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0.1 Introductory remarks

By now you know some quantum mechanics (QM), I hope. But it is a vast subject
with many applications. There are many directions in which we can generalize from
your previous encounters with QM.

One direction is toward situations where things are faster. This leads to “relativistic
quantum mechanics,” which inevitably means quantum field theory. That’s the subject
of Physics 215 and so I will try to stay away from it to the extent possible.

In this course, we will approach a different frontier: situations where things are
many. That is: what happens when we put together a whole bunch of quantum de-
grees of freedom. (As we will see, sometimes this also means quantum field theory!)
Sometimes ‘a whole bunch’ will mean just a big finite number, like the number of elec-
trons in an atom of large atomic number, or a very big finite number, like the number
of electrons in a chunk of solid. Sometimes, we’ll be interested in the thermodynamic
limit, where the number of degrees of freedom becomes parametrically large. This is
because new (emergent) phenomena happen in this limit.

There is some flexibility about what subjects we’ll discuss this quarter. Please tell
me about topics of interest to you.

0.2 Possible topics (not in order)

Physics phenomena:
Phonons
Radiation (photons, Casimir effect)
Atoms
Molecules
Matter and radiation (photoelectric effect, scattering, lasers)

More interesting states of matter (superfluids and superconductors, magnetic insu-
lators, quantum Hall phases)

Relativistic quantum mechanics

Techniques:
How to describe an indefinite number of particles (‘second quantization’).
Hartree-Fock, Thomas-Fermi.

Born-Oppenheimer, Berry phases.



Mean field theory of various states of matter
Coherent state path integrals?
Fermi liquid theory?

We’ll learn about topics from these list in parallel.

0.3 Sources and acknowledgement

e Commins, Quantum mechanics, an experimentalist’s approach, Cambridge, 2014.

e Baym, Lectures on quantum mechanics, Westview Advanced Book Program, long
ago (the front-matter is missing from my copy).

e LeBellac, Quantum Physics, Cambridge, 2012.

e Feynman, Statistical Mechanics: a set of lectures, Perseus Advanced Book Pro-
gram, 1972.

o Leggett, Quantum Liquids, Oxford, 2006.

e Pines and Nozieres, The Theory of Quantum Liquids (two volumes), Perseus
Advanced Book Program, 1966.

e Unpublished 212C notes by Tarun Grover.

e Tong, Topics in Quantum Mechanics

Some sources I recommend for some of the many topics that we could have studied
but did not are:

e Tong, Lectures on Applications of Quantum Mechanics
e Littlejohn, Lecture notes for Berkeley Physics 221

e Sakurai, Advanced Quantum Mechanics, Addison-Wesley, 1967.


http://www.damtp.cam.ac.uk/user/tong/topicsinqm.html
https://www.damtp.cam.ac.uk/user/tong/aqm.html
http://bohr.physics.berkeley.edu/classes/221/1920/221.html

0.4 Conventions

The convention that repeated indices are summed is always in effect unless otherwise
indicated.

d is the number of space dimensions, D is the number of spacetime dimensions (it’s
bigger!).

A consequence of the fact that english and math are written from left to right is
that time goes to the left.

A useful generalization of the shorthand h = % isdk = ‘21—7’?. I will also write

Jd(q) = (27)%5 @ (q). T will try to be consistent about writing Fourier transforms as

A% ez ikw T —

[ e = [ath o) = )
(27)

IFF = if and only if.

RHS = right-hand side. LHS = left-hand side. BHS = both-hand side.

IBP = integration by parts. WLOG = without loss of generality.

+O(z") = plus terms which go like 2™ (and higher powers) when x is small.

+h.c. = plus hermitian conjugate.

L > O means the object £ contains the term O.

We work in units where A and the speed of light, ¢, are equal to one unless you see
explicit factors of h or c.

Please tell me if you find typos or errors or violations of the rules above.




1 An indefinite number of identical particles

So far in Physics 212, you've mainly been discussing the quantum theory of particles,
where the number of particles is fized (and quite small). There are processes in nature
where the number of particles can change — for example photons are created during
atomic transitions. How do we describe this kind of thing? The answer is sometimes
called quantum field theory or sometimes ‘second quantization’ (a terrible name), and
it is a crucial part of modern physics. We will discover it in a perhaps-unexpected
place, momentarily (§1.3).

This discussion also follows logically in that one’s study of QM begins (or at least
should begin) by discussing a single qubit, and then learning to make composite quan-
tum systems, which basically means two gbits. Here we will take the next step of
studying composite quantum systems with infinitely many components.

Another side-benefit of being able to describe an indefinite number of particles
is that we can also describe superpositions between states with different numbers of
particles. This is required to describe a superfluid.

