where t is just a number indicating the charge. In that case, any nonzero charge gives
a complex representation.

Consider the effective action produced by integrating out Dirac fermions coupled
to a background gauge field (the gauge field is just going to sit there for this whole
calculation):

eiSest[A] — /[DQ/JD’[E] IS, Al

8



We must specify how the fermions are coupled to the gauge field. The simplest example
is if Ais a U(1) gauge field and 1) is minimally coupled:

S[, 3, A] = / PPy, P =~ (9, +iA,) 0.

We will focus on this abelian example, but you could imagine instead that A, is a
non-Abelian gauge field for the group G, and v is in a representation R, with gauge
generators T4(R) (A = 1...dimG), so the coupling would be

DY = Py (96 + 1AL T (R) ) iy - (1.1)

Much of the discussion below applies for any even D.

In the absence of a mass term, the action (in the Weyl basis) involves no coupling
between L and R:

10,0, 4) = [ @ (w]io" Dy + o D, i)
and therefore is invariant under the global chiral rotation
) — Oy Yt o yleT " e That is: by — €%0p, YR — e g,
(The mass term couples the two components
Lo, =% (Rem + Immn®) o = mypl g + hoc;

notice that the mass parameter is complex.) The associated Noether current is jz =

U ,0, and it seems like we should have 9*55 Z 0 if m = 0. This follows from the
massless (classical) Dirac equation 0 = v#9,1. (With the mass term, we would have

instead 0%j Z 2i) (Remny® + Imm) . )

Notice that there is another current j* = i)y*e). j* is the current that is coupled
to the gauge field, L > A,j*. The conservation of this current is required for gauge
invariance of the effective action

Seft[Ap = Sea[ Ay + OpA] = —ilog <eif)\(x)a”j#> + Sest[Ap-

No matter what happens we can’t find an anomaly in j#. The anomalous one is the
other one, the azial current.

To derive the conservation law for the axial current we can use the Noether method.
This amounts to substituting ¢/(z) = €*®”4(z) into the action:

Sele] = / AP ot i peie’y = / 4Pz (T + i (Po) 9) "2 Sply]—i / ()0 e

9



up to terms of O(a?). Then we can completely get rid of a(z) if the change of integra-
tion variables in the path integral, i.e. if [D] < [D1)]. Usually this is true, but here
we pick up an interesting Jacobian.

Claim:
piSenlA] _ / Dy DS = / (D DS P ] aPa0() (2,35 - Aw))
where A comes from the variation of the measure. That is,
DY/ DY/| = [DYD]det (7)) = [DyDle A

SO
_s ia'y5 H 5
e ifad _ 6Trloge _ eTr(la'y )

or more explicitly but very formally we can write the anomaly as:

A(x) =Y tr€u(@)7°6n(2) (1.2)

where &, are a basis of eigenspinors of the Dirac operator. This big Tr is the trace
over the space of functions on which ) acts, including both spinor indices and function
labels. T’ll use tr for the spinor trace.

The expression above for Seg is actually independent of «, since the path integral
is invariant under a change of variables. For a conserved current, a would multiply the
divergence of the current and this demand would imply current conservation. Here this
implies that instead of current conservation we have a specific violation of the current:

9" = A(z).

What is the anomaly A? [Polyakov §6.3] An alternative useful (perhaps more
efficient) perspective is that the anomaly arises from trying to define the axial current
operator, which after all is a composite operator. Thus we should try to compute

0 (78) = Ou (D (@)" 7Y (@)
— the coincident operators on the RHS need to be regulated.

The classical (massless) Dirac equation immediately implies that the axial current
is conserved (up to contact terms, meaning collisions with other operators in the ex-

pectation value)
)

au (&7“75@0) =0.

10



Consider, on the other hand, the (Euclidean vacuum) expectation value

75 = (Bapyrtil@) = 27 A / (DD 575 (2)

& oo e
= —tr, 7,7 G (2, z) (1.3)

where the blob represents G4!, the Green’s function of the Dirac operator in the gauge
field background (and the figure is from Polyakov’s book). The x is the insertion of
the current jZ = 1)y°v,. The minus sign in the last line is from the fermion loop.

We can construct it out of eigenfunctions of i]p:

iPE(0) = (), G (—0,+i4,) = 6&, (1.4)

in terms of which'

1 _
Gz, 2y =) —&,(2)&a(a)). 1.5
(x,2") Zf ()€ (") (15)
(I am suppressing spinor indices all over the place, note that here we are taking the
outer product of the spinors to make a matrix.) [End of Lecture 1]

We want to define the coincidence limit, as ' — x. The problem with this limit
arises from the large |e,| eigenvalues; the contributions of such short-wavelength modes
are local and most of them can be absorbed in renormalization of couplings. It should
not (and does not) matter how we regulate them, but we must pick a regulator. A
convenient choice here is heat-kernel regulator:

G(r,a) = 3 e L, ()6 ()

and

21 -
J3<5C> = Z eisﬁne_gn(af)’yimgn(x) .

The anomaly is

2

—se;,

0T = 0" () = = 10" (Emn°6) =
The definition (1.4) says

io* (fn%’y“r’fn) = _26n§n75§n

! Actually, this step is full of danger, but I promise it works out. See §1.2 below for the full story.

11



using {7°,7*} = 0. (Notice that the story would deviate dramatically here if we were
studying the vector current which lacks the +°.) This gives

I (x) = 2try (x] e <¢) |z) (1.6)
with ‘
: : : i y
(JD)Q = — (% (0 + 1Au)>2 =—(0u+ lAu)2 - §EWF#

where ., = $[7u,7] is the spin Lorentz generator. We used y#9” = ${v*,7"} +
%[W“, V] =n" 4+ X,,. (1.6) is the equation we got from the variation of the measure,
(1.2), but now better defined by the heat kernel regulator.

We’ve shown that in any even dimension,

" (jp(x)) = 2try (x] 7568¢2 |z) (1.7)

This can now be expanded in small s, which amounts to an expansion in powers of
A, F. If there is no background field, A = 0, we get

<q}| eis(ia)Q |[p> = /de 6_8p2 = K L D;4 1 (]_ 8)
<L D2 1672s2° '
_9p_1
T (2m)D

This term will renormalize the charge density

x) = <¢Tw(:r)> = try°G(z, x),

for which we must add a counterterm (in fact, it is accounted for by the counterterm
for the gauge field kinetic term, i.e. the running of the gauge coupling). But it will not
affect the axial current conservation which is proportional to

tr (v G(z, 2)) |azo o try° = 0.

Similarly, bringing down more powers of (8 + A)* doesn’t give something nonzero
since the +° remains.

In D = 4, the first term from expanding X, F'* is still zero from the spinor trace.
(Not so in D = 2.) The first nonzero term comes from the next term:

—s(i ? i 52 . v
N (”56 " ) = (2l |e) T () b (PEE) - b (B ) + O(s")
e V color
(1.8) —4elVPA

= 167, Tezz TOG™)

In the abelian case, just ignore the trace over color indices, tr.. The terms that go like
positive powers of s go away in the continuum limit. Therefore
" 1 52 P 1 1 L
8,“75 =—-2-——  — -4e trcFWFp)\ + O(S ) = —@trﬂw (*F) . (19)

12



(Here (xF)" = %e’“’p’\F »a-) This is the chiral anomaly formula. It can also be usefully
written as:

1 1 - =
8MJ§)‘ = —@trF/\F: _327T2EB

e This object on the RHS is a total derivative. In the abelian case it is
FANF=d(ANF) .

Its integral over spacetime is a topological invariant (in fact 167* times an integer)
characterizing the gauge field configuration. How do I know it is an integer? The
anomaly formula! The change in the number of left-handed fermions minus the
number of right-handed fermions during some time interval is:
AQs= A (N — Ng) = / dto,J; = | 0"J) = / F8A2F

My My ™

where My is the spacetime region under consideration. If nothing is going on at
the boundaries of this spacetime region (i.e. the fields go to the vacuum, or there
is no boundary, so that no fermions are entering or leaving), we can conclude
that the RHS is an integer.

trFAF
872

we can put fermions (i.e. which admits a spin structure).

More generally, integrates to an integer on any closed 4-manifold on which

e Look back at the diagrams in (1.3). Which term in that expansion gave the
nonzero contribution to the axial current violation? In D = 4 it is the diagram
with three current insertions, the ABJ triangle diagram. So in fact we did end
up computing the triangle diagram. But this calculation also shows that nothing
else contributes, even non-perturbatively.

e We chose a particular regulator above. The answer we got did not depend on
the cutoff; in fact, whatever regulator we used (as long as it preserves the chiral
symmetry!) we would get this answer. I am not proving this, but it must be true
if the theory makes any sense. We will see strong evidence for it below.

e Consider what happens if we redo this calculation in other dimensions. We only
consider even dimensions because in odd dimensions there is no analog of v —
the Dirac spinor representation is irreducible, and there is no notion of chirality.
In 2n dimensions, we need n powers of ¥*”F,, to soak up the indices on the
epsilon tensor.

Actually there is an analogous phenomenon in odd dimensions (sometimes called
parity anomaly) of an effect that is independent of the masses of the fields, where
the spinor trace produces an €,,,, which you already studied on the homework.
Instead of F, the thing that appears is the Chern-Simons term.

13



e If we had kept the non-abelian structure in (1.1) through the whole calculation,
the only difference is that the trace in (1.9) would have included a trace over
representations of the gauge group. With multiple fermion flavors (I = 1..Ny),
we could have considered also a non-abelian flavor transformation in the chiral
symmetry

s 5 aa
¢I—>(€ng> Yy
1J

for some su(Ny) flavor rotation generator 7. This is a symmetry of Vil (with
no mass terms). Then we would have found (recall that F' = FAT#):

1
it = 1o Fu e (TATP77). (1.10)

Note that in this expression, the matrix in the trace is more explicitly
(TARU)(TP 2 1) (1, @ 1) =TT @ 1. (1.11)

A special case of this is if we have multiple species of fermion fields but consider
the diagonal chiral symmetry (7% = 1): their contributions to the anomaly add.
Sometimes they can cancel; the Electroweak gauge interactions are an example
of this.

e Most generally, consider a collection of fermions transforming under symmetry
group G; x Gy x Gz and couple to background gauge fields A%?3 for all three
groups. We'll call a “G;GyGs anomaly” the diagram with insertions of currents
for Gy, Gy and Gs.

Above we computed the contribution from whole Dirac fermions. We can com-
pute separately the contributions of the L and R Weyl components: there is a
factor of half and a relative sign. The result for the anomaly of the current for
G' coming from the background gauge fields for G** is

1

- A vpo

i = B EE S (T TITE. (112
f

The sum is over each Weyl fermion, R(f) is its representation under the combined
group G; x Gy X Gz, and T} are a basis of generators of the Lie algebra of G, etc. in
the representation of the field f. By (—1)/ I mean + for left- and right-handed
fermions respectively. Here {A, B} = AB + BA means anticommutator; the
second term comes from reversing the arrows of the fermion lines in the triangle
diagram. Using this formula you can check that the Standard Model gauge group
is anomaly-free.

14



1.2 Zeromodes of the Dirac operator

Do you see why I said that the step involving the fermion Green’s function was full of
danger? The danger arises because the Dirac operator (whose inverse is the Green’s
function) can have zeromodes, eigenspinors with eigenvalue ¢, = 0. In that case, i]p is
not invertible, and the expression (1.5) for G is ambiguous. This factor of €, is about
to be cancelled when we compute the divergence of the current and arrive at (1.2).
Usually this kind of thing is not a problem because we can lift the zeromodes a little
and put them back at the end. But here it is actually hiding something important. The
zeromodes cannot just be lifted. This is true because nonzero modes of i) must come
in left-right pairs: this is because {7°,i)} = 0, so i]p and 7° cannot be simultaneously
diagonalized in general. That is: if i[D€ = €€ then (7°€) is also an eigenvector of ilD,
with eigenvalue —e. By taking linear combinations

L/R _

Xn (1£79°) &

[\Dlr—\

these two partners can be arranged into a pair of simultaneous eigenvectors of (i)
(with eigenvalue €2) and of v° with 7° = =+ respectively.

Only for € = 0 does this fail, so zeromodes can come by themselves. So you can’t
just smoothly change the eigenvalue of some &, from zero unless it has a partner with
whom to pair up.

This leads us to a deep fact, called the (Atiyah-Singer) index theorem: only zero-
modes can contribute to the anomaly. Any mode &, with nonzero eigenvalue has a
partner (with the same eigenvalue of (i/0)?) with the opposite sign of 4°; hence they
cancel exactly in

try2e s s(ip)? Z ZXL/R > L/R s 4+ zeromodes .
n,en7#0 L/R

/

~
=0

We can choose our eigenfunctions to be normalized [ d”zy;x; = 6;; and of definite
chirality 4y = £x. So the anomaly equation tells us that the number of zeromodes
of the Dirac operator ilD[A} in some configuration of the background field, weighted by
handedness (i.e. with a + for L and - for R) is equal to

nL—nR:/dDmA /@F/\F

A practical consequence for us is that it makes manifest that the result is indepen-
dent of the regulator s.

15



Another consequence is that in the background of a gauge field configuration with
nonzero ny; — ng = ¢, the vacuum to vacuum amplitude

Z[A7 = / (DYDY =B _ etigh — 0

vanishes, since it is the determinant of an operator with a kernel. Rather, only am-
plitudes for transitions that change the chiral charge by ¢ are allowed. A (localized)
gauge field configuration with [ F'A F # 0 is called an instanton.

1.3 The physics of the anomaly

Emergence of the Dirac equation. Consider free fermions hopping on a chain of
sites:
H=—t Z chepin + hec. (1.13)

(The particular choice of nearest-neighbor hopping is not special for what I'm about to
say.) Since this is translation-invariant, the single-particle Hamiltonian is diagonalized
by Fourier modes: ¢, = §dke'* ¢, (where a is the lattice spacing):

H= ]f dkcle e(k) (1.14)
and for the particular choice of nearest-neighbor hopping in one dimension we get
e(k) = —2t(coska —1) . (1.15)

It is sometimes convenient to add a chemical potential term to account for the number
of electrons:

H— uN = fdkc;ck (e(k) — ) . (1.16)

Introduce an infrared regulator so that the levels are discrete — put them in a box of
length L, so that k, = %ﬂ, ¢ € Z. The groundstate of N such fermions (N determines
the chemical potential) is described by filling the N lowest-energy single particle levels,
up to the Fermi momentum: |k| < kg are filled. The energy of the last filled level is
€(kr) = p, the Fermi energy. (In Figure 1, the red circles are possible 1-particle states,
and the green ones are the occupied ones.)

Starting in the groundstate of N electrons, the lowest-energy state available in
which to add a fermion is the one just above the Fermi level. Adding an electron in
this level costs energy

E(k) -y = E(kF> + (/{Z - kp)ak€|k:kF + O(k - ]CF)Q — pu=vpok + 0(51{7)2 (117)
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The fields near these Fermi points k = +kp in k-space therefore satisfy the Dirac
equation
(w—vpék) wL = 0, (w+vp(5k) wR =0 (118)

where 6k = k — kr and vp = |Ok€|g—k,.. I call this the Dirac equation because it is the
equations of motion for the action

Sy, ¥] = / d*xidy (1.19)

where ~* are 2 x 2 and the upper/lower component of ¢ creates fermions near the

left /right Fermi point: ¢ = <zL
R

I chose units of length where vy = 1 (rather than the actual speed of

> The basis of gammas that gives (1.18) is /° =

ol = ic%

light).

Thus the Dirac equation emerges from a very generic and simple lattice model.
The left-(right-)handed fermion is left-(right-)moving, very convenient. The Dirac
antiparticle is a hole: the lowest energy state with one fewer particle is obtained by
removing an electron just below the Fermi level. The relativistic approximation breaks
down when the O(k — kp)? terms are appreciable, i.e. if we put in enough energy to
see the curvature of the band.

[End of Lecture 2]
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The chiral anomaly in the lattice model in finite volume. [Polyakov, page
102; Kaplan 0912.2560 §2.1; Alvarez-Gaumé]

This action is preserved by a chiral transfor- € .

mation and would therefore seem to imply a con-
served axial current, whose conserved charge is the
number of left moving fermions minus the number
of right moving fermions. But the fields v;, and ¢ g |

are not independent; with high-enough energy ex-
citations, you reach the bottom of the band (near
k = 0 here) and you can’t tell the difference. This €
means that the numbers are not separately con-
served.

We can do better in this 14+1d example and
show that the amount by which the axial current

is violated is given by the anomaly formula. Con-

ke
sider subjecting our poor 14-1d free fermions to an —kethy et
electric field E,(t) wblch is constant in space and Figure 1: Green dots represent oc-
slowly varies in time? Suppose we gradually turn cupied 1-particle states. Top: In the
it on and then turn it off; here gradually means groundstate. Bottom: After apply-
slowly enough that the process is adiabatic. Then ing E,(t). Here I am just drawing
each particle experiences a force 9;p = eE, and its the bottom of the band, where (k)

. . . 2
net change in momentum is can be approximated by 2.

Ap=e / ALEL (1),

This means that the electric field puts the fermions in a state where the Fermi surface
k = kr has shifted to the right by Ap, as in the figure. Notice that the total number
of fermions is of course the same — charge is conserved.

Now consider the point of view of the low-energy theory at the Fermi points. This
theory has the action

S[y] = / dzdtin® Db

In the process above, we have added Np = % right-moving particles and taken away

|Np| left-moving particles (with N = —Ng), that is added Ny left-moving holes (aka

2To do this in the lattice model, modify the Hamiltonian by

H = —thIleiEA’(t)an + h.c. (1.20)
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anti-particles). The axial charge of the state has changed by

A L L
AQa=A(Ng—Np)=2-"L — ZpAp= —e/thx(t) - E/dtdex S /EWFW
2n/L 7 7r 7r 27
On the other hand, the LHS is AQ4 = f@“Jlf. We can infer a local version of this
equation by letting E vary slowly in space as well, and we conclude that
€ v

8,“]1’; = %EM,FM .
This agrees exactly with the anomaly equation in D = 1+1 produced by the calculation
above in (1.7) (see the homework).

1.4 ’t Hooft anomaly matching

The most important fact about anomalies is that they are RG invariants. The existence
of the anomaly means that the partition function varies by some particular phase under
the anomalous symmetry;,

Z — oAz (1.21)

But an RG transformation (doing the integrals in a certain order and relabelling rulers)
must preserve the partition function.

Why is this a big deal? Much of physics is about trying to match microscopic (UV)
and long-wavelength (IR) descriptions. That is, we are often faced with questions of
the form “what could be a microscopic Hamiltonian that produces these phenomena?”
and “what does this microscopic Hamiltonian do at long wavelengths?”. Anomalies
are precious to us, because they are RG-invariant information: any anomaly in the UV
description must be realized somehow in the IR description.

This tool has been used to great effect in the last few decades to study strongly-
coupled and otherwise intractable theories. The first application (by 't Hooft) was
to constrain the possibility that quarks themselves can be composite. He looked for
gauge theories where there are massless gauge-invariant particles (baryons) with the
quantum numbers of the quarks. Anomaly matching provides crucial evidence for the
correctness of Seiberg duality.

It can also be used to help decide whether a gauge theory must spontaneously break
chiral symmetry. The idea is: there may be no way for massless fermionic degrees of
freedom in a candidate chiral-symmetry-preserving low-energy theory to saturate the
anomaly, but there is another possibility. There is a way for bosons to contribute to
the anomaly: if they transform non-linearly under the symmetry, i.e. if the symmetry
is spontaneously broken, they can appear in Wess-Zumino-Witten terms, which can
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produce the required anomalous variation of the action. More on this in the section
about pions.

1.5 Further comments

e Another useful perspective on anomaly is as an obstruction to gauging the sym-
metry. Gauging a symmetry means creating a new system where the symmetry
is a redundancy of the description, by coupling to gauge fields. If the symmetry
is not conserved in the presence of background gauge fields, the resulting theory
would be inconsistent.

e Above I've described an example of an anomaly of a continuous symmetry. Dis-
crete symmetries can also be anomalous. One way to arrive at this is to start
with a continuous symmetry with an anomaly and explicitly break it to a discrete
subgroup.

e Anomaly is actually a more basic notion even than phase of matter: The anomaly
is a property of the degrees of freedom (i.e. of the Hilbert space) and how the sym-
metry acts on them, independent of a choice of Hamiltonian or action. Multiple
phases of matter can carry the same anomaly.

e There is a long story about anomalies and Symmetry Protected Topological
(SPT) phases of matter. If you want to read about this, §3 here might be a
place to start.

Other anomalies. There are some other examples of anomalies whose existence
is worth mentioning.

One is that there can be anomalies where the role of the field strength I is played
by the curvature of spacetime R. The chiral anomaly gets such a contribution. Since
space is curved, this constrains the hypercharge assignments in the Standard Model.

Spinors in curved spacetime. To couple integer-spin fields to curved space is
not such a big deal: just replace every 7,, by g,., use covariant derivatives, and use
the covariant volume form. For example:

/ 0Pz (8,90, 4n" — V($)) ~» / Pr /G (0.00,69" (@) - V(8)).  (1.22)

Coupling spinors to curved space is a little more involved, and requires the intro-
duction of the spin connection. This is a useful device in other contexts, for example,
for computing curvatures by hand (see e.g. §9 of these notes).
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The first step is to introduce the vierbeins (‘vier’ means “’four’ in German; in general
dimension, they are called vielbeins instead, since ‘viel’ means ‘many’)

9w (@) = €5 (x)ep (@) ap - (1.23)
Here a,b = 0...D — 1 are tangent space indices, which are contracted with the ordinary
Minkowski metric. The es are an orthonormal frame on the tangent space that varies
from point to point. This description in terms of e introduces a redundancy under local

Lorentz transformations SO(3,1) (that preserve g,,). The required connection is the

ab

o - It can be defined by demanding that the vielbeins are covariantly

spin connection w
constant:

Dyel = el — %€ +wiel =0 (1.24)

where I' is the usual Christoffel symbol. The field strength of the spin connection is

(R,uu)a b — a,uw;(,lb - auwa - [w,uu wu]ab = Ruupaegeg (125)

where the last object is the ordinary Riemann curvature.

In terms of these ingredients, the spinor covariant derivative is

1
Dud}a = au'(/}a + szb (Eab)ﬁ ywﬁ (126)

where Y, = %[%, 7] are the local Lorentz generators. The curved-space Dirac action
is then

S[¥, g] = / dPx\/qUiy" D,V (1.27)

where v# = v#(x) = v%e#(x). The v* are the ordinary flat-spacetime gammas.

Redoing our calculation above gives

y 1 vpo T
DIJJZ = _m Z Qf(_]')feﬂ P R,LLV)\TRpO'A . (128)
f

An extreme example of such an anomaly is an anomaly in diffeomorphism invariance
— a purely gravitational anomaly. This only happens in D = 8k 4 2 dimensions.

Back in D = 3+ 1, SU(2) gauge theory with an odd number of Weyl fermions in a
half-integer spin representation is anomalous. The case of spin-half is called the Witten
anomaly or SU(2) anomaly.
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The SU(2) anomaly. There are no perturbative anomalies (meaning, ones coming
from triangle diagrams) for the case of SU(2), since the 2 is pseudo-real (isomorphic
to its conjugate representation). But there can be a more subtle way for the fermion
measure to vary under a gauge transformation — a non-perturbative anomaly.

The path integral over a Dirac fermion W in some representation of a gauge group
Gis
/ DUDYe J#wVPY — det (i) = [ [ - (1.29)

n

Here ilp is the Dirac operator with background fields for G. We've discussed above
how to regulate such things in a gauge-invariant way, and it is gauge invariant.

Now consider a single Weyl fermion v, = %(1 +9°)¥ in some representation of G:

_ _— 1+4°
/ Dipp D= @i Dt — 4 et (izp 27 ) = /detil). (1.30)

Recall that the eigenvalues of i), when nonzero, come in left-right pairs. (Let’s assume

that no eigenvalues are zero, or else the whole thing is zero.) So the square root just
means taking one of each pair. The problem is picking the sign.

To try to define the sign, pick a reference gauge field configuration Ay, and define
the square root for this configuration

Vdeti . =[] en (1.31)

to be just the positive eigenvalues. To define the square root for any other configuration
A, find a path from A* to A, and follow the eigenvalues. If an odd number of the positive
eigenvalues at A* go through zero, then the sign of the square root flips.

Now we must ask: is this choice of sign gauge invariant? That is, do we get the
same sign for A, and for its gauge image

Al = Q(2)A,.0(2) ! +i0Q(2)0,Q(x)t 7 (1.32)

i

If not, then clearly this gauge transformation 2(x) cannot be regarded as an equiva-
lence, since A and A would have different weight in

Z = / DAe 51 / D Dipe=J @'#brio"Duyr (1.33)

Now, there are many €2 we could consider. Only €2 that approach the identity map
at £ — oo in R* are equivalences. For such Q, we can identify all the points at infinity
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and R* U oo ~ S*. So such gauge transformations are maps Q : S* — G. In the case of
G = SU(2), it’s a nontrivial fact that m4(SU(2) ~ S3) = Z, — there are two classes of
such gauge transformations.

The Witten anomaly happens because, with the definition of sign above,

\/detil) 4o = —y/detil), (1.34)

if 2 is in the nontrivial homotopy class.

For more, see David Tong’s notes on anomalies.

[End of Lecture 3]
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2 Effective Field Theory, continued

2.1 General relativity as an EFT

Let’s return to playing the effective field theory game. Recall that the game is played
by filling out the following survey:

1. What are the dofs?
2. What are the symmetries and what are the redundancies of the description?

3. What is the cutoff?

Then the output is an action, which is a sum of all terms made from the dofs, respecting
the symmetries and redundancies, organized as a derivative expansion with higher order
terms suppressed by more powers of the cutoff.

In response to a question in lecture, I gave the following illustration of this proce-
dure: Einstein sort of played this game in 1915 in building a theory of gravity. His
answer for the dofs was: a metric on spacetime g,, (2). This is a coordinate-dependent
description of a line element ds* = g, (z)dz*dz” that gives the distances between
spacetime points. This description is redundant in that the same line element can be
written in different coordinate systems (such as da? + dy? = dr? + r?d6?). The cutoff
# - the Planck mass. (Here

is the mass scale appearing in Newtonian gravity: Gy = &7,
P

I'm using units with A =c¢ = 1.)

The demand that physics is independent of the choice of coordinate system is highly
constraining, and the only terms one can write down are

# o, H op3,
3z + 3l + 3 DRDR (2.1)

Slgu] = #M2 / iz (A + 4R+

where R is the Ricci scalar, and R" represents various possible contractions of n powers
of the Riemann tensor.

This the order in which Einstein should have written the terms, if he were following
Wilson’s rules. The first term is the cosmological constant, the constant operator of
dimension zero. Here it matters quite a bit, because it changes the equations of motion
of the metric. It is observed to be very small in units of M3. We don’t know why this
is the case. It is a gross violation of the rules of EFT.

The next term is the Einstein-Hilbert term, which is the only one Einstein included.
The higher-order terms are too small to have any effect on any observation so far. They
have all been done in a regime where the curvature R is small compared to M3.
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The coupling to matter is also largely determined by demanding coordinate invari-
ance (replace n*” by g"”, replace 0, by covariant derivative D,,, and for spinors do the
thing we described above). Included in the derivative expansion should also be terms
involving matter fields and curvatures, like RH?, where H is the higgs field.

What are the loopholes in this argument? Well, the statement that the dimension-
less numerical coefficients (all written as ‘#’ above) are order one may not be correct
— the cosmological constant is already a violation of this rule, so maybe some of the
higher derivative terms could be important. Another loophole is in the choice of dofs.
There could well be other light dofs, like a scalar field, that couple

I emphasize that this is a perfectly good quantum field theory. It is nice enough to
be non-renormalizable and to tell us its regime of validity. (Of course it could break
down at a scale lower than Mp if we are missing some important other dofs.) It can
be studied in perturbation theory about some vacuum geometry (such as flat space for
A =0, or anti-de Sitter space (AdS) for A < 0 or de Sitter space for A > 0). The tree-
level approximation, i.e. classical physics, has been good enough for all observations
so far.

The problem of Quantum Gravity arises in asking what is a more microscopic theory
for which this is a low-energy EFT. The only candidate answer to that question that
we have is string theory. The physics questions for we need to answer such a question
involve large curvature or otherwise-strong fields (such as inside black holes, or in the
very early universe) or if we care about which values of the coefficients # (or what
choices of matter coupled to gravity) are possible.

2.2 The Standard Model as an EFT, continued.

The Standard Model. [Schwartz, §29]

Table 1 shows the matter content of one generation of fermions Standard Model
(and the Higgs) once again.

Whence the values of the charges under the U(1) (“hypercharge”)? In fact, they are
completely determined by demanding that the gauge group is not anomalous, i.e. that
the G;G2G;3 anomaly vanishes for all choices of G; € {SU(3),SU(2),U(1)y} in the pres-
ence of gauge fields for all three gauge groups.

To check this, it is enough to ignore the Higgs field and the dynamics of the gauge
fields. As we discussed, the coupling to the Higgs field produces masses for the fermions
in a way that preserves all of the gauge invariance, despite the fact that SU(2) x U(1)y
acts in a chiral manner. But the Higgs field is a scalar that transforms linearly, and so
it doesn’t contribute to the anomaly and we can just set it to zero and ignore it, and
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L:(”L> ern | vn Q:(“L> up | dp | H
€r, dL

|

O

SU(3) - - |- o| o -
SU(2) O - - - | - | O
U1)y —3 —1]0 5 l-3l3

Table 1: The Standard Model fields and their quantum numbers under the gauge group. O indicates
fundamental representation, - indicates singlet. Except for the Higgs, each column is copied three
times; each copy is called a generation. Except for the Higgs all the matter fields are Weyl fermions
of the indicated handedness. Gauge fields as implied by the gauge groups. (Some people might leave
out the right-handed neutrino, vg, which is totally neutral and therefore would be hard to observe.)

the calculation reduces to the one in the previous section. The homework outlines all
the choices of G;GyGs.

Beyond the Standard Model with EFT. At what energy does the Standard
Model stop working? Because of the annoying feature of renormalizibility, it doesn’t
tell us. However, we have experimental evidence against a cutoff on the Standard
Model (SM) at energies less than something like 10 TeV. The evidence I have in mind
is the absence of interactions of the form

5L = <3 (940) - ($BY)

(where 1) represent various SM fermion fields and A, B can be various gamma and
flavor matrices) with M < 10 TeV. Notice that I am talking now about interactions
other than the electroweak interactions, which as we’'ve just discussed, for energies
above My, ~ 80GeV cannot be treated as contact interactions — you can see the W's
propagate!

If such operators were present, we would have found different answers for exper-
iments at LEP. But such operators would be present if we consider new physics in
addition to the Standard Model (in most ways of doing it) at energies less than 10
TeV. For example, many interesting ways of coupling in new particles with masses
that make them accessible at the LHC would have generated such operators.

A little more explicitly: the Standard Model Lagrangian L, contains all the renor-
malizable (i.e. engineering dimension < 4) operators that you can make from its fields
(though the coefficients of the dimension 4 operators do vary through quite a large
range, and the coefficients of the two relevant operators — namely the identity operator
which has dimension zero, and the Higgs mass, which has engineering dimension two,
are strangely small, and so is the QCD 6 angle).

To understand what lies beyond the Standard Model, we can use our knowledge
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that whatever it is, it is probably heavy (it could also just be very weakly coupled,
which is a different story), with some intrinsic scale Ay, SO we can integrate it out
and include its effects by corrections to the Standard Model:

L =L+

1 1
Gy .+ DH© ..
Anewo + 5 Zczoi +

new i

where the Os are made of SM fields, and have the indicated engineering dimensions, and
preserve the necessary symmetries of the SM (Lorentz symmetry and gauge invariance).

In fact there is only one kind of operator of dimension 5 meeting these demands:
0(5) = C5€45 (LC)Z HjElekHl

where H' = (h*, h%)" is the SU(2) gy Higgs doublet and L = (v, er)" is an SU(2) gy
doublet of left-handed leptons, and L¢ = LTC where C is the charge conjugation
matrix. (I say ‘kind of operator’ because we can have various flavor matrices in here.)
On the problem set you get to see from whence such an operator might arise, and what
it does if you plug in the higgs vev (H) = (0,v). This term violates lepton number
symmetry (L — L, Q — Q,H — H).

At dimension 6, there are operators that directly violate baryon number, such as

€apy(Ur)g (Ur)s (UR)S, €.
You should read the above tangle of symbols as ‘qgql’ — it turns three quarks into a
lepton. The epsilon tensor makes a color SU(3) singlet; this thing eggq has the quantum
numbers of a baryon, such as the proton and neutron. The long lifetime of the proton
(you can feel it in your bones — see Zee p. 413) then directly constrains the scale of
new physics appearing in front of this operator.

Three more comments about this:

e The idea of Grand Unification means leptons and quarks are in the same repre-
sentations of a larger gauge group — they can turn into each other by exchanging
GUT gauge bosons. This predicts that the proton should not be perfectly sta-
ble, and integrating out the GUT gauge bosons should produce baryon-number
violating operators like the ones above, suppressed by Mgyt ~ 10'¢ GeV.

e If we didn’t know about the Standard Model, (but after we knew about QM and
GR and EFT (the last of which people didn’t know before the SM for some rea-
son)) we should have made the estimate that dimension-5 Planck-scale-suppressed

. 1
operators like
p MPlanck

pO would cause proton decay (into whatever O makes). This
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3
predicts I', ~ 52— ~ 1075~ which is not consistent with our bodies not glow-
Planck
ing. Actually it is a remarkable fact that there are no gauge-invariant operators

made of SM fields of dimension less than 6 that violate baryon number symmetry
(L - L,Q — €*8Q, H — H). This is an emergent symmetry, expected to be
violated by the UV completion.

1
MPlanck

2
e Surely nothing can prevent AL ~ ( ) qqqf. Happily, this is consistent

with the observed proton lifetime.

There are ~ 10? dimension 6 operators that preserve baryon number, and therefore
are not as tightly constrained®. (Those that induce flavor-changing processes in the
SM are more highly constrained and must have Ao > 10* TeV.) Two such operators
are considered equivalent if they differ by something which vanishes by the tree-level
SM equations of motion. This is the right thing to do, even for off-shell calculations
(like green’s functions and for fields running in loops). You know this from a previous
problem set: the EOM are true as operator equations — Ward identities resulting from
being free to change integration variables in the path integral®.

A special pair of dimension 6 operators lead to mixing between the various elec-
troweak gauge bosons:

«Q 2a
AL> S HW*r*HB,, — T—|H' D, H|? 2.2
sin Oy cos Oy v? a T . v2| wH| (2:2)

where B, is the hypercharge gauge field strength. These ‘oblique parameters’ S and
T were introduced by Peskin and Takeuchi and are very strongly constrained by the
large amount of data from e*e™ collisions at the Z resonance. They are expected to
be large in technicolor models. For a systematic discussion, see for example here.

3Recently, humans have gotten better at counting these operators. See this paper.

4There are a few meaningful subtleties here, as you might expect if you recall that the Ward identity
is only true up to contact terms. The measure in the path integral can produce a Jacobian which
renormalizes some of the couplings; the changes in source terms will drop out of S-matrix elements
(recall our discussion of changing field variables in the Consequences of Unitarity section.) but can
change the form of Green’s functions. For more information on the use of eom to eliminate redundant
operators in EFT, see Arzt, hep-ph/9304230 and Georgi, “On-Shell EFT”.
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2.3 Superconductors and superfluids

Who is ®? Last quarter, we developed an effective (Landau-Ginzburg) description of
superconductors which reproduces the Meissner effect (that magnetic flux is expelled
or collimated into flux tubes); it is called the Abelian Higgs model:

1 1
F=1FiFy + |D;®| + a|®* + 5b\<1>\4+... (2.3)

with D;® = (0; — 2eiA;) . Here A is the photon field. This is a slight modification
of the previous expression to indicate that the Higgs field ® has electric charge two.
We could have guessed this description by playing the EFT game, knowing that the
dofs involved are the photon and a charge-two scalar field. But who is this charge-two
scalar field? (Relatedly: what is the cutoff on the validity of this description?)

New IR dofs. A feature of this example that I want you to notice: the micro-
scopic description of real superconductor involves electrons — charge le spinor fermions,
created by some fermionic operator 1., a =T, |.

We are describing the low-energy physics of a chf”-dv,a |
system of electrons in terms of a bosonic field, @ éjj“_’;
which (in simple ‘s-wave’ superconductors) is \ " -
roughly related to the electron field by Coart (

e
@ ~ fatpe N
® is called a Cooper pair field. At least, the C/Lua) 2
charges and the spins and the statistics work out. § caknn
The details of this relationship are not the impor- @ el %

tant point I wanted to emphasize. Rather I wanted

to emphasize the dramatic difference in the correct choice of variables between the UV
description (spinor fermions) and the IR description (scalar bosons). One reason that
this is possible is that it costs a large energy to make a fermionic excitation of the
superconductor. [End of Lecture 4]

This can be understood roughly as follows: The microscopic theory of the electrons
looks something like (ignoring the coupling to electromagnetism for now, except for
a screened (and therefore short-ranged) repulsion which ultimately is the Coulomb
interaction)

S[p] = Sa[¢] + / dtd?z wp T + hee. (2.5)
where

Sy = /dt /ddkz@b,i (i0; — e(k)) r.
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Spin is important here so that 1/41/%@/)12# | is nonzero. A mean field theory description
of the condensation of Cooper pairs (2.4) is obtained by replacing the quartic term in
(2.5) by expectation values:

Suerlv] = Sal) — [ dtd's w () 0101 + e

= Syth] — / dtd®z udyiyp + h.c. (2.6)

So an expectation value for ® is a mass for the fermions. It is a funny kind of symmetry-
breaking mass, but if you diagonalize the quadratic operator in (2.6) (actually it is done
below) you will find that it costs an energy of order AE,, = u (®) to excite a fermion.
That’s the cutoff on the LG EFT.

A general lesson from this example is: the useful degrees of freedom at low energies
can be very different from the microscopic dofs.

2.3.1 Lightning discussion of BCS.

I am sure that some of you are nervous about the step from S[¢)] to Syrr[t] above.
To make ourselves feel better about it, I will say a few more words about the steps
from the microscopic model of electrons (2.5) to the LG theory of Cooper pairs (these
steps were taken by Bardeen, Cooper and Schreiffer (BCS)).

First recall the Hubbard-Stratonovich transformation aka completing the square. In
040 dimensional field theory:

et — ! /00 do ¢ o %% (2.7)
Nl . .
At the cost of introducing an extra field o, we turn a quartic term in z into a quadratic
term in x. The RHS of (2.7) is gaussian in  and we know how to integrate it over z.
(The version with i is relevant for the real-time integral.) Notice the weird extra factor
of i lurking in (2.7). This can be understood as arising because we are trying to use a

scalar field, o, to mediate a repulsive interaction (which it is, for positive u) (see Zee
p. 193, 2nd Ed).

Actually, we’ll need a complex H-S field:
2 1 1

e—iuwzcﬁ _ H (CdQO_ 6—E|a|2—iz25+i£20 ’ (28)
where [ d’c... = [*_dReo [~ _dImo... (The field-independent prefactor is, as usual,
not important for path integrals.)
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We can use a field theory generalization of (2.8) to ‘decouple’ the 4-fermion inter-
action in (2.5):

7 = / (D DTS = / (DYDY Do Dot]eiseWiti ] dPa(abrithe)=faPaleg= g g

The point of this is that now the fermion integral is gaussian. At the saddle point
of the o integral (which is exact because it is gaussian), o is the Cooper pair field,
Osaddle — Wﬁﬁ%
Notice that we made a choice here about in which
‘channel’ to make the decoupling — we could have in- ~——> 'y
stead introduces a different auxiliary field p and writ-
ten Slp,¢¥] = [piy + [ %, which would break up
the 4-fermion interaction in the t-channel (as an in- j
teraction of the fermion density 171)) instead of the s
(BCS) channel (as an interaction of Cooper pairs 1?). ;} <
At this stage both are correct, but they lead to differ-
ent mean-field approximations below. That the BCS
mean field theory wins is a consequence of the RG, as I'll describe below.

How can you resist doing the fermion integral in (2.9)7 Let’s study the case where

the single-fermion dispersion is (k) = £ —

Iw [o’] = /[Dtz/}T]eifdtdd:e(W (iat_%—p,>¢+6¢w+&djo.)

The action here can be written as the integral of

L= (¢) (iat - ;(_N) —(id, —Ue(—iV))) (@ =) M (Z)

so the functional integral is
I[o] = det M = etrles M),

If o is constant (which will lower the energy), the matrix M is diagonal in momentum
space, and the integral remaining to be done is

/[DO'DO'T]G_ dex%‘*‘dekIOg(wQ—eﬁ—m?).

It is often possible to do this integral by saddle point. This can be justified, for example,
by the largeness of the volume of the Fermi surface, {k|e(k) = p}, or by a large number
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N of species of fermions. The result is an equation that determines o, which as we saw
earlier determines the fermion gap.

2
0— dexponent i— /c’[uddk: : o

do 2u —e —|o]?+1ie

We can do the frequency integral by residues:

1 1 1
d - omi =
/ g e —|o|?+ie 2w 7r121 /e + |o]?

The resulting equation is naturally called the gap equation:

= —2u /ddp N (2.10)

which you can imagine solving self-consistently for ¢°. Plugging back into the action
(2.9) says that o determines the energy cost to have electrons around; more precisely,
o is the energy required to break a Cooper pair.

Comments:

e Notice that a solution of (2.10) requires u < 0, an attractive interaction. Super-
conductivity happens because the u that appears here is not the bare interaction
between electrons, which is certainly repulsive (and long-ranged). This is where
the phonons come in in the BCS discussion.

e If we hadn’t restricted to a delta-function 4-fermion interaction u(p,p’) = wug at
the outset, we would have found a more general equation like

p,p)o(p')

@_"/ Ve EENEIE

51 should have said: and in fact one can solve it. As we w111 learn in the next section, the integral

is dominated by the behavior near the Fermi surface, near which e(p’) ~ vpf = ¢; this approximation
is valid for |e| < Ep, some UV cutoff on this description. The result is

ady d E E2 2
1:—2u/—p / ° = Nulog o+ VEp+o]
Ve )? + lof? Fs VP J- g2 +|o|? o]

where N = f FS is the density of states at the Fermi surface. The largeness of this N justifies
the saddle-point approxnnatlon. The solution for o is

2ED62Nu Nu<<1
o] = =22 2Epe .

eNu —

Notice that this is non-perturbative in the coupling strength wu.
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e A conservative perspective on the preceding calculation is that we have made a
variational ansatz for the groundstate wavefunction, and the equation we solve
for o is minimizing the variational energy — finding the best wavefunction within
the ansatz.

e [ haven’t included here effects of the fluctuations of the sigma field about its
saddle point. In fact, they make the four-fermion interaction that leads to Cooper
pairing marginally relevant. This breaks the degeneracy in deciding how to split
up the Yypiyt into e.g. Yrpo or ¥ipp. BCS wins. This is explained beautifully
in Polchinski, lecture 2, and R. Shankar. I will summarize the EFT framework
for understanding this in §2.4.

e ['ve tried to give the most efficient introduction I could here. I left out any
possibility of k-dependence or spin dependence of the interactions or the pair
field, and I've conflated the pair field with the gap. In particular, I've been
sloppy about the dependence on k of o above.

e You can study a very closely related manipulation on the problem set, in examples
(the O(N) model and the Gross-Neveu model) where the saddle point is justified
by large N.

2.3.2 Non-relativistic scalar fields

[Zee §II1.5, V.1, Kaplan nucl-th/0510023 §1.2.1] In the previous discussion of the EFT
for a superconductor, I just wrote the free energy, and so we didn’t have to think about
whether the complex scalar in question was relativistic or not.

It is not. In real superconductors, at least. How should we think about a non-
relativistic field? A simple answer comes from realizing that a relativistic field which
can make a boson of mass m can certainly make a boson of mass m which is moving
slowly, with v < ¢. By taking a limit of the relativistic model, then, we can make
a description which is useful for describing the interactions of an indefinite number
of bosons moving slowly in some Lorentz frame. A situation that calls for such a
description, for example, is a large collection of *He atoms.

Reminder: Non-relativistic limit of a relativistic scalar field. A non-
relativistic particle in a relativistic theory (like the ¢* theory that we’ve been spending
time with) has energy

2

E=vpP+m "= my 4

2m
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This means that the field that creates and annihilates it looks like

1 . 7
gb —”t — _pibpt—ik-% —f—h )
(LL' ) XE: /ZEE (ake . C)

In particular, we have

3% ~ m2¢?
and the BHS of this equation is large. To remove this large number let’s change
variables:
Sty = = ™ Bat) b
rt)=—1|e x, .C.
2m SN——

complex,<i><<m<1>

Notice that ® is complex, even if ¢ is real.

Let’s think about the action governing this NR sector of the theory. We can drop
terms with unequal numbers of ® and ®* since such terms would come with a factor

of e™ which gives zero when integrated over time. Starting from (9¢)% — m2¢? — A\¢*
we get:
* [ e 62 2 * ) 2
Lreal time — P 18t + — b — g ((I) (I)) + ... (211)
2m
with ¢ = ﬁ.

Notice that ® is a complex field and its action has a U(1) symmetry, ® — el“®,
even though the full theory did not. The associated conserved charge is the number of
particles:

j0:<1>*<1>,ji:2 (D*0,® — ;9*®), dyjo—V-7=0.

i
2m
Notice that the ‘mass term’ ®*® is then actually the chemical potential term, which
encourages a nonzero density of particles to be present.

This is another example of an emergent symmetry (like baryon number in the SM):

a symmetry of an EFT that is not a symmetry of the microscopic theory. The ... in
(2.11) include terms which break this symmetry, but they are irrelevant.

To see more precisely what we mean by irrelevant, let’s think about scaling. To
keep this kinetic term fixed we must scale time and space differently:

T —F=sr, t—1=s% &— &i,1)=(P(sz,s%) .

A fixed point with this scaling rule has dynamical exponent z = 2. The scaling of the
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bare action (with no mode elimination step) is

62
ng) _ dtdiz | o* (s, 5°t) (@ — %> D(sz,5%t) — g* (P*P(sz, 5275))2 + ...
=sd+zdiddz —_——
=572 (éﬁ_%i>

- -~ [~ 2\ . -~ \2
= glita2c? / dtd?z <<I>* (at - V-) d—(?g? (@*cb(i:,t)) + ) (2.12)
— 2m
N ¢=s—d/2
From this we learn that § = s> g — 0 in the IR - the quartic term is irrelevant in

D = d+1 = 3+1 with nonrelativistic scaling! Where does it become marginal? (Hint:
look back at the first lecture of last quarter.)

Number and phase angle. In the NR theory, the canonical momentum for ® is
just g—é ~ ®* with no derivatives. This statement becomes more shocking if we change
variables to & = \/,Bei@ (which would be useful e.g. if we knew p didn’t want to be
zero); the action density is

i 1 2 1 2 2 2
L=—-0ip— pop — — \Y —(V — . 2.13
00— 10— 5 (P(To 4 L (V02 = (2.13)
The first term is a total derivative. The second term says that the canonical momentum
for the phase variable ¢ is p = ®*® = j,, the particle number density. Quantumly,
then:

[ﬁ(fa t)> @(fla t)] = i(Sd(f o f/)
Number and phase are canonically conjugate variables. If we fix the phase, the ampli-
tude is maximally uncertain.

If we integrate over space, N = [ dzp(Z,t) gives the total number of particles,
which is time independent, and satisfies [V, ¢] = i.

This relation explains why there’s no Higgs boson in most non-relativistic super-
conductors and superfluids (in the absence of some extra assumption of particle-hole
symmetry). In the NR theory with first order time derivative, the would-be ampli-
tude mode that oscillates about the minimum of V(p) is actually just the conjugate
momentum for the goldstone boson!
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2.3.3 Superfluids.

[Zee §V.1, Wen §3.3.3] Let me amplify the previous remark. A superconductor is
just a superfluid coupled to an external U(1) gauge field, so we've already understood
something about superfluids.

The effective field theory has the basic lagrangian (2.13), with (p) = p # 0. This
nonzero density can be accomplished by adding an appropriate chemical potential to
(2.13); up to an uninteresting constant, this is

i 1 2 1 2\ o, 2
L= 50— pdep - 5~ (p(Vsﬁ) +4P(W)) 9 (p—p)".

Expand around such a condensed state in small fluctuations \/p = \/p+h, h < \/p:

L= —23hdp — - (%)2 L (6h>2 _4g2ph% ..
2m 2m
Notice that h, the fluctuation of the amplitude mode, is playing the role of the canonical
momentum of the goldstone mode . The effects of the fluctuations can be incorporated
by doing the gaussian integral over h (What suppresses self-interactions of h?), and
the result is

1 5o\
L = 00— 50 ——(V)
P t%0492p_ QV:ZIO (3 om P

1 2 P 2
= — (0 - —(V 2.14
13 (000" = S (V) + (214)
where in the second line we are expanding in the small wavenumber k of the modes,
that is, we are constructing an action for Goldstone modes whose wavenumber is k <

\/8¢g?pm so we can ignore higher gradient terms.

The linearly dispersing mode in this superfluid that we have found, sometimes called

the phonon, has dispersion relation
W=
m

This mode has an emergent Lorentz symmetry with a lightcone with velocity v. =
g+/2p/m. The fact that the sound velocity involves g — which determined the steepness
of the walls of the wine-bottle potential — is a consequence of the non-relativistic
dispersion of the bosons. In the relativistic theory, in contrast, we have L = 0, ®*0"*® —
K(P*P — 02)2 and we can take k — oo fixing v and still get a linearly dispersing mode
by plugging in ® = e'¥v.
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The Goldstone boson has a compact target space, p(z) = ¢(x) + 27, since, after
all, it is the phase of the boson field. This is significant because it means that as the
phase wanders around in space, it can come back to its initial value after going around
the circle — such a loop encloses a vortex. Somewhere inside, we must have ® = 0. And
actually, our discussion of the vortices of the Abelian Higgs model did not depend on
the form of the time-derivative terms. There is much more to say about this.

[Wen §3.7.3] The above argument about the Landau critical velocity does not really
explain the phenomenon of superflow, where if we set up a current it keeps going for a
very long time. One way to see this is that there are superfluids and superconductors
where there are other light degrees of freedom besides the linearly-dispersing phonon.
For example, sometimes the condensate fails to gap out the fermion excitations.

Here’s the real reason for superflow. It happens entirely because the spatial com-
ponents of the particle-number current have the form

j=-Vg (2.15)

where ¢ is a compact field ¢ ~ ¢ + 27. Consider the situation where the = direction
is a circle x ~ x + L (for example if the superfluid lives in an annular region). Think
about what is required to set up a flow of such a system in the x direction: we must
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have
o(z) = moz. (2.16)

But compactness of the boson and space requires that mvL € 277 is quantized. This
integer is the wvorticity of the configuration. The reason is that the only way it can
change is if a vortex (a point where ® = 0, so that ¢ is ill-defined) appears in the
sample. (See the figure below.)

But as we’ve seen, vortices are costly. In a superfluid (where there is no dynamical
gauge field), they are also confined, in the sense that a single vortex has infinite energy,
and only a vortex-antivortex pair has finite energy. The difficulty of producing vortices
is what makes the superflow configuration a long-lived metastable state.

[End of Lecture 5]

Notice that in a superconductor, only the combination A+ 6@ is gauge invariant,
so (2.15) is the same as the London equation

=LA+ V) (2.17)
m
(¢ can be set to zero by choosing unitary gauge). This equation implies the Meissner
effect, as you can see by sticking it into the Maxwell equation.

In many accounts of the subject, the above explanation involves some discussion
of Galilean invariance. This is not necessary, but it is useful to understand how the
configuration (2.16) arises from a slightly more microscopic point of view. The key
point is that in order to preserve the action S = [ dlxdtL,

62
= d* | i — |-V (PP 2.1
the Galilean boost
o=z —vit, t'=t (2.19)

acts on the non-relativistic field ® as

1

Oz, 1) = O'(2', 1), O(x,t) = e 2 HML G (5 ). (2.20)

At fixed time, a boost therefore winds up the phase of ® to e™*®. If |®| # 0, this
winding cannot be removed continuously.
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2.4 Effective field theory of metal

In previous subsections, we gave various descriptions of superconductors, appropriate
at increasing energies. At the lowest energies, there was just a massive photon. At
higher energies, there was a Cooper-pair field, (2.3). At even higher energies, where
we can break apart Cooper pairs, there are electrons (2.5). In this subsection, we peel
away one more layer of the onion: at even higher energies, those electrons are no longer
paired up and constitute a metal.

[Polchinski, lecture 2 (I recommend these notes very strongly), and R. Shankar] Let
us appreciate the remarkable phenomenon that is metal. An arbitrarily small electric
field E leads to a nonzero current ; = ¢E. This means that there must be gapless
modes with energies much less than the natural cutoff scale in the problem.

Scales involved: The Planck scale of solid state physics (made by the logic by
which Planck made his quantum gravity energy scale, namely by making a quantity
with dimensions of energy out of the available constants) is

letm  1é?
Ey = ST = 2 ~ 13eV

(where m = m, is the electron mass and the factor of 2 is an abuse of outside infor-
mation) which is the energy scale of chemistry. Chemistry is to solids as the melting
of spacetime is to high-energy physics. As with high-energy physics, however, there
are other scales involved. In particular a solid involves a lattice of nuclei, each with
M > m (of order the proton mass). So m/M is a useful small parameter which con-
trols the coupling between the electrons and the lattice vibrations. Also, the actual
speed of light ¢ > vp can generally be treated as oo to first approximation. vg/c
suppresses spin-orbit couplings that break SU(2)spin X SO(3)spatial rotations down to the
diagonal (though large atomic numbers enhance them: Ago & Zvg/c).
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Let us attempt to construct a Wilsonian-natural effective field theory of this phe-
nomenon. The answer is called Landau Fermi Liquid Theory. What are the right low-
energy degrees of freedom? Let’s make a guess that they are like electrons — fermions
with spin and electric charge. They will not have exactly the properties of free elec-
trons, since they must incorporate the effects of interactions with all their colleagues.
The ‘dressed’ electrons are called quasielectrons, or more generally quasiparticles.

Given the strong interactions between so many particles, why should the dofs have
anything at all to do with electrons? Landau’s motivation for this description (which
is not always correct) is that we can imagine starting from the free theory and adia-
batically turning up the interactions. If we don’t encounter any phase transition along
the way, we can follow each state of the free theory, and use the same labels in the
interacting theory.

We will show that there is a nearly-RG-stable fixed point describing gapless quasi-
electrons. Notice that we are not trying to match this description directly to some
microscopic lattice model of a solid; rather we will do bottom-up effective field theory.

Having guessed the necessary dofs, let’s try to write an action for them consistent
with the symmetries. A good starting point is the free theory:

Shree )] = / dt d%p (] (p)Obe (p) — (e(p) — €r) VL(p)Yo(p))

where ¢ is a spin index, e is the Fermi energy (zero-temperature chemical potential),
and €(p) is the single-particle dispersion relation. For non-interacting non-relativistic
electrons in free space, we have e(p) = %. It will be useful to leave this as a general

function of p. ¢ 7

6Notice that we are assuming translation invariance. I am not saying anything at the moment
about whether translation invariance is discrete (the ions make a periodic potential) or continuous.

"We have chosen the normalization of v to fix the coefficient of the 9; term (this rescaling may
depend on p).
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The groundstate of the free theory is the filled Fermi sea:

gs) = ] ¢il0), w,l0)=0, vp.

ple(p)<er

(If you don’t like continuous products, put the system in a
box so that p is a discrete label.) The Fermi surface is the set *
of points in momentum space at the boundary of the filled

states:
FS = {ple(p) = er}.

The low-lying excitations are made by adding an electron

just above the FS or removing an electron (creating a hole)
just below.

In order to define the power-counting rules for our EFT, we would like to define a
scaling transformation that focuses on the low-energy excitations. We scale energies
by a factor F — bE,b < 1. In relativistic QF'T, p scales like E, toward zero, p— bp),
since all the low-energy stuff is near the single special point p= 0. Here the situation
is much more interesting because there is a whole surface of low-energy stuff on the
FS. This will lead to what’s called hyperscaling violation — we can’t just count powers
of momentum.

One way to implement this is to introduce a hi-
erarchical labeling of points in momentum space,
by breaking the momentum space into patches <
around the FS. (An analogous strategy of labeling
is also used in heavy quark EFT and in SCET.)

We'll use a slightly different strategy, follow-
ing Polchinski. To specify a point p, we pick the
nearest point k on the FS, ¢(k) = e (draw a line
perpendicular to the FS from p), and let

P=k+0.

So d — 1 of the components are determined by k and one is determined by ¢. (There
are some exceptional cases if the FS gets too wiggly. Ignore these for now.)

e(p) — er = Lup(k) + O(?), Vp = Op|pr-
So a scaling rule that accomplishes our goal of focusing on the FS is

E — bE, E—HQ, 7= bl
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This implies
dt — b7 'dt, d* 'k — d 'k, df — bdl, 0, — bd,

Siwe = [ @t Bl {301(0) 3 0(0) — (o) 01 (0) )

~b0 ~bl Nbl
In order to make this go like b° we require ¢ — b_%v,b near the free fixed point.

Next we will play the EFT game. To do so we must enumerate the symmetries we
demand of our EFT:

1. Particle number, 1 — el

2. Spatial symmetries: time-translation invariance, and either (a) continuous trans-
lation invariance and rotation invariance (as for e.g. liquid *He) or (b) lattice
symmetries. This means that momentum space is periodically identified, roughly
p ~ p+ 27 /a where a is the lattice spacing (the set of independent momenta is
called the Brillouin zone (BZ)) and p is only conserved modulo an inverse lattice
vector 27 /a. There can also be some remnant of rotation invariance preserved
by the lattice. Case (b) reduces to case (a) if the Fermi surface does not go near
the edges of the BZ.

3. Spin rotation symmetry, SU(n) if o = 1..n. In the limit with ¢ — oo, this is an
internal symmetry, independent of rotations.

4. Let’s assume that €(p) = e(—p), which is a consequence of e.g. parity invariance
(or, on the lattice, an inversion symmetry).

Now we enumerate all terms analytic in ¢ and its momenta (since we are assuming
that there are no other low-energy dofs integrating out which is the only way to get
non-analytic terms in 1) and consistent with the symmetries; we can order them by
the number of fermion operators involved. Particle number symmetry means every
comes with a ¥T. The possible quadratic terms are:

/ dt d'k dl (k) ¥l (), (p) ~ b7

~b0 ~b—1

is relevant. This is like a mass term. But don’t panic: it just shifts the FS around. The
existence of a Fermi surface is Wilson-natural (i.e. a stable assumption given generic
coefficients of all possible terms in the action); any precise location or shape (modulo
something enforced by symmetries, like roundness) is not.

Adding one extra 9, or factor of £ costs a b' and makes the operator marginal; those
terms are already present in Spe.. Adding more than one makes it irrelevant.
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Quartic terms:

4
S1 = /dt H dd_l];idgi u(4- - 1)?;(P1)¢a(p3)¢if (p2)or (p4)15d(171 + P> — D3 — D)

J/

1
~b" 24

Vv
~b—1+4

The minus signs on ps4 is because 1(p) removes a particle with momentum p. We
assume u depends only on k, o, so does not scale — this will give the most relevant
piece. How does the delta function scale?

SH (P4 o — s — ) = 0% (ky + kg — ki — Ky + 0y + o — L3 — £4) ~ 6% (ky + kg — ks — ky)

In the last (questioned) step, we used the fact that ¢ < k to ignore the contributions
of the ¢s. If this is correct then the delta function does not scale (since ks do not),
and S; ~ b' is irrelevant (and quartic interactions with derivatives are moreso). If this
were correct, the free-fixed point would be exactly stable.

There are two important subtleties: (1) the questioned equality above is question-
able because of kinematics of the Fermi surface, and (2) there exist phonons. We will
address these two issues in order.

ﬂ"" | fﬂr The kinematic subtlety in the treatment of the
R % 5—‘(’; scaling of d(p; + p2 — ps — p4) arises because of the
hﬂ; / \ geometry of the Fermi surface. Consider scattering

If ¥ between two points on the FS, where (in the labeling

I‘\ | convention above)

. = 5/61 + (%1, P4 = P2 + 5/62 + (%2,

E’h« p3=p1+

i )r\{?"\- N in which case the momentum delta function is
II' .

6% (p1 + pa — p3 — pa) = 64(0ky + 64y + Sky + 64y).

\‘L
RN
te, ff d‘lf.,
I'\H __,iH For generic choices of the two points p; » (top figure at
I Eb{ left), dk; and 9k, are linearly independent and the §/s
can indeed be ignored as we did above. However, for
two points with p; = —py (they are called nested, as depicted in the bottom figure at
left), then one component of dk; + 0k is automatically zero, revealing the tiny 0/s to
the force of (one component of) the delta function. In this case, §(¢) scales like b=!, and
for this particular kinematic configuration the four-fermion interaction is (classically)
marginal. Classically marginal means quantum mechanics has a chance to make a big
difference.
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A wuseful visualization is at right (d = 2 with
a round FS is shown; this is what’s depicted on
the cover of the famous book by Abrikosov-Gorkov-
Dzyaloshinski): the blue circles have radius kg; the
yellow vector is the sum of the two initial momenta
p1 + p2, both of which are on the FS; the condition
that ps + p4, each also on the FS, add up to the same vector means that p3 must lie on
the intersection of the two circles (spheres in d > 2). But when p; + py = 0, the two
circles are on top of each other so they intersect everywhere! Comments:

1. We assumed that both p; and —p, were actually on the FS. This is automatic if
e(p) = e(—p), i.e. if € is only a function of p?.

2. This discussion works for any d > 1.

3. Forward scattering. There is a similar phenomenon for the case where p; = p3
(and hence py = py). This is called forward scattering because the final momenta
are the same as the initial momenta. (We could just as well take p; = psy (and
hence ps = p3).) In this case too the delta function will constrain the ¢s and will
therefore scale.

The tree-level-marginal 4-Fermi interactions at special kinematics leads to a family
of fixed points labelled by ‘Landau parameters’. In fact there is whole function’s worth
of fixed points. In 2d, the points on the FS are parametrized by an angle 6, and the
fixed point manifold is parametrized by the forward-scattering function

F(01792) = u(04 - 02; 03 = 91782701)

(Fermi statistics implies that u(6, = 601,03 = 05,65,0,) = —F(61,02)) and the BCS-
channel (nesting) interaction:

V(91,93) == U(94 = —93,93,92 = —91,01).

%3,€ P4=-1,,€
Now let’s think about what decision the fluctuations
make about the fate of the nested interactions. The _ v

most interesting bit is the renormalization of the BCS

interaction:
?‘)e ?‘l= - l" |e

The electron propagator, obtained by inverting the kinetic operator in Sg.e, is
i

(1+1in) —vp(k)l+ O(¢)?

G<€7p:k+l):6
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where I used n = 0" for the infinitesimal specifying the contour prescription. °

Let’s assume rotation invariance. Then V(0s,6:) = V(63 — 61), Vi = [d0eV (6).
Different angular momentum sectors decouple from each other at one loop.

We will focus for simplicity on the s-wave bit of the interaction, so V' is independent
of momentum. We will integrate out just a shell in energy (depicted by the blue
shaded shell in the Fermi surface figures). The interesting contribution comes from the
following diagram: [End of Lecture 6]

Y’/é P4=-1,€

' ) , €0 D)
—.5(1)‘/ — tlle“ -P,e-¢ = — _.V 2/ d /dd_lk"dﬁ' !
‘ T P (e = o = o)
?')e ?:='l" €
—1
ded® 'k 2ri
’ . _ 2
do /dZ by residues — _V / (27]') ’UF<k/> € — 6/ 1(6 + 6/2
=—2¢
€0 de dd lk/
= +HV? . 2.22
+i /b / A dUF k’ ( )
7log(1/b dos at FS

Don’t forget the fermion loop minus sign (in red, because I forgot it at first). Between
the first and second lines, we did the ¢ integral by residues. The crucial point is that
we are interested in external energies € ~ 0, but we are integrating out a shell near
the cutoff, so ¢ > e and the sign of € + € is opposite that of ¢ — ¢’; therefore there
is a pole on either side of the real ¢ axis and we get the same answer by closing the
contour either way. On one side the pole is at ¢/ = m (e+¢€). (In the t-channel
diagram (what Shankar calls ZS), the poles are on the same side and it therefore does
not renormalize the four-fermion interaction.)

The result to one-loop is then
V(b) =V — V2Nlog(1/b) + O(V?)

with N = L [d*'Kvp(K') is the density of states at the Fermi surface. From this we

8It’s in a unfamiliar place. But this is the ie (rather, in) prescription that we get by analytic
continuation from Euclidean time. Think about the integral

ezwt .
dw——F——— = —i6(¢ wot, 2.21
/ ww(l T — i0(tsgn (wp))e (2.21)

So it’s the retarded green’s function for particles and the advanced green’s function for holes.
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derive the beta function (recall that b — 0 in the IR in this section)

d 2 3
—b%v(b) = By = —NV2(b) + O(V?)

and the solution of the flow equation at £ = bFE} is

V(E)

174 {—) 0 in IR for V; > 0 (repulsive) (2.23)

- 1+ NVilog(Ei/E) | = —0o  inIR for V; <0 (attractive)

There is therefore a very significant dichotomy depending on the sign of the coupling

at the microscopic scale Ey, as in this phase diagram:

The conclusion is that if the interaction starts attractive at some scale it flows to
large attractive values. The thing that is decided by our perturbative analysis is that (if
V(E) < 0) the decoupling we did with o (‘the BCS channel’) wins over the decoupling
with p (‘the particle-hole channel’).

What happens at V' — —o0? Here we need non-perturbative physics. The non-
perturbative physics is in general hard, but we’ve already done what we can in §2.3.

The remaining question is: Who is V; and why would it be attractive (given that
Coulomb interactions between electrons, while screened and therefore short-ranged, are
repulsive)? The answer is:

Phonons. The lattice of positions taken by the ions making up a crystalline solid
spontaneously break many spacetime symmetries of their governing Hamiltonian. This
implies a collection of gapless Goldstone modes in any low-energy effective theory of
such a solid”. The Goldstone theorem is satisfied by including a field

D(7)  (local) displacement 67 of ions near 7 from their equilibrium positions

Most microscopically we have a bunch of coupled springs:
1 S\ 2 e
Lions ~ §MZ (5 7}) — kI oriory + ...
I

where 07 is the displacement from equilibrium of ion J. We don’t want to ask about
the spring constants k, except to say that they are independent of the nuclear mass M.
It is useful to introduce a canonically normalized field in terms of which the action is

S[D = (M)"? 57 = %/dtddq (0:D:(9)0: Di(—q) — wii (@) Di(a) Dj(~q)) -

9Note that there is a subtlety in counting Goldstone modes from spontaneously broken spacetime
symmetries: there are more symmetry generators than Goldstones. Basically it’s because the associ-
ated currents differ only by functions of spacetime; but a localized Goldstone particle is anyway made
by a current times a function of spacetime, so you can’t sharply distinguish the resulting particles.
Some useful references on this subject are Low-Manohar and more recently Watanabe-Murayama.
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Here w? oc M~". Their status as Goldstones means that the eigenvalues of w7;(¢) ~ |q|?
at small ¢: moving everyone by the same amount does not change the energy. This also
constrains the coupling of these modes to the electrons: they can only couple through
derivative interactions.

T‘T:_ For purposes of their interactions with the elec-
' trons, a nonzero ¢ that keeps the e~ on the FS must
\ scale like g ~ b°. Therefore
° /;' dtd?q (0,D)* ~ bT+20l — D~z
)

and the restoring force term dtdqD?*w?(q) ~ b2 is
relevant, and dominates over the 97 term for

E <Ep =4/ %EO the Debye energy.

(For the more traditional derivation of the relation between Ep and Ejy, see e.g. De-
Gennes’ Superconductivity of Metals and Alloys, pages 99-102.) This means that
phonons mediate static interactions below Ep — we can ignore retardation effects, and
their effects on the electrons can be fully incorporated by the four-fermion interaction
we used above (with some k dependence). How do they couple to the electrons?

Sim[ D, ¥] = / il gdkndydkydly M2 gi(g, Ky, ko) Di(9)05 (1) (p2)8° (1 — p2 — )
o polHIHI=3/2 _p1)2 (2.24)

— here we took the delta function to scale like b° as above. This is relevant when we
use the D? scaling for the phonons; when the restoring force dominates we should scale
D differently and this is irrelevant for generic kinematics. This is consistent with our
previous analysis of the four-fermion interaction.

The summary of this discussion is: phonons do not destroy the Fermi surface,
but they do produce an attractive contribution to the 4-fermion interaction, which is
relevant in some range of scales (above the Debye energy). Below the Debye energy, it

amounts to an addition to V that goes like —g: >"‘\N'< — ><

Notice that the scale at which the coupling V' becomes strong (V(Epcs) = 1 in
(2.23)) is
1
EBCS ~ EDG_ NVp |

Two comments about this: First, it is non-perturbative in the interaction Vp. Second,

1/2

it provides some verification of the role of phonons, since Ep ~ M~/ can be varied
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by studying the same material with different isotopes and studying how the critical
superconducting temperature (~ Epcs) scales with the nuclear mass.

Actually, we can make some headway towards understanding the result of this in-
teraction going strong. Because the diagrams with the special kinematics are marginal
and hence unsuppressed, while all other interactions flow to zero at low energy, certain

diagrams dominate. In particular, bubble-chains dominate.
\V4

® Ve tion of decreasing energy scale, beginning at

Q
Ey, the Planck scale of solids: (1) Elect
® 3>/\®K\ | - 0, the Planck scale of solids: (1) Electrons

repel each other by the Coulomb interac-

U

Here’s the narrative, proceeding as a func-

L
Jh
&)

tion. However, in a metal, this interaction

is screened by processes like this: w@m

(the intermediate state is an electron-hole

pair) and is short-ranged. It is still repulsive,
however. As we coarse-grain more and more, we see more and more electron-hole pairs
and the force weakens. (2) While this is happening, the electron-phonon interaction is
relevant and growing. This adds an attractive bit to V. This lasts until Ep. (3) At Ep
the restoring force term in the phonon lagrangian dominates (for the purposes of their
interactions with the electrons) and we can integrate them out. (4) What happens
next depends on the sign of V(Ep). If it’s positive, V flows harmlessly to zero. If it’s
negative, it becomes moreso until we exit the perturbative analysis around FEpcs, and
vindicate our choice of Hubbard-Stratonovich channel above.

Further brief comments, for which I refer you to Shankar:

1. Putting back the possible angular dependence of the BCS interaction, the result
at one loop is
dV(0,—0s) 1 2m

T =g ) VB —0VE -0

or in terms of angular momentum components,

avi V2
dt  4r’

2. This example is interesting and novel in that it is a (family of) fixed point(s)
characterized by a dimensionful quantity, namely kr. This leads to a phenomenon
called hyperscaling violation where thermodynamic quantities need not have their
naive scaling with temperature.
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3. The one loop analysis gives the right answer to all loops in the limit that N ~
(kp/AN)*' > 1, where A is the UV cutoff on the momentum.

4. The forward scattering interaction (for any choice of function F'(f;3)) is not renor-
malized at one loop. This means it is exactly marginal at leading order in N.

5. Like in ¢* theory, the sunrise diagram at two loops is the first appearance of
wavefunction renormalization. In the context of the Fermi liquid theory, this
leads to the renormalization of the effective mass which is called m*.

Another consequence of the FS kinematics which I should

emphasize more: it allows the quasiparticle to be stable. The /4\
leading contribution to the decay rate of a one-quasiparticle E\5/§
state with momentum k can be obtained applying the optical > S S
theorem to the following process. o [N T
In the figure, the object ? is the four-fermion vertex (the wiggly line is

just for clarity). The intermediate state is two electrons with momenta k' + ¢ and
k — q, and one hole with momentum %’. (To understand the contour prescription for
the propagator, it is useful to begin with

G(t,p) = (gs| Tch(t)e,(0) [gs), ch(t) = e Micl et

and use the free-fermion fact [H, c;] = epc;. For more details, see the steps leading up
to equation (7.7) of AGD (Abrikosov, Gorkov, Dzyaloshinski, Methods of QFT in Sta-
tistical Physics.)) Notice that this is the eyeball diagram which gives the lowest-order
contribution to the wavefunction renormalization of a field with quartic interactions.

After doing the frequency integrals by residues, we get some-

thing of the form o
x+9

|uq|2

S(k, €) = /dqdk’ 2

O(€r€nriq)0(er€r—q)

D =¢,(14+in) + e (1 —in) — epyq(1 +1in) — (1 +in)

k-9 o—ok

By the optical theorem, its imaginary part is the (leading contribution to the) inverse-
lifetime of the quasiparticle state with fixed k:

(k) = ImS(k, €) = 7 / dq AR (D) g f (—e) flew ) Fex—s)
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where

= lim — =0(e <
f(e) ) P (e <er)
is the Fermi function. This is just the demand that a particle can only scatter into
an empty state and a hole can only scatter into a filled state. These constraints imply
that all the energies are near the Fermi energy: both €4, and € lie in a shell of radius

€ about the F'S; the answer is proportional to the density of possible final states, which

¢ 2
o [ — .
€r

So the width of the quasiparticle resonance is

is thus

7‘_10(62<<€

much smaller than its frequency — it is a sharp resonance, a well-defined particle.

The fact that the single-particle lifetime goes like w? implies (as long as the decay
of quasiparticles is the main source of current dissipation) that the electrical resistivity
goes like p(T) ~ T?. Rather, this is the contribution from electron-electron scattering.
Disorder, in the form of static impurities, contributes an additive constant. In d =
3, phonons contribute p ~ T° (T° from the density of states of bosons with linear
dispersion and an extra factor of T? for the derivative coupling), for T < Tp. For
T > Tp, the phonons can be treated as classical springs and contribute p ~ T

In high-temperature superconductors (at optimal doping), in sharp contrast, the
resistivity goes like p ~ T in a large range of temperatures, including temperatures
well below the Debye temperature. The above analysis shows that some other EFT
must describe them. A metal that is not described by the Landau Fermi liquid theory
is called a non-Fermi liquid.

One significant loophole is that there could be other light degrees of freedom besides
the electronic quasiparticles and the phonons. One way in which extra bosonic degrees
of freedom can arise is at a quantum critical point.
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3 Geometric and topological terms in field theory

actions

The following is an unpaid advertisement: When studying a quantum mechanical sys-
tem, isn’t it annoying to have to worry about the order in which you write the symbols?
What if they don’t commute?! If you have this problem, too, the path integral is for
you. In the path integral, the symbols are just integration variables — just ordinary
numbers, and you can write them in whatever order you want. You can write them
upside down if you want. You can even change variables in the integral (Jacobian not
included).

(In what order do the operators end up? As we showed last quarter, in the kinds of
path integrals we’re thinking about, they end up in time-order. If you want a different
order, you will need the Schwinger-Keldysh extension package, sold separately.)

Resolving the identity. Much of the following is about how to go back and forth
from Hilbert space to path integral representations, aka Hamiltonian and Lagrangian
descriptions of QFT. Starting with an operator expression for some physical quantity,
we can make a path integral representation by sticking lots of 1ls in there, and then
resolving each of the identity operators in some basis that we like. Different bases,
different integrals. Some are useful, mostly because we have intuition for the behavior
of integrals.

[End of Lecture 7]

3.1 Coherent state path integrals for bosons

[Wen §3.3] Let’s develop a path integral for a collection of bosons, using as our basis
of the local Hilbert space ordinary SHO (simple harmonic oscillator) coherent states.
What [ mean by ‘bosons’ is a many-body system whose Hilbert space can be written
as H = @ Hy, where k is a label (could be real space, could be momentum space) and

1 2
Hi = span{|0),. af 0}, = (al) 10} = span{lnz.n = 0,1,2..}

is the SHO Hilbert space. Assume the modes satisfy

H, = Z(ek —p) agag .



The object ez — p is the energy of the state with one boson of momentum k- aTE |0).
The chemical potential p shifts the energy of any state by an amount proportional to

<§k: agag> =N

the number of bosons. To this we could consider adding an interaction term H =
H, + V, such as

V= Z V;ya;axazay.
z,y

For each normal mode a, coherent states are the eigenstates of the annihilation
operator'?

alg) = olo):  |¢) =Ne* o).
The eigenbra of al is (¢|, with

(oplal = (o] ", (8] = (0]e™2N.
(In this case, this equation is the adjoint of the previous one.) Their overlap is'':

(D1|p2) = ez,

If we choose N = e~ 191"/ 2 they are normalized, but it is more convenient to set N' = 1.
The overcompleteness relation on H;, is?

= [ EE e gy (31)

It will be convenient to arrange all our operators into sums of normal-ordered operators:

. [ R, |
raga) =laga t= apay

10The right equation is true because

ae®?' |0) = 3 ﬁa ah)" |0y = o ah)™
0) nz;on! ()" j0)= > CORIUE

m!
m=n—1

n(at)”~*0)

Since a is not hermitian, eigenvectors with different eigenvalues need not be orthogonal. You can
check this by expanding the coherent states in the number basis and using <0|a"aTm|O> = Omnnl.
12 Again we can go to the number basis and do the integrals:

dpdd* . ’ A0 e [ nn!
/L5 ¢ e " (¢*)" :/ —eln—n )9/ due™"u"™"
™ 0 0

2w

to get 1=>" |nxn|.
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with all annihilation operators to the right of all creation operators. Coherent state
expectation values of such operators can be built from the monomials

G ()™ ()™ 100 =TT @™ (o)™

Also useful will be the representation of the trace in this basis:

tr- — /Melaﬁl2 (@] - |9) .

T

Let the Hamiltonian be H = H({al},{a;}) =: H :, normal ordered. First let’s
study a single mode. To derive a path integral (for e.g. the thermal partition function)
using this resolution of the identity 1 = [[ 1z, we write

™

Z—uwe T o [ g )

:6—ATH6—ATH,,.6—ATH

and repeatedly insert 1 in the form (3.1):
Z = tre;f/lT
T dedey _ —Ar
N / H %e o (i e |on)
1=0

M-1 4
_ / Fhr M (5 (G141 — o) - ArH (S, 60)
o

M=%0 1=0 T

~ / (D] e o/ dr6*ororH (5" 0), (3.2)
#(0)=¢(1/T)
Here we used

(o1l €2 |dg) = (Ppaa| (1 — ATH) |¢g) = (1] (1 — ATH(¢), 1, d0)) |de) ~ e ATH(9L11:00) g =910t

for small enough Ar.

Now let’s put back the mode labels. Doing the above for each momentum mode,
we get
7 = /[Da]edeZzz(é(aé%‘“%‘ii)—(fr“)%%)ﬁdTV‘

In real space a; = [ dDilxeiE'fCD(f), Taylor expanding e; — p = —p + f—fn + O(k), this
is
7 — /[Dq)]ejddfdf(;(<1>*aTq>—q>aT<1>*)—2}n6q>*ﬁq>—u<t>*¢>)+fdrv_

The first term in the exponent is sometimes called a Berry phase term.
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Real time. If you are interested in real-time propagation, rather than euclidean

TH  , ¢~#H This amounts to a replace-

time, just replace the euclidean propagator e~
ment 7 — it; as usual, for convergence purposes, it’s better to rotate not quite all the
way: T — GG The result, for example, for the amplitude to propagate from one

bose coherent state to another is

‘I’(tf):‘I’f .ot .
D et Sl dt(ih®* 0, o—H (2,8*))

(@ oty B, t0) = [
‘b(to):‘ibo

(Actually there is some funny business with the boundary conditions in this expression.

In particular, notice that with a first-order kinetic term, we only get to impose one

(complex) initial condition. A more careful treatment can be found here, §1.9.)

Note that a distinguishing feature of the Berry phase term (because it has a single
time derivative) is that it produces a complex term in the real-time action. Another
distinguishing feature of the Berry phase term is that it is geometric: for a history of
field configurations, ®(t), the Berry phase term

ty ) Py
/ At (£) (1) = / B*dD
to (o)

doesn’t depend on how fast we go, only on the path in field space.

Question to ponder: how would you get a second-order-in-time kinetic term?

This is the same non-relativistic field theory that we found earlier by taking the
E < m limit of a relativistic scalar field, and that described a non-relativistic superfluid
(or superconductor if we gauge the U(1) symmetry). Notice that the field ® is actually
the coherent state eigenvalue!

If instead we had an interaction term in H, say AH = [ d%z [ d?yi®*(z,t)®(z,t)V (z—
y)P*(y,t)®(y, 1), it would lead to a term in the path integral action

S; = —/dt/ddzz:/ddy%@*(x,t)(b(x,t)V(a: — )0 (y, ) D(y, 1) .

In the special case V(z — y) = V(2)d%(x — y), this is the local quartic interaction we
considered briefly earlier.
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3.2 Coherent state path integral for fermions

[Shankar, Principles of QM, path integrals revisited. In this chapter of his great
QM textbook, Shankar sneaks in lots of insights useful for modern condensed mat-
ter physics. For much more see Shankar, Quantum field theory and condensed matter.]

Consider the algebra of a single fermion mode operator'®:
{c,c} =0, {c',c} =0, {c,cl}=1.
With a single mode, the most general Hamiltonian is
H = cic(wy — p)

(wo and p are (redundant when there is only one mode) constants, and I've omitted an
additive constant). This algebra is represented on a two-state system |1) = ¢']0). We
might be interested in its thermal partition function

Z=tre 7

(In this example, it happens to equal Z = 1+ e H, as you can see by computing the
trace in the eigenbasis of n = c'c. But never mind that; the one mode is a proxy for
many, where it’s not quite so easy to sum. The kind of model we really want to think
about looks like

H = Z cle, (wp — p) + Z clcx\/;yczcy.)
k T,y

How do we trotterize this? That is, what is ‘the’ corresponding classical system?
We can do the Trotterizing using any resolution of the identity on H, so there can be
many very-different-looking answers to this question. (One answer is to use the (0d)
Jordan-Wigner map which relates spins and fermions. More about that later. Here’s
another, different, answer.)

Let’s define coherent states for fermionic operators:

cly) =), (3.3)

Here 9 is a c-number (not an operator), but acting twice with ¢ we see that we must
have 12 = 0. So 1 is a grassmann number. These satisfy

Y1y = =)y, Yec=—cy (3-4)

13For many modes,
{ci,c;} =0, {c;,cj} =0, {cj,c;} = 16,5 .
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— they anticommute with each other and with fermionic operators, and commute with
ordinary numbers and bosons. They seem weird but they are easy. We’'ll need to
consider multiple grassmann numbers when we have more than one fermion mode,
where {cy, ca} = 0 will require that they anticommute {1, %2} = 0 (as in the definition
(3.4)); note that we will be simultaneously diagonalizing operators that anticommute.
This is only possible because the eigenvalues themselves anticommute!

The solution to equation (3.3) is very simple:

) = |0) —p[1) = [0) — vet|0) = e |0)

where as above |0) is the empty state (c|0) = 0) and |1) = ¢'|0) is the filled state.
(Check: c[)) = ¢|0) — ey [1) = +¢pe|1) = ¢ [0) =¥ [¢) )

Similarly, the left-eigenvector of the creation operator is

(Wl el = (v, (&= 0] = (1o =0+ (1].

Notice that these states are weird in that they are elements of an enlarged hilbert space

with grassmann coefficients (usually we just allow complex numbers). Also, ¢ is not
the complex conjugate of ¢ and <@E} is not the adjoint of |¢)). Rather, their overlap is

(D) =14 dip = e

Grassmann calculus summary. In the last expression we have seen an example
of the amazing simplicity of Taylor’s theorem for grassmann functions:

f@) = fo+ fiv .

Integration is just as easy and it’s the same as taking derivatives:

/wdw:L /mp:o.

With more than one grassmann we have to worry about the order:
1= [ dudvdi = [ dvdia.
The only integral, really, is the gaussian integral:

/ e~ dibdyp = a.

Many of these give
/ e VA dihdiy = det A.
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Ay Agg - U
Here ¢ A -1 = (@1, e ,JJM) Aoy o e : |. One way to get this expression
: Yy

is to change variables to diagonalize the matrix A.

_ o [e apdy 1 _
(W) = [ewvdpdy — a (W)

If for many grassman variables we use the action S = ). a;inb; (diagonalize A

above) then
(ithy) = =+ = (ij) (3.5)
and Wick’s theorem here is

(Vitbjhutin) = (il) (k) — (ik) (jI) -

Back to quantum mechanics: The resolution of 1 in this basis is
1= [ aiav e 10) (3] (3.6)

And if A is a bosonic operator (made of an even number of grassmann operators),
trA = /dz/_}dw e (—p| AlY) .

(Note the minus sign; it will lead to a deep statement.) So the partition function is:

H
T

|¢0)

<~
-(1-A7H)--- (1 — ATH)

N

Ztre /T = /dwodwo e~ ovo <—17E0} e

~~
M times

Now insert (3.6) in between each pair of Trotter factors to get

M—-1 ~
7= / [T ddidpne™" (bia| (1 — ATH) [)
=0

Because of the —1) in (3.6), to get this nice expression we had to define an extra letter
Uy = —o, Y = —to (3.7)

so we could replace <—1ﬁo‘ = <1EM‘
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Now we use the coherent state property to turn the matrix elements into grassmann-
valued functions:

(| (1= ATH(C, ) [ = (Do | (1 = ATH (per, ) i) S50 elrenvee= G,

It was important that in H all cs were to the right of all cfs, i.e. that H was normal
ordered.

So we have

M-1
/= / H d@ldwle—iz%e&zﬂwle—ArH(@lH,wl)
=0

e s 0
— / H dipydipyexp | AT % U — H (i1, ¢0)
1=0 ?

B /T _ B _
~ / (DBDY] exp ( /0 dr () (—aT—wow)w(T)) - / DIDYle SV (38)

Points to note:

e In the penultimate step we defined, as usual, continuum fields

W(m = ATl) =y, V(1 = ATl) = ;.

e We elided the difference H (1, ;) = H (3, 1;) + O(AT) in the last expression.
This difference is usually negligible and sometimes helpful (an example where it’s
helpful is the discussion of the number density below).

e The APBCs (3.7) on (7 + %) = —¢(7) mean that in its fourier representation'!
W) =TY we™,  d(r) =T dw)e (3.9)

the Matsubara frequencies
wp=2n+1)7T, neZ

are half-integer multiples of 77. This has the important physical consequence
that at finite temperature, there is no zero-mode of a fermion field — all the modes
have a restoring force. This means that the quantum Fermi gas at any 7" # 0 is
adiabatically connected to the classical gas at T' = oo, unlike the case of bosons.

144/ is still not the complex conjugate of 1 but the relative sign is convenient.
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e The measure [Dy D] is defined by this equation, just as in the bosonic path
integral.

e The derivative of a grassmann function is also defined by this equation; note that
Yre1 — Yy is not ‘small’ in any sense.

e In the last step we integrated by parts, 7.e. relabeled terms in the sum, so

Z (Y1 — ) = ZWH% Zwﬂﬁz > iy 1—2 Yy == (= ).
I

'=l-1

Note that no grassmanns were moved through each other in this process.

The punchline of this discussion for now is that the euclidean action is

S[3, 4] = / dr (§0,0 + H(5, 1))

The first-order kinetic term we’ve found 10,4} is sometimes called a ‘Berry phase term’.
Note the funny-looking sign.

Continuum limit warning (about the red ~ in (3.8)). The Berry phase term is
actually

M-1
Z 2/_}lJrl (7/}l+1 - wl) = TZQE(wn) (1 - eiwnT) w(wn)
1=0 wn,

and in (3.8) we have kept only the leading nonzero term:

(1 — ei“’”) — iw,T.

Clearly this replacement is just fine if

w,T K 1

for all w, which matter. Which w, contribute? I claim that if we use a reasonable
H = Hyadratic +Hint, reasonable quantities like Z, <OTO>, are dominated by w,, < 771

There’s more we can learn from what we’ve done here that I don’t want to pass up.
Let’s use this formalism to compute the fermion density at T" = 0:

1
(N) = Etre_H/TcTc.

This is an example where the annoying A7s in the path integral not only matter, but
are extremely friendly to us.
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Frequency space, 7' — 0.