1.1 Harmonic oscillator review, operator solution

[Le Bellac 11.1] The simple harmonic oscillator is ubiquitous in physics, not just because
it is exactly solvable both classically and quantum mechanically, but because it arises
as the leading approximation to any system near a stable equilibrium. Expanding a
potential V(z) in one dimension about its minimum at xy, Taylor’s theorem says

V(x) = V(ze) + 0+ %V”(xo)(x Cm)+

and we can often ignore the ... (aka anharmonic terms) for systems that are near their
equilibrium configuration. WLOG setting zy = 0, we are led to study
2

I N L SR tq 4 L
H—2m+2mwx—2(P +Q)—hw(aa+2
with 1 1
a=—(Q+iP), a'=-—(Q-iP).
\/Q(Q ) \/§<Q )

Here I've defined these new operators to hide the annoying constant factors:

mw 1/2 1 1/2
= P =
Q ( h ) * <mhw> P

x,p]=irl < [Q,P]=il < [aal]=1.
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The number operator N = a'a is hermitian and satisfies
[N,a] = —a, [N,a]=+a' .

So a and a' are, respectively, lowering and raising operators for the number operator.
The eigenvalues of the number operator have to be positive, since

0<aln) |* = (na'aln) = (n|N|n) = n (n|n)

which means that for n = 0 we have a|n = 0) = 0. If it isn’t zero (i.e. if n > 1), a|n)
is also an eigenvector of N with eigenvalue n — 1. It has to stop somewhere! So the
eigenstates of N (and hence of H = hw (N + %)) are

0), [1)=a0), ... |n)=c, (al)"]0) ..

where we must choose ¢, to normalize these states. The answer that gives (n|n) = 1
is ¢, = \/—177'

1.2 Warmup: two modes

As a warmup, consider the following two (quantum) mechanical systems, each consist-
ing of two point masses.

In case A, we have two masses connected by springs and attached to the walls of the
box. In case B, the two masses are only connected to each other. In each case, we can
write the Hamiltonian as

2 2
P1 P>

H=—4+"24V 1.1
2m+2m+ (q) ( )

where V(q) is a quadratic function in qi, qs. In case A:

1 1 1 1 2 —1
Valq) = §H(Q2 — )’ + 5%(1% + 51‘“13 = §K(Q17Q2) <_1 9 ) (22) (1.2)

and in case B,

Vs(q) = k(a2 — a1)? = ka1, q2) ( ! _1) (ql) : (1.3)

-11 q2
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Recall from mechanics that to solve either of these problems, we can decompose the
motion into normal modes. In this case, the normal modes are just q+ = \% (a1 £ q2),
which describe the two particles moving together, or the two particles moving op-

s
positely. More mechanically, the eigenvectors of the matrix (1 ) = slly — o are
s

1
\/Li ( 4 1), with respective eigenvalues s 1. So

@) B % G —11> (32) - (2;) B % G —11> <3f) -0

There is also a similar relation for the associated canonical momenta:
)= (G G)
P2 V2 \1-1)\p_/

H=Y" Pl (1.5)
—\2m 2 ot '

the problem breaks apart into two independent oscillators. The normal modes are the

Plugging this in:

eigenvectors of the matrix of spring constants, and k, are the associated eigenvalues.

In case A, both spring constants are nonzero, but in case B there is no restoring
force for the center of mass mode q,. This makes sense because if the two particles
move together, the springs are not stretched.

To understand the associated quantum system for case A now is easy: just use the
above solution of the single SHO for each of the two normal modes. The only tricky
part is that we have to introduce a mode operator a., aTi for each of the oscillators.
Here + is just a label saying which mode we are talking about.

1.3 Particles and fields

[Le Bellac section 11.3] Let’s think about a crystalline solid. The specific heat of solids
(how much do you have to heat it up to change its temperature by a given amount)
was a mystery before QM. The first decent (QM) model was due to Einstein, where
he supposed that the position of each atom is a (independent) quantum harmonic
oscillator with frequency w. This correctly predicts that the specific heat decreases as
the temperature is lowered, but is very crude. Obviously the atoms interact: that’s
why they make a nice crystal pattern, and that’s why there are sound waves, as we
will see. By treating the elasticity of the solid quantum mechanically, we are going to



discover quantum field theory. One immediate benefit of this will be a framework for
quantum mechanics where particles can be created and annihilated.

As a toy model of a one-dimensional crystalline solid, let’s consider a chain of point
masses m, each connected to its neighbors by springs with spring constant xk. =~ When
in equilibrium, the masses form a regular one-dimensional crystal lattice of equally-
spaced mass points. Now let ¢, denote the displacement of the nth mass from its
equilibrium position x,, and let p, be the corresponding momentum. Assume there
are N masses and impose periodic boundary conditions: ¢,+n = ¢,. The equilibrium
positions themselves are

Tp =na,n=12.N

where a is the lattice spacing. The Hamiltonian for the collection of masses is:
N p? 1
H=>Y (-2 +ck(an—an1)’) + A" 1.6
n1(2m+2’{(q q 1))+ d (1.6)

I've include a token anharmonic term Aq® to remind us that we are leaving stuff out;
for example we might worry whether we could use this model to describe melting. Now
set A = 0 because we are going to study small deviations from ¢ = 0.

This hamiltonian above describes a collection of coupled oscillators, with a matrix
of spring constants V' = k,,q.q,. If we diagonalize the matrix of spring constants, we
will have a description in terms of decoupled oscillators, called normal modes.