Let’s change variables to frequency-space fields, which diagonalize S. The Jacobian
is 1 (since fourier transform is unitary):

Dy (r)Dy(r) = [ [ dd(wn)dp(w,) '3’ Dib(w) Dip(w).
The partition function is

7 = /Dw(w)Dw(w) exp (TZ V(wy) (iw, — wo + 1) w(wn)) .

Notice that in the zero-temperature limit
dw
T = | — = [ dw.
eS|

(This is the same fact as V'Y, + [d?k in the thermodynamic limit.) So the zero-
temperature partition function is

2"2" [ Diw)Du) exp ( /

—0o0

oo

dwip(w) (iw — wo + 1) w(w)> :

Using the gaussian-integral formula (3.5) you can see that the propagator for 1 is

Ouor s 2T

D(wr)h(ws)) = , : 3.10
(Planplen)) = 22— (3.10)
T305(w17¢u2)
In particular (Y (w)Y(w)) = % d(w = 0) = 1/T is the ‘volume’ of the time
direction.

Back to the number density. Using the same strategy as above, we have

1 M—1+1 - B M-1 B
(N) =~ / H (dwldwzeWl)leﬂul—mH(c*c))wo ng+1|£*<:|ng :

=N 1N =Y(TN +AT)Y(TN)

where 7y is any of the time steps. This formula has a built-in point-splitting of the
operators!

N) = [ DEDY ey + Any(o)
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00 eiwAT
= do—— =0(u — wp).- 3.11
[ o = bl ) (3.11)
Which is the right answer: the mode is occupied in the groundstate only if wy < pu.
In the last step we used the fact that A7 > 0 to close the contour in the UHP; so
we only pick up the pole if it is in the UHP. Notice that this quantity is very UV
sensitive: if we put a frequency cutoff on the integral, [ A %‘” ~ log A, the integral
diverges logarithmically. For most calculations the A7 can be ignored, but here it told

us the right way to treat the divergence. °

[End of Lecture 8]

15The calculation between the first and second lines of (3.11) is familiar to us — it is a single Wick
contraction, and can be described as a feynman diagram with one line between the two insertions.
More prosaically, it is

. . iw, AT iwAT
<IZ(TN + AT)w(TN)> 39 T Z ei(Wn —wm)T+iwn AT <1ﬁ(wn)¢(wm)> (3:20) T Z S /dw ¢

— — 1wy, —Wo + 1 1w —wo + 1
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3.3 Path integrals for spin systems

In this subsection we develop path integral descriptions of spin systems.

Quantum spin systems. To be clear, let me say a few introductory words about
quantum spin systems, the flagship family of examples of well-regulated QFTs. These
include useful models for magnetic insulators, and for possible hardware platforms for
quantum computing.

Such a thing is a collection of two-state systems (aka gbits) H; = span{|1;),[};)}
distributed over space and coupled somehow:

H=Q)H,, dim(H)=2"

J

where N is the number of sites.
One gbit: To begin, consider just one two-state system. There are four independent
hermitian operators acting on this Hilbert space. Besides the identity, there are the

three Pauli operators, which I will denote by X,Y, Z instead of %, ¥, o*:

01 0 —1 10
X=0"= Y =0Y = =0° =
o= (lo) v=er=() 2= =)

This notation (which comes to us from the quantum information community) makes
the important information larger and is therefore better, especially for those of us with
limited eyesight.

They satisfy
XY =iZ, XZ=-ZX, X*=1,

and all cyclic permutations X — Y — Z — X of these statements.
Multiple gbits: If we have more than one site, denote, e.g.

X, =19l @ X @--. (3.12)

jth site

Since they act nontrivially only on different Hilbert spaces, the paulis on different sites

commute:
[0'?70'23] = 07 j ;é [ 1.€. XJZI = (_1)6lelXj7

where o is any of the three Pauli operators acting on H,;.

Quantum-classical correspondence. We've seen by now that any resolution of
the identity on the local Hilbert space will give us some form of ‘sum over histories’.
In a spin system, perhaps the most obvious ‘path integral’ is the one associated with
the Z-basis resolution, Il = | + 1)}{+1]| + | — 1)—1|, with Z|s) = s|s). In this case, the
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labels on the states are classical spins +1 (or equivalently, classical bits). I put ‘path
integral” in quotes because it is instead a ‘path sum’, since the integration variables
are discrete. Using this basis would allow us to further harness our knowledge of stat
mech for QFT purposes. An important conclusion from that analysis is the (inverse)
relationship between the correlation length and the energy gap above the groundstate.

To see the idea, consider the quantum system consisting of a single spin with H =
Ey — %X + hZ . Set h = 0 for a moment. Then A is the energy gap between
the groundstate and the first excited state (hence the name). The thermal partition
function is
Zo(T) = tre™™T =) " (s| e s), (3.13)
s==
where we've evaluated the trace in the Z basis, Z |s) = s|s). I emphasize that T here
is the temperature to which we are subjecting our quantum spin; § = % is the length
of the euclidean time circle. Break up the euclidean time circle into M, intervals of size
AT = (/M. Insert many resolutions of unity (this is called ‘Trotter decomposition’)

Zo=>_ (sarle ™ s 1) (sa, 1l e 2™ [sar, ) -+ (sl e 2 [sar,)
51...5M;

The RHS is the partition function of a classical Ising chain,

s - i 4
7, = Z e, S = —KZSZSZH — thl (3.14)
=1 =1

{s;==%1}

These ss are now just M, numbers, each £1 — there are 2™ terms

in this sum'.

The parameter K > 0 is the ‘inverse temperature’ in the Boltzmann
distribution; I put these words in quotes because I want you to think of it as merely a
parameter in the classical hamiltonian.

Even if we didn’t care about quantum spins, this way of organizing the partition
sum of the Ising chain does the sum for us (since the trace is basis-independent, and

so we might as well evaluate it in the basis where the transfer matrix T = e 27 ig
diagonal):
Zy = trTMr = \Mr  \M-
6Here T used
K —-K
(s1] €% |sg) = o152 (:_K " K ) (51 €% |s2) = P15, (3.15)

and the identity e*®* = coshal + sinhaX. For h # 0, we choose A7 small enough that we can

approximate
eaATX+bATZ _ eaATXebATX + O(ATz) (316)
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where Ay are the two eigenvalues of the transfer matrix, A, > A_:

2cosh K
Ay = eX cosh h £ V/e2K sinh® b + e2K "3’ cos (3.17)
2sinh K.

In the thermodynamic limit, M, > 1, the bigger one dominates the free energy is

AN\
e =27 =\ (1 + (—) ) ~ A
At

In the Z; obtained from Trotterizing the single qubit, we have h = 0 and K deter-

A
e 2K = tanh <25MT> : (3.18)

Notice that if our interest is in the quantum model with couplings Ej, A, we can use

mined by the relation

any M, we want — there are many classical models we could use'”. For given M,, the
couplings we should choose are related by (3.18).

A quantum system with just a single spin (for any H not proportional to 1) clearly
has a unique groundstate; this statement means the absence of a phase transition in
the 1d Ising chain.

Correlation functions. [Sachdev, 2d ed p. 69] For now, let’s construct correlation
functions of spins in the classical Ising chain, (3.14), using the transfer matrix. (We’ll
study correlation functions in the TFIM later, I think.) Let

1
CLT) = (sis0) = 7 E e e sy
1
{sth

By translation invariance, this is only a function of the difference C(1,1') = C(I —U').
For simplicity, set the external field h = 0. Also, assume that I’ > [ (as we’ll see, this is
time-ordering of the correlation function). In terms of the transfer matrix, T = e=2™H,
it is: 1

Cl=1) =t (TMT*I'ZT’*IZTI) . (3.19)
Notice that there is only one operator Z = o~ here; it is the matrix

sy = 588'8 .

ITTf we include the Z term, we’ll want to take A7 small enough so that we can write

efA‘rH _ eAT%XefAT(EofﬁZ) + O(ATQ)
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All the information about the index [, is encoded in the location in the trace.

Let’s evaluate this trace in the basis of T eigenstates. When h = 0, we have
T = X1 + e %X, so these are X eigenstates:

T|=)=A =), Tlo)=A|=).

Here |=) = 5 (11) + [4)).

In this basis

izl = (14) + as= or e
aB

So the trace (aka path integral) has two terms: one where the system spends I’ — [
steps in the state |—) (and the rest in <)), and one where it spends I’ — [ steps in the
state |—). The result (if we take M, — oo holding fixed I — 1) is

i I __ . I _
)\{‘F/IT l+l)\l7 l_{_/\ll/fq— l+l)\l+ l M

c —1)= A =% tanh' ' K . (3.20)
You should think of the insertions as
s =4Z(r), 7= A7l
So what we’ve just computed is
C(1) = (TZ(7)Z(0)) = tanh' K = ¢~ "I/ (3.21)
where the correlation time & satisfies
% = i Incoth K. (3.22)

Notice that this is the same as our formula for the gap, A, in (3.18).'® This connection
between the correlation length in euclidean time and the energy gap is general and
important, and we’ll understand it more clearly in (3.25).

18Seeing this requires the following cool hyperbolic trig fact:

If e 2! =tanh X then e 2% =tanh K (3.23)

(i.e. this equation is ‘self-dual’) which follows from algebra. Here (3.18) says X = TAMT = ATA while
(3.22) says X = A7 /€. Actually this relation (3.23) can be made manifestly symmetric by writing it
as

1 =sinh2X sinh 2K .

(You may notice that this is the same combination that appears in the Kramers-Wannier self-duality
condition.) I don’t know a slick way to show this, but if you just solve this quadratic equation for
e~ 2K and boil it enough, you’ll find tanh X.
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For large K, £ is much bigger than the lattice spacing:

% Ké>1 %621{ > 1.

This is the limit we had to take to make the euclidean time continuous.

Notice that if we had taken [ < I’ instead, we would have found the same answer
with I’ — [ replaced by [ —['.

Dictionary. More generally, this set of steps establishes a mapping between clas-
sical systems in d + 1 dimensions and quantum systems in d space dimensions. Some
of the dictionary is shown in Table 2.

statistical mechanics in d + 1 dimensions quantum system in d space dimensions
transfer matrix euclidean-time propagator, e 2™H
statistical ‘temperature’ (lattice-scale) coupling K
free energy in infinite volume groundstate energy: e ' = Z = tre H 200 =680
periodicity of euclidean time L. temperature: g = % = ATM,
L. groundstate expectation values
statistical averages )
of time-ordered operators

Table 2: Quantum-classical dictionary

Note that this correspondence between classical and quantum systems is not an iso-
morphism. For one thing, we’ve seen that many classical systems are related to the
same quantum system, which does not care about the lattice spacing in time. There is
a set of physical quantities which agree between these different classical systems, called
universal, which is the information in the quantum system.

Continuum scaling limit and universality. [Sachdev, 2d ed §5.5.1, 5.5.2] Now
we are going to grapple with the term ‘universal’. Let’s think about the Ising chain
some more. We'll regard M, AT as a physical quantity, the proper length of the chain.
We'd like to take a continuum limit, where M, — oo or A7 — 0 or maybe both. Such
a limit is useful if & > Ar. This determines how we should scale K, h in the limit.
More explicitly, here is the prescription: Hold fixed physical quantities (i.e. eliminate

66



the quantities on the RHS of these expressions in favor of those on the LHS):

the correlation length, ¢ ~ AT%@QK ,
the length of the chain, L, = A7M,,
physical separations between operators, 7 = (I —I")Ar,
the applied field in the quantum system, h = h/Ar. (3.24)

while taking A7 — 0, K — oo, M, — oo.

What physics of the various chains will agree? Certainly only quantities that don’t
depend explicitly on the lattice spacing; such quantities are called universal.

Consider the thermal free energy of the single quantum spin (3.13)'": The energy
spectrum of our spin is E. = Ey & 1/(A/2)2 + h2, which means

F=-TlogZyg=FEy—TIn <2 cosh (5 (A/2)2 + 1_12))

(just evaluate the trace in the energy eigenbasis).

Now compare this with the classical Ising chain: In the scaling limit (3.24), (3.17)

Ay~ Z—i (1i g—g\/uzuﬂg?)

and so in the scaling limit (3.24)

K 1 L [
F_LT E L—1H<2COSh? 6 +4h) s

—— T

cutoff-dependent vac. energy

becomes

which is the same (up to an additive constant) as the quantum formula under the
previously-made identifications 7' = 4=, {71 = A,

We can also use the quantum system to compute the correlation functions of the
classical chain in the scaling limit (3.20). They are time-ordered correlation functions:

C(n — 1) = 25" tre " (0(1y — 1) Z(11) Z(72) + 0(72 — 1) Z(72) Z(71))

where
Z(r) =M Ze ™M

This time-ordering is just the fact that we had to decide whether " or [ was bigger in
(3.19).

19[Sachdev, 1st ed p. 19, 2d ed p. 73]
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For example, consider what happens to this when 7" — 0. Then (inserting 1 =
>, In) (n], in an energy eigenbasis H|n) = E, |n)),

C(P)lr—o = Y _ | (0| Z [n) [Pe=(Fn=Fo)l7

where the |7]| is taking care of the time-ordering. This is a spectral representation of the
correlator. For large 7, the contribution of |n) is exponentially suppressed by its energy,
so the sum is approximated well by the lowest energy state for which the matrix element
is nonzero. Assuming this is the first excited state (which in our two-state system it
has no choice!), we have

T—00

C(r)lr=o =" %, €=1/A, (3.25)

where A is the energy gap.

In these senses, the quantum theory of a single gbit is the universal theory of the
Ising chain. For example, if we began with a chain that had in addition next-nearest-
neighbor interactions, AH. = K’} . s(j)s(j + 2), we could redo the procedure above.
The scaling limit would not be exactly the same; we would have to scale K’ somehow
(it would also have to grow in the limit). But we would find the same 2-state quantum
system, and when expressed in terms of physical variables, the A7-independent terms
in F would be identical, as would the form of the correlation functions, which is

e-ITl/E | o=(Le=Irl)/€

Clr) = (Z(1)Z(0)) = —— 77

(Note that in this expression we did not assume |7| < L, as we did before in (3.21),
to which this reduces in that limit.)

There is a lot more to say about this relationship between QM in d dimensions and
stat mech in d + 1 dimensions.
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3.3.1 Geometric quantization and coherent state path integral for spin
systems

[Zinn-Justin, Appendix A3; XGW §2.3] We're go-
ing to spend some time talking about QFT in
D = 041, then we’ll work our way up to D = 1+1,
and beyond. Consider the nice, round two-sphere.

It has an area element that can be written — _7-—7:

w=sdcosf ANdp and satisfies / w = 4rs.
S2

s is a number. Suppose we think of this sphere as the phase space of some dynamical
system. We can use w as the symplectic form. What is the associated quantum
mechanics system?

Let me remind you what I mean by ‘the sym-

plectic form’. Recall the phase space formulation ¢ v “) (’d]
of classical dynamics. The action associated to a
trajectory is () ‘ =Y, |
ta X
Aix(t)pl6)) = [t pi — HGe.p) = [ pla)do— [ Har A
t gl

where v is the trajectory through the phase space. The first term is the area ‘under
the graph’ in the classical phase space — the area between (p,z) and (p = 0,z). We

/p(t)i"(t)dt = /aDpda: = /de/\ dz

using Stokes’ theorem; here 9D is the closed curve made by the classical trajectory and

can rewrite it as

some reference trajectory (p = 0) and it bounds some region D. Here w = dp A dz is
the symplectic form. More generally, we can consider an 2n-dimensional phase space
with coordinates u,, @ = 1..2n and symplectic form

w = wegdu® A duf

Alul :/Dw—/aDdtH(u,t).

The symplectic form says who is canonically conjugate to whom (and therefore, quan-

and action

tumly, determines the canonical commutators). It’s important that dw = 0 so that the
equations of motion resulting from A depend only on the trajectory v = 9D and not
on the choice of D. The equations of motion from varying u are
5 _ oH '

du®

wag?l
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Locally, we can find coordinates p,z so that w = d(pdz). Globally on the phase
space this is not guaranteed — the symplectic form needs to be closed, but need not be
exact.

So the example above of the two-sphere is one where the symplectic form is closed
(there are no three-forms on the two sphere, so dw = 0 automatically), but is not exact.
One way to see that it isn’t exact is that if we integrate it over the whole two-sphere,

/w:47rs.
SQ

On the other hand, the integral of an exact form over a closed manifold (meaning a

we get the area:

manifold without boundary, like our sphere) is zero:

/da—/ a=0.
Ye;

So there can’t be a globally defined one-form « such that dao = w. Locally, we can find
one; for example:
a = scosfdy ,

but this is singular at the poles, where ¢ is not a good coordinate.

2

So: what I mean by “what is the associated quantum system...” is the following:

let’s construct a system whose path integral is

Z = / [dOdp)erAles) (3.26)

with the action above, and where [dz] denotes the path integral measure:

[dz] =N H dz(t;)

where N involves lots of awful constants that drop out of ratios. It is important that
the measure does not depend on our choice of coordinates on the sphere.

e Hint 1: the model has an action of O(3), by rotations of the sphere.

e Hint 2: We actually didn’t specify the model yet, since we didn’t choose the
Hamiltonian. For definiteness, let’s pick the hamiltonian to be

H=—sh-ii
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where 71 = (sin 6 cos p, sin @ sin ¢, cos #)*’. WLOG, we can take the polar axis to
be along the ‘magnetic field’: h = Zh. The equations of motion are then
0A 0A

0= 3000 = —ssinf(p—h), 0= 0] = —0; (scosf)

which by rotation invariance can be written better as
Ot = h x . (3.27)
This is a big hint about the answer to the question.

e Hint 3: Semiclassical expectations. Semiclassically, each patch of phase space of
area 2mh contributes one quantum state. Therefore we expect that if our whole
phase space has area 47s, we should get approximately % = 2—; states, at least
at large s/h. (Notice that s appears out front of the action.) This will turn out

to be very close — the right answer is 2s + 1 (in units with A = 1)!

In QM we care that the action produces a well-
defined phase — the action must be defined modulo
additions of 27 times an integer. We should get
the same answer whether we fill in one side D of
the trajectory 7 or the other D’. The difference

between them is [from Witten]

([~ [ Y= [ e

So in this difference s multiplies |, 2 area = 4r (actually, this can be multiplied by an
integer which is the number of times the area is covered). Our path integral will be
well-defined (i.e. independent of our arbitrary choice of ‘inside’ and ‘outside’) only if
dmts € 217, that is if‘ 2s € Z is an integer ‘

The conclusion of this discussion is that the coefficient of the area term must be an
integer. We will interpret this integer below.

WZW term. We have a nice geometric interpretation of the ‘area’ term in our
action A — it’s the solid angle swept out by the particle’s trajectory. But how do we
write it in a manifestly SU(2) invariant way? We’d like to be able to write it, not in
terms of the annoying coordinates 6, ¢, but directly in terms of

n® = (sin 6 cos p, sin # sin ¢, cos 6)°.

20Here and below I sometimes write 7 and sometimes write 72 to emphasize that this is a unit vector.
It’s always a unit vector.
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One way to do this is to add an extra dimension (!):

1 I
E/dt cos 00, = 8_7T/0 du/dtewn“(?#nb&,nceabc = Wy[n]

where x# = (t,u), and the € tensors are completely antisymmetric in their indices with
all nonzero entries 1 and —1.

In order to write this formula we have to extend 4 Ee——~

the ri-field into the extra dimension whose coor- p— a=1
dinate is u. We do this in such a way that the "

real spin lives at w = 1: 7(t,u = 1) = 7i(t), and

ni(t,u = 0) = (0,0,1) — it goes to the north pole — w=0

at the other end of the extra dimension for all ¢. If we consider periodic boundary
conditions in time n(f) = n(0), then this means that the space is really a disk with
the origin at © = 0, and the boundary at « = 1. Call this disk B, its boundary 9B is
the real spacetime (‘B’ is for ‘ball’).

This WZW term has the property that its vari-
ation with respect to 77 depends only on the values T z;\;‘h?:i f

n
at the boundary (that is: 6W, is a total deriva- //' : Cockalnf
tive). The crucial reason is that allowed variations \ ) fn, o
01 lie on the 2-sphere, as do derivatives d,7; this \ —

means €°dn®d,n’d,n° = 0, since they all lie in a
two-dimensional tangent plane to the 2-sphere at
7i(t). Therefore:

oWy = / du/dt—e“” “9,,6n°0,nce* / ndén® A dnce®
A

1
= / du/dt a ( i a(')‘nba nceabc) — /d <nu,6nbdn(t6ab(i>
JB 47T

Stokes L )
= 47T/dt5n i % n) (3.28)

(Note that e®nambec = 7 - <7ﬁ X Z) The right expressions in red in each line are a

rewriting in terms of differential forms; notice how much prettier they are.) So the
equations of motion coming from this term do not depend on how we extend it into
the auxiliary dimension.

And in fact they are the same as the ones we found earlier:

0= (4msWoln] + sk -+ A (72 = 1)) = s4ii x 7 + sh + 2\t

57 (t)
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(A is a Lagrange multiplier to enforce unit length.) The cross product of this equation
with 7 is 97 = h x 7.

In QM we also care that the action produces a well-defined phase — the action
must be defined modulo additions of 27 times an integer. There may be many ways to
extend n into an extra dimension; another obvious way is shown in the figure above.
The demand that the action is the same modulo 277 gives the same quantization law
as above for the coefficient of the WZW term. So the WZW term is topological in the
sense that because of topology its coefficient must be quantized.

(This set of ideas generalizes to many other examples, with other fields in other
dimensions. WZW stands for Wess-Zumino-Witten.) [End of Lecture 9]

Coherent-state path integral for spin systems. [Wen §2.3.1, Fradkin, Sachdev,
QPT, chapter 13 and §2.2 of cond-mat/0109419] To understand more about the path
integral we've just constructed, we now go in the opposite direction. Start with a spin
one-half system, with

Hy = span{[1), 1)}

Define spin coherent states |77) by*':

& - i |fi) = |ii) .

These states form another basis for ’H%; they are related to the basis where o is
diagonal by:

. 2 e 1%/2 cog el /2
M) =z 1) + 22 1), (Zz) = (€+i<,p/2 sin gewm (3.29)

as you can see by diagonalizing 77 - & in the o* basis. Notice that
i= Gz |+ P =1

and the phase of z, does not affect 7 (this is the Hopf fibration S* — S?). In (3.29) I
chose a representative of the phase. The space of independent states is a two-sphere:

5% = {(z1, 2)||21* + [22)* = 1}/ (20 =~ €%24).

It is just the ordinary Bloch sphere of pure states of a gbit.

1

5, and spin operator S, we would generalize

21For more general spin representation with spin s >
this equation to

—

S.i|it) = s|f).
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These states are not orthogonal (there are infinitely many of them and the Hilbert
space is only 2-dimensional!): the overlap between two of them is

/
ity =17 = .2 (),
2

as you can see using the o*-basis representation (3.29). The (over-)completeness rela-
tion in this basis is:

d*i
[ Sl =t (330)

As always, we can construct a path integral representation of any amplitude by
inserting many copies of 1 in between successive time steps. For example, using (3.30)
many times, we can construct such a representation for the propagator:

lG(ﬁf,ﬁo,t) = <ﬁf‘ e*th ’ﬁ1>

) e
=11 —or dm ()[7(ta)) - (At ](8)) ((8)]R(0)) - (3.31)

pal ™ t—0
with 7y = 7(0),7; = 7(t). (Notice that H = 0 here, so U = e ™ is actually the
identity.) The crucial ingredient is

(it + €)|fi(t)) = 21(dt)z(0) R 21(dt) (2(dt) — 2(0)) ~ o= Ozt

7i(t)=iif

t
iG(iif, 7o, t) = / (D] 580l Spli(t)] = / dtiz'z . (3.32)
0

7(0)=fig
Even though the Hamiltonian of the spins was zero — whatever their state, they have
no potential energy and no kinetic energy — the action in the path integral is not zero.
This phase €2 is a quantum phenomenon (again) called a Berry phase.

Starting from the action Sg and doing the Legendre transform to find the Hamil-
tonian you will get zero. The first-derivative action says that z' is the canonical
momentum conjugate to z: the space with coordinates (z, z') becomes the phase space
(just like position and momentum)! But this phase space is curved. In fact it is the
two-sphere

S? = {(21, )21 + |22 = 1}/ (20 = € za).

In terms of the coordinates 6, ¢ above, we have
1 C .
Sgplz] = Sgll, ] = /dt§ (cos 0o + ¢> lp=0 = 47rsW0[n]|s:%. (3.33)

At the last step we chose a gauge ¥ = 0. BIG CONCLUSION: This is the ‘area’
term that we studied above, with s = 3! So the expression in terms of z in (3.32)
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gives another way to write the area term which is manifestly SU(2) invariant; this
time the price is introducing these auxiliary z variables, with their gauge redundancy
2(t) — eXWz(t).

Making different choices of the phase ¢ at different times can shift the constant
in front of the second (¢) term in (3.33); as we observed earlier, this term is a total
derivative. Different choices of i) change the overall phase of the wavefunction, which
doesn’t change physics (recall that this is why the space of normalized states of a
qbit is a two-sphere and not a three-sphere). Notice that A, = 270,z is like the time
component of a gauge field. Adding a total derivative to the action (by changing (%))

imparts a gauge transformation.

The Berry phase Sg[n| is geometric, in the sense that it depends on the trajec-
tory of the spin through time, but not on its parametrization, or speed or dura-
tion. It is called the Berry phase of the spin history because it is the phase ac-
quired by a spin that follows the instantaneous groundstate (i.e. adiabatic evolution)
|Wo(t)) of H(n(t),t) = —hn(t) - S, with h > 0. This is Berry’s adiabatic phase,
Spln] = —limg,p—0 [ dtIm (Uo(t)| 9, [P (t)).

Since Sp is geometric, like integrals of differential forms, let’s take advantage of this
to make it pretty and relate it to familiar objects. Introduce a vector potential (the
Berry connection) on the sphere A% a = z,y, z so that

Sp = 7{ drigA® = jqf AES / F
0 D

where v = 0D is the trajectory. (F = dA is the Berry curvature.) What is the correct
form? We must have (V x A) -1 = €29, A’n® = 1 (for spin half). This is a monopole
field. Two choices that work are

AW = —cosfdp, and A® = (1 — cosf)de.

These two expressions differ by the gauge transformation dy, which is locally a total
derivative. The first is singular at the N and S poles, 7 = £2. The second is singular
only at the S pole. Considered as part of a 3d field configuration, this codimension two
singularity is the ‘Dirac string’. The demand of invisibility of the Dirac string quantizes
the Berry flux. The gauge transformations that move around the singularities of A are
accomplished by adding total derivatives to the action, i.e. by choosing (). For
example, by choosing ¥ (t) = +p(t) we find the gauge that is nonsingular away from
the north and south poles, respectively.

If we redo the above coherent-state quantization for a spin-s system we’ll get the
expression with general s (see below). Notice that this only makes sense when 2s € Z.
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We can add a nonzero Hamiltonian for our spin; for example, we can put it in an
external Zeeman field h, which adds H = —h - S. This will pass innocently through
the construction of the path integral, adding a term to the action S = Sg + S},

Shz/dt(sﬁ.ﬁ)
where s is the spin.

6 We are back at the system (3.26). We see that
the system we get by ‘geometric quantization’ of

the sphere is a quantum spin. The quantized co-

efficient of the area is 2s: it determines the di-

mension of the spin space to be 2s + 1. Here the

quantization of the WZW term is just quantization of angular momentum. (In higher-
dimensional field theories, it is something else.)

Deep statement: the purpose in life of the WZW term is to enforce the commutation
relation of the SU(2) generators, [S?, S/] = ie”/*S*. It says that the different components
of the spin don’t commute, and it says precisely what they don’t commute to.

Incidentally, another way to realize this system whose action is proportional to the
area of the sphere is to take a particle on the sphere, put a magnetic monopole in the
center, and take the limit that the mass of the particle goes to zero. In that context,
the quantization of 2s is Dirac quantization of magnetic charge. And the degeneracy
of 2s + 1 states is the degeneracy of states in the lowest Landau level for a charged
particle in a magnetic field; the m — 0 limit gets rid of the higher Landau levels (which
eB

)

are separated from the lowest by the cylotron frequency, ==).
In the crucial step, we assumed the path z(t) was smooth enough in time that
we could do calculus, z(t + €) — z(t) = €£(t) + O(e*). Is this true of the important

contributions to the path integral? Sometimes not, and we’ll come back to this later.

I've written the path integral for a single spin. The generalization to a many body
spin system is simple in principle: just do the above for each site.

Digression on s > % [Auerbach, Interacting Electrons and Quantum Magnetism|
I want to say something about larger-spin representations of SU(2), partly to verify
the claim above that it results in a factor of 2s in front of the Berry phase term. Also,
large s allows us to approximate the integral by stationary phase.

In general, a useful way to think about the coherent state |n) is to start with the
maximal-spin eigenstate |s, s) of S* (the analog of spin up for general s), and rotate it
by the rotation that takes S* to S - n:

) = R(x, 0,9) s, 5) .

76



The form of R involves Euler angles; let’s find a better route than remembering about
Euler angles.

Schwinger bosons. The following is a helpful device for spin matrix elements.
Consider two copies of the harmonic oscillator algebra, with modes a, b satisfing [a, a] =

1 = [b,b],[a,b] = [a,bT] = 0. Then the objects

St =a'b, S™ =bla, 8" = = (a'a —b'D)

| —

satisfy the SU(2) algebra. The no-boson state |0) is a singlet of this SU(2), and the
a' |0)

one-boson states (bT 0)

) form a spin-half doublet.

More generally, the states
H, = span{|ng, ny) [a'a + bTb = n, +ny = 25}

form a spin-s representation. Algebraic evidence for this is
the fact that S?P, = s(s + 1)P, , where P, is the projector
onto H,. The spin-s eigenstates of S* are

S Ul :
Vi Fmly/s—m! 2

[nice figure from Arovas and Auerbach,
0809.4836.]

|Sam> =

T T T
The fact that (ZT |’8>> ) = <ZT) |0) forms a doublet means that <ZT

a doublet. But we know how a doublet transforms under a rotation, and this means

) itself must be

we know how to write the coherent state:

Sy g il S T G R T
(2s)! (2s)! (2s)! (2s)!

ip/2 0 /2
21 e¥/2 cos e .
Here ( ) = ( 2 as above®’.
z

9 e~ /2 sin §ei/2

In) =R|s,s) =R

10) -

But now we can compute the crucial ingredient in the coherent state path integral,
the overlap of successive coherent states:

e~ is(—¢')

(2s)! ~

W;Ck(ZS) ! ( [zfa+2z3b,z at +zébT])

(nli) =

2s

22Sometimes you may see the notation z; = u, 22 = v.

7

. , . , 2s
(O] (z2a + 230)* (Zal + 20512 |0) = e 0= (2220 4 2520)% = (eﬂw*w /2,1 z’) .


http://arxiv.org/abs/0809.4836
http://arxiv.org/abs/0809.4836

Here’s the point: this is the same as the spin-half answer, raised to the 2s power. This

means that the Berry phase just gets multiplied by 2s, Sj(;) [n] = 23825) [n] = dwsWy[n],
as we claimed.

Semi-classical spectrum. Above we found a path integral representation for
the Green’s function of a spin as a function of time, G(n;,ng;t). The information
this contains about the spectrum of the hamiltonian can be extracted by Laplace
transforming

0

and taking the trace

d2n0 1
F(E) = / o G(ng,no;E) =Tr m

This function has poles at the eigenvalues of H. Its imaginary part is the spectral

density, p(E) = 1Im[(E) =3, 6(F — E,).

Tor

Its path integral representation is then
I'(E) = —i/dt%Dﬁ oA((Btie)t+sS[n])

The § indicates periodic boundary conditions, 7(0) = n(t), and S[n] = Sg[n| —
["dt'Ha[n]/s. Here Hyln] = (2| H |n).

At large s, field configurations that vary too much in time are cancelled out by the
rapidly oscillating phase, that is: we can try to do these integrals by stationary phase.
The stationarity condition for the n integral is the equations of motion 0 = nxn—0a,, H.
IfH = h- S, this gives the Landau-Lifshitz equation (3.27) for precession. We keep only
solutions periodic with ¢ = nT" an integer multiple of the period 7. The stationarity
condition for the ¢ integral is

0=FE+0S[n|=FE — Hyln].

In the second equality we used the fact that the Berry phase is geometric, it depends
only on the trajectory, not on ¢ (how long it takes to get there). So the semiclassical
trajectories are periodic solutions to the EOM with energy E = Hy[n”]. The exponent
evaluated on such a trajectory is then just the Berry term. Denoting by n¥ such
trajectories that traverse once (‘prime’ orbits),

eiSSB [n]

P(E)~ Y D emll=

E m= E
ny 0 ny
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This is an instance of the Gutzwiller trace formula. The locations of poles of this func-
tion approximate the eigenvalues of H. They occur at £ = E™ such that Sp[if"] =
21 with m € Z. The actual eigenvalues are E™ = E™ + O(1/s).

If the path integral in question were a 1d particle in a potential, with Sp = [ pdz,
and H, = p? + V(z), the semiclassical condition would reduce to

2mm = j{ p(x)der = / E,, —V(x)
zEm turning points

the Bohr-Sommerfeld condition.
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3.4 Topological terms from integrating out fermions

[Abanov ch 7] Here is a quick application of both fermionic path integrals and spin
coherent-state path integrals. Consider a 041 dimensional model of spinful fermions
Ca, @ =T, ] coupled to a single spin s, S. Let’s couple them in an SU(2)-invariant way:

Hg =M (cfgc) - S

by coupling the spin of the fermion ¢! d,scs to the spin. ‘K’ is for ‘Kondo’. Notice
that M is an energy scale. M > 0 is an antiferromagnetic interaction between the spin
of the fermion mode and the spin S. (Exercise: find the spectrum of Hp.)

Now apply both of the previous coherent state path integrals that we’ve learned to
write the (say euclidean) partition sum as

Z = /[DtzﬁDme—So[n]—fOT At (8y— Mt-5)

where ¢ = (¢1,1,) is a two-component Grassmann spinor, and ¢ are Pauli matrices
acting on its spinor indices. n? = 1. Let Sp[n] = [ Kn® + (2s)27Wo[n], where I've
added a second-order kinetic term for reasons we’ll see below.  [End of Lecture 10]

First of all, consider a fixed, slowly-varying configuration of n. What does this do
to the propagation of the fermion? I claim that it gaps out the fermion excitations, in
the sense that

(Tel(t)es(0)) = (Ya(t)¥s(0))
will be short-ranged in time. Let’s see this using the path integral.

We can do the (gaussian) integral over the fermion, to get:

Z = / [Dit] e Serl
with
See[71] = So[ri] — logdet (0; — M7 - &) = Sy — logdet D = Sy + 5;.

The variation of the new term in the effective action under a variation of 7 is:
6% = —tr (60D) = —tx (0D' (DD') ™)

where D' = —0, — M7 - &. This is
-1
0Seg = Mtr | 67 -7 (0y + M7 - &) | =02 + M? — M7i-& : (3.34)

~~
=DDt
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We can expand the denominator in 77/M (and use n? = 1) to get
M1, (., - Loc-s

where ... is higher order in the expansion and we ignore it. But we know this is the

M r 1 - 0\ 2
= 21— dt | — 72 —

where Wy is the WZW term. Integrating out the fermions has shifted the coefficient of
the WZW term from s — s F % depending on the sign of M. This is satisfying: we are

variation of

adding angular momenta, 5®% = (3 — %) @(5 + %) If M > 0, it is an antiferromagnetic
interaction whose groundstates will be the ones with smaller eigenvalue of S2 It M <0,
it is ferromagnetic, and the low-energy manifold grows. This agrees precisely with the
coefficient of the WZW term in our effective action, which is 47 (s — %sign(M ))

Here is a more direct (?) calculation of the fermion determinant S; (also from
Abanov).

Sy =—Indet D=—Tr InD = —Tr InD (3.35)

where D = U DU = 8, — ia — Mo where we’ve defined the unitary transformation U
so that
|
o =U'-6U, and a=U'idU.

In terms of the free propagator Gy' = 8, — Mo?, we can write
D = Gy'(1 — Gyoia).

Then we can expand in powers of a
~ 1
Sl = —Tr lnD = TI' (hl GO + Goia + 5 (Goi&)2 + - ) = S(O) + S(l) 4+ -

The first term is some constant which we ignore. The term linear in a is

Sw=tGia=~n(y =, / dsdtGo(s — t)a(t)3(t — s) (3.36)

6iwdt . ) . 5
= tr, /dwm ia,-0 = —31gn(M)1/dta (t). (3.37)

=0(Mo?3)

Here a® = %trgao*?’ = %COS 0. In evaluating G(t = 0), I used the point-splitting

regularization that we found in doing the path integral above. From this we conclude

Say = —2msign(M)Wy[n].
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Similarly, the next term is

1
S(g) = étr(Goia)Q = /\/‘-Q\/M (3.38)
1 1 1
=L [wstr, (— e, — 3.39
2/ wl/ w2 (—1w1—Ma3la —1(w1—|—w2)—MU3la ) (3:39)
1 1
= o /c’[wtrg (a_waw — a3a_wa3aw) (1 +0 (M)) (3.40)

:ﬁ/dt(aﬁ—l—a%) <1+0(%)> :8iM/dt(atﬁ)2 (1+O<%>).

(3.41)

To see (3.40), note that unless there is a 0! or o2 in between the two propagators,
their poles are on the same side of the frequency contour, and so we get zero by closing
the contour on the opposite side:

/Ood_ 1 1 O, if S1 = S92

wW— . =

oo —lwp — 51 M —1(w1 +W) — 5o M m = ﬁ (]_ + 0O (ﬁ)) , if s = —s9
(3.42)

We could also do the integral by the methods we used for fermion loops in QED, like

Feynman parameters.

The second term in S7 is a shift of K. Higher-order terms are suppressed by more
powers of %, so for n < M, this is a local action. That means that the coupling to n
must have gapped out the fermions. That the term proportional to M is a funny mass
term for the fermions is clear from the expression for DD' in (3.34): when n is static,
DDV = —9? + M?, so that the fermion propagator is

— 1 DJr 6iwt w iM7 - . o
- (3) - (85 -

which is short-ranged in time. So indeed the fermions are fast modes in the presence

of the coupling to the n-field.

Why did I put a question mark in (3.35)? If we redefine U by U — Uél”¥®),
a — e (g — i@t)ei"% transforms like a gauge field, and the action S; changes by
[ dti), a total derivative.

Such topological terms are one way in which some (topological) information from
short distances can persist in the low energy effective action. Being quantized, they
can’t change under the continuous RG evolution. The WZW term manages to be
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independent of M, the mass scale of the fermions. Here the information is that the
system is made of fermions (or at least a half-integer spin representation of SU(2)).

The above calculation generalizes well to higher dimensions. The general idea is
that integrating out fermions with Yukawa terms involving bosons ¢ produces WZW
terms for ¢. This is how the theory of ¢ remembers that the system is made of fermions.
For many examples of its application, see this paper. (The context for this paper will
become clearer in §5.5). Next, we’ll see an example of this in particle physics.
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3.5 Pions

[Schwartz §28.1] Below the scale of electroweak symmetry breaking, we can forget the
W and Z bosons. Besides the 4-Fermi interactions, the remaining drama is QCD and
electromagnetism:

1 . _ =
Locp, = _ZFE” +1 Z ZQaleQaf — qMq.
a=L,R f

Here f is a sum over quark flavors, which includes the electroweak doublets, u and
d. Let’s focus on just these two lightest flavors, v and d. We can diagonalize the
mass matrix by a field redefinition (this is what makes the CKM matrix meaningful):

v 0 . ‘ .
M = (m ) If it were the case that m, = my, we would have isospin symmetry

0 myg
(Z) U (Z) , UeSUN;=2).

If, further, there were no masses m = 0, then L and R decouple and we would also
have chiral symmetry, ¢ — e5%, i.e.

ar = Var,qr =V 'qr, V € SU(N; = 2).

Why do I restrict to SU(2) and not U(2)? The central bit of the axial symmetry U(1)4
is anomalous — its divergence is proportional to the gluon theta term operator F' A F',
which has all kinds of nonzero matrix elements. It’s not a symmetry (see Peskin page
673 for more detail). The missing non-Goldstone boson is called the n'. The central
bit of the vectorlike transformation ¢ — €'®q is baryon number, B. (Actually this is
anomalous in the presence of electroweak gauge fields, but B — L is not).

The groundstate of QCD is mysterious, because of infrared slavery. Here’s one piece
of input from experiment and numerical simulation. Apparently it is the case that in
the groundstate

(arap) =V* (3.43)

independent of flavor f. This condensate spontaneously breaks

SU(2)r x SU(2)r — SU(2)isospins (3.44)
the diagonal combination. <Z) is a doublet. Since p = uqugd,€npy, N = Uadgd,€npy,

this means that (p ) is also a doublet. This symmetry is (explicitly) weakly broken by
n
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the difference of the masses my = 4.7MeV # m,, = 2.15MeV and by the electromagnetic
interactions, since qq = —1/3 # ¢, = 2/3.

This symmetry-breaking structure enormously constrains the dynamics of the color
singlets which are the low-energy excitations above the QCD vacuum (hadrons). Let
us use the EFT strategy. We know that the degrees of freedom must include (pseudo-
)Goldstone bosons for the symmetry breaking (3.44) (‘pseudo’ because of the weak
explicit breaking).

Effective field theory. Since QCD is strongly coupled in this regime, let’s use
the knowing-the-answer trick: the low energy theory must include some fields that

represent the breaking of the symmetry (3.44). One way to do this is to introduce a
field > which transforms like

SU(2), x SUQQ)g : & — g, 2gh,  =F — g,5fgl

(this will be called a linear sigma model, because ¥ transforms linearly) — we have
in mind g,qs ~ X.p, like the Hubbard-Stratonovich variable. We can make singlets
(hence an action) out of ¥, ,%f = trIxf = 9|

A
L =02+ m*tren’ — n (tr=xh)? — grEninsl 4 ... (3.45)

10
01
2m/V/A (here V is from (3.43)), which preserves SU(2)isospin (under which ¥ — ¢g¥g").
We can parametrize the fluctuations about this configuration as

\%4

which is designed to have a minimum at (¥) = 7 ( ), with (when ¢ — 0) V =

SRS
V2

where F, =V = 2\/—’%‘ is be chosen to give 7%(x) canonical kinetic terms. The 7

parametrize the directions of field space in which the potential is flat (like the field 6

that goes around the minimum of a wine-bottle potential). Under g;/r = eiez/RTG, the

pion field transforms as

F 1
e N YA R L s
—— ~ ~~ d
nonlinear realization of SU(2)axial linear realiz'n (adj rep) of SU(2)isospin

The fields 7%, 7" create pions, they transform in the adjoint representation of the
diagonal SU(2)isospin, and they shift under the broken symmetry. This shift symmetry
forbids mass terms 72. The radial excitation o, on the other hand, is a fiction which
we've introduced in (3.45), and which has no excuse to stick around at low energies
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(and does not). We can put it out of its misery by taking m — oo, A — oo fixing Fj.
In the limit, the useful field to use is

Ue) = Y25 )lyog = F

which is unitary UUT = UTU = 1. This last identity means that all terms in an action
for U require derivatives, so (again) no mass for 7. The most general Lagrangian for
U can be written as an expansion in derivatives, and is called the chiral Lagrangian:
2
L, = %trDMUD”UTJrthr (DU D*U")*+LytrD,U D,U'tr DUt DU+ Lstr DU D*U DU DUt +- .-
(3.46)

In terms of 7, the leading term expands into
I 1 D, @D 1 1 5o + 1 /1 4 0 0

x =35 M7TD7T+F—7?(—37T7TDM7T Dir™ +- )+ﬁ( (7r s ) D, 7" D" +)
This fixes the relative coefficients of many irrelevant interactions, all with two deriva-
tives, suppressed by powers of F;;. The expansions of the L; terms have four derivatives,

and are therefore suppressed by further powers of E/F;, the promised small parameter
of this EFT.

Pion masses and the spurion method. The pions aren’t actually massless:
my+ ~ 140MeV. In terms of quarks, one source for such a thing is the quark mass
term Locp 2 ¢Mq. This explicitly breaks the isospin symmetry if the eigenvalues of
M aren’t equal. But an invariance of Lgep is

qr/r — 9r/R4L/R; M — QLMQL- (3.47)

Think of M as a background field (such a thing is sometimes called a spurion). If
M were an actual dynamical field, then (3.47) would be a symmetry. In the effective
action that summarizes all the drama of strong-coupling QCD in terms of pions, the
field M must still be there, and if we transform it as in (3.47), it should still be an
invariance. Maybe we’re going to do the path integral over M later. (This ‘spurion’
trick has applications all over physics.)

So the chiral lagrangian £, should depend on M and (3.47) should be an invariance.
We can play the EFT game again, but now with both 7w, and M as our dofs. This

determines

3 3

o
ALy = 5t (MU + M) o = Vo +1m0) = 5 (m -+ 1m0) ZW +O(r

The coefficient V2 is chosen so that the first term matches (FM¢q) = V?’(mu +mg). The
second term then gives

— (M, + my)



which is called the Gell-Mann Oakes Renner relation. [End of Lecture 11]

Electroweak interactions. You may have noticed that I used covariant-looking
Ds in (3.46). That’s because the SU(2), symmetry we've been speaking about is
actually gauged by W. (The electroweak gauge boson kinetic terms are in the --- of
(3.46).) Recall that

a a 5¢ | __ a A “1_,)/5 a T ,ual_/y5
Lwveax 3 gWy |y — 1" | = gWi | VijQiv 5 T Qj + Lih'r TLZ'
‘V, 4A7

u

d

Now, in equations, the statement “a pion is a Goldstone boson for the axial SU(2)”

where @ = ( ) N (6) are doublets of SU(2).
Ve

is:

(0] Jia(x) ‘ﬂ'b(p)> = iquﬂe_ip'”"(S“b
where the state ‘ﬂ'b (p)> is a one-pion state of momentum p. If the vacuum were invari-
ant under the symmetry transformation generated by J,, the BHS would vanish. The
momentum dependence implements the fact that a global rotation (p, = 0) does not
change the energy. Contracting the BHS with p* and using current conservation (ig-
noring the explicit breaking just mentioned) would give 0 = p?F? = m2F?, a massless

T T

dispersion for the pions.

Combining the previous two paragraphs, we see that the following process can
happen

Goldstone ;5 electroweak interaction
Sy —

leptons

(3.48)

and in fact is responsible for the dominant decay channel of charged pions. (Time goes
from left to right in these diagrams, sorry.)

Gr _
M(rt = pty,) = —=Fp" v, (1 — %),

V2

where the Fermi constant Gp ~ 107°GeV =2 (known from e.g. p= — e 1, ) is a good
way to parametrize the Weak interaction amplitude. Squaring this and integrating
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over two-body phase space gives the decay rate

G2 F? m?2\?
i +.,y_ Yrly 2 1
(" = p'y,) = ym mwm#(l—— :
(You can see from the answer why the decay to muons is more important than the decay
to electrons, since m,,/m. ~ 200. This is called helicity suppression — the decay of the
helicity-zero 7" into back-to-back spin-half particles by the weak interaction (which
only produces L particles and R antiparticles) can’t happen if helicity is conserved

— the mass term is required to flip the ey into an eg.) This contributes most of
Tt =071 =26-10"8s.

Knowing further the mass of the muon m, = 106MeV then determines F, = 92MeV
which fixes the leading terms in the chiral Lagrangian. This is why F); is called the pion
decay constant. This gives a huge set of predictions for e.g. pion scattering 77 —

+

T cross sections.

Note that the neutral pion can decay by an anomaly into two photons:

2
a= € VA v (67
G (e paeal J307(a) [0) = —e e pieinge]

where (p1€1; pa€s| is a state with two photons of polarizations €; 5. We know this because
it is a matrix element of the J.JcJsy(2)—axial anomaly,

2

Ol = =< P F Foptr (7Q?)
7r
2
where Q) = ( 63 S/B) is the quark charge matrix. Comments: (1) the U(1) sym-

metry generated by J#5%=3 acts by u — ey, d — e and is not the same as
the anomalous U(1)4 (which does ¢; — €7¢; for every flavor), and it’s also not the
same as isospin u — e%u, d — e, which is not chiral, and not spontaneously broken.
Confusing! (2) Since the trace involves a sum over colors, the rate of 7° decay (known
since the 1940s) gives a measurement of the number of colors of QCD! (3) This effect

can and must be encoded in the Lagrangian for the pions by a term

62

L> N,
167

TP F g, (3.49)

where N, = 3 is the number of colors. The effective field theory consistently realizes
the anomalies of the microscopic theory. This is another example of ‘t Hooft anomaly
matching. How did we miss this term in our list of all terms that manifestly respect
the symmetries?
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SU(3) and baryons. A few more comments before we answer the previous ques-
tion. The strange quark mass is also pretty small m, ~ 95MeV, and (5s) ~ V3.
This means the approximate invariance and symmetry breaking pattern is actually
SU(3)r x SU(3)r — SU(3)diag, meaning that there are 16 — 8 = 8 pseudo NGBs.
Besides 79 the others are the kaons K*° and n. It’s still only the SU(2); that’s
gauged.

We can also include baryons B = €,4,¢aq3q,. Since ¢ = (u,d,s) € 3 of the flavor
SU(3), the baryons are in the representation

30303 =663)®3 =106848d1
oDRoo=(mef)eo=meFeFef (3.50)

The proton and neutron are in one of the octets. This point of view brought some
order (and some predictions) to the otherwise-bewildering zoo of hadrons.

Returning to the two-flavor SU(2) approximation, we can include the nucleons

Np/r = (p ) and couple them to pions by the symmetric coupling
n
L/R

L> )\NNTI'NLZNR'

The expectation value for ¥ gives a nucleon mass: my = Ayn=E5, where Ay, can be
measured by scattering. This is a cheap version of the Goldberger-Treiman relation;
for a better one see Peskin pp. 670-672.

WZW terms in the chiral Lagrangian. Finally, [ would be remiss not to men-
tion that the chiral Lagrangian must be supplemented by WZW terms to have the
correct realization of symmetries (in order to encode all the effects of anomalies, and
in order to violate 7 — —m which is not a symmetry of QCD). This is an important
additional ingredient in the EFT recipe book: although we wrote all the local La-
grangian terms that were manifestly consistent with the symmetries, this actually did
not account for all the symmetric terms that we can add to the action! The WZW
term can only be written in a manifestly-symmetric way at the expense of introducing
some extra dimension (or gauge redundancy).

The chiral Lagrangian governs a non-linear sigma model (NLoM)— a QFT whose
fields are maps from spacetime into some target space. In this case the target space is
the coset space G/H, where G is the full symmetry group (SU(Ny), xSU(N¢)r) and H is
the unbroken subgroup SU(Ny)diagonal. We can parametrize this space by U = P
where the T includes only generators of the broken part of the group, so the 7% are

coordinates on G/H.

A WZW term is a term which we can sometimes add to a NLoM action; it is
defined by the fact that it is symmetric under some group G, but isn’t the integral of a
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symmetric local Lagrangian density in D dimensions. Making it manifestly symmetric
requires the introduction of a fictitious extra dimension. This has the dramatic and
surprising consequence that its coefficient is quantized.

To get the idea, consider again a model in D = 0 + 1 where the field variable n
takes values on the unit sphere S?, 1 =% _,,,7n2. This is a special case of a coset

space with G/H = SU(2)/U(1).

In order to write the WZW term in a manifestly symmetric way (under the SO(3)
of rotations of the sphere, we have to extend the field into a (possibly fictitious) extra

dimension whose coordinate is u.
We do this in such a way that the real system lives at v = 1:

n(t,u=1)=n(t), n(,u=0)=(0,0,1)

L e
it goes to the north pole at the other end of the extra dimension for @ L
all t. Consider periodic boundary conditions in time n(27) = n(0).

Then this means that the full space is really a disk with the origin at

u = 0, and the boundary at v = 1. Call this disk B, its boundary

0B = M is the real spacetime (here a circle).

We can write the WZW term in terms of the S%-valued field n'?3 as

2 1
_ T / ntdnb A dnceg. = —/ dt (1 — cos @) 0,¢.
B 4T J pm

Wo[n] = Q—2 -

The integrand here is the volume element of the image of a chunk of spacetime in
the target S2. If we integrate over the union of two balls with cancelling boundaries
By U B, we get an integer multiple of 27 (the integer is the winding number of the
map).

The coefficient k of W in the action AS[n| = kW;[n] must be an integer since By
and B; give equally good definitions of W, which differ by 27k. So this ambiguity will
not affect the path integral if k£ € Z.

A simple generalization of this is a model in D = d + 1 dimensions with a field
variable 71 taking values on S?2. Then we can write a WZW term as
27

Waln] = Qa2

/ nOdn™ A - A dn T egg.ay, - (3.51)
By

The integrand is the volume element on the image of the chunk of spacetime. This
term is manifestly O(d + 3)-symmetric. Again the EOM depend only on the fields at
the boundary, and again the coefficient must be quantized.
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The generalization to a group-valued variable U in any dimension is of the form

Wp_1 = c/ trU ' dU AU AU A --- ANUNU.
Bpi1

—~
D + 1 of these

Such terms are interesting when 7p,1(N') is nontrivial, where A is the space where
the fields live (the target space, N'= G/H when it arises by symmetry breaking), that
is, there are maps from SP*! to A/ that cannot be smoothly deformed to the trivial
map where every point in the base space goes to the same point in the target. The
variation of Wp_; with respect to U is (for even D)?*:

Wp_1 = (D + 1)C/BD+1 rd (Udu)” w (3.53)
— (D +1)e /B o { (dvU—")" d(I(JSUC(ljU;;} . (3.54)
—(D+ 1)C/BDH awr { (U~1av)” U} (3.55)
Stgkes 1)C/M w{ (U-tav)" uleu |

which only depends on the field configuration on the actual spacetime M, not on
the extension to Bpyi. Again there can be topologically distinct ways to make the
extension; demanding that they always give the same answer determines c¢ in terms of

23Why do I restrict to even D?

D+1

tr (U™'dU)" " = e ioiigy (U9, U+ U 10,,,,U)

KD+1

but et Hp+1 = —(—1)PHlenprimro 5o Wy = (=1)PWp_; vanishes for odd D. The step from

(3.54) to (3.55) also relies on this fact. Using 1 = U~1U and hence 0 = §(U~1U) = d(U~1U), so that
AUt = —U~tduUu—!, (3.52)

the term by which (3.54) and (3.55) differ is

tr{ (d(Utav)”)ovu—t}

product rule

<y {(aut nau A (UaD)

P2~ { (vt nuTtau A (UTtaU

P o wtau nauT nau a (UTtau) T ) suot

)77 Ut auU Tt AauU T AdU A (UTU) T ) euU

=tr (1 —-1+1- 1) (UﬁldU)D_l 5UU*1 D —1:even 0.
—

D — 1 of these

See Weinberg, vol 2, §23.4 for more.
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volumes of spheres (so that ¢ [¢p,, tr(U~'dU)P*! € Z is the winding number), and the

coefficient must be an integer multiple of 27. (In D = 4, we have ¢ = m.)

This WZW term is less topological than the theta term we discussed above, in the
sense that it affects the equations of motion for n(t). The variation of W is local in D
dimensions. The following table gives a comparison between theta terms and WZW
terms for a field theory in D spacetime dimensions, on a spacetime Mp:

theta term WZW term
H:fMph WD,12f3D+lw, 6?BD+1:MD
h = dq ow = dv
Doesn’t affect EOM Affects EOM

o ) Appears in perturbation theory,
Invisible in perturbation theory PP ) P i Y
e.g. in beta functions

Coefficient of W € 27Z

7 f losed
#t € Z for Mp close in order for path integral to be well-defined.

[End of Lecture 12]

Pion physics is the context where these terms were first discovered, and where it was
realized that their coefficients are quantized. In particular the coefficient of the WZW
term W3[U] here is N, the number of colors, as Witten shows by explicitly coupling
to electromagnetism, and finding the term (3.49) that encodes 7 — . Apparently
Witten realized that such a term was required because without it the chiral Lagrangian
had an extra symmetry under m — —7 which is absent in QCD; the WZW term also
produces a 5-pion amplitude which violates this symmetry.

One dramatic consequence here is that the chiral Lagrangian (with some higher-
derivative terms) has a topological soliton solution (the skyrmion) which is a fermion
if the number of colors of QCD is odd. The field configuration U(z,t) is constant in
time and approaches the vacuum at infinity, so we can regard it as a map

U : (space Uoo ~ S%) — G/H, (3.56)

where G is the full symmetry group and H is the unbroken subgroup, so G/H is the
space of Goldstones (in the chiral Lagrangian, G/H = SU(3) x SU(3)/SU(3) preserved =
SU(3)proken)- The configuration is topological in the sense that as a map from S3 —
G/H, it cannot be smoothly deformed to the trivial map — it represents a nontriv-
ial element of 73(G/H). Its nontriviality is witnessed by a winding number, which
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can be written as the integral of a local density. In fact, the baryon number of this
configuration comes from the anomalous (WZW) contribution to the baryon number
current?*

B, = 20019, UU 1 0,UU 195U (3.57)

2472

whose conserved charge [ By is exactly the winding number of the map from space

(plus the point at inﬁnityspg(cjethe space of goldstones. And finally this object a fermion
because the WZW term evaluates to m on a spacetime trajectory where the soliton
makes a 27 rotation. So this object is a fermionic particle which carries baryon number.
It also carries isospin. It’s a nucleon! Above we added nucleon fields to the chiral
Lagrangian, but we actually didn’t need to — they were already there as solitonic
excitations. Note that the size of the soliton (the region of space over which the
fields vary) is determined by the higher-derivative terms in the chiral lagrangian, so we
shouldn’t take too seriously the substructure of the proton predicted by this picture.

But it doesn’t do too badly.

As a preview, I should also mention that WZW terms are important in the study
of interacting spin systems, for example in our understanding of the dependence on
the s of Heisenberg spin-s chains (§4.1), and in phase transitions beyond the Landau-
Ginzburg (symmetry-breaking) paradigm (i.e. deconfined quantum criticality, §5.5).

Constraints on solitons in scalar field theories. The fact that the chiral
Lagrangian has nontrivial, stable, static solitonic particle solutions merits some further
comment. The irrelevant terms actually play an important role. Without them, we
can show that no such stable solutions exist.

Derrick’s argument: Consider a field theory of scalars with 0-derivative and 2-
derivative terms. For purposes of finding static solutions, extremizing the action is the
same as extremizing the energy:

Elg] = /dd$ <9(¢) <ﬁ¢)2 + V(¢))2 =5L+ L.

There could be multiple scalars, so for example, the argument applies to the leading
term in the chiral lagrangian L = tr (U~10U )2. We'll assume I; > 0, since otherwise
there is an obvious gradient instability of the theory.

Suppose we have a solution ¢ that extremizes £. To describe a particle excitation

of the vacuum, it must approach the vacuum value far away, ¢(x) e ®o-

24Witten gives two arguments for this. One is by including the couplings to the SU(2), electroweak
gauge bosons, he shows that this term is related by a gauge transformation to terms responsible for the
U(1)5SU(2)%y anomaly. The second is an appeal to a generalization of the calculation of Goldstone
and Wilczek described on the first homework.
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Now consider a dilated configuration ¢x(z) = ¢(A\z). Plugging in and changing
integration variables gives

I I
E[(b)\] = Ad_2 + V
Demanding that ¢ is a stationary point implies
2—d
0 =S 3)\E'[¢)\”>\:1 = (2 - d)[1 - d[g — [2 = [1

and then
RE[ a1 = 2—d)(1 —d)]; +d(d+ 1), = —2(d — 2)I; < 0.

So the solution is unstable to dilations for d > 2.

If we add a term with more derivatives, like I3 = # i (ﬁqﬁ)e’, it will contribute
positively to 92 E[px]|a=1 and the argument is no longer valid. The length scale 1/M
in front of this higher-derivative term then determines the size of the soliton.
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4 Field theory of spin systems

Where do spin systems come from? Just as the classical ising model arises in
many ways (lattice gas, double well potential....), quantum spin systems arise in many
ways. for example:

1. Spinful fermions at half-filling, with charge dofs quenched.

2. Similarly, spinless fermions hopping around on a lattice also realize a spin system:
there are two states per site. How to relate fermion operators and spin operators?
In 1+1 dimensions, we can answer this in complete explicitness, below.

3. If we view down-spin as vacuum and up-spin as the presence of a boson, we
can view a hard-core boson system as a spin-1/2 system. Here it is natural
to preserve a U(1) C SU(2) symmetry which rotates the phase of X +iY; the
conserved quantity is Z = (2np — 1) where ng is the boson number.

So the Hamiltonian for a spin system can preserve some or all of the SU(2) spin
rotation symmetry. First we’ll study situations that preserve the whole SU(2).

4.1 Ferromagnets and antiferromagnets

[Zee §6.5] Now we’ll try a spin system in D > 1+ 1. Consider a lattice of spins, each
of spin s € Z/2, interacting via the Heisenberg hamiltonian:

H=YJS, S
(43")

This hamiltonian is invariant under global spin rotations, 84 — RSYR~' = RyS?! for
all j. For J < 0, this interaction is ferromagnetic, so it favors a state like <§]> = SZ.
For J > 0, the neighboring spins want to anti-align; this is an antiferromagnet, which
favors a state like <§J> = (—1)7s2. Whether the spins actually order is in general a
difficult question: the consequence of short-range interactions of some particular sign
for the groundstate is not so obvious. For example, antiferromagnetic interactions may
be frustrated: If I want to disagree with both Kenenisa and Lasse, and Kenenisa and
Lasse want to disagree with each other, then some of us will have to agree, or maybe
someone has to withhold their opinion, (S) = 0. So you see frustration and symmetry
breaking are in conflict.

In the special case of D = 1+ 1 dimensions with short-range interactions, sponta-
neous breaking of a continuous symmetry does not happen. Really there is only short-
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range order because of the Coleman-Mermin-Wagner theorem. But that is enough for
the calculation we want to do.

We can write down the action that we get by coherent-state quantization — it’s just
many copies of the above, where each spin plays the role of the external magnetic field

L= isZz}@tzj - J$2Zﬁj T
J (4s’)

for its neighbors:

Spin waves in ferromagnets. Let’s use this to find the equation of motion for
small fluctuations d7; = 71; — Z about the ferromagnetic state. Once we recognize the
existence of the Berry phase term, this is the easy case. In fact the discussion is not
restricted to D =1+ 1.

Assume the system is translation invariant, so we should Fourier transform. The
condition that 77 = 1 means that on.(k) = 0.”> The equations of motion are (using

(3.28))

o_ 98

=G X O = st

(e
where > ¢jjn 1s an instruction to sum over the neighbors of the fixed site j. Taking
s™1i; x (BHS) gives
0= —0yii; + i x »_ sJi).
(e
Linearizing in o7 and fourier transforming, we find

o= (4 ) (o) =

2

with h(k) determined by the exchange (J) term. It is (proportional to) the lattice lapla-

25|.J]a2k?, with a the lattice spacing. For small k, h(k) ~ k2, so the solutions of (4.1)
have w ~ k?, a z = 2 dispersion (meaning that there is scale invariance near w = k = 0,
but space and time scale differently: k& — Ak, w — A?w. The two spin polarizations
have their relative phases locked én,(k) oc idn, (k) with a 7/2 phase shift, and so these
modes describe precession of the spin about the ordering vector. These low-lying spin
excitations are visible in neutron scattering and they dominate the low-temperature

251 = n? Vj = n;-6n; =0,Vj which means that for any £,

0= Zeikj“nj -onj = Zeikja(é +6n;) - 6n; = dnj, + O(6n?).

J J
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thermodynamics. Their thermal excitations produce a version of the blackbody spec-
trum with z = 2. We can determine the generalization of the Stefan-Boltzmann law
by dimensional analysis: the free energy (or the energy itself) is extensive, so F' oc LY,
but it must have dimensions of energy, and the only other scale available is the tSm—
+z

perature. With z # 1, temperature scales like [T] = [L™*]. Therefore F = cL4T = .
(For z =1 this is the ordinary Stefan-Boltzmann law).

Notice that a ferromagnet is a bit special because the order parameter Q* = > . S?
is actually conserved, [Q%, H] = 0. This is the origin of the funny z = 2 dispersion
of the goldstones, and the fact that although the groundstate breaks two generators
Q" and )Y, there is only one gapless mode. If you are impatient to understand this
connection, take a look at this paper. [End of Lecture 13]

Antiferromagnets. [Fradkin, 2d ed, p. 203] Now, let’s study instead the equation
of motion for small fluctuations about the antiferromagnetic (Neel) state, S(Z) ~
(=1)2:%m. The conclusion will be that there is a linear dispersion relation. This
would be the conclusion if we simply erased the WZW /Berry phase term and replaced
it with an ordinary kinetic term

1 . -
2—g2 Z thj . Otnj .
J
How this comes about is actually a bit more involved! An important role will be
played®® by the ferromagnetic fluctuation ¢; in
n; = (—1)377_”2] + aZj .

ni; is the AF order parameter; a is the lattice spacing; s € Z/2 is the spin. The
constraint 772 = 1 tells us that m? =1 and m - £ = 0.

Why do we have to include both variables? Because m are the AF order-parameter
fluctuations, but the total spin is conserved, and therefore its local fluctuations 7 still
constitute a slow mode. This is an illustration of a general point: amongst the low-
energy modes in our effective field theory, we should make sure we keep track of the
conserved quantities, which can often move around but can never disappear. The name
for this principle is hydrodynamics.

The exchange (J) term in the action is

. . 1
Sj[ﬁj = (—1)]7’ﬁj + afgj] = —CLJSQ/d.Tdt (5 (0;,;771)2 + 2£2> .

26 A pointer to the past: this story is very similar to the origin of the second order kinetic term
for the Goldstone mode in a superfluid arises, which we discussed as an application of coherent state
quantization of bosons in §3.1. The role of £ here is played there by p, the density.
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7o = L(n. )2
Here we used 7i; - ; = 5(n; +n;)° — 1 and

ﬁQT + ﬁgr_l ~ a (axmgr + 2€27-) + O(CLQ). (42)

Now let’s focus on D = 1+ 1. The WZW terms evaluate to*’

N
Sw=dns S Wol(—1ymy4) RN / dedt (fm (Bt X Byi) + 5T+ (17 atm)) .

2

Jj=1

(4.3)

Altogether, we find that ¢ is an auxiliary field with no time derivative:
Lim, 0] = —2aJs** + sl - (i1, x 8ym) + L[m)

so we can integrate out ¢ (this is the step analogous to what we did for p in the EFT
of SF in §2.3.3) to find

S[m) = / dudt (2—; (vi (Ou7)? — v, (axmﬁ) + %ewrﬁ (O aym)> 4
with ¢% = % and vy = 2aJs, and 6 = 27s. The equation of motion for small fluctuations
of m therefore gives linear dispersion with velocity v,. Notice that there are two
independent gapless modes (recall that m? = 1). These fluctuations have wavenumber
k close to 7, since they are fluctuations of the AF order (kK = 7 means changing sign
between each site), that is, w ~ |k — 7|. (For a more microscopic treatment, see the

book by Auerbach.)

So the conclusion is that the EFT for an antiferromagnet in D =1+ 1 is a NLSM
with target space S?, and with a theta term. The last (‘theta’) term in (4.4) is a total
derivative. This means it doesn’t affect the EOM, and it doesn’t affect the Feynman
rules. It is even more topological than the WZW term — its value only depends on the
topology of the field configuration, and not on local variations. It is like the 6 F A F
term in 4d gauge theory, or the ¢ term for a particle on a ring. You might think then

2TThe essential ingredient is

SWoln] = ﬁ / Atd7i - (7 x O .

So
AW, n +4mWolnar—1] = 4m | Wo[—nar—1] + /dt W An  +Wylnar—1] | =
0 2r 0[n2r—1 0l—n2r—1 o (1) 0[n2r—1
=—ng,_1+An Hﬁz)amﬁ;ﬂ La

The factor of § in (4.3) comes from ay_, = 1 [ dz.
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that it doesn’t matter. Although it doesn’t affect small fluctuations of the fields, it does
affect the path integral. Where have we seen this functional before? The integrand
is the same as in our 2d representation of the WZW term in 0+1 dimensions: the
object multiplying theta counts the winding number of the field configuration m, the
number of times @ the map m : R? — S? covers its image (we can assume that the
map m(|x| — oo) approaches a constant, say the north pole). We can break up the
path integral into sectors, labelled by this number Q = & [ dadt €, - (D x 0,1m) :

7 = / (D] = / [Dit] get¥o=0elQ

QEZ

0 determines the relative phase of different topological sectors (for § = 7, this a minus
sign for odd Q).

Actually, the theta term makes a huge difference. (Perhaps it is not so surprising
if you think about the quantum mechanics of a particle constrained to move on a ring
with magnetic flux through it?) The model with 2s even flows to a trivial theory
in the IR, while the model with 2s odd flows to a nontrivial fixed point, called the
SU(2); WZW model. It can be described in terms of one free relativistic boson. If you
are impatient to understand more about this, the 2" edition of the book by Fradkin
continues this discussion. Perhaps I can be persuaded to say more.

Nonlinear sigma models in perturbation theory. Let us discuss what happens
in perturbation theory in small g. A momentum-shell calculation integrating out fast
modes (see the next subsection, §4.2) shows that

dg?

Y (D~ 2)g" + (1~ 2)Kng' + O() (15)
where ¢ is the logarithmic RG time, and ¢ — oo is the [R. n is the number of components
of n, here n = 3, and Kp = gfr )‘é as usual. Cultural remark: the second term

is proportional to the curvature of the target space, here S"~!, which has positive
curvature for n > 1. For n = 2, we get S which is one-dimensional and hence flat and
there is no perturbative beta function. In fact, for n = 2, it’s a free massless scalar.
(But there is more to say about this innocent-looking scalar!)

The fact that the RHS of (4.5) is positive at small g in D = 2 says that this model
is asymptotically free — the coupling is weak in the UV (though this isn’t so important
if we are starting from a lattice model) and becomes strong in the IR. This is opposite
what happens in QED; the screening of the charge in QED makes sense in terms of
polarization of the vacuum by virtual charges. Why does this antiscreening happen
here? There’s a nice answer: the effect of the short-wavelength fluctuations is to make
the spin-ordering vector 77 effectively smaller. It is like what happens when you do the
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block spin procedure, by just averaging the spins. But rescaling the variable 7 — an
with @ < 1 is the same as rescaling the coupling g — g/a — the coupling gets bigger.
(Beware Peskin’s comments about the connection between this result and the Coleman-
Mermin-Wagner theorem: it’s true that the logs in 2d enhance this effect, but in fact
the model can reach a fixed point at finite coupling; in fact, this is what happens when
0=m.)

Beyond perturbation theory. Like in QCD, this infrared slavery (the dark side
of asymptotic freedom) means that we don’t really know what happens in the IR from
this calculation. Dimensional transmutation says that the coupling is of order one at
an energy scale of order

C
-2
Ay = Noge 90,

for some constant ¢, analogous to the QCD scale (H is for ‘Haldane’, who did the
relevant work at UCSD). From other viewpoints (Bethe ansatz solutions, numerical
methods, and some analytic methods to be described below), we know that (for integer
s) there is an energy gap above the groundstate of order Ay. Here gq is the value of g
at the scale Ag; so Ay is roughly the energy scale where g becomes large.

For s € Z, for studying bulk properties like the energy gap, we can ignore the theta
term since it only appears as ™", with n € Z in the path integral. ** For half-integer
s, there is destructive interference between the topological sectors. Various results
(such as the paper by Read and Shankar, Nuclear Physics B336 (1990) 457-474, which
contains an amazingly apt Woody Allen joke) show that this destroys the gap. This last
sentence was a bit unsatisfying; more satisfying would be to understand the origin of
the gap in the 8 = 27n case, and show that this interference removes that mechanism.
This strategy is taken in this paper by Affleck.

In the section on large-N, we’ll get some intuition for these claims.

4.2 The beta function for 2d non-linear sigma models

[Polyakov §3.2; Peskin §13.3; Auerbach chapter 13] I can’t resist explaining the result
(4.5). Consider this action for a D = 2 non-linear sigma model with target space S"!,

of radius R:
S = / P’z R?0,7 - ' = / d’rR*dn?.

289 = 27n does, however, affect other properties, such as the groundstate wavefunction and the
behavior in the presence of a boundary. 6 = 27 is actually a different phase of matter than 6 = 0.
It is an example of a SPT (symmetry-protected topological) phase, the first one discovered. See the
homework for more on this.
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Notice that R is a coupling constant (it’s what I called 1/g earlier). In the second step
I just made some compact notation.

Since not all of the components of n are independent (recall that n -n = 1),
the expansion into slow and fast modes here is a little trickier than in our previous
examples. Following Polyakov, let

ni(z) = ()T + 3 67 (2)el @) (4.6)

Here the slow modes are represented by the unit vector n’. (z), fic - = 1; the variables
e’ are a basis of unit vectors spanning the n — 1 directions perpendicular to 7 ()

Ne€,=0,6, €, =1; (4.7)

they are not independent dynamical variables and how we choose them does not matter.

The fast modes are encoded in ¢ (z) = | [f/sdk:eimqbk, which only has fourier modes

in a shell of momenta, and ¢2 = ZZ;; o7 ¢- . Notice that differentiating the relations
in (4.7) gives
'fL< . dfl< - 0, 'fL< . déa + dﬁ< . éa — O (48)
Below when I write ¢s, the > symbol is implicit.
We need to plug the expansion (4.6) into the action, whose basic ingredient is

dnt = dn’ (1 - ¢?)} —n 220

+deg- e+ ¢ - de'.

So S = [ d*z L with

1 2

1 2 2 2 = 5
=—|(d 1-— + d +20,done, - d

242 ( n<) ( ¢ ) \(é/ Godppe €y

kinetic term for ¢

+ d¢,dii< - €, +¢apde, - dé, + O(¢%) (4.9)
————

source for ¢

So let’s do the integral over ¢, by treating the d¢? term as the kinetic term in a gaussian
integral, and the rest as perturbations:

e~ Setiln<] — /[D¢>]ﬁ/se_fL = /[ng>]ﬁ/se_2;2f(d¢)2 (all the rest) = (all the rest), ( Z~ -
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The (...). ,s that follow are with respect to this measure.

1
= Leg[n<] = 3 (dn.)? (1 - <¢2>>’0>+<¢a¢b>>’0 dé,-déy+terms with more derivatives

A dk 1
(Patb)s o = 6&1)92/ == G*Kslog(s)0a, Ko = 7
A/s m
What to do with this dé, - de, nonsense? Remember, €, are just some arbitrary
basis of the space perpendicular to n.; its variation can be expanded in our ON basis
at x, (n<,e.) as

Therefore

where the second term is a higher-derivative operator that we can ignore for our present
purposes. Therefore

Leg[n] = 2—;2 (dic)? (1-((N—-1)—1)¢g°K>logs) + ...
~ % <g2—|—2g—7r(]\7—2)logs+...>_ (dho)? + ... (4.10)

Differentiating this running coupling with respect to s gives the one-loop term in
the beta function quoted above. The tree-level (order g?) term comes from engineering
dimensions.
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4.3 CP! representation and large-N

[Auerbach, Interacting Electrons and Quantum Magnetism, Polyakov, Gauge fields and
strings] Above we used large spin as our small parameter to try to control the con-
tributions to the path integral. Here we describe another route to a small parameter,
which can be just as useful if we’re interested in small spin (like spin—%).

Recall the relationship between the coherent state vector n and the spinor compo-
nents z: n® = zo?z. Imagine doing this at each point in space and time:

n’(z) = 21 (x)o%2(z). (4.11)

We saw that the Berry phase term could be written nicely in terms of z as izfZ; what
about the rest of the path integral?

First, some counting: 1=n% & 1=21-2=3% . [2,[>. But this leaves only two
components of n, and three components of z,,. The difference is made up by the fact
that the rephasing

Zm(x) = XDz (2) (4.12)

doesn’t change . So it can’t act on the physical Hilbert space. This is a (local, since
X(x) depends on x) U(1) gauge redundancy of the description in terms of z.

There two ways to proceed from here. One is via exact path integral tricks which
are relatively straightforward in this case, but generally unavailable. The second is by
the Landau method of knowing the answer: what else could it be.

Path integral manipulations. [Auerbach, chapter 14] First notice that the AF
kinetic term is

9un0'n® = 4(9,270"z — A, A") = 4(8,270"2 — A, A*2T2) . (4.13)

where A, = —% (ZTaMZ — Q,ZT,Z) is a connection one-form made from z itself. Notice
that A, — A, + 0x and the BHS of (4.13) is gauge invariant under (4.12). We must
impose the constraint |z(z)|? = 1 at each site, which let’s do it by a lagrange muliptlier
df|z]> = 1] = [ DA et/ Pex@)(1EP1) 1 ghe action, the A? term is a self-interaction of
the zs, which makes it difficult to do the integral. The standard trick for ameliorating
this problem is the Hubbard-Stratonovich identity:

C
= \/; / dA, e cAit2eAnAl

The saddle point value of A is A. This gives

e # dn® — /[dA]e#fl(aiA)z?
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Finally, let’s think about the measure at each point: [ d*nd(n*~1)... = []

i1 9 oip/2pix/2
. ) . [ me [ cosge¥ite _
Compare this to the integral over zs, parametrized as z = ([72€i ¢2> = (sin 8 —ig/2 ix /2> ;

0 0
/ H d2md2! 0(|21|* + |2> = 1)... = = c’/singcos idedwdx...

m=1,2

which is the same as [ dn except for the extra integral over x: that’s the gauge di-
rection. The integral over y is just a number at each point, as long as we integrate
invariant objects (otherwise, it gives zero). Thinking of z as parametrizing an arbitrary

1
normalized spinor z = R(0, ¢, X) (0) , so that R is an arbitrary element of SU(2), we've

just shown the geometric equivalence between the round S? and CP! = SU(2)/U(1).

Therefore, we can rewrite the path integral for the nonlinear sigma model (NLSM)
on S? as

Zgr = / (dedztdAdn]e™ ) 47 (B IOz (1)) (4.14)

This is a U(1) gauge theory with N = 2 charged scalars. It is called the CP' sigma
model. There are two slightly funny things: (1) the first is that the gauge field A lacks a
kinetic term: in the microscopic description we are making here, it is infinitely strongly
coupled. We'll see what the interactions with matter have to say about the coupling in
the IR. (2) The second funny thing is that the scalars z have a funny interaction with
this field A which only appears linearly. If we add a A\?/(4k) quadratic term, we can
do the lambda integral and find V(|z]?) = x(]z|*> — 1)?, an ordinary quartic potential
for |z|. This has the effect of replacing the delta function imposition with an energetic
recommendation that |z|> = 1. This is called a soft constraint, and it shouldn’t change
the universal physics.

Alternatively, we could have arrived at this point

oaD—2

Zse = / (dzdztaA)e |43 0P -w(i:-1))

by regarding (4.11) as a slave-particle or parton ansatz for a new set of variables. The
demand of gauge invariance (4.12) is a strong constraint on the form of the interactions,
and requires the inclusion of the gauge field A. Relative to the most general 2-derivative
Lagrangian consistent with the symmetries and gauge redundancy, we are missing
kinetic terms for A; we’ll see below that these are generated by the fluctuations of the
8.

Other such ansatze are possible, such as one in terms of slave fermions S = Yiaap.
In this case, this turns out to be also correct — more later. More generally, any given
change of variables may or may not be useful to describe the relevant physics.
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[End of Lecture 14]

Large N. This representation allows the introduction of another possible small
parameter (besides the number of components of 77 (which gives SO(n) symmetry) or
the size of the spin (which takes a large representation of SU(2)), namely the number
of components of z (which will give a theory with SU(N) symmetry). Suppose instead
of two components, it has N

N
> el =
m=1

and let’s think about the resulting CPY~! sigma model (notice that CPY~! and SV
are different generalizations of S?, in the sense that for N — 2 they are both S?):

Zeprn—1 = / (dedztdAdN]e™ 47 m(F 101 (12 -n/2))

= / [dAdN]e~ VSN M 71o-NSIAN]

The z-integral is gaussian in the representation (4.14) even for N = 2, but the resulting
integrals over A, A are then horrible, with action

. . AP=2
S[AN =Tr In (- (0 —i4)* +i)) — 7 /m. (4.15)
(In the last step, I absorbed some factors into a redefinition of A.) The role of large
N is to make those integrals well-peaked about their saddle point. The saddle point
equations are solved by A = 0 (though there may sometimes be other saddles where
A # 0, which break various discrete symmetries). This leaves us with

D-2

ViA

S0, \] = V/cTDkln(k2 +1i\) — 7

(where V' is the number of sites, the volume of space, and I've assumed constant \),
which is solved by A = —i) satisfying

d’k AD—2
/k2+A: g

This is an equation to determine A, which in turn appears as the coefficient of 2tz in

the action — a mass for the charged fields (so this equation is sometimes called the gap
equation). The solution of this equation depends on the number of dimensions D.

4 A2
D=1: 1:/ /2 = IA
g*A k2+)\ \/_ k*+1 4
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Since the action for z contains a term A|z|?, this says that the mass of the excitations is
m = Ag*/ V2. Where did that come from? D = 1 means we are studying the quantum
mechanics of a particle constrained to move on CPN 1!

2

A
H = —4=0.0: + o0 (12 = N/2)”.
The groundstate is the uniform state (z|groundstate) = ¥(z) = \/% Quantum me-
chanics of a finite number of particles on a compact space has a gap above the ground-
state. This gap is determined by the kinetic energy and naturally goes like ¢g2A.

2k 1 p\ ir
D=2: g?= [ — = "~ In= \ =A% o,
g /k:M—A ir A AT AE

This is the case with asymptotic freedom; here we see again that asymptotic freedom
is accompanied by dimensional transmutation: the interactions have generated a mass
scale o

m = Ae
which is parametrically (in the bare coupling g) smaller than the cutoff. This is the
promised (Haldane) gap.

A Bk 1 A 272 1lac1m
D=3: —2:/k2+A:2—7T2(A—\/Xarctanﬁ) — 1—?:xarctanz ~ 51’

%. Notice that for D > 3 there is a critical value of g below which
there is no solution of this equation. The dominant contribution is at A = m? = 0

=

where x

(for more explanation see Polyakov page 129), and the z-fields are gapless Goldstone

modes. That means symmetry breaking. This doesn’t happen in D < 2 (by the

Hohenberg-Coleman-Mermin-Wagner theorem it cannot). The critical coupling occurs
dPk AD—2 :

= The rate at which the mass goes to zero as ¢ — ¢, from

when g% = [95¢ ~ 55—
2
2 _ 42\ D=2
2 o A2 (g 290) _
9e
This is a universal exponent. (For more on critical exponents from large- N calculations,
see Peskin p. 464-465.)

above is

Correlation functions. A quantity we’d like to be able to compute for N = 2
is ST (x) = (ST(0)S™(x)). For example, this will allow us to see more quantitatively
how the saddle point value for A\ produces a gap. We can write this in terms of the
coherent state variables using the identity

g :J\/s/dnm) lnt, (N = (”1)4(38* by
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(Up to the constant factor, this identity follows from SU(2) invariance. The constant
can be checked by looking at a convenient matrix element of the BHS.) Then:

S () = (0" +in) (0) (n” — in?)(x)).

Recalling that n® + inY = 2fotz = 27z, we can generalize this to large N as the
four-point function

S () = (2,(0)2,(0)z,, (1) 5 (1)) "2 |Gla)?

which factorizes at leading order in large N. This phenomenon (large-N factorization)
that at large-N the correlations are dominated by the disconnected bits is general.
(We'll see a diagrammatic argument momentarily.) The factors are correlators of zs in
the fixed saddle-point configuration of A, \:

0w) = & [l 0)s(aye 5 e
Z
x [d"k ~ e~ 1#VA,
/ kP + A |:p|%
This says that the correlation length for the spins in S™#™ () o] " 1 o-lal/6 g

& = % depends variously on D. In D = 1, it is £ = ALg2’ so large-N predicts a

gap, growing with g. In D = 2, the correlation length is £ = A‘le+§% In D = 3, the

1
correlation length diverges as g — g.: 26 = A~} (2 — ‘;—7;) , signaling the presence of

K
gapless modes, which we interpret as Goldstones.

Exercise. Check that the other components of the spin such as S* = [z™|> — |2™|?

have the same falloff, as they must by SU(N) symmetry.

A dynamical gauge field emerges. Finally, let me show you that a dynamical
Maxwell gauge field emerges. Let’s expand the action Seg[A, A] in (4.15) about the
saddle point at A =0, = A = m?:

S[A=0+a,X=m>+v]=Wo+ W, +Wy+ O(5)
=0 by def

where the interesting bit is the terms quadratic in the fluctuations:

W= 5 [0 0@N@(-0) + 0@ Tu(0)e(-0)

where
1

6) == [

(4.16)

107



(2K + @)u(2k + @), a’k
Dy, _—
ww<:}m—|—d1amagnetlc diagram = /d 02+ m2)((k+ g2 + m?) —QQW/ K2+ m2
(4.17)

Familiarly, gauge invariance implies that ¢*Il,,(¢) = 0 — it prevents a mass for the
gauge field. For example, in D = 2, the long wavelength behavior is

M, (g) *~’ i - (9w — 0.0)

which means that the effective action for the gauge fluctuation is
N 2 v .
Wy ~ — | d°zF,, F* + more derivatives.
m?2 .

It is a dynamical gauge field.

Another term we can add to the action for a 2d gauge field is

F

o
where we regard F' = dA as a two-form. This is the 2d theta term, analogous to
JEFAF inD=4inthat F = dA is locally a total derivative, it doesn’t affect the
equations of motion, and it integrates to an integer on smooth configurations. This
integer is called the Chern number of the gauge field configuration. What integer is it?

On the homework you'll show that F' o< €®n*dn’dn®. It’s the skyrmion number! So
the coefficient is 6 = 27s.

4.3.1 Large-N diagrams.

I think it will help to bring home some of the previous ideas by rederiving them using
diagrams in a familiar context. So let’s study the O(N) model:

o m?

g . 2 IR
= —890 0+ — (- @)+ —¢@ . 4.1
4N< ) 2 (4.18)

Let’s do euclidean spacetime, D dimensions. The bare propagator is

m?2

—ikx
()eal) = 0 [ = b [P ()

The bare vertex is —%g (0ab0cd + OacOpd + Oaadpe). With this normalization, the leading
correction to the propagator is

§ d—q N>1
:_‘Ef;‘_ = _W(4N+8)5 /m ~ _gaab/quO(Q)
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of order N°. This is the motivation for the normalization of the coupling in (4.18).

Which diagrams dominate at large N (and fixed ¢g)? Compare two diagrams at

14

the same order in A with different topology of the index flow: eyeball “—@—;‘_ and

<
9

cactus % . The former has one index loop, and the latter has two, and therefore
dominates. The general pattern is that: at large N cacti dominate the 1PI self-energy.
Each extra pod we add to the cactus costs a factor of g/N but gains an index loop N.
So the sum of cacti is a function of gN®.

The full propagator, by the usual geometric series, is then

1

Ark) = e S(k)

(4.19)

We can sum all the cacti by noticing that cacti are self-similar: if we replace Ay by Ag
in the propagator:

S(p) = g / dPkAR(K) + O(1/N). (4.20)
The equations (4.19), (4.20) are integral equations for Ag; they are called Schwinger-
Dyson equations,

OK, now notice the p-dependence in (4.20): the RHS is independent of p to leading
order in N, so X(p) = dm? is just a mass shift.

Look at the position-space propagator

(eo(x)Paly)) = dav / dPke Y Ap(k). (4.21)

= (Sonllentl) (),

it is independent of = by translation invariance. Now let y — x in (4.21):

Let

4.20)

y2:/le<:AF(kz) "2 s

Now integrate the BHS of (4.19):

1
dPpA = [dPp————
/pF(p) /pp2+m2+z

1
2: dD )
’ /pp2+m2+gy2
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This is an equation for the positive number y?. Notice its similarity to the gap equation
for A we found from saddle point.

Large-N factorization. [Halpern] The fact that the fluctuations about the sad-
dle point are suppressed by powers of N has consequences for the structure of the
correlation functions in a large-N field theory. A basic example is

(Z(2)Z(y)) = (Z(2)) (Z(y) + O (N )

where Z are any invariants of the large-N group (i.e. O(N) in the O(N) model (nat-
urally) and SU(N) in the CPY~! model), and (...) denotes either euclidean vacuum
expectation value or time-ordered vacuum expectation value. Consider, for example,
in the O(NN) model, normalized as above

<s02]5[93) w?\(fy)> |

In the free theory, g = 0, there are two diagrams

<MM> :QQ N :Q Q+O(N1)
fre ¥ ) )

N N y\/j

— the disconnected diagram dominates, because it has one more index loop and the
same number of interactions (zero). With interactions, representative diagrams are

<¢2< O ij &Q% <¢2]<Vx>> <¢2Z<Vy>>+@ (V) = 10 (V)

— it is independent of x — y to leading order.

The same phenomenon happens for correlators of non-local singlet operators:

<¢(w)Nw(y) sO(U)NsO(v)> - ﬂﬁ M _ <s0(w)&so(y)> <¢(U)Nw(v)> Lo (N

The basic statement is that mean field theory works for singlets. At large N, the

entanglement follows the flavor lines.

We can still ask: what processes dominate the connected (small) bit at large N7
And what about non-singlet operators? Consider (no sum on b, a):

(p(pa)s(P3)Pa(P2)Pa(pr)), = X + px ) OK + O (N7?)

The answer is: bubbles. More specifically chains of bubbles, propagating in the s-

b
Gyt =

channel. What’s special about the s-channel, here? It’s the channel in which we can
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make O(NN) singlets. In the other channels, we don’t get loops with free flavor indices.

The diagrams I've displayed all go like f(g)/N. Other candidates are eyeballs: >®<

and ladders: ﬁ but as you can see, these go like N=2. However, bubbles can

have cactuses growing on them, like this: These all go like 1/N. To sum all

of these, we just use the full propagator in the internal lines of the bubbles, Ay — Ap.

I claim that the bubble sum is a geometric series:

2 g _
GY = — (Ay(external))? = +O (N2 4.22
T ofexternal)' LS rO (V) 42

where L is the loop integral L(p) = [d”kAr(k)Ar(p + k). You can see this by being
careful about the symmetry factors.

>< = Ay (external)’ (%) 24

2 1 2
>o( = Ay (external)’ <%> +2-4-8- o L = A (external)* i (9)° L.

Similarly, the chain of two bubbles is 2 g¢*L? etc.

Here’s how we knew this had to work without worrying about the damn symmetry
factors: the bubble chain is the o propagator! At the saddle, o ~ ¢%p? which is
what is going in and out of this amplitude. And the effective action for sigma (after
integrating out () is

2
Seft[0] :/% +trln (0> +m* + o).

The connected two-point function means we subtract off (¢) (o), which is the same as
considering the two point function of the deviation from saddle value. This is

09 = (5o Sale)) = (91 - (;)QY

0%24+m2+o

which becomes exactly the expression above if we write it in momentum space.

Two comments: (1) We were pretty brash in integrating out all the ¢ variables and
keeping the o variable: how do we know which are the slow ones and which are the
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fast ones? This sort of non-Wilsonian strategy is common in the literature on large-N,
where physicists are so excited to see an integral that they can actually do that they
don’t pause to worry about slow and fast. But if we did run afoul of Wilson, at least
we’ll know it, because the action for ¢ will be nonlocal.

(2) 0 ~ ¢?* is a composite operator. Nevertheless, the sigma propagator we’ve just
derived can have poles at some p* = m? (likely with complex m). These would produce
particle-like resonances in a scattering experiment (such as 2 — 2 scattering of s of the
same flavor) which involved sigmas propagating in the s-channel. Who is to say what
is fundamental.

Now that you believe me, look again at (4.22); it is of the form

a 2 B
Gifi = — (Ao(eXternal))4 Ngeﬂ?(m —f-pz) +0 (N 2)

where now
g

1+ g [dPkAR(K)AR(p + k)
is a momentum-dependent effective coupling, just like one dreams of when talking
about the RG.

gesr(P)

[End of Lecture 15]
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5 Duality

The word ‘duality’ in field theory refers to the situation when there are two distinct
descriptions of the physical system. Distinct here generally means that when one
description is weakly-coupled, the other is strongly coupled. Often, the elementary
perturbative quanta in one description are realized as solitons in the other description.
The two descriptions must agree about unambiguous quantities, like symmetries and
anomalies and (more ambitiously) the energy spectrum. The two descriptions are
generally related by some non-local change of variables, though (in all the examples
below) each is itself a local QFT. We don’t have a systematic understanding of this
phenomenon, so we proceed by a series of examples.

5.1 Transverse-Field Ising Model

Next, I want to spend some talking about situations where only Zs C SU(2) of the spin
rotations is preserved, the Ising model.

The Ising model has many guises. There is this from statistical mechanics:
7= e KXy,
{si}
There is this quantum spin system:

Hrpiv = —JZ (92X + 9:2;Zj41) -

J

And there is this 2d conformal field theory:

Slx] = /dgz (x9:x) (5.1)

which I first encountered on the worldsheet of a superstring. An important part of our
job is to understand the connections between these things. One thing they have in
common is a Zy symmetry, s; — —s; or Z; — —Z; or x — —X.

Whether or not you liked the derivation above of its relation to the euclidean
statistical mechanics Ising model, we are going to study the quantum system whose
hamiltonian is

HTFIM =—J g Z Xj + Z ZjZl . (52)

J (3

Some of the things we say next will be true in one or more spatial dimensions.
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Notice that J has units of energy; we could choose units where it’s 1. In 1d (or
on bipartite lattices), the sign of J does not matter for determining what state of
matter we realize: if J < 0, we can relabel our operators: Z; = (—1)’Z; and turn an
antiferromagnetic interaction into a ferromagnetic one. So let’s assume g, J > 0.

This model is interesting because of the competition between the two terms: the
X term wants each spin (independently of any others) to be in the state |—), which
satisfies

Xj |_>>j = |_>>] |_>>] = % <|T>j + |~L>]> .

In conflict with this are the desires of —Z;Z 1, which is made happy (i.e. smaller) by
the more cooperative states |1;1;41), or |l;l;+1). In fact, it would be just as happy
about any linear combination of these a [1;1;41) + b|l;);+1) and we’ll come back to
this point.

Another model which looks like it might have some form of competition is
T

Hyoring = cos0 > Z;+sin0» X;, 00, 1
J J

Why is this one boring? Notice that we can continuously interpolate between the states
enjoyed by these two terms: the groundstate of H; = cos 0Z + sin X is

0 6
0 = cos 5 |T) +sin 7 [1)
—as we vary 6 from 0 to 7/2 we just smoothly rotate from |1.) to [1.). And it is always

a product state.

How do we know the same thing can’t happen in the transverse-field Ising chain?
Symmetry. We've already seen that the Ising model has a G = Zy symmetry which
acts by Z; — SZ;ST = —Z;, X; — SX;S' = +X, where the unitary S commutes with
Hrrng: SHrrmuST = Hrpyy. Here S = Hz X;. The difference with Hyqing is that
Hrrpy has two phases in which G is realized differently on the groundstate.

: First, let’s take g so big that we may ignore the ZZ ferromagnetic term,

Hy oo =— > X;.
J

(The basic idea of this discussion will apply in any dimension, on any lattice.) Since

SO

all terms commute, the groundstate is the simultaneous groundstate of each term:
Xjlgs) =+legs), Vi, = lgs) = ©;[=);

Notice that this state preserves the symmetry in the sense that S|gs) = |gs). Such a
symmetry-preserving groundstate is called a paramagnet.
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: Begin with g = 0.
Hy=-J) Z,Z;n
J
has groundstates

+H =1t ==,

or any linear combination. Note that the states |£) are not symmetric: S|+) = |F),
and so we are tempted to declare that the symmetry is broken by the groundstate.

@ You will notice, however, that the states

8, ) = ()£ )

are symmetric — they are S eigenstates, so S maps them to themselves up to a phase.
It gets worse: In fact, in finite volume (finite number of sites of our chain), with g # 0,

ﬁ;'-’+> is the groundstate. BUT:

|+) and |—) are not eigenstates, and

1. The two states |[+) and |—) only mix at order N in perturbation theory in g, since
we have to flip all N spins using the perturbing hamiltonian AH = —¢J > i X
to get from one to the other. The tunneling amplitude is therefore

N—o0

TNgN<_,X1X2...XN|+> 220,

2. There’s a reason for the symbol I used to denote the symmetric states: at large NV,
these ‘cat states’ are superpositions of macroscopically distinct quantum states.
Such things don’t happen, because of decoherence: if even a single dust particle
in the room measures the spin of a single one of the spins, it measures the value
of the whole chain. In general, this happens very rapidly.

3. Imagine we add a small symmetry-breaking perturbation: AH = —3_ iy,
this splits the degeneracy between |+) and |—). If h > 0, |+) is for sure the
groundstate. Consider preparing the system with a tiny A > 0 and then setting
h = 0 after it settles down. If we do this to a finite system, N < oo, it will be in
an excited state of the h = 0 Hamiltonian, since |+) will not be stationary (it will
have a nonzero amplitude to tunnel into |—)). But if we take the thermodynamic
limit before taking h — 0, it will stay in the state we put it in with the ‘training

115



field” h. So beware that there is a singularity of our expressions (with physical
significance) that means that the limits do not commute:

lim lim Z # lim lim Z.

N—00 h—0 h—0 N—o00

The physical one is to take the thermodynamic limit first.

The conclusion of this brief discussion is that spontaneous symmetry breaking actu-
ally happens in the N — oo limit. At finite N, |+) and |—) are approximate eigenstates
which become a better approximation as N — oo.

This state of a Zs-symmetric system which spontaneously breaks the Z, symmetry
is called a ferromagnet.

So the crucial idea I want to convey here is that there

e . FERoMIET
must be a sharp phase transition at some finite g: the s 5 5  teampeer
. . . . oR 197 @ - S
situation cannot continuously vary from one unique, sym- gy ¥

metric groundstate S ‘ gsg<<1> = ‘ gsg<<1> to two symmetry-
breaking groundstates: S | gsi> = | gs¢>.

Quasiparticles. Next, let’s ask what are the low-lying excitations, and see what
happens when we try to vary the coupling away from the extreme points.

g > 1| An excited state of the paramagnet, deep in the E
phase, is achieved by flipping one spin. With H = H,, = N
—qJ Zj X, this costs energy 2¢gJ above the groundstate. z}:r N S‘}'uLcJ

There are N such states, labelled by which spin we flipped:

1 sl

~—~
nth site

ny=|—-— « —>>, (Ho — Ey) |n) =2gJ |n), Vn

When ¢ is not infinite, we can learn a lot from (1st order) degenerate perturbation
theory in the ferromagnetic term. The key information is the matrix elements of the
perturbing hamiltonian between the degenerate manifold of states. Using the fact that
Zj|=;) = ), so,

ZiZj | =j4j) = [+i—=50)
(1> Z,Z n) = 1,
J

the ferromagnetic term hops the spin flip by one site. Within the degenerate subspace,
it acts as

Heg|n) = —J (|n+ 1) + [n — 1)) + (Eo + 29.7) |n)
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It is a kinetic, or ‘hopping’ term for the spin flip.

Let’s see what this does to the spectrum. Assume periodic boundary conditions
and N sites total. This is a translation invariant problem (in fact the same one as the
masses connected by springs), which we solve by Fourer transform:

1 ikz IjEjCL,
ny = —— e kY,
In) \/sz: %) {k‘:%—m m=1.N

Na ’
On the momentum states, we have E%(.)/J “““
(H — Ey) |k) = (—2J coska + 2gJ) |k) . e

The dispersion of these spinon particles is

— 2 2m
e(k) =2J(g — coska) FROA J(ka)*  (5.3) A

with A = 2J(g—1) — there is an energy gap (notice

that A does not depend on system size). So these
k:2

2M
one at rest (notice that the rest energy is not related to its inertial mass M~ = 2Ja?).

are massive particles, with dispersion € = A 4+ =% + ... where A is the energy to create

A particle at j is created by the creation operator Z,,:

) = Zn [gssc) -

And it is annihilated by the annihilation operator Z, — you can’t have two spin flips
at the same location! These particles are their own antiparticles.

The number of such particles is counted by the operator ; (=X;). The number
of particles is only conserved modulo two, however.

What happens as g gets smaller? The gap to creating Al
a spin flip at large g looks like 2J(g — 1). If we take this 4 /

formula seriously, we predict that at ¢ = g. = 1 it costs

zero energy to create spin flips: they should condense in l T }9»
the vacuum. Condensing spin flips means that the spins

point in all directions, and the state is paramagnetic. (We shouldn’t take the value of
g. too seriously because it’s just first order in perturbation theory, but it turns out to
be exactly right.)

It’s possible to develop some more evidence for this picture and understanding of
the physics of the paramagnetic phase in the Ising chain by doing more perturbation
theory, and including states with two spin flips. Notice that for a state with two
spin-flip particles, the total momentum k& no longer uniquely determines the energy,
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since the two spin-flips can have a relative momentum; this means that there is a
two-particle continuum of states, once we have enough energy to make two spin flips.
For more on this, see e.g. Sachdev (2d ed) §5.2.2. In particular the two spin-flips can
form boundstates, which means the lowest-energy two-particle state is actually slightly
below 2A.

g < 1| Now let’s consider excitations of the ferromagnet, about the state |[+) =
11+ 1). Here D = 1+ 1 will matter. |+) is an eigenstate of Hy = —J > . Z;Z;,
and its (groundstate) energy is Fy = —JN. We can make an excitation by flipping one
spin:

I IR RRE A

This makes two bonds unhappy, and costs 2J + 2J = 4J. But once we make it there
are many such states: the hamiltonian is the same amount of unhappy if we also flip
the next one.

I IR R RS

The actual elementary excitation is a domain wall (or kink), which only costs 2.J.
The domain wall should be regarded as living between the sites. It is not entirely a
local object, since with periodic boundary conditions, we must make two, which can
then move independently. To create two of them far apart, we must change the state
of many spins.

At g = 0 the domain walls are localized in the sense that a domain wall at a fixed
position is an energy eigenstate (just like the spinons at ¢ = c0), with the same energy
for any position. But now the paramagnetic term — ;9X; is a kinetic term for the
domain walls:

Xjrr | My L) = [ MM L o)

17) =[7+1)

Just like in our g > 1 discussion, acting on a state with a single domain wall*’
(Hex — Eo) [7) = —gJ (|7 + 1) + 17 — 1)) + 27 |5)

where the diagonal term is the energy cost of one domain wall at rest. Again this is
diagonalized in k-space with energy

€one dwall (k) = 2J(1 — g cos ka)

29A state with a single domain wall can’t happen with periodic boundary conditions, but with open
boundary conditions, it can.
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Again, this calculation is almost ridiculously successful at
predicting the location of the phase transition:

g—1

Apw =2J(1 —g) — 0.
Although our discussion of the paramagnetic state g > 1 can be applied in any
d > 1, the physics of domain walls is very dimension-dependent.

Pause to reassess goals. You may be wondering: why in this class about QFT
are we lavishing so much attention on this spin chain? It may seem like this discussion
involves lots of lattice-scale details which are divorced from our fancy Lorentz-invariant
continuum QFT considerations. First: Recall that my definition of QFT is the study of
extensive quantum systems, i.e. (quantum) degrees of freedom distributed over space.
A spin chain exactly fits this definition. Second: It’s true that this kind of system
(and the TFIM model in particular) arises in many discussions of condensed matter.
But the real reason is: In this example, we can understand everything. In particular,
we can understand everything about how QFT emerges from a completely well-defined
quantum mechanical system, in which there are obviously no divergences or infinities
or anomalies. And yet, the system exhibits a quantum phase transition, described by a
relativistic conformal field theory (CFT)! (In particular, Lorentz invariance emerges.)
And moreover, we will discover that a description in terms of gauge theory is useful. So
I think the TFIM is particularly useful as an answer to the question ‘where do QFTs
come from?’

Interpretation of the stability of the SSB state in terms of domain walls.
If at finite N, with periodic boundary conditions, we prepare the system in the state
|+), tunneling to |—) requires creation of a pair of domain walls AE = 4.J, which then
mowve all the way around the circle, giving the tunneling rate

H( PR @ g

JN ~

(For g < 1, logé > 0.) The tunneling rate goes like e™" — it is exponentially small in
the system size.

Duality between spin flips and domain walls. The discussion we've just
made of the small-g physics has a lot in common with the large-g physics. More
quantitatively, the dispersion relation €,ne qwan (k) for a single domain wall looks nearly
the same as that of one spin flip (5.3). In fact they are mapped to each other by the
replacement

1
g—);, J = Jg. (5.4)
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Notice that this takes small g (weak coupling of domain walls, strong coupling of spin
flips) to large g (strong coupling of domain walls, weak coupling of spin flips).

In fact, there is a change of variables that (nearly) interchanges the two sides of the
phase diagram. Suppose the system is on an interval — open boundaries — the chain
just stops at j =1 and j = N. (We do this to avoid the constraint of an even number
of domain walls.) We can specify a basis state in the Z-basis by the direction (up or
down along Z) of the first spin and the locations of domain walls.

Consider the operator, diagonal in this basis, which measures whether there is a
domain wall between 7 and j + 1:

+1, if z_
zj = Zj—lzj-l-l =
2 2 -1, ifz

= <+ % _ ( -1 ) disagreement )

|
= N

&5+l

Notice that 73.2 =1,7 = 7;. Similarly, consider the operator that creates a domain
wall at j:
=X X5 = 11
J>Jj
This operator flips all the spins to the right of the link in question (and fixes our
reference first spin). It, too, is hermitian and squares to one. Finally, notice that
p .

T T = (—1)5J3’Tf§7'32

<

just like Z and X (since when j = j/, they contain a single Z and X at the same site).
The domain walls can be represented in terms of two-state systems living on the links.

Notice that the inverse of the map from X, Z to 7%, 7% is
Xj=71 .7

j—3 Jts

(The right hand side is an inefficient way to flip a single spin at j: namely, flip all the
spins right of 7 — 1, and then flip back all the spins to the right of j.)

So the 1d TFIM hamiltonian in bulk is
Hre = —JZ (9X; + Z;Z;11)

J
= —JZ (gTj’ZTerl + Tf) . (55)
J

This is the TFIM hamiltonian again with Z — 7% and X — 7% and the couplings
mapped by (5.4).
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This is in fact the same map as Kramers-Wannier duality (or rather it is mapped
to it by the quantum-to-classical map). As K&W argued, if there is a single phase
transition it must occur at the self-dual point g = 1.

Notice that the paramagnetic (disordered) groundstate of the original system is a
condensate of domain walls, in the following sense. The operator that creates a domain
wall has an expectation value:

(75) = (88ymoo| 77 |83900) = (88y=nc| ] [ X [83) =1 V5.

Ji>J

(For g € (1, 00), this expectation value is less than one but nonzero, just like how | (Z) |
decreases from 1 as g grows from zero.) Although there is a condensate, there is no
order, in the sense that an expectation value of X does not break any symmetry of
Hrep. (There is another state where (7%) = —1, but (at large g) it’s a high-energy
state.)

An important point (and the reason ‘duality’ is a dangerous word): the two sides
of the phase diagram are not the same. On one side there are two groundstates related
by the broken symmetry, on the other side there is a unique symmetric groundstate.
That’s how we knew there had to be a phase transition! I will say more about this
mismatch.

Open boundaries. Let us make sure we can reproduce the correct number of
groundstates in the two phases. To get this right, we have to be precise about the
endpoint conditions. Let’s study the case where we have NN sites in a row; the first and
last sites have only one neighbor. The Hamiltonian is

N-1
Hrppg = —J <Z (9X; + Z;Zj) + QXN> :

j=1
The duality map is

Zij_H:Ter%?j:]_,Q...N—l, Xj:T]'Z,%T]?+%) jle

In terms of the domain-wall variables, the hamiltonian is

N-1
4 4 1 €T z z
Harni = —Jg <Z (Tj;m; ¥ ;m;) + TN;TN+;> ‘

j=1

But now there are two special cases:

PY z
TNl

2
j > N. So it is the identity operator.

= 1: this operator flips all the spins with 7 > N; but there are no spins with
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e 7! : this operator measures whether or not there is a domain wall between 7 =1
2
and j =0, 77 = ZyZ,. But there is no spin at j = 0. One way to think about this is
2
to put a “ghost spin” at j = 0 which is always in the state Zg = 1. So 77 = Z;: it
2

measures the value of our reference spin.

At g =0: Hy—p = JZ] 27' , and the groundstate is 77 ;, = 1 for j = 2...N.
2
But 7‘1 does not appear, so there are two degenerate groundstates eigenstates of 7'1

with elgenvalue +, which are just |+), the states with no domain walls: all the other
spins agree with the first one in a state where T, =1

At g =00, Hyeoo = —Jg (Z] 1 T] 17' i + 75 ;) The first term requires agree-

ment between 7'],; =77 pis! for j =1.. N 1 but the second term requires Ty L= 1.

So all the others must be —1—1 too. This is the unique groundstate of the paramagnet

Comment: Recall that the classical stat mech model we get by trotterizing the
TFIM is the ordinary 2d Ising model, with anisotropic couplings,

H, == (Ks(ii+ 7)s(ii) + K,s(ii + &)s(i7)) .

n

In these variables, the critical curve between the two phases is at
sinh(2K,) sinh(2K) =1 ;

this relationship follows by Kramers-Wannier duality. In the continuous-time limit,
K, ~ A1 < 1,K > 1, so the critical condition becomes
e?K 1 1

1 = sinh(2K,) sinh(2K) ~ 2K, —— = JA7 ToAr T g

This determines the location of the quantum phase transition, in agreement with all
the other stuff we’'ve said about it.

5.1.1 Solution of Ising chain in terms of Majorana fermions

The TFIM in d = 1 is actually exactly solvable, for all g, including the quantum critical
point. Let us see how this works and how the critical field theory emerges near g = 1.

Jordan-Wigner in 0+1 dimensions. As a warmup, consider a single fermionic
operator c satisfying
c2=0, {ccl=1.
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This constructs the Hilbert space of a gbit as follows:
c[=)=0, cl|=)=]), =) =0, cle)==) . (5.6)

The two states of the gbit just describe the presence or absence of the fermion in this
state. We can rewrite the Pauli operators as

Z = c+cT,
which flips the spin,
1
Y=-(c—c
: (c—cl),
X =1-2cc.

Here cfc counts the number of fermions. Also note that the raising and lowering oper-
01
00
are 0 and 1) is cfe = 1 (1 — X)) .

ators are ot = ( ) = ¢f,0~ = ¢ and the number operator c'c (whose eigenvalues

The story is less simple with more than one fermion mode operator, because they
must satisfy {c,,cs} = 0, rather than just commuting, as the would if we just used
the above map for each mode.

[0904.2771, Fradkin| Let’s look at the TFIM again:

Hopa = =7 ) (9% + Z;Zj11)

j
has a phase transition between large-g and small-g phases.

(Disordered) large g¢: excitations are created by Z; — they are spin flips. The
groundstate is a condensate of domain walls: (7%) # 0.

(Ordered) small g: excitations are created by the ‘disorder’ operator TS = Hj>3 X
— they are domain walls. The groundstate is a condensate of spins (Z;) # 0, i.e. a
ferromagnet.

So we understand what are the ‘correct variables’ (in the sense that they create the
elementary excitations above the groundstate) at large and small g. I claim that the
Correct Variables everywhere in the phase diagram are obtained by “attaching a spin
to a domain wall”. These words mean the following: let

J'2j


http://arxiv.org/abs/0904.2771

The first great virtue of this definition is that these operators agree with the creators of
the elementary excitations in both regimes we’ve studied: When g < 1, (Z;) ~ 1 and
more strongly, Z; = (Z;) + small, so x; =~ (Z;) TJZ% ~ ].ZJF%, the domain wall creation
operator. Similarly, when g > 1, 77 >~ 1+ small, so x; ~ Z; <T].Z+l> ~ Z;, which is
2

the spin flipper on the paramagnetic vacuum.

Now let us consider the algebra of these xs:

e They are real: X} = X )Z; = X;j-

and

e They are fermions:

if 07, xxi +xixs = x5 %k =0, X5 xab =0, {xj,x:} = 0. (5:8)

This is because the spin flip Z; in x; changes sign when it moves through the domain
wall created by x;. When they are at the same site:

X? =1= )2? IIl sumimary: {X27 X]} = 2(5@', {)217 )ch} = 252‘]',

Notice that (5.8) means that x; cares about x; even if |i — j| > 1. Fermions are weird
and non-local!

Notice that these fermions don’t have a spin index. I should mention that this
change of variables is called Jordan-Wigner.

Real fermion operators like this are called Majorana fermion operators. We can

make more familiar-looking objects by making complex combinations:
_ 1 - L1
Cng(Xj—IXj) = =3

These satisfy the more familiar anticommutation relations:

{ci,cj} = 0,5, {ci,c;} =0, {CI,C}} =0,

(x; +1ix;)

and in particular, (cT

2
Z) = 0, like a good fermion creation operator should.

We can write Hrppy in terms of the fermion operators. We need to know how to
write Xj and Zij+1.

The operator which counts spin flips in the paramagnetic phase is
Liey CT-C'
X; = —ix;x; = —2cje; + 1= (=1)%%.

(To get this we can use (5.7) and YZ = iX and (7%)*> = 1. Even better: notice that
X; = +iX,x;.) Here c}cj = n; measures the number of fermions at the site j and is
either 0 or 1, since they are fermions. At each site

=) =1In;=0), [) =In;=1)
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like in the one-mode case, (5.6). The number of spin flips is the number of fermions.

The operator which counts domain walls is

271 = ixj1X;-

(Check: in-ﬁ-lXj = in+1 Hk2j+2 XkZ] HZZjJ,-l X[ = in+1Xj+1 Zj)
————

=Zj+1

Hypng = —J Y (iX511X + 91X5X;)
J

is quadratic in these variables, for any g! Free at last! (It is quadratic in the cs, too,
since they are linear in the xs.)

[End of Lecture 16]

Comments:

e Notice that the relation
Xj =1 QCI-C]'

is exactly implementing the simple idea that spinless fermions on a lattice produce
two-states per site which we can regard as spin up or spin down (in this case it’s up
or down along z): The states X = 41 correspond to c'c = 0 and 1 respectively.

e The symmetry operator is S = [[; X; = Hj(—l)cjcj = (—=1)¥ where F is the

total fermion number.

e The description in terms of majoranas is preferred over the complex fermions
because the phase rotation symmetry generated by the fermion number c’c is not
a symmetry of Hrppy — in terms of the cs, it contains terms of the form c;c;iq
which change the total number of ¢ fermions (by +2). It is the hamiltonian for
a superconductor, in which the continuous fermion number symmetry is broken
down to a Zs subgroup. Fermion number is still conserved mod two, and this is
the Z, symmetry of the Ising model, which acts by Z — —Z.

e A useful thing to remember about majorana operators {y,~v} = 0 is that (i)ﬂ)Jr =
—iyx = +ix7 is hermitian.

e Another useful fact:
c(—l)cTC =—c (5.9)

which is true because the BHS only nonzero if the number is nonzero before the
annihilation operator acts, in which case we get (—1)!. Similarly (the conjugate
equation), (—1)¢'¢ct = —¢f, and (—1)¢"®c = ¢ and so on.
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e This procedure of “attaching spin to a domain wall” led to fermions. This maybe
isn’t so surprising in one dimension. But there are analogs of this procedure
in higher dimensions. In 2+1 dimensions, an analog is to attach charge to a
vortex (or to attach magnetic flux to charge). This leads to transmutation of
statistics from bosons to fermions and more generally to anyons and the fractional
quantized Hall effect. In 341 dimensions, an analog is attaching charge to a
magnetic monopole to produce a ‘dyon’; in this case, the angular momentum
carried by the EM fields is half-integer.

Dual fermions

Let O @O @O O —O—8
1 3 5 7 9 11
Yivl = X+ Vil = X5 2 2 2 2 2 2

We are dividing up the pair of majorana modes that we had previously associated with
the site j between the two neighboring links.

In terms of these H is
Hrpmg = —J Z (i:)’j’)’j + 91754175 ) .
J=it3
We have interchanged the form of the two terms. The two expressions are related by
X <, J < Jg,g ¢ 1/g.
Now let’s think about the two phases in terms of the fermion fields.

g > 1| The disordered state, with a unique groundstate is governed by

g—)oo: JQZIX]X]:_JQZ Cc]

The groundstate of this is just the state |0) with no fermions, c; |0) = 0 for all j, on
which (—1 )CTCJ =1

gk 1
Hy 0= —Jzif(jHX]%
J
This is a hopping term for the y fermions, which will be diagonalized by some band-
structure, which will then be partially filled by fermions. It’s easier just to use the dual
fermion variables, in terms of which

g—>0 —J Z 1’7]’7] - Z CTC?

=i+3 =i+3
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where ¢; = % (’)/5 — i’y;) are the dual vcomplexifermions. The groundstate of this is just
the state with no dual fermions: ¢; ‘O> =0,Vy.

Again we should think about the endpoint conditions. Consider what happens for
an open chain. It’s useful to account for the states as follows: think of dividing up
each site into a pair of sites (white and black, as in the figure, one from the lattice,
one from the dual lattice) with one majorana mode living at each. To help visualize,
let’s say x; = —7;_1 lives at the white site (at j — 3) and x; = Yj+1 lives at the
red site to its right (at 7). Note that 7= —)21,'3/% = xo — the latter of which
does not exist in a chain with open BC starting at j = 1. The g (para) term is a
coupling between the white and red sites at fixed j. The ferro term couples a red
site at j — % to the next white site at j. This means that at small g, in an open
chain, one site at each end will be left out — will not appear in the hamiltonian at all.
This results in wunpaired ma-
jorana zeromodes at the ends @%_m
of the chain. Let al = (g>1)
£ (ix1 + xw)- The algebra

{a,a’} = 1 must be represented ¢ @O @ O@ D@ O@O :

on the groundstates. This re- g<1)

quires a pair of states
0) = |+), a|o) =[-).
The SSB degeneracy of the ferromagnet is mapped by this fermionization map to a

topological degeneracy in terms of the fermions.

Splitting of the energy these two states is small because the modes are separated
in space and the bulk is gapped. The modes are separated by a distance much bigger
than the correlation length, & ~ %. The splitting comes from a term

AH = ea'a = eixixn

and we (again) estimate that ¢ ~ e/,

5.1.2 Continuum limit

[Sachdev, p. 139 of 2nd ed, p. 48 of 1st ed] We found above that a quantum lattice model
(with continuous time and discrete space) can be Trotterized into a lattice statistical
mechanics model (with discrete (euclidean) time and discrete space). We also found
a reverse map, via the continuum scaling limit. In this subsection we discuss the
analogous scaling limit that takes a quantum lattice model to a continuum quantum
field theory (with continuous time and continuous space).
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Label site j of the lattice by its position x; = ja, where a is the lattice spacing.
L = Na is the length of the chain. Wavevectors lie in the interval k € (=%, .

In terms of complex fermions
fe.
Xj =1- QC;f»Cj, Zj = — H(l — 2CIC¢) (Cj + C;) = — H(—l)cicz (Cj + C;r) .
i>j i>j

and their Fourier modes ¢, = = 37, ¢je %, the TFIM hamiltonian is
Hrrmg = JZ <2(g — oS ka)c,tck —isinka (CT_,CCZ + c,kck> — g)
k

Notice that the second set of terms violates fermion number conservation in units of
two; this is the same statement that the ferromagnetic term creates spin flips in pairs.
The constant at the end is irrelevant unless we are after the Onsager free energy.

This Hamiltonian is quadratic in cgs, but not quite diagonal. The final solution
for the spectrum involves one more operation the fancy name for which is ‘Bogoliubov
transformation’, which is the introduction of new (complex) mode operators which mix
particles and holes:

Vi = upcy — ivge’
Demanding that the new variables satisfy canonical commutators {~, 'y,i,} = Opr Te-
quires u, = cos (¢r/2), v = sin(¢r/2). We fix the angles ¢, by demanding that
the hamiltonian in terms of ~, be diagonal — no ~,vy_; terms. The resulting con-

dition is tan ¢, = ZEZ% with € (k) = 2J(g — coska),es(k) = —Jsinka, and H =

Zk €k <7]17k - %), with € = \/m

The end result is that the exact single-particle (single Alj)
~) dispersion is

e = 2J\/1+ g2 — 2gcoska .

The argument of the sqrt is positive for ¢ > 0. This is
minimized at k£ = 0, which tells us the exact gap at all g:

e > €0 =2J|1 — gl = A(g)

which, ridiculously, is just what we got from 1st order perturbation theory on each side
of the transition.*’

30Notice by the way that this ‘single-particle excitation’ in terms of the spins is a state with a single
domain wall, and therefore only makes sense in the thermodynamic limit; in finite volume, the spin
hilbert space only contains states with an even number of fermions. See §5.1.3 below for more on this
point.

128



Comment on relation to Onsager. Notice that by the quantum-to-classical
mapping, this solution has all the universal information of Onsager’s solution. In
particular, his exact free energy can be obtained by computing the groundstate energy
of the fermions. (See the homework.)

The critical theory is scale invariant. At g — 1, the fermions at £ = 0 become
gapless:

€L 9=ge=1 clk|

)

where the speed of propagation is ¢ = 2Ja. There is an emergent Lorentz symmetry,
at least in the spectrum, at the critical point. And the fact that the long-wavelength
(k ~ 0) modes have the lowest energy allows a continuum description that forgets the
lattice details.

Nearg 7 g = 1 (26 |g_gc’ < e )7

2
- 9~ge=1 e lk2 4+ <9 gc)

There is a diverging length scale, which is & = % =2

Some useful language:

e The correlation length critical exponent is v in £ ~ |g — g.|™", the rate at which
the correlation length diverges near the critical point. (Here v = 1.)

e The dynamical critical exponent is the power law in the dispersion at the critical
point:
(k) oc k*. (5.10)

Notice that if we rescale space and time like
r—Ar, t— Nt (5.11)

it will preserve the dispersion (5.10). (Here z = 1, as in a relativistic theory
where time and space can be boosted into each other.)

We can expect the continuum description (at least the long-wavelength information)
to be invariant under the scale transformation (5.11).

When & > a, define the continuum fermion field ¥x)

1
W(z;) = Nk R e S
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where the factor of y/a is designed to convert the kro-
necker deltas in

{cj,c},}zéjjr into {¥(z), ¥'(z)} =6(z —2').

The fourier transform is )
e—lk:l‘

VL

Let’s plug this into Hrppy, focussing on (the lightest) modes with ka < 1.

c, = [ dx W(z) .

JZ(g — coska)cicr ~ (g — ge) /d:c Ul (2)®(2)

Here the ~ means we are dropping terms of higher order in the expansion in powers

of ad,.
. -kTTWE/d\I; 19,0 ()1
1J;sm ac_ycp 5 [ do ()"0, ¥(z)

So

H g/daj (W(2) 0, T(x)| — B(2)0,T(x)) + A/dxqmp

with A = 2J]g — 1].

[Fradkin, 2d ed p. 119] To understand the significance of this result it will be best
to use the (fermion coherent state) path integral, which we’ll do below. But we can
learn something just by thinking about the Heisenberg equations of motion.

Hopng = —J ) (9% + ZZ;41)
= =i/ > (9x ()X () = x()XG +1)) - (5.12)

The Heisenberg eom are 10,0 = [H, O]:

i0,x(j) = iJ (gx(j) —x(j +1))
i0,x () = iJ (—gx(j) + x(j — 1)) (5.13)

(Free fields means linear equations of motion.) In the continuum,
X(j +1) = x(2;) + adox(;) + O(a’05)
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%aﬁc(m) ~ <1;—Jg> x(z) — dux(z) (5.14)

If we let x4+ = % (x F x) and rescale the speed of propagation into the time variable,
=aJa?,

doX+ = OuX+ +mx—
JoX— = —OxX— —MmX+ (5.15)

with m = lng. When m — 0, at the critical point, these are chiral fermions:

(80 + 090) X+ = 0.

The xs are still real, so these are majorana fermions. In a language we will introduce

soon, this is an example of a 1+1d CFT with central charge ¢ = (3, 3).

Even a bit away from the critical point, we can reconstruct the relativistic symmetry,
and organize (5.15) into following Dirac equation

0 =iy"0,x + imx,

Notice that a spin index has emerged to save the spin-statistics theorem. Here we have
chosen a basis of gamma matrices where

0 1 01
0 __ 1 _
= (he) = ()

(in the £ basis) which satisfy {y*,7"} = 2n*” as they should. So the Dirac equation

above is
0—i m Oo+0:\ X+
N —80 + E)m m X - )

(The Majorana condition I am imposing is x¥ = x71°, aka x" = xT, so x+ are real.)
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5.1.3 Duality and Jordan-Wigner with periodic boundary conditions

How do I define the creation operator for a single domain wall with periodic boundary
conditions on the spins? I can’t. The fact that I can only make an even number
means that the sign of the operator is not well-defined — in fact you can’t measure the
single-domain wall operator. And since the fermions x are made from this operator,
you can’t measure a single fermion operator either.

Although there is a sign ambiguity, we can still define the domain wall operators:

_ _ 2 .
j i1l T H X;

N>j>j

— in the second definition, we have made a choice: even though Zy.; = Z;, we've
decided to pick out the link where j = N + % to stop the string of Xs. As we saw in
the case of open boundary conditions, this means that T1 and Ty, 1 are special:

z _
Ta. =1

[NIES

since the product is over the empty set.

is the symmetry generator. This is significant because this operator commutes with
Hypr, it means that eigenstates of 77 are energy eigenstates. And notice that it de-
termines the boundary conditions on the s in following sense: combining the previous
two equations,

This operator 77 which says whether the Ts are periodic or antiperiodic is a dynamical
2

variable.

5.1.4 Scaling near the fixed-point theory of the Ising phase transition.

Armed with the fermion coherent state path integral, let’s go back to the continuum
hamiltonian describing the TFIM near g = 1:

H ~ g/dm (T(2)10,%(z)" — (2)0,¥(z)) +A/dx\1ﬁ\1r = /dxh

132



with A =2J|g — 1|.
The euclidean-time action is S|V, Uf] = [dr [ dzL, with

£:@&@+2
= Vo,V + 3 (PO, ¥ — VO, V) + AV, (5.16)

Here I have simply replaced the field operators W (z), ¥'(x) with their (right and left,
respectively) grassmann eigenvalues W(z), U. This lagrangian is more appealing in
terms of the self-conjugate variables 1, :

U=+ +i(y —v ), V=19, +¢ —i(Yy —¢)
L= (0, £i0,) s + Athytp_.
+

If we let z = x + i, and turn off the mass perturbation, this is the third avatar of the
Ising model I mentioned at the beginning in (5.1).

Let’s analyze its behavior under scale transformations. In order to make .S invariant,
we must scale time and space the same way (z = 1), and we must scale

r—=Ar,t > M, U — A2

So just by scaling, we can see that its correlators behave as
T ].
(W(2)w(0)) ~ —.

(Since it’s a gaussian theory, you can also calculate the coefficient.) More generally,
the scaling dimension § of an operator O(z) in O — A~°0 in a scale-invariant QFT
determines its vacuum autocorrelation functions to be

(O(z)10(0)) ~ —

22
(Later we will interpret § as an eigenvalue of the dilatation operator.)

The mass perturbation A will violate the scale invariance, since
/dxdT\IJ\IJ — )\H/dxdT\Il\I/ .

As we make lengths and times bigger, it gets bigger — it’s a relevant perturbation,
which determines the behavior at long distances. The scaling dimension of this relevant
perturbation determines the correlation length critical exponent: the correlation length
is a length scale & = a) at which the relevant coupling A = A\”Ay ~ 1 has evolved
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to an order-one value (A is its ‘bare’ value, at the lattice scale a, and v is its scaling
dimension). Eliminating A = £/a from these equations, we get
y 1
1:<£/CL> AO =4 fNE,
0
so v, the scaling dimension of the relevant operator, is indeed the correlation length
critical exponent defined above.

Let’s ask whether there are any other relevant operators, in the sense that they scale
to larger values at larger A (longer wavelengths). If there are more it means that our
fixed point is multicritical — we would have to tune more than one parameter to reach
it. We're going to demand that the Ising symmetry is preserved; this is the fermion
number symmetry, ¥(z) — —¥(z). So we should only consider operators made of an
even number of fermions. And all the other operators we can make out of an even
number of U are irrelevant, in the sense that they scale to smaller values at larger .
The marginal-looking operator WWWW vanishes by Fermi statistics. Other operators
have more derivatives and have no chance to be relevant:

/dmdﬂl@i\l/ ~ At

/ dxdrVo, VU9,V ~ \~2

This means we have to tune only one parameter (g — g. ~ A) to get to the critical
theory. (Since there are no classically-marginal operators, there is no need to do any
perturbating to determine the effects of turning them on a little bit — small quan-
tum corrections cannot overcome the order-1 amounts by which these operators are
irrelevant.)

There are operators of dimension less than two, namely the operator Z itself; this is
an operator which creates a branch cut in the fermions, which after all are made from
the domain wall operators. To understand its dimension, it is useful to use a bosonized
description, which we will do later (I hope). Its scaling dimension turns out to be 1/8.
This is important because it determines the rate at which the magnetization vanishes
as g — g. from below. It’s important that the Zs symmetry forbids us from adding
this (relevant) operator to the action. So in the presence of the symmetry, the Ising
fixed point has only one relevant perturbation (the fermion mass).

Notice how different this critical theory is from the guess would have made from
mean field theory: we would have guessed that the critical fluctuations should be those
of the mean field #, which when I set ¢ = g. becomes a massless free boson, with
many relevant operators which preserve the § — —6 symmetry, since demanding scale
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invariance of

Solf] = / dedr ((0,0) + (0,0)?)

implies that ¢ is dimensionlesss. So all even powers 6%, 6... (in fact, all even functions,
like cos @) have a chance to be relevant. We'll see that it’s not actually quite so far off.
(And in fact is the correct variables in d > 1, and the correct fixed point for d > 3 (the
upper critical dimension).)

The nontrivial scaling of Z is an example of an anomalous dimension: the engi-
neering dimension is different from the correct scaling behavior. Dimensional analysis
is inviolable. What has happened is that powers of the short-distance scales are in-
volved; that is: it is J'/8Z (or a~'/8Z) that has finite correlation functions in the scaling
limit. In relativistic QFT this phenomenon is called ‘wavefunction renormalization’ —
we must multiplicatively renormalize our operators to get finite (not zero, not infinity)
correlators in the long-wavelength limit.

5.1.5 Beyond the quantum Ising chain

The Jordan-Wigner transformation is useful in spin chains with many other choices of
Hamiltonian and symmetry group, as you'll see on the problem set, and below.
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5.1.6 Gauge theory formulation of the 1d duality

There is a systematic way to understand what’s going on with the boundary conditions
under the duality transformation, which generalizes to higher dimensions (but it is kind
of overkill in this case). It is a reformulation of the TFIM as a lattice gauge theory.
This is worth doing because in duality transformations in higher dimensions, the gauge
theory formulation cannot be avoided. So this is a context where we can encounter the
concepts of gauge theory without lots of other complications.

We begin by enlarging our system, by adding, in addition to the real gbits on the
sites of the chain another set of fake gbits on the links:

enlarge H = ®;H; C Hpig = (Q;H;) ® (®3ﬂ3) :

Anticipating the answer, I will label the two states on a link j as

TJ—Z> = |£1). So as
for any two-state system, associated with each link there are pauli operators
sy =71, ) =) s = ()
We want to pick out a subspace of this larger fake Hilbert space which is the real
one. One way to think about this is to declare that the following ‘gauge transformation’

is an equivalence:
G:75 =875, sj==%1. (5.17)

J50

Notice that this group G is big — we pick an element of Zj (i.e. a sign) s; = £1 for each
link of the lattice, its order is |Zo|Y = 2V, If a configuration of 7%s is equivalent to its
image under this map, we can just pick s; = TJ%Z and this means that any configuration of
T*sis equivalent to 1: we can just get rid of the 7s and we are back at our original Hilbert
space. This is called unitary gauge. Below we will implement this more concretely. But
first we must decide how the gauge redundancy G acts on our original variables. It will
be useful to choose

G:X; =5 1Xs 7, —~7;. (5.18)

it+3o
This is the transformation law of a link variable in lattice gauge theory. The site of
the original lattice is a link of the dual lattice. Let me use notation which emphasizes
this:

Xi=0? .., L;=07

J J=gdty’ T J=50+5

The generator of the gauge transformation is

-=0g%  -Trg%-
GJ O-J*LJTJ GMH'
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What T mean by ‘generator’ is that the action of the symmetry on states is [¢)) — G |¢)
and the action on operators is
O — GOG'.

The operator Gj generates the transformation where s; = —1 and all the other s; =
+1. Check that this reproduces (5.17) and (5.18).

The physical hilbert space is cut out of Hy,iz by projecting to eigenstates of these
operators with eigenvalue 1:

Honys = {[1) € Huig such that G; [¢) = [¢) ,Vj} C Hpig.

This is just the statement that physical states don’t change under our made-up redun-
dancy?!.

In order for this construction to make sense, our hamiltonian acting on the big
hilbert space must be gauge invariant. That is, we must have

[H,Gj] =0, Vj.

This way, we can simultaneously diagonalize H and G;. A gauge invariant hamiltonian
acting on the big hilbert space is:

Huj —J ) (051505500 + 97,07 10770) (5.19)
J

In unitary gauge, 7 = 1, we can erase the 7%s and this reduces to Hrppyy. This is why
I chose it.

On the other hand, using the local constraints

1:G3 & o

z — T
7150550 =T o Hphys,

we have

Hyi, = —JZ (Tf + ngafJHTjZH) . (5.20)
J

In this last expression, we still have the gauge freedom to play with — too many vari-
ables. Let’s use it to get rid of the original s. On an open chain, we can use the

transformation

o¥

e (5.21)

e
177 895 51155+1

to set 0 = 1 for each j. In that case, the expression (5.20) precisely reduces to our
dual description of the TFIM in terms of domain wall operators, (5.5).

31'We can call this constraint the ‘Gauss’ Law constraint’. If you squint at this expression you can
recognize it as a lattice version of the divergence of the electric flux coming out of the site j.
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But with periodic boundary conditions, the object

N
N X
W= H O35 j+1
j=1

is a sign which does not change under the transformation (5.21). It is called a Wilson
line operator. We can’t get rid of it. In fact it is the familiar object

w=][X;=s,
J
the Z, symmetry charge.

You can see from (5.19) that if W = —1, we have APBCs on 77. We can choose a
gauge where we get rid of all the os except the first, 01 3= = W. (This is a manifestation
of the fact that we had to label a configuration of the spms by the location of the domain
walls plus the value of one spin, which we are again choosing to be the first one.) Then
the last link in the chain has an extra factor:

N,§
Hyu = —J Z T‘ —l—gT- J+1) +TN 1 +WgTN 17'1

=

t\.’)\»—t
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Gauge theory without metaphysics: Kitaev’s toric code in 1d

Since there seemed to be some discontent about the sudden appearance of gauge
theory in the previous discussion, I will try to make amends here by giving an example
of whence this construction can come. It is a 1d version of Kitaev’s toric code. The
analogous construction in higher dimensions is extremely important as a demonstration
of the emergence of gauge theory from a local lattice model. This silly reduction of
it also does that, but gauge theory in 1d is not quite as exciting as it is in higher
dimensions.

Suppose [ tell you that the following is a high-energy description of a lattice quan-
tum system: The Hilbert space is

Hiig = (95H;) © (©5H;5)

(nothing is fake, there is no redundancy, no nonsense, this is really the Hilbert space),
and the Hamiltonian is
Hrc = Hg + Hy

where Hyig = —J 3 - (0'5 O h ot TE

J=1375.d+1 J+1
ative to the previous discussion is

) as before, and the new term rel-

HG = _Egiant Z Gj
J

: . v s o o -
with G; = O% | 5T{05 5, as before. Here Fgians is an energy scale which is a gajillion

times bigger than any other energy in the problem (Egian, > J > ¢J).

A few relevant facts:
[Hbig, G;] =0, [G;, Gj/] =0, V7,5

This means that we can diagonalize Hy,, by first diagonalizing Hg (which is a good
idea, since its coefficient is so giant), and further, we can do that by diagonalizing each
G; at the same time.

So who are these Gjs? Gj is unitary (so should be thought of as enacting a
transformation on M), and, in this example, G? = 1, it is an element of Zy, so its
eigenvalues are 1. For each Gj, the eigenstate with eigenvalue +1 is the low-energy

one.

Let us pause to note that this model actually has a local symmetry: the symmetry
generated by Gj acts only on the dofs at or next to j, and this is a symmetry for any
J. However, with the sign of Egyn as indicated, all states on which this symmetry
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actually acts nontrivially have an enormous energy ~ Egjane. This means that we may
forget about them and focus on the low-energy subspace of the Hilbert space

Honys = {|¥) € Hiig such that G; [¢) = [1) ,Vj} C Huig.

You have seen this before, on the previous page: it is the Hilbert space of the Z, gauge
theory. We have emerged a gauge theory.

Now let me explain better what I was saying about “choosing a gauge”. What
I meant is the following. States of Hpyys correspond to orbits of the action of {Gj;}
on Hpig.”> We can think of the projection to the G = 1 subspace as choosing a
representative of each orbit of the action of (each) G.

Consider an (oversimplified) example of a single two-state system with G = o*. In
the X-basis, this symmetry action has two orbits:

% (I=) + <)) =1[1) and % (=) == =1
which are determined by the eigenvalue 0* =7, |. If we know that we only want to keep
the state with eigenvalue +1 then we can label an orbit by the first term. In this case
there is only one orbit, and the projection is one-dimensional. We can describe this by
saying that we have used the gauge redundancy to set ¢ = 1, and simply set ® = 1
wherever it appears in our Hamiltonian.

More generally, we will have some action of a (local in space) group g € G of the
form U, on our Hpi. This means that Hy,, forms a (in general highly reducible)
representation of G. The orbits of G are

/— Z q190)
|G gelG

where |G| is the order of the group G, and |gg) is a reference state (like a highest-
weight state in the theory of Lie groups). We may label the orbits by the reference

32Given a unitary operator on a Hilbert space and a state |¢o) in that space, what I mean by ‘the
orbit of |1g) under the action of U’ is the set of images under repeated action of U:

orbit of |1p) under action of U = {|1g), U |¢bg) , U? [th) ...}

(if U represents a finite group, this contains a finite number of elements; call this order(U)). The
associated eigenvector of U with eigenvalue 1 is

order(U)

l
\/order Z U o) -

It is just the average over the group. (For non-abelian groups, we must speak about the orbit of |ig)
under the action of the whole group.)
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state. And more to the point, states that lie in the same orbit correspond to the same
unit eigenvector, and can be regarded as equivalent. This is the origin of the usual way
of thinking about gauge redundancy.

There is much more to say about the toric code in d > 1, for which I will tele-
ologically refer to these notes. We have shown that this model reduces at energies
E < Egiant to the gauge theory description of the TFIM, which we have solved by the
Jordan-Wigner transformation. The situation is a little bit different in 2d in that the
model is not solvable away from the zero-correlation length limit.
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Boundary conditions on fermions

How does this arise in terms of the fermions? Just as for domain walls, the sign
of the fermion operator is also not well-defined. With periodic boundary conditions
on the spins (Z;;n = Z;), we can also define the fermions by putting a branch cut at
j = N, that is, we’ll write the Jordan-Wigner formula as x; = Z; [] N>isj Xi, where
the string of X;s stops at N. This is a choice. The inverse map is then

Z;= (c; + cj> H e (5.22)
N>i>j

The ferromagnetic term in the hamiltonian, for j # N, is

Zij+1 = <C;r + Cj) ei7rnj+1 <C}+1 —+ Cj+1> = <C;r + Cj) (—C}_H + Cj+1)
where I used the identity (5.9). (This is as in our previous discussion.) But with
periodic boundary conditions on Z, the term at the branch cut is:
N7, = (c}, + CN> (cy + c1> H el
N>j>1

This last red factor includes all of the sites except the first:

N
| | ei7rnj _ | | eiﬂ‘njeiﬁnl _ eiTrNeiﬂ'nl = (_1)N€i7rn1 )
Jj=1

N>j>1

Here N = 3, c;cj operator which counts the total number of fermions, and (—1)N
is called the ‘fermion parity’®®. This is a symmetry generator: [H, (—1)N] = 0, since
H only contains terms with an even number of fermions. Returning to the outlying

ferromagnetic coupling,

N7, = (Cj\, + CN> (CI + C1> e ()N

:cJ{—c1

~ (chrex) (cd—a) o (529

This is the same as the other terms, but for a factor of —(—1)N. This means that we

get periodic boundary conditions on c, i.e. cyi1 = +c; if the total number of fermions
is odd and antiperiodic boundary conditions, cy,; = —cq, in sectors where N is even.
In summary>* :

ey = —C (=N

33please don’t confuse the number operator N with the number of sites N — sorry about that
34This fact is perhaps simpler in terms of the majoranas:

for i< N, — in-l-lXj = Zij+17 but — iXle =7Zn7Z, (—S) .
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So the full Hamiltonian is

N-1
1
jHE“l]?ICMOH 2= Z (C; + Cj> (C§+1 - Cj+1> - <ij + CN) (CI - C1> (—1)N—2g Z C;Cj :
— ,
J J
=N
We can diagonalize this by fourier transformation
S
J \/N -
where the allowed values of k£ depend on the boundary conditions on c:
27
PBC, (-1)N=-1: ke —{l.N
(-1 < allo)
APBC, (-)N=+41: ke - (Z+{L.N 5.24
Y=+ ¢ oo (5+1.m) (5.21)

And the Hamiltonian in each case is:

H/J = Z (CLCk: (29 — 2coska) + (cpc_gisinka + h.c.)> = Z h;
k k

The dynamics determine the boundary conditions: is it less energy to have an odd
number of fermions or an even number? First notice that the dispersion has an inversion
symmetry k — —Fk, so each k value is degenerate in energy with —k, unless it is fixed
by this map. The fixed points are k = 0,7/a (recall that ka = —7 ~ —7 + 27 = 7).
These only occur for PBC.

The twofold (in particular even) degeneracy for most k means that the occupa-
tion Njy._j only changes by two, and we don’t care about the associated h;. More
algebraically, for PBC,

N = Zc}cj =2 Z czck + C;r)Cg + cjrc7r
7 k#0,m

(for APBC we can simply omit the last term and conclude that N is even, so (—1)N =
1.) So for determining (—1)N, we only care about hy,—g and hye—.

hy,_. = chc7r (29+2)>0 = empty in the groundstate, Vg > 0
As usual, the zero-momentum mode is the hero of the story:
hye—0 = C(];CO (29 —2)
which changes sign at g = g. = 1:
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e For g > g.,, hg > 0 is a positive energy cost for filling the zeromode. So the
groundstate for g > g. has this odd mode empty and hence (—1)N = 1, and
APBCs.

e For g < g.,, hy < 0 is an incentive for filling the zeromode, of which there is
odd number (namely, 1), so the system can lower its energy by having PBC and
filling the £ = 0 mode. In the thermodynamic limit L = Na — oo, these two
groundstates become degenerate.

Comments on the splitting between the groundstates
Comments about the L-dependence of the splitting between these states:

(1) We would like to identify them with (linear combinations of) the two ferro-
magnetic groundstates, which become the fully-polarized (in Z) states |[+) and |—) as
g — 0. As we've argued from many other points of view, these states are split by an
amount which is exponentially small in L: AE ~ e L/¢,

(2) At the critical point, where the fermions are massless, the energy splitting be-
tween the groundstates with PBC and APBC (in the scaling limit, where a — 0), is an
oft-used result in string theory, and is 1—16% (PBC is higher energy). The L-dependence
is determined by dimensional analysis, since there is no other scale. Away from the
critical point I don’t know the answer at the moment.

(3) Note that these two sectors with different (—1)N do not mix via Hryppy, since
(—1)N is a symmetry generator; you can’t create a single fermion using Hrppy. There
is no tunneling between these vacua. So these two states must in fact be the cat states
\% (|4+) & |=)) which are eigenvectors of the Z, symmetry of the TFIM, which, after

all, is
N N

s=TIx =TI-v=> = (-)™.
j=1 j=1
(Recall that the symmetric cat state \/Li (]4) 4 |—)) is the ground state in finite volume,
so this must be the fermion state with antiperiodic boundary conditions.) Being forced
to superpose states with different boundary conditions may be discomfiting, but it is
part of the resolution of the puzzle of an odd number of domain walls on a circle.

[End of Lecture 17]
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5.2 XY transition from superfluid to Mott insulator, and T-
duality

In this subsection (and another one later) we’re going to study ways to think about
bosonic field theories with a U(1) symmetry, and dualities between them, in D = 1+ 1
and D =2+ 1.

[This discussion is from Ashvin Vishwanath’s lecture notes.] Consider the Bose-
Hubbard model (in any dimension, but we’ll specify to D =1+ 1 at some point)

~ U

HBH = —JZ <bjb] + hC) + EZHZ (l’li — 1) —[LZIIZ‘
(i7) ? A

where the bfs and b are bosonic creation and annihilation operators at each site:

[b;, bj] = 0;j. N; = bjbi counts the number of bosons at site i. The second Hubbard-

U term is zero if n? = 0,1, but exacts an energetic penalty AEF = U if a single

site j is occupied by two bosons. This model has a U(1) symmetry generated by nj,
U(0) = 25,

Notice that if we take the limit U — oo, there are exactly two states per site, and
this reduces to a spin system. At each site, we can write b = ST, bl = S~ blb =
%(1 — S%). In fact it is the XY model:

w [
Hyy = —3 %‘ (XiX; + YY) + 5 EJ: Z;.
ij

In these variables, the U(1) boson-number symmetry is rotations about Z: U(f) =
11 i ei2Zi, ITn D =1+ 1, this model is in fact solvable by Jordan-Wigner, as you can
see on the homework.

The Hilbert space that represents the boson algebra has a useful number-phase
representation in terms of

0y, 9] = —idy;, ¢ =¢i+27, n; €Z
(where the last statement pertains to the eigenvalues of the operator). The bosons are
b; = e % /n;, bj = /net¥

these expressions have the same algebra as the original bs. In terms of these operators,
the hamiltonian is

- o U
HBH:_JZ(\/EeI(@ ¢])\/n_j+h.c.)+§;ni(ni—1)—u2ni.

(i3)
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If (n;) = ng > 1, so that n; = ng + An;, An; < ng then b; = 7, /m; ~ e719, /ng

and
U

~ 2 o
Hpg ~ —2Jnyg <z>: COS (¢z — Qb]) + 5 Z (Anz) = Hiotors
=J W v

where we set ng = /U > 1. This is a rotor model.

This model has two phases:
: then we must satisfy the U term first and the number is locked, An = 0 in
the groundstate. This is a Mott insulator, with a gap of order U. Since n and ¢ are
conjugate variables, definite number means wildly fluctuating phase.

U < J | then we must satisfy the J term first and the phase is locked, ¢ = constant
in the groundstate, or at least it will try. This is the superfluid (SF). That is, we can
try to expand the cosine potential®

Hrotors:Uzn?_chos«bi_ij) EUZI’I?—JZ (1—%(¢Z—¢J)2+)

(i5) (i5)
(5.25)

which is a bunch of harmonic oscillators and can be solved by Fourier: ¢; = \/%d > e kg,

SO
H~ Z (Uﬂ'kﬂ'_k + J(l — COS ]{JCL) ¢k¢—k)
k

This has gapless phonon modes at k = 0, whose existence is predicted by Nambu-
Goldstone. I have written the hamiltonian in 1d notation but nothing has required it
so far. The low energy physics is described by the continuum lagrangian density

2

Leg=" <M +e (%)2> (5.26)
2 c

with ps = /J/U,c = VJU. p, is called the superfluid stiffness. This is a free massless

scalar theory. The demand of the U(1) symmetry ¢ — ¢+ « forbids interactions which

would be relevant; the only allowed interactions are derivative interactions (as you can

see by keeping more terms in the Taylor expansion (5.25)) such as (9¢)*.

Now 1d comes in: In d > 1, there is long range order — the bosons condense and
spontaneously break the phase rotation symmetry ¢ — ¢ + «; the variable ¢ is a
Goldstone boson. In 1d there is no long-range order. The two phases are still distinct
however, since one has a gap and the other does not. The correlators of the boson
operator b; ~ €% diagnose the difference. In the Mott phase they have exponential
decay. In the “SF” they have

ipx) —iow)y _ 0 1 1
(e ) e 2np, 2K

35From now on the background density ng will not play a role and I will write n; for An,.
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This is algebraic long range order. This is a sharp distinction between the two phases
we've discussed, even though the IR fluctuations destroy the (b).

Massless scalars in D = 1+ 1 and 7T-duality-invariance of the spectrum. A
lot of physics is hidden in the innocent-looking theory of the superfluid goldstone boson.
Consider the following (real-time) continuum action for a free massless relativistic scalar
field in 1+1 dimensions:

Slp] = % / dt /0 dz ((009)” — (0,0)°) = 2T / dxdtd, ¢p0_¢ . (5.27)

I have set the velocity of the bosons to ¢ = 1 by rescaling t. Here 2= = t £ z are
lightcone coordinates; the derivatives are 04 = % (0, + 0,). Space is a circle: the point
labelled x is the same as the point labelled x + L. It will sometimes be useful to call
actual space the ‘base space’, to distinguish it from the field space, aka the ‘target
space’. This denotation is common in the study of nonlinear sigma models, which are
field theories of maps from the base space to the target space.

We will assume that the field space of ¢ itself is periodic:
o(z,t) = o(x,t) + 2w, Vu,t .

So the field space is a circle ST with (angular) coordinate ¢. It can be useful to think
of the action (5.27) as describing the propagation of a string, since a field configuration
describes an embedding of the real two dimensional space into the target space, which
here is a circle. This is a simple special case of a nonlinear sigma model. The name
T-duality comes from the literature on string theory. The worldsheet theory of a string
propagating on a circle of radius R = ,/p; is governed by the Lagrangian (5.26). To
see this, recall that the action of a 2d nonlinear sigma model with target space metric
Guwd'd" is & [ d*0g,,0¢"0¢". Here 5 is the tension (energy per unit length) of the
string; work in units where this disappears from now on. Here we have only one target
space dimension, with geg = ps.

Notice that we could rescale ¢ — A\¢ and change the radius; but this would change
the periodicity of ¢ = ¢ + 27. The proper length of the period is 27 R and is invariant
under a change of field variables. This proper length distinguishes different theories
because the operators : e : (and all good operators of definite scaling dimension in
the theory of the free boson (unlike ¢ itself)) must be periodic; this determines the
allowed values of «.

First a little bit of classical field theory. The equations of motion for ¢ are

08

0= W X 8"8ng5 X &ﬁ_gb
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which is solved by
d(x,t) = or(z7) + dr(z™) .

In euclidean time, ¢, p depend (anti-)holomorphically on the complex coordinate z =
(z +ir) and the machinery of complex analysis becomes useful.

Symmetries: Since S[¢] only depends on ¢ through its derivatives, there is a
simple symmetry ¢ — ¢ + €. By the Nother method the associated current is

Ju="T0,9 . (5.28)
This symmetry is translations in the target space, and so I will sometimes call the

associated conserved charge ‘momentum’.

There is another symmetry which is less obvious. It comes about because of the
topology of the target space. Since ¢(z,t) = ¢(x,t) + 2rm, m € Z describe the same
point (it is a redundancy in our description, in fact a discrete gauge redundancy), we
don’t need ¢(x + L, 1) - ¢(z,t). To make the field configuration single-valued, it is
enough to have

o(x+ L, t) = ¢(x,t) + 2rm, m € Z

The number m cannot change without the string breaking: it is a topological charge,
a winding number:

:_¢( |7=L FLC ! / Az, . (5.29)

The associated current whose charge density is ;&Egb (which integrates over space to
the topological charge) is

Ju = (mqb —009) zie,wa”gb (5.30)

This is conserved because of the equality of the mixed partials: €*79,0, = 0.

Let’s expand in normal modes: ¢ = ¢, + ¢r with

L p . 2w
_ s Fn in(t4+x)=F
or(t+ ) =qr + (p+w)(t + ) 1\/47TT;”€ 7

E%PL
Sr(t —7) = qr + (p — w)(t — x) _‘\/47@2 Pn (i) (5.31)
EﬁpR

The factor of % is a convention whose origin you will appreciate below, as are the other
normalization factors. Real ¢ means p! = p_, (If we didn’t put the i it would have
been —p_,,).
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Here ¢ = L 0 dxgzﬁ(x t) = qr + qr is the center-of-mass position of the string. The
canonical momentum for ¢ is 7w(x,t) = Toyp(x,t) =T (0401 + O_¢R).

QM. Now we’ll do quantum mechanics. Recall that a quantum mechanical particle
on a circle has momentum quantized in units of integers over the period. Since ¢ is
periodic, the wavefunction(al)s must be periodic in the center-of-mass coordinate ¢
with period 27, and this means that the total (target-space) momentum must be an
integer

L L
7>j=m= / dxrm(x,t) = T/ dm@tgb LT2p
0 0
So our conserved charges are quantized according to

J (5.31)(5.29) ™M .
-7 2 7
p oL T’ w [ 7,m €

(Don’t confuse the target-space momentum j with the ‘worldsheet momentum’ n!)

(Note that this theory is scale-free. We could use this freedom to choose units where
L =2r.)

Now I put the mode coefficients in boldface:

1 L Pn 27+
+ . _ _— /n o i<nx
i) = g’ =y g S B
1 L ﬁn 12T e
) = —prr — iy Y el 5.32
Sn(17) = dn + gmPrr” — i/ 5 ) el (5.32)

n#0
The nonzero canonical equal-time commutators are

[p(x), w(2)] = i0(x — 2')

which determines the commutators of the modes (this was the motivation for the weird
normalizations)

[qLa pL] = [qRa pR] = i7 [Pm PL/] = nén,n/a or [Pm pn’] - n6n+n’ )

and the same for the rightmovers with twiddles (and [p, p] = 0). This is one simple
harmonic oscillator for each n > 1 (and each chirality); the funny normalization is

H = /dm () — ,C):%/dx(%2+T(0m¢)2)

1

= 4_ (pL +pR +7TZ P—nPn+ ﬁ—nﬁn) +a
N —— n=1

2
T,
01 T2
artaw

conventional.

~
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:%<‘7T+T (27m) >+7TZ (Nn+Nn>+a (5.33)

Here a is a (UV sensitive) constant which will not be important for us (it is very
important in string theory), which is the price we pay for writing the hamiltonian as
a sum of normal-ordered terms — the modes with negative indices are to the right and
they annihilate the vacuum:

pn10) =0, p,0)=0, forn>0 .

Energy eigenstates can be labelled by a target-momentum j and a winding m. Notice
that there is an operator w whose eigenvalues are w, and it has a conjugate momentum
pr — Pr which increments its value. So when I write |0) above, I really should label a
vacuum of the oscillator modes with p, w

N, = %/ann is the number operator; if we redefine a,, = \/ﬁ_lpn(n > 0), we have

[a,,al | = 0,,, and N,, = ala, is the ordinary thing.

’ITL]

Notice that the separate conservation of (5.28) and (5.30) means that there are
separately-conserved left-moving and right-moving currents:

()" = UL, 30" = (G4, 0)"
(jR)# = (jlz%ajlzilw = (07‘7-*)#

Here j;, only depends on the modes p,,, and ji only depends on the modes p,,:

. ™ iZZng
J+:3+¢:8+¢(95+):P+W+\/ﬁ210n6 rnet

n#0
L= 0.0=0.6(a) =p-wH /7= > P T
n#0
Here’s an Observation (T-duality): At large DiaW
Jr VM

T (think of this as a large radius of the target space), %
the momentum modes are closely-spaced in energy,

and exciting the winding modes is costly, since the %
string has a tension, it costs energy-per-unit-length &
T to stretch it. But the spectrum (5.33) is invariant

under the operation

1 V3 2

I
m < j, H(27r)2T
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which takes the radius of the circle to its inverse and exchanges the momentum and
winding modes. This is called T-duality. The required duality map on the fields is

¢L+ Or <> oL — OR -
(The variable R in the plot is R = V#T.)

T-duality says string theory on a large circle is the same as string theory on a
small circle. On the homework you’ll get to see a derivation of this statement in the
continuum which allows some generalizations.

Vertex operators. It is worthwhile to pause for another moment and think about
the operators that create the winding modes. They are like vortex creation operators.
Since ¢ has logarithmic correlatations, you might think that exponentiating it is a good
idea. First let’s take advantage of the fact that the ¢ correlations split into left and
right bits to write ¢(z,2) = ¢r(2) + ¢r(2):

(61(2)0(0)) = —

log >, (0r(2)0n(0)) = ~—log . (61(=)on(0)) = 0.

'l
(5.34)
A set of operators with definite scaling dimension is:

Vas(z,2) = @orH00RG) .

This is a composite operator which we have defined by normal-ordering. The normal
ordering prescription is: , that is: positive-momentum modes (lowering op-
erators) go on the right, and p counts as a lowering operator, so in particular using the
expansion (please beware my factors here): ¢r(z) = ar +prz +i)_, 4 &=w", we have

. eia¢>L(z) = eiaqL 6ioszzeioz > n<o %w”eia > om0 pT“w"

(I used the definition w = e?7%#/L))

How should we think about this operator ? In the QM of a free particle, the operator
e'PX inserts momentum p — it takes a momentum-space wavefunction ¥ (py) = (po|v)
and gives

(ol €™ 1) = 1 (po + p)-
It’s the same thing here, with one more twist.

In order for V, g to be well-defined under ¢ — ¢+-2m, we’d better have p = # €7
—momentum is quantized, just like for the particle (the center of mass is just a particle).
Let’s consider what the operator V, s does to a winding and momentum eigenstate
|w, p) (for simplicity, take one with no oscillator excitations, p, |p,w) = 0,n > 0):

M)

Vas(0) |w, p) = (2

(aT_IB)qSOeiazn«) pneiazn>0pn |w’p> — eiazn<0 Pn w + o 6 + @ + /6

9 PT T
(5.35)

a0 61
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The monster in front here creates oscillator excitations. I wrote qy = q; + qr and
®o = qr, — qr- The important thing is that the winding number has been incremented
by a — 3; this means that o —  must be an integer, too. We conclude that

a+p e, o—pe€2Z (5.36)

so they can both be odd integers or they can both be even integers.

By doing the gaussian integral (or moving the annihilation operators to the right)
their correlators are

_ Dy
Vars(21 2)Var (0, 0)) = 5 (5.37)
Z2nT Z2nT
The zeromode prefactor Dy is:
Dy = <€i((a+a/)qL+(B+ﬁ/)qR)>O = OaraOpip-

This is charge conservation.

We conclude that the operator V, s has scaling dimension A = hj, + hr with

1
hi,hg) = —(a?, 5°).
(hr,hg) 5 7TT( 5%
(hr — hg is the spin.) Notice the remarkable fact that the exponential of a dimension-
zero operator manages to have nonzero scaling dimension. This requires that the
multiplicative prefactor depend on the cutoff a to the appropriate power (and it is
therefore nonuniversal). We could perform a multiplicative renormalization of our

operators V to remove this cutoff dependence from the correlators.

The values of «, 5 allowed by single-valuedness of ¢ and its wavefunctional are best
understood in terms of the integers j, m that we introduced above. We see (at least)
three special values of the parameter 7"

e The SU(2) radius: When 277 = 1, T-duality maps the theory to itself. The
operators with (a, 3) = (1,1) are marginal. Also, the operators with («, ) =
(1,0) and (a, 8) = (0, 1) have the scaling behavior of currents ((j_(z)j-(0)) < %)
and by holomorphicity are in fact conserved. The U(1) x U(1) symmetry is
enhanced to SU(2) x SU(2). This model is the same as the SU(2); (pronounced
SU(2) level one) WZW model. It can also be described as a NLSM whose target
space is the SU(2) group manifold, with the addition of a WZW term; although
the SU(2) manifold has positive curvature, so naively wants to shrink in the IR,
the WZW term affects the running of the radius and leads to a fixed point at a
radius determined by the level. See Witten’s wonderful paper on the subject.
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e The free fermion radius: when 277 = 2, V, ¢ in (5.37) looks like (V1 o(2)V1,0(0)) =

% which is the behavior of a left-moving free fermion, with action [ dtdzd, .
In fact the scalar theory with this radius is (locally) equivalent to a massless
Dirac fermion! This equivalence is an example of bosonization. In particular,
the radius-changing deformation of the boson maps to a marginal four-fermion
interaction: by studying free bosons we can learn about interacting fermions.
(More precisely, just like in the Jordan-Wigner description of the TFIM, the
scalar theory is equivalent to a Dirac fermion with the fermion number gauged.)

e The supersymmetric radius: when 277 = 2, Y has dimension (2,0) and

represents a supersymmetry current.

After this detour, let’s return to the drama of the bose-Hubbard model. Starting
from large J/U, where we found a superfluid, what happens as U grows and makes
the phase fluctuate more? Our continuum description in terms of harmonic oscillators
hides (but does not ignore) the fact that ¢ ~ ¢ + 27. The system admits vortices, aka
winding modes.

Lattice T-duality. To see their effects let us do T-duality on the lattice.

The dual variables live on the bonds, la- ’ 3 4 5 6

belled by i = 1 3 3 A
2 2 2 2 2 2
Introduce s y
_ @i+1 — @ _
j<i

which together imply
[mg, ©7] = —idy;.

To understand where these expressions come from, notice that the operator

o107 — i35 2m;

rotates the phase of the boson on all sites to the left of i (by 27). It inserts a vortex
in between the sites ¢ and ¢ 4+ 1. The rotor hamiltonian is

U O — 07\
Hrotors = EZ <%) — JZ:COS 27Tmf

£ (% (g—f)z+g(2wm;)2> (5.39)
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where in the second step, we assumed we were in the SF phase, so the phase fluctuations
and hence m; are small. This looks like a chain of masses connected by springs again,
but with the roles of kinetic and potential energies reversed — the second term should
be regarded as a 72 kinetic energy term. BUT: we must not forget that © € 27Z! It’s
oscillators with discretized positions. We can rewrite it in terms of continuous © at the
expense of imposing the condition © € 27Z energetically by adding a term —\ cos ©%.
The resulting model has the action

1

L= ———
' 2(2m)p,

(0,0)* = Acos ©. (5.40)

Ignoring the A term, this is the T-dual action, with ps replaced by ﬁ. The coupling
got inverted here because in the dual variables it’s the J term that’s like the 72 inertia
term, and the U term is like the restoring force. This © = ¢, — ¢g is therefore the

T-dual variable, with ETCRs

[6(x), O(y)] = 2risign(x — y). (5.41)

This commutator follows directly from the definition of © (5.38). (5.41) means that
the operator cos O(z) jumps the SF phase variable ¢ by 27 — it inserts a 27 vortex, as
we designed it to do. So A is like a chemical potential for vortices.

This system has two regimes, depending on the scaling dimension of the vortex
insertion operator:

e If )\ is an irrelevant coupling, we can ignore it in the IR and we get a superfluid,
with algebraic LRO.

e If the vortices are relevant, A — oo in the IR, and we pin the dual phase, ©; =
0,Vi. This is the Mott insulator, since ©; = 0 means n; = 0 — the number fluctuations
are frozen.

When is A relevant? Expanding around the free theory,

i0(z) —i c
<e O(z) @(0)> = =

this has scaling dimension A = 7p, which is relevant if 2 > A = 7p,. Since the bose
correlators behave as <bTb> ~ x~T with n = Tlpsv we see that only if n < }1 do we

36This step seems scary at first sight, since we’re adding degrees of freedom to our system, albeit
gapped ones. ©; is the number of bosons to the left of i (times 27). An analogy that I find useful is
to the fact that the number of atoms of air in the room is an integer. This constraint can have some
important consequences, for example, were they to solidify. But in our coarse-grained description
of the fluid phase, we use variables (the continuum number density) where the number of atoms
(implicitly) varies continuously. The nice thing about this story (both for vortices and for air) is that
the system tells us when we can’t ignore this quantization constraint.
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have a stable SF phase. (Recall that p; = \/J/U.) If n > 1, the SF is unstable to
proliferation of vortices and we end up in the Mott insulator, where the quantization of
particle number matters. A lesson: we can think of the Mott insulator as a condensate

of vortices. [End of Lecture 18]

Note: If we think about this euclidean field theory as a 240 dimensional stat-mech
problem, the role of the varying py is played by temperature, and this transition we’'ve
found of the XY model, where by varying the radius the vortices become relevant, is
the Kosterlitz-Thouless transition.

Most continuous phase transitions occur by tuning the coefficient of a relevant
operator to zero (recall the general O(n) transition, where we have to tune r — 7. to
get massless scalars). This is not what happens in the 2d XY model; rather, we are
varying a marginal parameter and the dimensions of other operators depend on it and
become relevant at some critical value of that marginal parameter. This leads to very
weird scaling near the transition, of the form ¢ VR-R: (for example, in the correlation
length, the exponential arises from inverting expressions involving Gg(z) = —ﬁ log 2)
— it is sometimes called an ‘infinite order’ phase transition, because all derivatives of
such a function are continuous.

If you are eager to learn more about duality, I recommend these notes, the first
section of which offers a useful parallel to the discussion above (part of which I actually
followed in lecture).

5.3 (2+1)-d XY is dual to (241)d electrodynamics
5.3.1 Mean field theory

Earlier (during our discussion of boson coherent states) I made some claims about the
phase diagram of the Bose-Hubbard model

i ij
which I would like to clarify.

[Sachdev]| Consider a variational approach to the BH model. We'll find the best
product-state wavefunction |V,,,) = ®; [1);), and minimize the BH energy (Vyar| Hpr [Vyar)
over all ¥;. We can parametrize the single-site states as the groundstates of the mean-
field hamiltonian:

%
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Here WU is an effective field which incorporates the effects of the neighboring sites.
Notice that nonzero ¥ breaks the U(1) boson number conservation: particles can hop
out of the site we are considering. This also means that nonzero ¥ will signal SSB.

What does this simple approximation give up? For one, it assumes the ground-
state preserves the lattice translation symmetry, which doesn’t always happen. More
painfully, it also gives up on any entanglement at all in the groundstate. Phases for
which entanglement plays an important role will not be found this way.

We want to minimize over ¥ the quantity

1 1

SO = M <\I]var| HBH |‘;[Ivar> - M <\Ijvar| HBH - HMF +HMF |\Ijvar>
—w Y bt b+ Wb thec.
1
— MEMF(\I/) — zw (b1) (b) + (b) U* + (bT) W. (5.42)

Here z is the coordination number of the lattice (the number of neighbors of a site,
which we assume is the same for every site), and (..) = (W .. |Vyar)-

First consider w = 0, no hopping. Then ¥z = 0 (neighbors v
don’t matter), and the single-site state is a number eigenstate
|i) = |no(p/U)), where no(x) = 0 for x < 0, and ny(z) =

[x], (the ceiling of z, i.e. , the next integer larger than x), for

20

10

x > 0. Precisely when 1/U is an integer, there is a twofold

degeneracy per site.

This degeneracy is broken by a small hopping term. Away from the degenerate
points, within a single Mott plateau, the hopping term does very little (even away
from mean field theory). This is because there is an energy gap, and [N, Hgy| = 0,
which means that a small perturbation has no other states to mix in which might
have other eigenvalues of N. Therefore, within a whole open set, the particle number
remains fixed. This means d,, (N) = 0, the system is incompressible.

We can find the boundaries of this region by expanding & in V¥, following Landau:
E = &)+ r|V2 + O(|¥]*). We can compute the coefficients in perturbation theory,
and this produces the following picture.

Mean field theory gives the famous picture at % A Fiisktes et all, BBB [1980)
right, with lobes of different Mott insulator states 5, SF
with different (integer!) numbers of bosons per .
site. (The hopping parameter w is called ¢ in the
figure.) 20
fi=2
1.0
156 n=1
U
TU

(Fig credit: Roman Lutchyn)



5.3.2 Coherent state path integral

Actually we can do a bit better; some of our hard
work will pay off. Consider the coherent state path
integral for the Euclidean partition sum

7 — /[d2b]€_ fol/T dr Ly

with £, =Y (bjaTbi — pblb, + U] b}bibi> =3 blwyb,
i tj

where we introduced the hopping matrix w;; = w if (ij) share a link, otherwise zero.
Here the bs are numbers, coherent state eigenvalues. Here is another application of the

Hubbard-Stratonovich transformation:

Z = / (d20][d?Tle= o' 4r5s

1717171 i

with £ = 3 (6100, — bb, + UBJblbb, — o] = w7b,) + " W v,
‘ .

1

(Warning: if w has negative eigenvalues, so that the gaussian integral over U is well-
defined, we need to add a big constant to it, and subtract it from the single-particle
terms.) Now integrate out the b fields. It’s not gaussian, but notice that the result-

ing action for ¥ is the connected generating function W/[.J]: [[d?p]e=Sl+/ Vothe -

e~WI¥¥"l More specifically,

7= [ e

with L = KiU*0,U + K|0,V|> + K3|VU[? + 7| U + u| ]! + - -

Here V = Ma? is the volume of space, and Fy is the mean-field free energy. The
coefficients K etc are connected Green’s functions of the bs. The choice of which terms
I wrote was dictated by Landau, and the order in which I wrote them should have been
determined by Wilson. The Mott-SF transition occurs when 7 changes sign, that is,
the condition 7 = 0 determines the location of the Mott-SF boundaries. You can see
that generically we have z = 2 kinetic terms. Less obvious is that 7 is proportional to
the mean field coefficient r.

Here’s the payoff. I claim that the coefficients in the action for W are related by

Ky = —0,7. (5.43)
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This means that K; = 0 precisely when the boundary of the lobe has a vertical tangent.
This means that right at those points (the ends of the dashed lines in the figure) the
second-order kinetic term is the leading one, and we have z = 1.

Here’s the proof of (5.43). Lp must have the same symmetries as £,. One such

invariance 1is
by — b W, — U s 10,6

This is a funny transformation which acts on the couplings, so doesn’t produce Noether
currents. It is still useful though, because it implies

0=y (K 00,0 + 7|02 + ..) = K1 |W[*10,¢ + 0,706 ¥|* + ...

5.3.3 Duality

We have seen above (in §5.2) that the prevention of vortices is essential to superfluidity,
which is the condensation of bosons. In D = 1+ 1, vortices are events in spacetime.
In D = 2+ 1, vortices are actual particles, i.e. localizable objects, around which the
superfluid phase variable winds by 27 (times an integer).

More explicitly, if the boson field which condenses is b(x) = ve'?, and we choose
polar coordinates in space x + iy = Re'?, then a vortex is a configuration of the order
parameter field of the form b(z) = f(R)e'?, where f(R) B2 4 far away: the phase
of the order parameter winds around. Notice that the phase is ill-defined in the core

of the vortex where f(R) =) (This is familiar from our discussion of the Abelian
Higgs model.)

To see the role of vortices in destroying superfluidity more clearly, consider super-
fluid flow in a 2d annulus geometry, with the same polar coordinates x + iy = Rel®. If
the superfluid phase variable is in the configuration ¢(R, p) = nyp, then the current is

- > n

TR ) = pNo = psg .
The current only changes if the integer n changes. This happens if vortices enter from
the outside; removing the current (changing n to zero) requires n vortices to tunnel all
the way through the sample, which if they are gapped and the sample is macroscopic
can take a cosmologically long time.

There is a dual statement to the preceding three paragraphs: a state where the
bosons themselves are gapped and localized — that is, a Mott insulator — can be de-
scribed starting from the SF phase by the condensation of vortices. To see this, let us
consider again the (simpler-than-Bose-Hubbard) 2 + 1d rotor model

Hrotors =U Z n? - JZ COoS (¢l - ¢])
i (i)
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and introduce dual variables. Introduce a dual lattice whose sites are (centered in) the
faces of the original (direct) lattice; each link of the dual lattice crosses one link of the
direct lattice.

o First let e;; = ¢i2_7r 9

ij X ij = +% (ij denotes the unit vector pointing from 7 to j). This

Here we define i by the right hand rule:

3
. . . o . = . . S - 1T
is a lattice version of € = Z x V(b%. Defining lattice derivatives 3 ° ‘ t
—

A, = i — iz, the definition is e, = —322 e, = 822 Tt is like

an electric field vector.

e The conjugate variable to the electric field is ag;, which must

therefore be made from the conjugate variable of ¢;, namely n;: b P
[n;, ¢;] = —id;;. Acting with n; translates ¢;, which means that it 4
shifts all the e;; from the surrounding plaquettes. More precisely: 3 4"

2mn; = ags + azz + a3z + air-
This is a lattice, integer version of n ~ %V X a - Z. In terms of these variables,

U Axa)’
Hiotors = 5 ZZ: ( o ) o JZCOS (277—623)

(@)

with the following constraint. If it were really true that € = %2 X ﬁ(ﬁ, with single-

valued ¢, then V.é=V- <73 X ﬁgb) = 0. But there are vortices in the world, where ¢

is not single valued. The number of vortices n,(R) in some region R with OR = C'is
determined by the winding number of the phase around C"

2mn,(R) = % Al Ve ML 27r/ AV
c R

(More explicitly, 2V - € = €:ij0;0;¢ = [0y, 0y clearly vanishes if ¢ is single-valued.)
Since this is true for any region R, we have

V - & = 2m0%(vortices).

Actually, the lattice version of the equation has more information (and is true) because
it keeps track of the fact that the number of vortices is an integer:

Ager + ANye, = A - &(0) = 2mn, (@),  no(i) € Z.

It will not escape your notice that this is Gauss’ law, with the density of vortices playing
the role of the charge density.

Phases of the 2d rotors. Since € ~ ﬁ¢ varies continuously, i.e. electric flux
is not quantized, this is called noncompact electrodynamics. Again we will impose
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the integer constraint a € 27Z energetically, i.e. let a € R and add (something like)
AH = —tcosa and see what happens when we make ¢ finite. The expression in the
previous sentence is not quite right, yet, however: This operator does not commute
with our constraint A - € — 2n, = 0 — it jumps € but not n,*".

We can fix this by introducing explicitly the variable which creates vortices, e~X,
with:
Certainly our Hilbert space contains states with different number of vortices, so we
can introduce an operator which maps these sectors. Its locality might be an issue:
certainly it is nonlocal with respect to the original variables, but we will see that we

can treat it as a local operator (except for the fact that it carries gauge charge) in the
dual description. Since n, € Z, x =~ x + 27 lives on a circle. So:

H ~ Z (% (A;;“)Q + g (2me)? — tcos (Ay — a))

still subject to the constraint A-&=2mn,.

Two regimes:

J > U,t| This suppresses e and its fluctuations, which means a fluctuates. The
fluctuating a is governed by the gaussian hamiltonian

HNZ(52+52)

with b = S22, which should look familiar. This deconfined phase has a gapless photon;

a 2 + 1d photon has a single polarization state. This is the goldstone mode, and this

AX

21
regime describes the superfluid phase (note that the parameters work out right in the
original variables). The relation between the photon a and the original phase variable,
in the continuum is

€upOuty = Oud.

t> U, J| In this regime we must satisfy the cosine first. Like in D = 1 + 1,
this can be described as the statement that vortices condense. Expanding around its

minimum, the cosine term is

h>t(a—9x)°

3TA set of words which has the same meaning as the above: cosa is not gauge invariant. Under-
standing these words requires us to think of the operator G(i) = A - & — 27n,, as the generator of a
transformation,

50 = ZS(E>[G(E),O].

It can be a useful picture.
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— the photon gets a mass by eating the phase variable y. There is an energy gap. This
is the Mott phase.

If the vortices carry other quantum numbers, the (analog of the) Mott phase can
be more interesting, as we’ll see in section 5.5.

Compact electrodynamics in D = 2 4+ 1. Note that this free photon phase
of D = 2 4 1 electrodynamics is not accessible if e is quantized (so-called compact
electrodynamics) where monopole instantons proliferate and gap out the photon. This
is the subject of §5.4.

5.3.4 Particle-vortex duality in the continuum

The above is easier to understand (but a bit less precise) in the continuum. Consider a
quantum system of bosons in D = 2+ 1 with a U(1) particle-number symmetry (a real
symmetry, not a gauge redundancy). Let’s focus on a complex, non-relativistic bose
field b with action

S[] = / dtde (bT (i@t v u) b— U(bTb)2> . (5.44)
By Noether’s theorem, the symmetry b — b implies that the current
Ju = ey ))p = (070, 16TVb + hec.),

satisfies the continuity equation 0*j, = 0.

This system has two phases of interest here. In the ordered/broken/superfluid
phase, where the groundstate expectation value (b) = ,/py spontaneously breaks the
U(1) symmetry, the goldstone boson 6 in b = ,/poe!? is massless

. = 2
Suld] = % / (02 - (ve) ) 2odt,  j, = podl .

In the disordered/unbroken/Mott insulator phase, (b) = 0, and there is a mass gap. A
dimensionless parameter which interpolates between these phases is g = u/U; large ¢
encourages condensation of b.

We can ‘solve’ the continuity equation by writing
jt=€e"0.a. (5.45)

where a. is a gauge potential. The time component of this equation says that the
boson density is represented by the magnetic flux of a. The spatial components relate
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the boson charge current to the electric flux of a. The continuity equation for j is
automatic — it is the Bianchi identity for a — as long as a is single-valued. That is:
as long as there is no magnetic charge present. A term for this condition which is
commonly used in the cond-mat literature is: “a is non-compact.” (More on the other
case below.)

The relation (5.45) is the basic ingredient of the duality, but it is not a complete
description: in particular, how do we describe the boson itself in the dual variables?
In the disordered phase, adding a boson is a well-defined thing which costs a definite
energy. The boson is described by a localized clump of magnetic flux of a. Such a
configuration is energetically favored if a participates in a superconductor — i.e. if a is
coupled to a condensate of a charged field. The Meissner effect will then ensure that
its magnetic flux is bunched together. So this suggests that we should introduce into
the dual description a scalar field, call it , minimally coupled to the gauge field a:

S[b] e~ Squalla, @] .

And the disordered phase should be dual to a phase where (®) # 0, which gives a mass
to the gauge field by the Anderson-Higgs mechanism.

Who is &7 More precisely, what is the identity in terms of the original bosons of
the particles it creates? When ® is not condensed and its excitations are massive, the
gauge field is massless. This the Coulomb phase of the Abelian Higgs model S[a, ®];
at low energies, it is just free electromagnetism in D = 2+ 1. These are the properties
of the ordered phase of b. (This aspect of the duality is explained in Wen, §6.3.) The
photon has one polarization state in D = 2 + 1 and is dual to the goldstone boson.
This is the content of (5.45) in the ordered phase: € 0.a. = py0,0 or xda = pyd6.

Condensing P gives a mass to the Goldstone boson whose masslessness is guaranteed
by the broken U(1) symmetry. Therefore ® is a disorder operator: its excitations
are vortices in the bose condensate, which are gapped in the superfluid phase. The
transition to the insulating phase can be described as a condensation of these vortices.

The vortices have relativistic kinetic terms, i.e. particle-
hole symmetry. This is the statement that in the ordered
phase of the time-reversal invariant bose system, a vortex
and an antivortex have the same energy. An argument
for this claim is the following. We may create vortices
by rotating the sample, as was done in the figure at right.
With time-reversal symmetry, rotating the sample one way

will cost the same energy as rotating it the other way.

This means that the mass of the vortices m? ®® is Fig: M. Zwierlein.
distinct from the vortex chemical potential iy py = pyi®T9,® + h.c.. The vortex mass?
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maps under the duality to the boson chemical potential. Taking it from positive to
negative causes the vortices to condense and disorder (restore) the U(1) symmetry.

To what does the vortex chemical potential map? It is a term which breaks time-
reversal, and which encourages the presence of vortices in the superfluid order. It’s an
external magnetic field for the bosons. (This also the same as putting the bosons into
a rotating frame.)

To summarize, a useful dual description is the Abelian Higgs model
2 . . 2 = -\ 2 1
Sla, ®] = /d xdt ((IDT <(18t — 1Ay —p)" + (V + A> > o — e_QfoW - V(@*@)) :

We can parametrize V' as
V=(0l0 - v)*

—when v < 0, (®) = 0, ® is massive and we are in the Coulomb phase. When v > 0
® condenses and we are in the Anderson-Higgs phase.

The description above is valid near the boundary of one of @
the MI phases. At the tips of the lobes are special points ;{,“:,d w2
where the bosons b themselves have particle-hole symmetry -
(i.e. relativistic kinetic terms). For more on this diagram, >
see e.g. chapter 9 of Sachdev. J

In the previous discussion I have been assuming that the vortices of b have unit
charge under a and are featureless bosons, i.e. do not carry any non-trivial quan-
tum numbers under any other symmetry. If e.g. the vortices have more-than-minimal
charge under a, say charge ¢, then condensing them leaves behind a Z, gauge theory
and produces a state with topological order. If the vortices carry some charge un-
der some other symmetry (like lattice translations or rotations) then condensing them
breaks that symmetry. If the vortices are minimal-charge fermions, then they can only
condense in pairs, again leaving behind an unbroken Zs, gauge theory.

5.4 Compact electrodynamics in D =2+ 1

Since I emphasized above that we were speaking about non-compact electrodynamics,
I should explain what is compact electrodynamics, why this makes a difference, and
where it arises. First I'll introduce it in a lattice model of bosons. It can also emerge
from spin systems; in this context, when a deconfined phase is realized, it is called a
U(1) spin liquid.

163



Consider a quantum system on a two-dimensional lattice (say, square) with rotors
©; = O, + 2mm on the links . (Think of this as the phase of a boson or the direction
of an easy-plane spin.) The conjugate variable n; is an integer

0, Op] = —idp.

Here n;; = nj;,0,;; = ©,, — we have not oriented our links (yet). We also impose the
Gauss’ law constraint
G, = Z n; =0 V sites s,
lev(s)

where the notation v(s) means the set of links incident upon the site s (‘v is for ‘vicin-
ity’).

We’ll demand that the Hamiltonian is ‘gauge invariant’, that is,
that [H, Gs] = 0Vs. Any terms which depend only on n are OK.
The natural single-valued object made from © is €', but this is M

not gauge invariant. A combination which is gauge invariant is the

plaquette operator, associated to a face p of the lattice: ) 2
H e(*l)yi@z = ei(912*@23+@34*@41)
leodp

— we put a minus sign on the horizontal links. dp denotes the links running around the
boundary of p. So a good hamiltonian is

H= %Zn? - KZCOS (Z(—l)y@l> :

leoo

Local Hilbert space. The space of gauge-invariant states is not a tensor product
over local Hilbert spaces. This sometimes causes some confusion, and seems like an
obstruction to such a system emerging from condensed matter. Notice, however, that
we can arrive at the gauge-theory hilbert space by imposing the Gauss’ law constraint
energetically (as in the toric code): Start with the following Hamiltonian acting on the
full unconstrained rotor Hilbert space:

Hyjy = +T0 Y G+ H.

True to its name, the coefficient ' is some huge energy scale which penalizes configu-
rations which violate Gauss’ law (if you like, such configurations describe some matter
with rest mass I'y). So, states with energy < I'y, all satisfy Gauss’ law. Then further,
we want H to act within this subspace, and not create excitations of enormous energies
like I',. This requires [G;, H| = 0, Vi, which is exactly the condition that H is gauge
invariant.
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A useful change of variables gets rid of these annoying signs.

o
A%

™
©

Assume the lattice is bipartite: made of two sublattices A, B each
of which only touches the other. Then draw arrows from A sites to & 8 ¢

B sites, and let

P-N
\v)

e; =nmy; _ J+lL e A o—>
_ ) T — . . |
a;; = 1,0 -1, 7€ B

Then the Gauss constraint now reads

0=eji+ep+es+es=A-e)

This is the lattice divergence operation. The plaquette term reads
COS (@12 - @23 + @34 — @41) = COS (3.12 + ags + asy + a41) = COS (A X a)

— the lattice curl (more precisely, it is (A x a) - 2). In these variables,
H = gZeQ —KZCOS((A X a)-ng)
2 l l O

(in the last term we emphasize that this works in D > 2+ 1 if we remember to take the
component of the curl normal to the face in question). This is (compact) lattice U(1)
gauge theory, with no charges. The word ‘compact’ refers to the fact that the charge
is quantized; the way we would add charge is by modifying the Gauss’ law to

A - e(i) = charge at i
—_——— ——
€Z = €Z
where the charge must be quantized because the LHS is an integer. (In the noncompact
electrodynamics we found dual to the superfluid, it was the continuous angle variable
which participated in the Gauss’ law, and the discrete variable which was gauge vari-

ant.)

What is it that’s compact in compact QED?

The operator appearing in Gauss’ law
G(zr) = (6 - 6(z) — 47rn(x)>

(here n(z) is the density of charge) is the generator of gauge transformations, in the
sense that a gauge transformation acts on any operator O by

O s 15, a@G(@) i L, a@)G() (5.46)
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This is a fact we’ve seen repeatedly above, and it is familiar from ordinary QED, where
using the canonical commutation relations

[a'(2), €’ (y)] = —i67d(z —y), [¢(z),n(y)] = —id(z —y)

(¢ is the phase of a charged field, ® = pel?) in (5.46) reproduce the familiar gauge
transformations
d—sa+Va, o¢—>d+a .

SO: if all the objects appearing in Gauss’ law are integers (which is the case if
charge is quantized and electric flux is quantized), it means that the gauge parameter
« itself only enters mod 27, which means the gauge transformations live in U(1), as
opposed to R. So it’s the gauge group that’s compact.

This distinction is very important, because (in the absence of matter) this model
does not have a deconfined phase! To see this result (due to Polyakov), first consider
strong coupling:

: The groundstate has e; = 0, VI. (Notice that this configuration satisfies
the constraint.) There is a gap to excitations where some link has an integer e # 0, of
order U. (If e were continuous, there would not be a gap!) In this phase, electric flux
is confined, i.e. costs energy and is generally unwanted.

U < K| The surprising thing is what happens when we make the gauge coupling

weak.

Then we should first minimize the magnetic flux term: min- cos(Axa)
imizing — cos(A x a) means A x a € 27Z. Near each min- \ /\ ‘ /\ /\ /
imum, the physics looks like Maxwell, h ~ e? +b? + - ... W W W W Axa
BUT: it turns out to be a colossally bad idea to ignore the

tunnelling between the minima. To see this, begin by solving the Gauss law constraint

A - e = 0 by introducing
1
€3 = % (X2 — X1> (547)

(i.e. €=2%-Ax5=.) x is a (discrete!) ‘height variable’. Then the operator
pi(Axa)()

increases the value of e;; for all neighboring sites a, which means it jumps x; — x;+27.
So we should regard

(A x a) (i) = I, ()

as the conjugate variable to y, in the sense that

[y (r), x(r')] = =10,



Notice that this is consistent with thinking of y as the dual scalar related to the
gauge field by our friend the (Hodge) duality relation

OuX = €up0,ap.

The spatial components ¢ say 0;x = €;;fo;, which is the continuum version of (5.47).
The time component says x = €;;fi; = V X a, which indeed says that (if x has quadratic
kinetic terms), the field momentum of x is the magnetic flux. So x is the would-be
transverse photon mode.

The hamiltonian is now

H-= % Z (Ax)* — KZCOS IL, (1)
! r
with no constraint, but y € 277Z. In the limit U > K, the spatial gradients of x are
forbidden — x wants to be uniform. From the definition (5.47), uniform y means there
are no electric field lines, this is the confined phase. Deconfinement limit should be
K > U, in which case it looks like we can Taylor expand the cosine cosII, ~ 1 — %Hi
about one of its minima, and get harmonic oscillators. But: tunneling between the
neighboring vacua of A x a is accomplished by the fluz-insertion operator (or monopole
operator)

X, which satisfies [e™X") (A x a) ()] = X5,

— that is, eX is a raising operator for A x a. To analyze whether the Maxwell limit
survives this, let’s go to the continuum and study perturbations of the free hamiltonian

H, = / (% <§X>2 + %Hi)

le—/Vocosx.

This operator introduces tunneling events by II, — ®, =27 with rate Vj. Alternatively,

by

notice that again we can think of the addition of this term as energetically imposing
the condition that y € 27Z.

So: is Vj irrelevant? Very much no. In fact
(cos x(r) cos x(0)), ~ const (5.48)

has constant amplitude at large ! That means that the operator has dimension zero,
and the perturbation in the action has [S; = — [ Vjcos xd?zdr] ~ L?, very relevant.
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The result is that it pins the x field (the would-be photon mode) to an integer, from
which it can’t escape. This result is due to Polyakov.

To see (5.48) begin with the gaussian identity

Y

<eisx(x)ei8’x(0)> — o= S @)

with s, 8" = +. The required object is

(x(z)x(0)) = l/dg e =i 2 /Ood /1 d cos P os?
X X - T p - (27T)3T 0 p .

p2

__2sinpz
=z

I
o
Ao
e
~
o\
8
=
<
==
B3
8

i (5.49)

(I have set the velocity of propagation to 1, and T'= U/K is the coefficient in front of
the Lagrangian, S =T [ d*zd,x0"x.) So

/
<eisx(x)€is’x(0)> et

And ]

(cos x(z) cos x(0)) = cos Ta

which does not decay at long distance, and in fact approaches a constant.

e The fact that the would-be-transverse-photon y is massive means confinement of
the gauge theory. To see that external charge is confined, think as usual about
the big rectangular Wilson loop (W(Q)) = (¢! §DA> ue ~E(R)T 5 an order
parameter for confinement. In term of y,

fia e o

(I've absorbed a factor of the gauge coupling into y to make the dimensions work
nicely, €,,,0,4, = g0,Xx) and the expectation is

W(@o))=2"1 /[dx]estrgif-X o ocoPmy-arca(®).
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In the last step we did the gaussian integral from small y fluctuations. This
area-law behavior proportional to m, means that the mass for x confines the
gauge theory. This is the same (Polyakov) effect we saw in the previous section,
where the monopole tunneling events produced the mass.

e Adding matter helps to produce a deconfined phase! In particular, the presence
of enough massless charged fermions can render the monopole operator irrelevant.
I recommend this paper by Tarun Grover for more on this.

e Think about the action of ¢X(®? from the point of view of 2 + 1d spacetime:
it inserts 27 magnetic flux at the spacetime point x,¢. From that path integral
viewpoint, this is an event localized in three dimensions which is a source of mag-
netic flux — a magnetic monopole. In Polyakov’s paper, he uses a UV completion
of the abelian gauge theory (not the lattice) in which the magnetic monopole is
a smooth solution of field equations (the 't Hooft-Polyakov monopole), and these
solutions are instanton events. The cosy potential we have found above arises
from, that point of view, by the same kind of dilute instanton gas sum that we
did in the D =1 4 1 Abelian Higgs model.

5.5 Deconfined Quantum Criticality

[The original papers are this and this; this treatment follows Ami Katz’ BU Physics 811
notes.] Consider a square lattice with quantum spins (spin half) at the sites, governed
by the Hamiltonian

L L oo 1N\ /s = 1
HJQEJZSi'Sj—I—QZ(Si-Sj—Z)(Sk~SZ—Z).

(i7) [i5Kl]

Here (ij) denotes pairs of sites which share a link, and [ijkl] denotes groups of four sites
at the corners of a plaquette. This J@Q-model is a somewhat artificial model designed
to bring out the following competition which also exists in more realistic models:

: the groundstate is a Neel antiferromagnet (AFM), with local order param-
eter i = ) (—1)%tw S;, whose expectation value breaks the spin symmetry SU(2) —
U(1). Hence, the low-energy physics is controlled by the (two) Nambu-Goldstone
modes. This is well-described by the field theory we studied in §3.3.

@ > J| The Q-term is designed to favor configurations where the four spins
around each square form a pair of singlets. A single ()-term has a two-fold degenerate

groundstate, which look like |=) and |||). The sum of all of them has four groundstates,
which look like ... These are called valence-bond solid (VBS) states. The VBS order
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parameter on the square lattice is

VoY (15 S+ Siy) € 20

In the four solid states, it takes the values 1,i, —1, —i. Notice
that they are related by multiplication by i = €"/2. V is
a singlet of the spin SU(2), but the VBS states do break
spacetime symmetries: a lattice rotation acts by R/ : V —
—iV (the Neel order 7 is invariant), while a translation by a
single lattice site acts by

Ty it — =0, Tp: V= VT, : V= VI (5.50)

The VBS phase is gapped (it only breaks discrete symmetries,
so no goldstones).

Claim: There seems to be a continuous transition between
these two phases as a function of @/J. (If it is first order,
the latent heat is very small.) Here’s why this is weird and
fascinating: naively, the order parameters break totally dif-
ferent symmetries, and so need have nothing to do with each
other. Landau then predicts that generically there should
be a region where both are nonzero or where both are zero.
Why should the transitions coincide? What are the degrees
of freedom at %7

To get a big hint, notice that the VBS order parameter is like
a discrete rotor: if we had a triangular lattice it would be in
Zg and would come closer to approximating a circle-valued
field. In any case, we can consider vortex configurations,
where the phase of V rotates (discretely, between the four
quadrants) as we go around a point in space. Such a vortex
looks like the picture at right.

V)=~

<V): (

V)=-¢

V) =i

Notice that inside the core of the vortex, there is necessarily a spin which is not

paired with another spin: The vortex carries spin: it transforms as a doublet under

the spin SU(2). Why do we care about such vortices? I've been trying to persuade

you for the past two sections that the way to think about destruction of (especially
U(1)) ordered phases is by proliferating vortex defects. Now think about proliferating
this kind of VBS vortex. Since it carries spin, it necessarily must break the SU(2)
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symmetry, as the Neel phase does. This is why the transitions happen at the same
point.

To make this more quantitative, let’s think about it from the AFM side: how do
we make V' from the degrees of freedom of the low energy theory? It’s not made from
n since it’s a spin singlet which isn’t 1 (spin singlets made from n are even under a
lattice translation). What about the CP! version, aka the Abelian Higgs model, aka
scalar QED (now in D =2+ 1)?

1 A
L= _4_g2F2 +|Dz|? — m?|2]* — Z|z]4

where z = (ZT) ,and D,z = (0, —iA,)z as usual. Let’s think about the phases of this
<)
model.

: Here z condenses and breaks SU(2) — U(1), and A, is higgsed. A gauge

invariant order parameter is 7 = 2752, and there are two goldstones associated with
its rotations. This is the AFM. The cautionary tale I told you about this phase in
D = 1+ 1 doesn’t happen because now the vortices are particles rather than instanton
events. More on these particles below.

: Naively, in this phase, z are uncondensed and massive, leaving at low
energies only Liy.g - —ﬁF 2 Maxwell theory in D = 2 + 1. This looks innocent
but it will occupy us for quite a few pages starting now. This model has a conserved
current (conserved by the Bianchi identity)

1
Jp = e"PE,, = 8—7Tn“8#nb8,,nceabc.

In terms of the gauge variables, the thing that’s conserved is the magnetic flux; in terms
of the spins, it’s the skyrmion number (as you showed on the homework) We can follow
these around more effectively by introducing the dual scalar field by a by-now-familiar
duality relation:

Jp = e"PE,, = gotx. (5.51)

You can think of the last equation here as a solution of the conservation law 0,,J} = 0.
The symmetry acts on x by shifts: xy — x + constant. In terms of y, the Maxwell
action is
? 1 1
Liowr = ——F* = 29,x0"x.
But this is a massless scalar, a gapless theory. And what is the y — x + ¢ symmetry
in terms of the spin system? I claim that it’s the rotation of the phase of the VBS

order parameter, which is explicitly broken by the squareness of the square lattice. An
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improvement would then be

1
Liowr = 5 L X0 x — Vi cos (kx/9)

where Vj, ~ a% (a is the lattice spacing) comes from the breaking the rotation invariance
by the lattice down to Zy (k = 4 for the square lattice).

To see that shifts of y are VBS rotations, let’s reproduce the lattice symmetries in
the Abelian Higgs model. Here’s the action of lattice translations 7' = T, or T, (take
a deep breath.): T': n® — —n? but n® = 270%, so on z we must have T : z — io?2*.
The gauge current is j, = 1219,z + h.c. = —j, which means we must have 4, — —A4,
and F),, = —F},,. Therefore by (5.51) we must have T": 9x — —0x which means that

Tx,y X — —X + gaz,y

where «,, are some so-far-undetermined numbers, and g is there on dimensional
grounds. Therefore, by choosing T, ,x — —Xx £ 97/2,Rz/2 : x — X — g7/2 we can
reproduce the transformation (5.50) by identifying

V = celX/9

(up to an undetermined overall complex number). Notice for future reference the
canonical commutation relation between the flux current density (J% = gx = %%) and
V:

[Jp (), V(0)] = V(0)8%(x). (5.52)

It creates flux.

So x is like the phase of the bosonic operator V' which is condensed in the VBS
phase; lattice effects break the U(1) symmetry down to some discrete subgroup (Z, for
the square lattice, Zg for triangular, Zs for honeycomb), with a potential of the form
V(VF) = mf’( cos(4dx/g) + -+, where k = 4,6, 3... depends on the lattice, which has k
minima, corresponding to the k possible VBS states. By (5.52), such a potential has
charge k under Jp.

Consider this phase from the point of view of the gauge theory now. Notice that x
is the same (up to a factor) dual variable we introduced in our discussion of compact
QED, and the Wilson loop will again produce an area law if y is massive, as with the
Polyakov effect.

In order for this story to make sense, we need that M, ¢*> < a—12, so that x is actually
a low-energy degree of freedom. The idea is that the critical point from tuning .J/@Q
to the critical value is reached by taking m, — 0. What is the nature of this critical
theory? It has emergent deconfined gauge fields, even though the phases on either side
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of the critical point do not (they are confined m > 0 and Higgsed m < 0 respectively).
Hence the name deconfined quantum criticality.

The conjecture (which would explain the phase diagram above) is that this gauge
theory is a critical theory (in fact a conformal field theory) with only one relevant
operator (the one which tunes us through the phase transition, the mass for x) which
is a singlet under all the symmetries. Recall that e*X has charge k under the Jgp
symmetry, and the square lattice preserves a Z, C U(1) subgroup, so only allows the
4-vortex-insertion operator e*X. What is the dimension of this operator at the critical
point? The conjecture is that it has dimension larger than 3.

Insanely brief sketch of a check at large N. Actually, this can be checked very
explicitly in a large- N version of the model, with N component z fields, so that the spin
is ¢ = 21742, A = 1..N? — 1. This has SU(N) symmetry. When m? < 0, it is broken
to SU(NV — 1), with 2(/NV — 1) goldstone bosons. (Actually there is a generalization of
the lattice model which realizes this — just make the spins into N x N matrices.)

Introducing an H-S field o to decouple the |z|! interaction, we can make the z
integrals gaussian, and find (this calculation is just like our earlier analysis in §4.3)

1 1 aN 2m +ip 1 N 2m +ip
Aol = [dp(-F,, 1 P (- s 1 -
il = [an (170 (5 + S log 3L ) P (g o) (<5 + o g e ) ()

In the IR limit, m < p < g N, AN, this is a scale-invariant theory with (F'F) ~
p, (o0) ~ p so that both F' and ¢ have dimension near 2. (Actually the dimension of F’

is fixed at 2 by flux conservation.) z doesn’t get any anomalous dimension at leading
order in N.

This is all consistent with the claim so far. What is the dimension of V, = e'X?
To answer this question, we use a powerful tool of conformal field theory called radial
quantization. Consider the theory on a cylinder, S? x R, where the last factor we can
interpret as time. In a conformal field theory there is a one-to-one map between local
operators and states of the theory on S? x R. The state corresponding to an operator
O is just O(0)|0). The energy of the state on the sphere is the scaling dimension of
the operator. (For an explanation of this, I refer to §4 of these notes.)

The state created by acting with V}(0) on the vacuum maps by this transformation
to an initial state with flux k& spread over the sphere (think of it as the 2-sphere
surrounding the origin in spacetime): this state has charge k under Qr = f52 JY =
| 2 F12. The dimension of V}, is the energy of the lowest-energy state with Qr = k. We
can compute this by euclidean-time path integral:

~THey T—0 e_TAk

Zk = tI“QF:kG —
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This is

Z), = / [dA]6 ( / F — k> / [dzdzl]e 54l = e~ Fr

which at large-N we can do by saddle point. The dominant configuration of the gauge
field is the charge-k magnetic monopole A, = E(1 = cos ), and we must compute

f —N/2
/[dzz]eZT(—DLDA+m2)Z = det <_DTADA+ m2> / _ 6—%tr10g(—DTADA+m2)

The free energy is then a sum over eigenstates of this operator

(=02 = D3) fue™ = (w2 + Aelk)) foc™

F,=NT /dw Z(% + 1) log(w® + Ae(k) +m?).
¢

The difference Fj, — Fy is UV finite and gives Ay, = Ncg, ¢ ~ .12, ¢4 ~ .82. Unitarity

requires Ay > % (= the free scalar dimension), so don’t trust this for N < 4.

So the idea can be summarized by the flow diagram at right,
where the horizontal axis is m? ~ g — g.. For m? < 0, we
are in the Higgs phase of the gauge theory, where the spin
symmetry is spontaneously broken — the Neel phase. For w

m? > 0, if we managed to tune V}; = 0, we would end up at
a state with a massless photon. But this state is unstable
to the proliferation of monopoles (created by the operator
whose coefficient in the action is Vi). And on the lattice, the

A
Y

VBS

U(1) spin

coefficient Vj, of the monopole fugacity is inevitably nonzero,
so we end up instead in the gapped VBS phase. But right
at the critical point, there’s a deconfined U(1) gauge theory!

[Fig is from this nice summary].

Pure field theory description. We've been discussing a theory with U(1)yps X
SU(2)spin symmetry. Lattice details aside, how can we encode the way these two
symmetries are mixed up which forces the order parameter of one to be the disor-
der operator for the other? To answer this, briefly consider enlarging the symmetry
to SO(5) D U(1)ys X SU(2)spin, and organize (ReV,ImV,n' n? n3) = n® into a 5
component mega-voltron-spin vector. We saw that in D = 0 4+ 1, we could make a
WZW term with a 3-component spin

Wol(n', n* n?)) = / endn® A dn®.
Bs
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Its point in life was to impose the spin commutation relations at spin s when the
coefficient is 2s. In D = 1+ 1, we can make a WZW term with a 4-component spin,
which can have SO(4) symmetry

Wil(n',n? n® n")] = / e*ednsdn® A dn® A dn.
Bs
%% Once we’ve got this far, how can you resist considering

Whl(nt,n? n?® n* n°)] = / €®edenadn® A dn® A dn? A dnf.
By

What does this do? Break the SO(5) — U(1) x SU(2) and consider a vortex configu-

ration of V' at #? = 23 = 0. Suppose our action contains the term kWs[n] with k = 1.

Evaluate this in the presence of the vortex:

k

T s 0e“bcn“dnb/\dnC = kWy|[(n',n* n?)].
2|zl=z3=

kWZ[(nla TLZ, n37 n47 n5)’v0rtex of n! +in? at 22 =23 = }

This says the remaining three components satisfy the spin-
half commutation relations: there is a spin in the core of the
vortex, just as in the lattice picture at right.

38In fact the D = 1+ 1 version of this is extremely interesting. A few brief comments: (1) involves
a real VBS order parameter n*.) (2) The D = 1 + 1 term has the same number of derivatives (in
the EOM) as the kinetic term On®9n®. This means they can compete at a fixed point. The resulting
CFTs are called WZW models. (3) The above is in fact a description of the spin-half chain, which
previously we’ve described by an O(3) sigma model at 6 = .
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5.6 Bosonization

In addition to T-duality, the theory of a massless compact scalar field ¢ in D =1+ 1
enjoys yet another dual description, namely a description in terms of a Dirac fermion

v,

5.6.1 Bosonization, part 1: counting

[Sachdev, chapter 20] Consider a massless Dirac
2nvelL
fermion in D = 1+ 1 with spinor components ¥ =
(L,R), where the name indicates the direction of
propagation. Let’s quantize this system on a circle
of length L with APBC: L(z+ L) = —L(x), R(z + Ty ki
L) = —R(z). The mode expansion is:

1 wlxi
R(z)=—= Y Rt

lez+1

and a similar expression for L. We'll focus on R for a while. The modes satisfy
(R, R}} = o

and the Hamiltonian (minus the vacuum energy) is

2muE

Hp = 7

> IR[R,—E,

I€Z+5  —uR

so Hg |gs) = 0. (The full His H = Hg + H;.) The groundstate has all modes with
[ > 0 empty and all modes with [ < 0 filled. Notice that the Hamiltonian is symmetric
under the interchange | — —I: remowving a particle with negative momentum —|{| (or
energy) adds momentum |I|. The charge operator is

Qr= RIR:€Z, Qulgs)=0, [QnH=0.
l

Let’s count states. The thermal partition sum for the rightmover is

ZR(T) = tI'q.LReiHR/T

_ H Z ef% 27erF|l|an = H Z q\l|an (q _ 6727’1:’ULF)

1€Z+1 nfi=0,1 €241 nfi=0,1

— H (1 + q|l\)

lez+3
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<1+q ) . (5.53)

||E8

This is an infinite-product representation ya

‘ >
. . . 1 ws 2
of an elliptic theta function. { Atns g

Another way to arrive at this function is to keep track of the
particle-hole excitations. If we take a particle out of the Fermi

sea from a filled level I’ and put it in an empty level I’ + n, we haC
create an excitation with momentum I’ +n — (I') =n. nisan -

integer. The change in energy is

2mup 1
AE:/UFAk: 7 n. {_/}U.-f?i

Notice that it is independent of I’; this is because of the linear dispersion near the
Fermi surface. The two fermions (the particle and the hole) move at the same speed,
and in the same direction (because we are in 1d and they are both right-moving!) so
it might be a good idea to think of them as a single particle. The operator which
makes this happen is Rl, ,Ry. It is a bosonic operator. More precisely, the object
pl = Yo Rl, Ry is a bosonic operator which accomplishes the above operation and
can act many times without giving zero. It raises the momentum by n (in units of 2—”)
and the energy by =7 2y . Notice that it is a Fourier mode of the (rightmoving) density
operator pg(z) = RT( JR(x).

An arbitrary fermion state is

= [IR/ ][R lgs)-

>0 1'<0

If it has charge QQr, we can rearrange this as
|F) = (particle-hole excitations) |Qr)

where |Qg) is the lowest-energy state with charge Qg. This state has only Is of the
same sign, and only the first Qg of them. For Qg > 0 it is

Qr) =R, -+ RIR |gs).

(For Qg < 0, remove the daggers and reverse the signs.) It has energy (for either sign

Of QR)
|Qr|—3

27m ™
Eo(Qr - Z I = _FQR
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For simplicity, let’s consider particle-hole excita-
tions above the groundstate, |gs) = |Qr =0), as
in the figure at right. (To understand what hap-
pens for Qr # 0, just shift all the labels by Qg.)
The state in the figure is

163331) =

(RE;R;) (RL,R ;) (RIR;) (RIR;) (RLR

It is important that we act first (first means its at
the right of the queue) with the boson operator mak-
ing the largest jump — this guarantees that we never
try to annihilate a fermion that is not there!

So we may label the excitation above |Qr) by a
set of numbers r, indicating how many steps up the
fermion in box n = —[ — % was pushed:

The corresponding state is:

pl. - pLpl 1Qr)

ll/l

6
Y4
/7 "
-§ 3 2 e "
-3 3
£

N

3'/1

[}

s> |F)

This information can be represented by a Young diagram: For example, we represent
the state in the figure, which has {r,} = {6, 3, 3,3, 1}, by:

INEEN]

|mEn]

Qr = 0> = pipiplplpl |Qr = 0)

Notice that some of the r, may be equal; the state still makes sense because these

operators are bosonic.
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==t
v,=3
We can see how the Young diagram encodes the S
state in terms of the fermions if we do anticommuta- :
tor algebra to cancel RlT and R; whenever they both =
appear: e
‘ TTIT |> \{9 =°
. I
t t t f t z
R 7R_9-R 1R_1-R1R_§~R3R_§-RHR_; |gs> ]
-3 2 —3 2z 3 "2 3 2 5 T2 =z
_ (RLRJRJ) R R R . |gs) !
5 2 2 2 2 2
Look at the momentum indices on the surviving an-
nihilation and creation operators. You can see these
very numbers are the (+) the numbers of boxes to the g T 1
right and below the diagonal of the diagram respec- ~ 2 ~ 2 ~ %
tively.
What is the Hamiltonian in terms these boson op- Figure 2: The two ways of look-
erators? ing at the Young diagram which
o determine the boson state and the
TUR 2TUR . .
HE — ; Q% + ; Z n pil . fermion state, respectively.

nt+3-4
This is a chiral boson, since n > 0. Its partition sum is

ZR

boson

(T) = try, eiHB/T

:< f: q ?#2) ﬁ S g (5.54)

QR:_OO n=1 mn:PILPnZO:LOO
.

~\~

1—gn

This is an infinite-sum representation of the same elliptic theta function. (For more
about the theta functions, if you must, see e.g. Polchinski vol. 1, page 215.)

5.6.2 Bosonization dictionary

[Fradkin 2d ed, page 133; Sachdev 2d ed, page 420] Let’s set T = L for a bit. The left
and right U(1) currents in terms of bosons and fermions are

1 1 -
o, =— ULe =—0,¢.
YL 271’82925’ R*R o ng
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The fermions themselves are:

\I/L(Z)T —- oi?L(2) ) \I/R(E)T —. pPr(E) .

How might a human have figured this out? (One human who did was Mandelstam.)

The relation for the charges says that the total fermion charge is the winding num-
ber:

1
LARVZSER I e o Ont (5.55)
Let’s consider the refined statement:
1 )
VW, = 0,01 = ji. (5.56)
27

This means that if we create a left-moving fermion at x = zy, the value of ¢ (z) should
gump for all x < xg, by a fixed amount so that if we integrate the BHS of (5.55) we
get 1. (That amount is 27.) For example, according to (5.56) a state with no fermions

looks like:

50

Ino fermions) = 27r‘>

Acting on this state with one fermion at x = xy should do the following:

20
$(x)

\IJTL('TO) 2KJ:> | J,Q, 2ﬂ_x> .

27

Such a jump is produced by the conjugate field momentum (recall the translation
operator in QM is e P4 (x) = ¥ (x + a)):

\IIL<IO) ~ €i27rffgo dxrp () .

Now who is the canonical momentum 7y (x) in terms of ¢, pg? It’s the thing with a
canonical commutator with ¢;. One way to figure this out is to go back to the mode
expansions and show that

0.61(2). D1()] = 25z — ) (5.57)

which shows that 7, (z) = £9,¢.(z) (and similarly 7z = —29,¢r(x)). (Notice that
this equation is roughly the imaginary part of the x derivative of (5.34).) So (when
T = %, which is when this operator is single-valued!) the fermion operator is

U (xg) ~ i/ So e 0abL — cidr
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We already saw that this kind of object creates winding in (5.35). So again the fermion
is a domain-wall creation operator; notice that because the field ¢ is periodic, it can
be possible to have a single such domain wall on a circle. We'll say a bit more about
the periodicity of ¢ below.

In order for this to be a fermion operator, we require {V(z), ¥ (z')} = 0,2 # 2’
Is it true? Yes in fact, as we can see by BCH, in the form e®eB = eBefe [ABlif [A B]
is a c-number. A useful intermediate fact comes from the x-integral of (5.57) (from
—o0o to z) which says

[P1(x), Dr(y)] = irsign(z — y)

(the additive constant of integration on the RHS is fixed by demanding antisymmetry
in © — y which is manifest on the LHS). Therefore:

- eitr(@) .. ,16r(0) e—imsign(@) . Li¢r(0) .. Ligr(z) . _ . ior(0) .. Jior(e) .

More generally, the same calculation shows that

- einor(@) .. imor(0) . (_1)nm - eimer(0) .. pingr(z) .

So €L is bosonic for even n and fermionic for odd n.

You can also see the fermi statistics from the OPEs?":

o) . pmien() ., L]

Z1 — 22 22—21.

- eln(z1) . pior(z2) . (21 _ 22) - lr(z1)+idr(z2) .

Notice that this object

ei% 2O dxde b _ eiffgo dzjr,(x)

39Tn these notes I have not discussed the operator product expansion carefully. Here is the executive
summary. The idea is that if we have two local operators near each other in spacetime inserted in the
path integral, then from the point of view of the other operators they look like a single local operator.
Which one? In general, it is a sum over all of them.

O1(21)Oa(w2) = Y Cfy (1 — w2) Oy (1)

This expansion is very powerful in a CFT where we can label the operators by their scaling dimensions.
Dimensional analysis says that only a finite number of terms can be singular as a function of the
separation of the two operators.

iy

(91(1:1)(92(102) = Z (ml — ,’BQ)AH_AZ_A‘L Oa(.fl).

a

In the OPE with a ~ we only write the singular terms.
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has a lot in common with the Jordan-Wigner string, which counts the number of
particles to the left.

Periodicity of chiral bosons. Since ¢ ~ ¢ + 2rm,m € Z and ¢ = ¢, + ¢ it is
tempting to suggest that ¢;, has period 7. Such a period would mean that e=¥%r ~ U, is
not single-valued. But it is not quite correct. To see the correct statement, notice that
the T-dual field is ¢ = o1, — ¢r. With our normalization, this field also has periodicity
2m. The winding modes of the dual fields are momentum modes of the original one, so

oL+ Or = QL+ dr+2mTm oL\ _ (oL m+j
oL — Or = ¢ + ¢r + 27 - (¢R)_(¢R>+W(m_j) ’

where m and j are independent integers. But then m 4 j are not independent integers:
when m + j is odd or even, so is m — j. This is the same fact as my earlier statement
about the labels a, 8 on V, 5 at Eq. (5.36).

Note that the T-dual field is often called ¥ = ¢ — ¢ in discussions of Luttinger
liquids (e.g. in Fradkin’s and Sachdev’s books).

Possibly Depressing comment. So now you are starting to see that this duality
business is actually often a sad story: we thought we could solve two systems (free
bosons and free fermions) but since they are really the same system in disguise, it
turns out we can only solve onel!

Multiple fermions. Notice that if we had N complex fermions 1* (for example a
could be a spin index), we could bosonize them by N scalar fields at the free fermion
radius:

W(z) L) g =1.N . (5.58)

This formula almost works, but it has the problem that the operators on the RHS with
different values of a will still commute (since the associated scalars don’t have any
singularities in their OPE, i.e. they commute). This must be fixed by so-called Klein
factors (or 2-cocycles) which introduce the extra necessary signs. The necessary object
is constructed by ordering the species of fermions a = 1..N and defining:

o = (—1)20<a ™o
where Ny is the total fermion number of species b. The correct version of (5.58)

V2) = ¥ a=1.N (nosum on a). (5.59)

Spin fields in (two copies of) the Ising model. Now I will partially fulfill my
promise to use bosonization to determine the scaling dimension of the spin operator at
the Ising critical point.
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Recall that I claimed without any justification that in @
the TFIM, the behavior of the magnetization (Z) for g < g. N
was !
(Z) ~ (9. — 9)"/*

(as in the figure). This 1/8 is the scaling dimension of the order parameter operator

g

in the critical Ising CF'T, the operator onto which the spin Z; matches.

To begin, let’s consider just the holomorphic part of a complex fermion ¢ (z) =
\/Li (x1(2) +1ixa(z)). This is not exactly the Ising critical theory, which is instead a
non-chiral majorana mode, xr(z), xg(2), but this is what we know how to bosonize.

The bosonization map is
Y(z) ~ ),

Recall that the fermions in our spin chain arose as domain wall operators. They satisfy
Zle = —chl, [ > j

We can interpret this formula to say that the spin Z; creates a branch cut for the
fermion field. The CFT version of this statement is:

Y(2)o(0) ~ 272 p(0) . (5.60)

Here o, pu are spin fields (or more generally, twist fields) whose presence at z = 0 creates
a branch cut. The actual location of the branch cut is not physical, but the location
of the branch points (here 0, 00) is meaningful. Can we find operators that accomplish
this?

Yes: they are . .
o(w) = e 2%®) | p(w) = eT2%®), (5.61)

To check this claim, their OPEs with the fermion operator are:

i

W(2)a(0) = €9C) e 290) o e+290) ;573 4 regular

Y(2)p(0) =: €9 . et290) o e¥3290) 1 s +a 4 regular (5.62)

As a check on my ability to do wick contractions, consider the OPE between (and
hence the two-point function of) two of the spin fields, which is a special case of (5.37):

. . 1
eald)(z)efal(;b(O) ~— .
ZO[
For a = j:%, this gives ) ,
Bo =By = 0%, = =
2 2 8



. . i36 - 1 /3
The dimension of '2? is 1 (2)

2= 2 so the dimensional analysis in (5.62) works.

1
8
chiral fermion. This is two copies of the left-moving part of the Ising CFT. The spin
field in the Ising model which makes a branch cut for both x; and xr has the same

The answer A, = £ is the dimension of the spin field in the theory of a complex

dimension (the one that makes a branch cut in just x; has dimension %) The basic
fact I am using here is that the spin-field dimension is additive in the number of fermion
fields which feel the branch cut, that is, in the number of fermion fields whose boundary
conditions are twisted.

To see this, let’s make spin fields for N complex fermions 1%, each bosonized as we
just did by N scalar fields

i (z) ~ €9 a=1.N
The operators
0s(2) = @) {50 = j:%}
create branch cuts for all NV fermions at once:
V*(2)05(0) ~ 2*"7,(0) + regular

where (s')% = 5% + 1, (s')?7% = sb. The dimension of these operators is the sum of the
dimensions:
A=y (st tsd) =15
Now take N = % to get the answer for a single majorana fermion. If you are not
satisfied by this argument, there is a more direct way to compute the dimension of the
Ising model spin field, using the defining equation (5.60), which requires a bit more
CFT technology (it’s explained on p. 74 of Ginsparg’s CET notes). We'll come to that
SOOI

Derivation of spin field. Notice that the object (5.61) would not be considered
single-valued on the original boson hilbert space! However, the operator that creates a
branch cut for both 11, and i at the same time is e3(L(®0r() and this is an allowed
operator. And in fact, here is a derivation of its relation to the spin operator. Recall

the JW formula

of = (~1)=erc],
(Previously we put the JW string to the right; here I defer to the bosonization con-
vention we used above.) Here (in the basis we used earlier, where Z is the Ising order

parameter), ot = Z +1iY, so ot + 6~ = 2Z. In the continuum, in terms of the

fermions, this is
0'+<I) _ eiﬂffoo dac'jo(:c’)\l,(x>T )
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Now, we expand our fermion operator near the fermi surface:
U(x,7) = Fr®Wp(x, 1) + e FroW (2, 7) (5.63)
Let’s do just the R piece first (then we’ll put it all together):
17rf dz’ jo( ,)‘If ( )
(525) 617r fioo 7ay¢L;ray¢R 6—1¢R(z)
ei¢L(9¢)‘;¢R(x) e_id)R(x)
(#L(@)—¢p (@)

N luEeRE (5.64)

OK, that was practice; the full expression is:

o (2) eI e i) g

(F.SS), 5.": z 8y¢L+6y¢R . s . )
AN 17'('f Yy — 5 (6 lk‘Flee 1¢R(CIE) _I_e-i-lk‘pxe 1¢L(CE))

i¢’L(T)*¢’R(I) 7i¢L(I)*¢R(I)
2 2

2

e etikre (5.65)

The role of the anomaly in bosonization. Consider the canonical commutator
of the bose mode operators (0,¢ x >, ppz ")

[pn7 p—n’] = 6n,n’n

in terms of the fermions, p, =), LITLHn, we have:

[pna p—n’] = Z[L;Ll—i-n; L;/Ll’—n’]
= (UL — Ly ) 0 (5.66)
l/

This expression has the classic form of an anomaly: it looks like this vanishes since we
can redefine the dummy index in the second term by n’ — n’ + n and make the two
terms look the same with opposite sign. However, in the presence of a UV cutoff, i.e. in
the regulated theory, that shift will shift the cutoff and will not be innocuous since the
summand is not zero for arbitrarily high energies.’’ If, for example, we regulate the
short distance behavior using normal-ordered operators, we have

[pm p—n’] = Z[ LELLH-n PR L;r/Ll’—n’ :]

v

40To see how the high-energy stuff comes in consider the analogous infinite-volume expression

?

0= /_OO dp(f(p) — f(p)) = /_C>o dp(f(p+s)— f(p) = /dp(sf'(p) + 0(82)) — s(f(00) — f(—o0)).
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SE <<Lj_nLl,n> . <LLLn>) = G, (5.67)

This calculation is related to the anomaly because it says that the OPE of the chiral
current jr with itself has a singularity with a definite coefficient. Specifically

N k
J(2)i(0) ~
with k& = 1 is called the level of the (here U(1)) current algebra. This singularity implies
the anomalous nonconservation when coupling to a background gauge field. In terms of

the fermions, recall that both of these effects come from the ‘diangle’ diagram: MOM

Twist fields and boundary conditions. Above I used the phrase “fermion fields
whose boundary conditions are twisted” by the spin fields. With this phrase I betrayed
that I am secretly using the following picture, which is called radial quantization.
Imagine that the radial coordinate of the plane is the time coordinate (it is euclidean
so this interpretation is not problematic). Then equal-time surfaces are circles centered
at the origin. (In a CFT this is equivalent to the ordinary notion of time evolution
by a conformal transformation, namely the exponential map that takes the cylinder
to the plane.) In this case, the boundary conditions on the spatial coordinate are
determined by going around the origin; if there’s a branch point at the origin, we
must cross the branch cut in doing so, and the field comes back to itself up to the
discontinuity across the branch cut, which here is a minus sign. So the spin fields
can be regarded as “boundary-condition-changing operators”: they take the fermions
from the sector with PBC (and hence a fourier expansion with integer powers of z:
Yppo(2) = Y ,ez 2" n; this is called the Ramond sector) to APBC (half-integer mode
expansion Y appc(2) = D,z z”*éwn%; this is called the Neveu-Schwarz sector) and
vice versa.

Understanding in terms of group theory. I must comment on the very essential
group theory underlying the previous discussion of spin fields for multiple fermions. The
theory of N complex free chiral fermions has a manifest U(N) symmetry rotating the
complex fermions into each other: 1 — Uy, UUT = 1. The free fermion action
actually enjoys a larger symmetry which ignores the grouping into complex fermions:
Pt = % (x**~! +1ix?); since S o [dapx0x?, these 2N chiral majorana fermions
transform in the fundamental of an SO(2N) symmetry, y* — O2x”,070 = 1.

This SO(2NN) acts on the hilbert space. In terms of the fermions, the generators are
just fermion bilinears j4# = y4x?, the currents (recall that the adjoint representation

(the one in which the generators transform) of SO(2/N) is made from antisymmetrizing
two fundamentals). There are 2N (2N — 1)/2 of these.
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In terms of the bosons, the generators come in two types (in the theory of Lie groups
this is called Cartan-Weyl basis). N of them are just the ordinary boson currents
0¢®. This is called the Cartan subalgebra (the number of them is N = rank(SO(2N))
— they all commute with each other. The non-commuting (charged) generators are
vertex operators e?““s where in order for this to be a conserved current, it must
have dimension 1, which requires Zivzl wew, = 2. (in Lie group terminology, w,
is a root vector). Recall that the entries of w must be integers. This condition is
solved by vectors of the form {w,} = {(0...0,£1,0---,0,£1,...)}, of which there are
N(N —1)/2 x 4. Altogether we have recovered the same number of generators N +
2N(N —1)=N(2N —1),v.

The states in the Neveu-Schwarz (APBC) sector are of the form
z/»i‘%w_Bg e |0), e [0) =0,vr

and therefore transform in various antisymmetric tensor representations of this SO(2N).

What is going on with these spin field objects el*"?" = eA(£30'£30%-£50") 9 Phege
operators map the Neveu-Schwarz sector to the Ramond sector. For a hint about what
they are doing, notice that the fermion zeromodes in the Ramond (PBC) sector satisfy

{5, v} = 26" = {x{',x§} =7

which is the algebra of Dirac gamma matrices for SO(2N), i.e. Clifford algebra. This
algebra must be represented on the Ramond groundstates, which are therefore not
unique, i.e. they are degenerate. The point in life of Clifford algebra is to construct
spinor representations. So the answer is that these vectors {s} = {£3,+3,---,£3}
are weight vectors for the spinor representation(s) of SO(2N), in which the Ramond
groundstates transform. The spin fields create the Ramond groundstates from the NS
groundstate:

75(0)10) s = [5) -

A very interesting application of this group theory arises in the demonstration (by
Fidkowski and Kitaev) that eight free majorana chains in the topological phase (with
the dangling majoranas at the ends) can be adiabatically connected to the trivial phase
(only) via interacting Hamiltonians.

5.6.3 Application 1: Briefly, what is a Luttinger liquid?

[Fradkin p. 152] Let us consider a model which is actually made of fermions (which may
have spin) at finite chemical potential. The actual density of the microscopic fermions
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v is
pactual Z \IJT = Po + PL +PR + Z ( 2kF1x¢R¢ + h.c. )
—Nepin A2 fw* YL

where I am reminding you that U(x) = e*r%¢p(x) + e *r%)y(x). The .... are even-
higher momentum contributions which we will ignore. The quantity 2k is important in
any system with a fermi surface as it is the diameter of the fermi surface, and (bosonic)
particle-hole excitations near (just below) this momentum can be cheap despite its large
value.

Consider the hamiltonian H = Hy + H,,, where the free Galilean-invariant hamil-
tonian is

H, = Z /dp purp (¢2R¢0’R - ¢IL¢0L> .

Subject this system to an (at-the-moment) external potential

Hpot:/dx eV(z /dp/qu YW (p+q)U(p) .

Let us consider the special wavenumber V (z) = V; cos(2kgz), so

H,. = —Vj / dppl(p)wL (p) + h.c. = —eV / deyl(x)y(x) + h.c.

In the relativistic language, this is a mass term:
H= / dzy’ (o%vFid, + eVoo') ¥ = / dz (Vopy* 0 + eVouy))

(here T used 7° = 0!, 7% = olo®, ¢ = i40).

Where does this potential come from? It can be generated by (e.g. Coulomb)
interactions between the fermions themselves

Hint:/derp+g//VKV.

If we treat this interaction in mean field theory, we get back (for some choice of K
more on which more below) the previous background potential, Hiy ~ Hpet. On the
other hand, if we integrate out V', we find a density-density interaction

Hi, :e//pK_lp
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which for the right kernel, K, might be the Coulomb interaction. In a metal, the
coulomb interaction is screened and therefore short-ranged. Expanding in this range,
we find

iy = / dr | 20pr(@)pu(e)+  gi(Ph+pE)  Houlim (Vh@)0h)we@)inly) + huc.)

~
back-scattering, 1d forward scattering, ubiquitous

The gs can be written in terms of various (fourier) components of the interaction
potential K—1. In the last term, you should think of y = z +a, one lattice spacing. The
last term describes a process whereby two L/R fermions turn into two R/L fermions,
which clearly violates momentum conservation by +2kg; this can happen in a lattice
model if the two sides of the fermi surface differ by a reciprocal lattice vector:

2
k?F = —k?F + —.
a

This is called umklapp scattering. When does it happen? kr is determined by the
density of electrons. The maximum density is when all states are filled and is NS%”,

s

and then there is no fermi surface. Umklapp happens at half-filling, when kp = =
Otherwise g, can be ignored. Notice that this effect explicitly breaks the chiral sym-
metry ¢r/p — eloL/rafy /r which independently rotates the phases of the left-movers
and right-movers down to a Zy symmetry, which is just fermion number (which is hard

to violate).

Bosonize. Now we bosonize. Using ¢ = ¢, + ¢r, © = ¢, — ¢r and our dictionary
above, we find Hy = [ dzhg(x), with

h(z) = = (I + (2,0)°) = 5 ((9,0)° + (2:0)°)

where in the second step we used the canonical commutators we found previously.
Using p;, = %@(bL etc this is

ho(z) = mvr ((p + pr)* + (pL — pr)*) = 27vr (7 + PR) -
The forward scattering hamiltonian density is
hforward(x) = 04 (P% + P%)

of exactly the same form as the free term (!) and therefore just renormalizes the
velocity, the coefficient of the spatial gradient term. The back-scattering term is less
innocuous

hyaa(7) = 292prPL = iﬁ ((@@)2 - Hz)

189



Umklapp is a little trickier: to define the bosonized form we must absorb the OPE
singularity
e 0r(@) .. om10RW) (x — y)ﬁ ce Hor(@) 4
into the coupling constant:
h, = g, cos 2¢.

(It is useful to set g, = gua_ﬁ where a is a short-distance cutoff.) With g, # 0, the
remaining chiral symmetry acts by ¢ — ¢ + 7.

The full hamiltonian density (without umklapp, so away from half-filling) is

v 1 ) 2
h=-(—=(0,0 K (0,
s (@07 + K 0.07)
where v and K can be written in terms of the gs and vx*'. Notice that T-duality is
clear in this expression as T : K <> %, ¢ < 6.

A few comments:

e The backscattering term g, affects both the velocity and the ‘stiffness’ K (this is
the parameter we called the tension T" earlier). The signs are such that a repulsive
interaction g > 0 increases K.

e In the absence of umklapp, the chiral symmetry acts on the boson as ¢ — ¢+ «,
a € [0,2m). Think about how this acts on the fermions: since p = ... + 3=9¢, the
density transforms as

. a
p() = po-+ o+ oo+ (DU (20 (@) + he) = p ( - ;?)
F
— this is a rigid translation of the density profile! It makes sense then that lattice
effects would break this symmetry.

e We have ignored the fact that the dispersion will not be exactly linear arbitrarily
far from the Fermi surface. Such terms can also be bosonized and become things
like (&cgb)g which change the story dramatically; in particular they will lead to
damping of the ‘sound mode’ described by ¢ even away from half-filling.

I The relation is

UZWW+MMV—@MY,K:¢W+%M+WM

VF 4 ga/T — g2/
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e If we study spinful fermions, there are even more 4-fermion terms to consider. A
payoff of studying the case with spin is that it provides an example of spin-charge
separation: by bosonizing like ¢. = ¢ + ¢1,¢s = ¢, — ¢4+ we can see that the
charge sector (¢.) and the spin sector (¢s) decouple and can have independent
vs and K's — the spin excitations of the electron travel at a different speed than
its charge! There is a lot more to say about this and I recommend Fradkin’s
treatment in chapter 6.

How is a Luttinger liquid different from a Fermi liquid?

Continuing with the model with actual microscopic fermions, we have encountered
a gapless phase in D = 1 + 1 described by free fermions, which we also know how
to build in D > 1+ 1. The excitations are characterized by long-lived fermionic
quasiparticles with the same U(1) charge as the constituent fermions c; — they are
Landau quasiparticles. This has the consequence that there are sharp peaks in the
fermion green’s functions,

/eiwt—ikja <c;(t)c0(0)> =Gw. k) ~ — Upéf — kr)

(the RHS is the contribution from the right-mover V(¢ — x)). There is (therefore) a
jJump in the fermion occupation number at k = kp:

> dw

n(k) = cT(k)c(k) = / — ImG(w, k) = Z0(k — kp).
- ~Zrd(w—vp(k—kF))

[Fradkin §6.8] These last two characteristic features of Fermi liquid theory can be
destroyed by interactions in 141 dimensions, as we can see using the boson description.
As a simple first step, notice that as we change T" away from %, the dimension of the
1 1

— creates the right-moving fermion el%® changes away from +:

operator which at 7" = 2

<€i¢R(x7t)€_i¢R(070)> ~ —1 T .
|t — x|=T
It is tempting to conclude that the fermion correlation function ¥ (z) = e*r* W (x)+
.. 18 0 (k
sin (kpx
(i) w(0,0)) & SEE)
|t — z|7T
The fourier transform of this has a broad power-law peak (a branch point) instead of
a pole; the spectral density has no delta function, but rather goes like

ImG(w, k) ~ |w — vp(k — kp) |77 0(w — vp(k — kr)),
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and hence there is no jump at k = kp.

This is not quite the correct story however, since the operator €% is not quite the
operator which creates an electron, except at T' = % (for example, it is not a fermionic
object!). Instead what happens is that the interactions mix the R and L operators; the
operator which creates the rightmoving electron is actually the linear(-in-the-exponent)

combination:
(K + 1)2

4K
(recall that K = —-); it has total dimension A = 1 (K + &) . The statement about
the pole being replaced by a branch point is correct.

Up = elardrtia-dr  with ) =

(Pieces of) the fermion Green’s function are (relatively) directly measured in angle-
resolved photoemission spectroscopy (ARPES) experiments. Other combinations of
them can be measured by scanning-tunneling microscopy (STM).

[Fradkin, 2d ed. p. 170] There is a lot more to say about this subject. In particular,
one can understand in great detail various ordering instabilities of interacting fermions
in one dimension using the technology we have developed.

5.6.4 Application 2: sine-Gordon and Thirring

Let us reconsider the scale invariant theory described by the free scalar again.

L= g (8,6)* + gn - cosNG :

I allow the possibility of a cosine term. For the case of the Luttinger liquid we found
that umklapp produced n = 2. There are several important points to make here:

(-1) In the absence of lattice effects or a background gauge field, there is a U(1) xU(1)
symmetry acting on ¢; and ¢r independently.

(0) The theory is scale invariant for any 7": there is a line of fized points parametrized
by T'. That is, T" is the coefficient of an exactly marginal operator. This is weird and
the only examples in D > 1+ 1 (that I know) require supersymmetry.

(1) by changing T" we can study interacting fermion systems: T—% is the coefficient
of the 4-fermion interaction.

(2) the fermion mass corresponds to a cos ¢ term.

(3) These cosn¢ terms have a dimension that varies with 7. This means that as
we vary T they can go from irrelevant to relevant. If they are relevant they produce
a mass for everybody (as you can see by Taylor expanding about the minimum of the
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potential). This happens when

n? n?
n:_:K—<2
27T 2 =
thatis,forT>Tc:§(orK<Kc:”_;)

Brief comments on phase diagram. [Sachdev Ch. 20 — beware that ¢gachdey =
2¢nere] The RG equations (for n = 1) are

dv dK
@ = (2 — 4K)U, % =

where § > 0 is some non-universal quantity. This leads to the following RG flow

—6v?

diagram in the space of these couplings (from Sachdev chapter 20):

v o J
mg )JQQ\Q/ z{T’ ,
VBS
S B stable
Ky ) g K| Luttinger K
P : (o festeions)

Fermionize) |
Luttinger s Ising-Neel

liquid
vag /\ A

The figure at right is the phase diagram we can then infer for the model

&

(i) (@)
where ((ij)) denotes next-nearest neighbors. The simpler model we’ve been discussing
moves along the \ axis.

e When v — —o0, we can find the ground-

states by making the —|v| cos 2¢ happy first. The D ED O

minima occur at ¢ = (n + 1)m, n € Z. They can >0 O COCOCOC 9o
be distinguished by the value of sin¢; = (—1)" = F@@_@_@@@
((=1)id; - ;41). This is described by singlets on
alternating bonds. This is called a wvalence bond
solid state. The low energy excitations in this
state are interesting — they are not just the gapped ¢ excitations rolling in the minima
of the cosine potential. Rather, the domain walls between the two groundstates (cre-
ated in the CFT by eiz9] ) have lower energy. We can see this explicitly at the special

193



point K = }L (which is < K.) by ‘refermionizing’. The previous original fermions where
created by wz = ¢i%r = ¢12(6+0)  Introduce new fermions

I = (i3 (201%) g = oi5(20-%)
77ZJL 7¢R

At K = }L these are free fermions, and the v cos 2¢ term is just a mass term U@ZE@/;R—l—h.c..
Interestingly, there is a regime where the quantum of the boson can decay into a pair
of these (fermionic) domain walls.

e The phase at v — 400 is similar. Minimizing +|v|cos 2¢ gives ¢ = nm which
are distinguished by cos¢ = (—1)" = ((—1)'Z;). This is ‘Ising Neel’ order, that is:
staggered Ising spins. (Neel order refers to staggered magnetization in an arbitrary
direction, spontaneously breaking SU(2) spin rotation symmetry.)

The two phases at large |v| are related by the relabelling v — —v, ¢ — ¢ +7/2. In
terms of the bosons or fermions both of these large |v| states are charge density waves,
where the density of particles breaks the translation symmetry down to a smaller
discrete subgroup.

In the high-energy literature, this is called duality between the Thirring model and
the sine-Gordon model.

[End of Lecture 19|
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5.7 AdS/CFT

Quantum gravity is different. For three quarters now we’ve been talking about field
theories, which you’ll recall I defined as systems with extensive degrees of freedom. In
a system with extensive degrees of freedom:

(total # of possible states) is proportional to (# possible states of each site) *f sites)
The number of sites V' (the volume of space in units of the lattice spacing) is something
bigger than Avogadro’s number 10?3, so these are some catastrophically big numbers.
To make the numbers a bit more manageable let’s take the logarithm of both sides:

log (# of states) ~ V'log2.

This quantity appears in the thermodynamics of the system. Recall that the entropy
is the log of the number of states consistent with the information we have about the
state of the system:

S(F) = log (# of states with macroscopic feature F') < Spax ~ V log 2.

The biggest the entropy can be is the log of the total number of states of the system.
The conclusion is that in a QFT, the maximum entropy goes like the volume of space.

The main point I want to convey in this final subsection is that quantum gravity is
not like this. Here is a rough four-step argument for this crazy claim (due to 't Hooft
and Susskind in the early 1990s). The key ingredient is:

Black Hole Thermodynamics.

1. A black hole is an object from which there is (classically) no escape, because the
escape velocity is larger than the speed of light. The region from which there
is no escape is bounded by the black hole’s event horizon. Their existence is a
direct consequence of (the universally attractive nature of) gravity.

2. If you throw together enough stuff in a small-enough region, you will make a
black hole.

3. Consistent laws of thermodynamics in the presence of gravity require that we
assign a black hole an entropy. The idea is: if we didn’t assign an entropy
to a black hole, we could violate the second law of thermodynamics and build
perpetual-motion machines. We could do this just by throwing all our trash into
a black hole. Since the high-entropy trash would just be gone, doing so would
reduce the entropy of the world.
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The entropy we must assign to a black hole in Einstein gravity is

area of horizon
2 )
Al

SBH =

lp = \/GJCV—S"ZQ is the Planck length, the intrinsic length scale of the gravitational
interactions.

With this realization (due to Bekenstein and Hawking), there is a consistent set
of laws of thermodynamics including black holes. The second law is generalized
to the statement that S+ Spy doesn’t decrease (with overwhelming probability).

4. Now, let’s ask: what is the maximum entropy in a gravitating system? I claim
that

Smax (stuff in a region of space with surface area A in a gravitating system) = Sgp(biggest) = @,
where Spy(biggest) is the entropy of the biggest black hole that fits in the region.

The idea is: suppose this were not the case, i.e. we have a collection of stuff in

the region in question with Fg.¢ < Mgy and Ssiug > Spu. Now throw some

trash into the region. This increases the energy at fixed volume, so increases the

density. If we do it enough, the system will gravitationally collapse, and form a

black hole. But then the resulting entropy would be Shna < Sr < Shitial- In

this way we would could violate the second law of thermodynamics, and build

perpetual motion machines and save the world from the infestation of humans.

So that means we probably can’t do this.

But now recall that the maximum entropy is
Smax X # of dofs.

We've just shown that for a system with black holes

area volume
2 < 3
P P

Smax X # of dofs o

where the last inequality is true for regions large enough compared to the Planck
length.

This means that gravity has the same number of degrees of freedom as an ordinary
system (field theory) living on the boundary of space. This is called the Holographic
Principle.

This is a general principle about gravity, and makes us really want to know: who is
this field theory living on the boundary of space? In general we don’t know the answer.
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There is one set of examples where we do know, which is for gravity with a nega-
tive cosmological constant. (In our world we have a very teeny positive cosmological
constant.) In this case, solving Einstein’s equations shows that space has a naturally-
occurring boundary, which is frozen in a sense. Near this boundary, the geometry is
anti-de Sitter space. Gravity in asymptotically-anti-de Sitter space (AdS) is a special
kind of field theory (called a conformal field theory (CFT)) living on the one-lower-
dimensional boundary. This AdS/CFT correspondence was discovered using string
theory, and we know lots of examples and can check it in lots of ways. It is an explicit
realization of the holographic principle.

I mentioned that black holes have an entropy. This means they must also have a
temperature. But a hot body in outer space will radiate. This means that black holes
evaporate, and it seems that all that is left is some thermal radiation labelled by the
temperature. Where does the information about what made the black hole go when
this happens? This is the black hole information problem.

There can be black holes in AdS, which (if they’'re small enough) behave just like
black holes in flat space, and will evaporate. But that whole process is described by
the dual CF'T, which is an ordinary quantum system with unitary time evolution, from
which information cannot disappear. So the AdS/CFT correspondence tells us the
resolution of the black hole information problem (the information does not go away),
but doesn’t tell us exactly how it is resolved.

A word about entanglement: in an ordinary system (a field theory), the Hilbert
space is a tensor product of the Hilbert spaces of the individual degrees of freedom.
For example, the Hilbert space of one spin is Hs = span{|0),|1)}, the vector space
spanned by these two vectors, i.e.all linear combinations of the form ag|0) + ay [1). If
I have two spins, the Hilbert space is

Ho ® Ho = span{|00), |01),[10),[11)}.
The dimension of the Hilbert space for N spins is 2%V, and this is the number we were

counting above.

A state of two spins of the form can be a product state like |00) or |11), or it can
be some superposition like |00) 4 |11). The latter state is said to be entangled. The
entanglement entropy is a way to quantify this*?.

421f H 4 = span{|a) ,a = 1..N4} and Hp = span{|b) ,b = 1..Np}, then a general state of Ha ® Hp

is of the form
Na Np

w) =) > wap la) ® [b).

a=1b=1
So all the information is in the matrix wg,. The entanglement entropy of A (or of B) is S =
— 5> A?log A? where {\} are the eigenvalues of the matrix w.
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If we have degrees of freedom spread over space, we can ask about the entanglement
of some region with its complementary region.

But notice that the very notion of entanglement between regions of space required
the degrees of freedom to be extensive, as in a field theory. So we don’t really know
what we mean by the entanglement of a region in a theory of gravity.

The temperature of a black hole. A black hole in D = 3 + 1 looks like

dsty, = —f(r)dt* + A + r?dQ? . (5.68)
f(r)
d? = db? + sin? 0dp? is the line element on the unit 2-sphere. The event horizon is
located at a zero of the emblackening factor f(r). For a generic (non-extremal) black
hole, f(r) "~ 2k(r — r) has a single zero at the horizon (this defines the surface
gravity k), and the metric near the horizon can be rewritten in the form:

dsi, = —f(r)dt* + d—TQ + r2d0?
77

~ K2RAdE? + dR* + r(R)*dQ?
= —R%dn* +dR*+ ...
~ —dT* +dZ* +dX* +dY?* .

For definiteness I used the form of the Schwarzschild black hole in D = 4: f =1—ry/r,
ry =2GM, R(r) = \/r(r —2GM) + ..., k = 1/4GM, n = kt, T = Rsinhn and Z =
Rcoshn. Notice that after the transformation, we obtain the Minkowski space R*!.
Rindler space is Minkowski space in the coordinate frame of a uniformly accelerating
observer, whose worldline sits at fixed R. 7 is called the Rindler time; you can see from
the last step that it is the rapidity from the point of view of the final Minkowski space.
What we get is shown in Fig. 3. Notice that the two lines defined by {r = 2GM,n = oo}
and {r = 2GM,n = —oo} divide the space into four regions { I, II, III, IV }.

The simplest way to see that a black hole has a temperature is to think about the
euclidean geometry. Let § = —in. Then the metric is

ds? = R%d#? + dR? + ...

which is just flat space in polar coordinates. But this space is only actually flat if
0 = 0+ 27. Otherwise R = 0 is the tip of a cone, at which there is localized curvature.
Such curvature does not solve the vacuum Einstein equations. So the black hole requires
euclidean time to be periodic with 7 = —it = 7+ 27k. The periodicity of euclidean time
is 3= 1/T (recall that the thermal partition function is tre " and e="# generates a
translation in euclidean time by an amount ), so T = 5+ is the temperature of the

27K
black hole.
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to singularity

to asymptotically
flat space

Z

/ fixed R
/ fixed n

Figure 3: The geometry of the near-horizon region of a generic black hole is Rindler space. [Figure
by Wing-Ko Ho)

We can understand this in more detail as follows. Region I is the region outside
the horizon of the black hole. The key observation is that region I is self-contained.
That is, region 1T and III can’t communicate with it, while information from region IV
passes through the line {r = 2GM,n = —oco} and hence corresponds to initial data.
Therefore, at T' = 0, the degrees of freedom at Z < 0 (marked by L on the figure) have
no effect on region I. Thus we should trace over them when computing stuff in region
L.

Now, CLAIM: Let |g.s.) be the ground state of any quantum field theory in Minkowski
space, and let T),, be its stress-energy tensor. Its reduced density matrix on region I is

1 —2ZT
pr=trrlgsgs.| = Ze

where Hp is the Rindler Hamiltonian:**

H R = / ddl'TnT
constant T'

43Note that [Hg] = 1 since the Rindler time is dimensionless [n] = 1.
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and Z = trpe 2"Hr,
Notice that the density matrix we obtained is not a pure state but is entangled

with the L d.o.f. (hence S = —trpgrInpr # 0). Much more specifically, it is a thermal
density matrix with temperature Trinqier = 1/27.

PRrROOF OF CLAIM [Unruh, Bisognano-Wichmann 1975-6]. We will write the argu-
ment for a scalar field ¢, but the argument is general. So consider a scalar field ¢ in
Rindler space. A complete set of commuting d.o.f’s at T'= 0 is

or(z,y,2) for z >0

@y, z) = {¢L(x,y,z) for z <0

¢r and ¢, commute because they are at spacelike separated points. Any wavefunctional

of the field ¢ can then be written as ¥ = U[pp, pr] = (¢ror| V).

The ground state is just the Minkowski space vacuum. The Feynman-Kac formula
gives us a path integral representation of its wavefunctional:

1
\I] .S. |:¢L 9 ¢R] = I:d¢] SEucl [¢)
) vz 20>0,¢(%,2°=0)=(bL,6r)

This equation is written using constant-z° = —4T time slices. We can gain some insight
by instead slicing up the path integral by constant euclidean Rindler time (= —in)
(see Fig. 4(a) for illustration); euclidean Rindler time is just the angular coordinate in
the 2%, Z plane. This yields:’”1

U, (b1, dr] = NG / bocs [dp)eSeualld] — % (pr] e ™R |pR) (5.69)

) ¢L
3R¢(R 0)=0

The last condition drp(R = 0) = 0 is simply a requirement that the function ¢ is
regular at the origin. We identify the RHS of (5.69) (¢r| e ™R |pg) as the transition
amplitude.

Hence the matrix elements of pr = try|gs)(gs| are

(Orl pr|) = / 4610 (61, r] b1, 0]

- (é) / [dée] (6rl e ™% |61) (1] ™R |glp)

— 2 (@nl e gty

44We are transforming the variable that the function takes, rather than the function itself, and it is

the function that’s being integrated. Thus there is no Jacobian involved here.
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Figure 4: (a) Change in slicing sequence. The magenta lines are the old x° slices while the blue lines
are the new 6 slices. (b) Fluctuation in different regions of the Rindler space. [Figures by Wing-Ko
Ho]

Some results and comments:

1. Forgetting for a moment about the motivation from black holes, this shows that a

constantly accelerated observer’” in R™! sees a Unruh radiation with temperature

1

Toroper = R 2i. (The factor of R comes from the fact that the proper time
T T

is 7= Rn, so 0; = %8,7 = %HR.)

2. By the equivalence principle, the same happens outside a black hole. The corre-

sponding Schwarzschild time is ¢ = 1/, which implies that Tgy = TRindler = 7
This determines the temperature of the black hole in terms of the horizon radius,
or equivalently in terms of its mass, and fixes the proportionality constant in the

relation between entropy and area.

3. Where does the thermal radiation come from? Very heuristically, there are three
types of fluctuations (see Fig. 4(b)):
(i) is just ordinary pair production fluctuation, with lifetime o h/F
(ii) is something that we need not care about, if we live in region I

45Here a is the constant acceleration, defined by a? = 9" a,a,, where a* = O2XH is the proper
acceleration vector, and 7 is the proper time along the worldline. A uniformly accelerating observer
follows a trajectory T = Rsinhn, Z = Rcoshn with fixed R, and the proper time satisfies dr? =
—ds? = R%dn? along the worldline. This equation shows that a = %. Thanks to Bowen Shi for

pointing out an error here.

201



(iii) corresponds to stuff that enters at n = —oo, R = 0 and falls back at n =
+00, R = 0. In Schwarzschild time this particle stays forever. Hence this particle
is real.

4. What we have calculated is the density matrix of a quantum field in a neighbor-
hood outside r ~ rg. Not all energy will get to oo because the black hole is like
a potential well. The rate of particle emission includes what is called a greybody
factor to account for this. The more complicated calculation done by Hawking
includes this factor, but has the huge drawback of only applying to free fields.

5. Information paradox. A black hole can form from a dictionary or worse a pure
quantum state, and then (apparently) evaporate into thermal radiation. The
thermal density matrix is determined by one number only.

Q1. Is this a unitarity evolution?

Q2. Entropy results from coarse-graining. What are the microstate?
Q3. How is the information stored in the black hole?

via AdS/CFT it is possible to answer Q1 and Q2.

Holographic duality. [This is a highly condensed version of these notes, which
in turn are a condensed version of this course. The logic is from here.]
Bold Assertion:
(a) Some ordinary quantum field theories (QFTs) are secretly quantum theories of
gravity.
(b) Sometimes the gravity theory is classical, and therefore we can use it to compute
interesting observables of the QFT.

Here are three facts which make the Assertion seem less unreasonable.

1) First we must define what we mean by a quantum gravity (QG). As a working
definition, let’s say that a QG is a quantum theory with a dynamical metric. In
enough dimensions, linearizing equations of motion (EoM) for a metric usually reveals
a propagating mode of the metric, some spin-2 massless particle which we can call a
‘graviton’.

So at the least the assertion must mean that there is some spin-two graviton particle
that is somehow a composite object made of QFT degrees of freedom. This statement
seems to run afoul of the Weinberg-Witten no-go theorem, which says:

Theorem [Weinberg-Witten]: A QFT with a Poincaré covariant conserved stress ten-
sor T forbids massless particles of spin j > 1 which carry momentum (i.e. with
Pt = [dPzT% #0).

You may worry that the assumption of Poincaré invariance plays an important
role in the proof, but the set of QFTs to which the Bold Assertion applies includes
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relativistic theories.

Like any good no-go theorem, it is best considered a sign pointing away from wrong
directions. The loophole in this case is blindingly obvious in retrospect: the graviton
needn’t live in the same spacetime as the QFT.

2) is the Holographic Principle described above. This suggests that the gravity
theory should live in a spacetime with an extra dimension.

3) A beautiful hint as to the possible identity of the extra dimensions is this. Wilson
taught us that a QFT is best thought of as being sliced up by length (or energy) scale,
as a family of trajectories of the renormalization group (RG). A remarkable fact about
this is that the RG equations for the behavior of the coupling constants as a function
of RG scale u are local in scale:

udug = B(g(w)) -

The beta function is determined by the coupling constant evaluated at the energy scale
u, and we don’t need to know its behavior in the deep UV or IR to figure out how
it’s changing. This fact is basically a consequence of locality in ordinary spacetime.
This opens the possibility that we can associate the extra dimension suggested by the
Holographic idea with energy scale. This notion of locality in the extra dimension
actually turns out to be much weaker than what we will find in AdS/CFT, but it is a
good hint.

To summarize, we have three hints for interpreting the Bold Assertion:

1. The Weinberg-Witten theorem suggests that the graviton lives on a different
space than the QFT in question.

2. The holographic principle says that the theory of gravity should have a number
of degrees of freedom that grows more slowly than the volume. This suggests
that the quantum gravity should live in more dimensions than the QFT.

3. The structure of the Renormalization Group suggests that we can identify one of
these extra dimensions as the RG-scale.

Clearly the field theory in question needs to be strongly coupled. Otherwise, we
can compute and we can see that there is no large extra dimension sticking out.

Next we will make a simplifying assumption in an effort to find concrete examples.
The simplest case of an RG flow is when § = 0 and the system is self-similar. In a
Lorentz invariant theory (which we also assume for simplicity), this means that the
following scale transformation z# — Az* (u = 0,1,2,...d — 1) is a symmetry. If the
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extra dimension coordinate u is to be thought of as an energy scale, then dimensional
analysis says that u will scale under the scale transformation as v — . The most
general (d + 1)-dimensional metric (one extra dimension) with this symmetry and

Poincaré invariance is of the following form:

~ 2 ~
ds® = Y dxtdz” + d—UZL2
i T}MV 7:22

SIS

We can bring it into a more familiar form by a change of coordinates, u = Fu:

w2 , o du?
ds® = <z) N dx!dx %—?L2

This is AdSq1°. It is a family of copies of Minkowski space, parametrized by u, whose
size varies with u (see Fig. 5). The parameter L is called the ‘AdS radius’ and it has
dimensions of length. Although this is a dimensionful parameter, a scale transformation
x# — Az* can be absorbed by rescaling the radial coordinate u — u/\ (by design); we
will see below more explicitly how this is consistent with scale invariance of the dual

theory. It is convenient to do one more change of coordinates, to z = L® "in which the

metric takes the form
IN\2
o= (_> (Nuwda"dz” + d2*) . (5.70)
z

These coordinates are better because fewer symbols are required to write the metric.
z will map to the length scale in the dual theory.

So it seems that a d-dimensional’” conformal field theory (CFT) should be related
to a theory of gravity on AdSz,1. This metric (5.70) solves the equations of motion of

the following action (and many others)*®
1 d+1

Here, /g = /| det g| makes the integral coordinate-invariant, and R is the Ricci scalar
curvature. The cosmological constant A is related by the equations of motion

o 5Sbulk
_ 5gAB

46Tt turns out that this metric also has conformal invariance. So scale and Poincaré symmetry implies
conformal invariance, at least when there is a gravity dual. This is believed to be true more generally
(see Polchinski’s 1987 paper), but there is no proof for D > 1+ 1. Without Poincaré invariance, scale
invariance definitely does mot imply conformal invariance; indeed there are scale-invariant metrics

d
0 Rap + 72948 = 0 (5.72)

without Poincaré symmetry, which do not have have special conformal symmetry.

4"Note that I am forced to violate my convention for d and D in either the bulk or the boundary
of this correspondence. Below I use d to denote the number of spatial dimensions of the bulk, or the
number of spacetime dimensions of the boundary.

48For verifying statements like this, it can be helpful to use Mathematica or some such thing.
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Figure 5: The extra (‘radial’) dimension of the bulk is the resolution scale of the field theory. The
left figure indicates a series of block spin transformations labelled by a parameter z. The right figure
is a cartoon of AdS space, which organizes the field theory information in the same way. In this sense,
the bulk picture is a hologram: excitations with different wavelengths get put in different places in
the bulk image.

to the value of the AdS radius: —2A = d(i—g”. This form of the action (5.71) is
what we would guess using Wilsonian naturalness (i.e., the ‘Landau-Ginzburg-Wilson
paradigm’ or the EFT strategy): we include all the terms that respect the symmetries
and redundancies (in this case, this is general coordinate invariance), organized by
decreasing relevantness, i.e. by the number of derivatives. The Einstein-Hilbert term
(the one with the Ricci scalar) is an irrelevant operator: R ~ 92g+(9g)? has dimensions
of length™2, so Gy here is a length?~!, the Planck length: G = ézl_l = M;l_d (in units
where h = ¢ = 1). The gravity theory is classical if L > ¢,;. In this spirit, the ... on
the RHS denote more irrelevant terms involving more powers of the curvature. Also
hidden in the ... are other bulk fields that vanish in the dual of the CFT vacuum (i.e.
in the AdS solution).

This form of the action (5.71) is indeed what comes from string theory at low ener-

1
2
this is the energy scale that determines the masses of excited vibrational

gies and when the curvature (here, R ~
1 1.
o T 4P

modes of the string), at least in cases where we are able to tell. The main role of string

) is small (compared to the string tension,

theory in this business (at the moment) is to provide consistent ways of filling in the
dots.

But wait: in a theory of gravity, the space-time metric is a dynamical variable, and
we only get to specify the boundary behavior. The AdS metric above has a boundary
at z = 0. This is a bit subtle. Keeping z* fixed and moving in the z direction from
a finite value of z to z = 0 is actually infinite distance. However, massless particles
in AdS (such as the graviton discussed above) travel along null geodesics; these reach
the boundary in finite time. This means that in order to specify the future evolution
of the system from some initial data, we have also to specify boundary conditions at
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z = 0. These boundary conditions will play a crucial role in the discussion below.

So we should amend our statement to say that a d-dimensional conformal field
theory is related to a theory of gravity on spaces which are asymptotically AdSg,q.
Note that this case of negative cosmological constant (CC) turns out to be much easier
to understand holographically than the naively-simpler (asymptotically-flat) case of
zero CC, which has a null boundary. Let’s not even talk about the case of positive CC
(asymptotically de Sitter), which has a boundary in the future.

Different CF'T's will correspond to such theories of gravity with different field content
and different bulk actions, e.g. different values of the coupling constants in Sp. The
example which is understood best (and was found first) is the case of the N' = 4 super
Yang-Mills theory (SYM) in four dimensions. This is dual to maximal supergravity in
AdS; (which arises by dimensional reduction of ten-dimensional IIB supergravity on
AdSs x S°). In that case, we know the precise values of many of the coefficients in
the bulk action. This will not be very relevant for our discussion below. An important
conceptual point is that the values of the bulk parameters which are realizable will in
general be discrete’. This discreteness is hidden by the classical limit.

We will focus on the case of relativistic CFT, but let me emphasize here that the
name ‘AdS/CFT’ is a very poor one: the correspondence is much more general. It
can describe deformations of UV fixed points by relevant operators, and it has been
extended to cases which are not even relativistic CFTs in the UV: examples include
fixed points with dynamical critical exponent z # 1, Galilean-invariant theories and
theories which do more exotic things in the UV like the ‘duality cascade’

Counting of degrees of freedom. [Susskind-Witten] We can already make a
check of the conjecture that a gravity theory in AdSy;; might be dual to a QFT in d
dimensions. The holographic principle tells us that the area of the boundary in Planck
units is the number of degrees of freedom (dof), i.e. the maximum entropy:

Area of boundary -

1Cn = number of dof of QFT = N, .

Is this true? Yes: both sides are equal to infinity. We need to regulate our counting.

Let’s regulate the field theory first. There are both UV and IR divergences. We put
the thing on a lattice, introducing a short-distance cut-off € (e.g., the lattice spacing)
and we put it in a cubical box of linear size R. The total number of degrees of freedom
is the number of cells (%)dil, times the number of degrees of freedom per lattice
site, which we will call ‘N%. The behavior suggested by the name we have given
this number is found in well-understood examples. It is, however, clear (for example

49 An example of this is the relationship (5.76) between the Newton constant in the bulk and the
number of species in the field theory, which we will find next.

206


https://arxiv.org/abs/hep-th/9711200
https://arxiv.org/abs/hep-th/9805114

from the structure of known AdS vacua of string theory) that other behaviors N® are
possible, and that’s why I made it a funny color and put it in quotes. So Ny = Ij::ll N2

The picture we have of AdSy,; is a collection of copies of d-dimensional Minkowski
space of varying size; the boundary is the locus z — 0 where they get really big. The
area of the boundary is

Ld—l
A = / \/gddflx = / ddilwﬁ . (573)
Ri—1, z/—0, fixed ¢ RA-1, z—0 Z

As in the field theory counting, this is infinite for two reasons: from the integral over x
and from the fact that z is going to zero. To regulate this integral, first put + ~ x + R
in a box again, and second evaluate not at z = 0 but rather cut it off at 2 = €. This
idea is that the boundary of AdS is associated with the UV behavior of the field theory,
and that cutting off the geometry at z = € is a UV cutoff (not identical to the lattice
cutoff, but close enough for our present purposes). Given this,

R d—1 d—1
L RL
A :/ d T |=e = (—) . (5.74)
0 z9- €
The holographic principle then says that the maximum entropy in the bulk is
A L R\
— ~ — . (5.75)
4GN 4GN €

We see that the scaling with the system size agrees — the both-hand-side goes like
R4 So AdS/CFT is indeed an implementation of the holographic principle. We can
learn more from this calcluation: In order for the prefactors of R*~! to agree, we need
to relate the AdS radius in Planck units % ~ (LM,)*! to the number of degrees of

freedom per site of the field theory:

Ldfl
Gy

= N? (5.76)

up to numerical prefactors.

An important conclusion from this calculation is that the gravity theory is classical
L > (p precisely when the number of degrees of freedom at each point of space in the
QFT, N2, is large.

Preview of the AdS/CFT correspondence. Here’s the ideology:

fields in AdS <— local operators of CFT
spin spin

mass scaling dimension A

207



In particular, for a scalar field in AdS, the formula relating the mass of the scalar field to
the scaling dimension of the corresponding operator in the CFT is m?*L? ;4 = A(A—d).

One immediate lesson from this formula is that a simple bulk theory with a small
number of light fields is dual to a CF'T with a hierarchy in its spectrum of operator
dimensions. In particular, there need to be a small number of operators with small
(e.g. of order N°) dimensions. (If you are aware of explicit examples of such theories,
please let me know.) This is to be distinguished from the thus-far-intractable case
where some whole tower of massive string modes in the bulk are needed.

Now let’s consider some observables of a QFT (we’ll assume Euclidean spacetime
for now), namely vacuum correlation functions of local operators in the CFT:

(O1(21)Oa(w2) - - - On(n))

We can write down a generating functional Z[.J] for these correlators by perturbing the
action of the QFT:

L(x) = L)+ Y Ja(2)Oa(x) = L(2) + L(2)

Z[J] = <e_f£J>

where Jy(x) are arbitrary functions (sources) and {O4(x)} is some basis of local op-

CFT

erators. The n-point function is then given by:

5
<HO”(‘””>> =570 ], -

Since L; is a UV perturbation (because it is a perturbation of the bare Lagrangian

by local operators), in AdS it corresponds to a perturbation near the boundary, z — 0.
(Recall from the counting of degrees of freedom in section 5.7 that QFT with UV cutoff
E < 1/e +— AdS cutoff z > €.) The perturbation J of the CFT action is encoded in
the boundary condition on bulk fields.

The idea (often referred to as GKPW) for computing Z[J] is then, schematically:

Z[J] = <e_fEJ>

— _Sgrav
- \ZQG [bC depends on ‘]l € EOM, b.c. depend on J °

CFT

=777

(5.77)
The middle object is the partition function of quantum gravity. We don’t have a very
useful idea of what this is, except in perturbation theory and via this very equality. In
a limit where this gravity theory becomes classical, however, we know quite well what
we're doing, and we can do the path integral by saddle point, as indicated on the RHS
of (5.77).
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An important point here is that even though we are claiming that the QFT path
integral is dominated by a classical saddle point, this does not mean that the field
theory degrees of freedom are free. How this works depends on what kind of large-N
limit we take to make the gravity theory classical. In the kind of vector-like large-
N limit that we’ve studied so far this quarter, the large-N expectation values can
be computed by saddle point. In contrast, in a theory where the degrees of freedom
are N x N matrices, such as a Yang-Mills theory with gauge group SU(/V), there are
infinitely-many leading-order diagrams.

One nice conclusion that we can state is that black hole thermodynamics, for black
holes in AdS, is the ordinary thermodynamics of the dual CFT. In particular, the
canonical ensemble partition function is obtained by periodic identification of euclidean
time:

e P = tropre PP = Zog[bdySh x RY) o e % |y (5.78)

The solution to the bulk eom with these boundary conditions is the euclidean black
hole. Its action then determines the free energy, and the entropy is

Area

4Gy

S =—0pF = — Spn. (5.79)

This calculation was first done by Gibbons and Hawking, without the knowledge of
whose free energy was being computed®.

[End of Lecture 20]

50Tf you want to actually do the calculation there is a wrinkle you must know about: there are some
boundary terms in the action. First, is a term proportional to the extrinsic curvature of the boundary,
required to make the equations of motion consistent with the boundary conditions we are imposing.
Second, we must add some counterterms to get a finite answer. You shouldn’t be surprised by this,
since the boundary is associated with the UV of a QFT. Adding all possible local terms and fixing
their coefficients to cancel the divergences arising in the on-shell action will give you the right answer.
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