Notice that the hamiltonian commutes with the shift operation

T : (Gn,Pn) = (@ns1, Pntr) = (Tq),,, (TD),,)

where T acts on the labels of the masses by

01000---00
00100---00
00010---00
710000100

00000---01
10000---00

[H,7]=0; T is a symmetry, a discrete translation symmetry.

The eigenvectors of T are waves:

Telkx _ 61k(m+a) _ elkaelkx'
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Hence these are eigenvectors of k., as well.

A nice way to summarize this statement is the following slogan: Since our system

has (discrete) translation invariance, the normal modes are labelled by a wavenumber
k'

1 & 1 &
qr = E € qn, Pk = § € Pn,
vV IN — VN —

(Notice that in the previous expressions I didn’t use boldface; that’s because this step
is really just classical physics. Note the awkward (but here, inevitable) fact that we’ll
have (field) momentum operators py labelled by a wavenumber aka momentum.)

ikNa 2nj

sok=2 7€
Y NCL 7
Z); this is a long-wavelength “IR” cutoff. Because of the lattice structure, k is periodic
(only e*e" n € 7 appears): k = k + 27 /a; this is a short-distance “UV” cutoff. The
range of k can be taken to be

Regulators: Because N is finite, k takes discrete values (1 = e

27 (N — 1)

0<k<
- = Na

Because of the periodicity in k, we can equivalently label the set of wavenumbers by:

This range of independent values of the wavenumber in a lattice model is called the
Brillouin zone. There is some convention for choosing a fundamental domain which
prefers the last one but I haven’t found a reason to care about this.

Summary: Because the system is in a box (periodic), k-space is discrete. Because
the system is on a lattice, k-space is periodic. There are N oscillator modes altogether.
When I write ), below, it is a sum over these N values.

IThe inverse transformation is:

1 27 /a 1 27 /a
—ikx —ikx
I =—=> e *ng, pp=—=Y e Hnp,
N k>0 N k>0

11



So the whole hamiltonian is a bunch of decoupled oscillators,

labelled by these funny wave numbers: “:‘Z’i‘”“
H= Z (pkp L mwquq ) (1.7)
where the frequency of the mode labelled £ is R \I wkimklé e
=2y En e (.g) T i i =
m 2 in units of w = /r/m)

This is called the dispersion relation — it says how fast a mode of a given wavenum-
ber propagates; its deviation from linearity in k says how quickly a wave packet will
disperse.

To verify (1.7), let’s look more carefully at the expression for the normal modes:

N
1 i 2m
_\/_Ng €k$"QnEE Ukntn kz]ma Jj=1...N.
n=1 n
2w

We can check that U is indeed a unitary matrix (I am writing k = 2%j, k' = 27,
where j,j € 0...N — 1 are integers) :

S UL UL =Y U, Up, =+ S ekt L 1T 5 = b
kn ~ nk! kn n N N 1 — e2ri(i—4)/N Ji k'

10
At right is what that function looks like for ~ ** %

real argument; notice that it vanishes at all ey

the integers other than 0. 04r
D2}
N ] ] 1] 12 14 -
-D2F
The inverse fourier transform is
27 /a
qn Z e gy = ZUnka ZUfank-
k>0 k

Notice that this 7 is an operator acting on the labels of the quantum states — it’s
a classical operator. So don’t be surprised that we can also Fourier transform the

12



momenta :

So far we’ve actually solved a classical problem of finding normal modes of these
coupled oscillators. The world is quantum mechanical so let’s remember that our
variables are quantum operators now, and figure out what the quantum Hamiltonian
is for the normal modes. The kinetic term in the Hamiltonian is

Z P, = Z Z U_inU_pmPiPr = Z Ok, —k' PP = g PrP—k-

n o kk k&

The potential energy term is

> (aner — )’ =D (T SN (et 1) (¢ - 1) U U pmara

n n n N

k
Z(e—lka_ +ika_ qkq & _Z4s1n ( >qu k-
k

e eie i\ e e e K\ e e e e e tiie e tie e

Sound waves. Where does this frequency w; matter physically? For one thing,
consider the Heisenberg equation of motion for the deviation of one spring:

. Pn .
1014w = [an, H] = ==, 10,04 = [Py, H]
Combining these gives:

mgy, = —K ((Qn - Qn—l) - (Qn - Qn—l—l)) = =K (QQn — Gn—-1 — Qn—|—1> .

(You will recognize this as just Newton’s equation which would be valid classically.)
In terms of the fourier-mode operators, these equations decouple:

mqy = —k (2 — 2cos ka) gy,

13



Plugging in a fourier ansatz in time as well g,(t) = > e “!g;, turns this into an
algebraic equation which says w? = w} = (2)sin? @

used a trigonometric identity here). We see that (the classical version of) this system

for the allowed modes (we

describes waves:
k<1/a
2 2 ! 2 272
0= (w —wk) Qhw = (w —vik )qk’w.

The result for small k is the fourier transform of the wave equation:
(07 —v202) q(z,t) =0 . (1.9)

v is the speed of propagation of the waves, in this case the speed of sound. Comparing
to the dispersion relation (1.8), we have found

78wk| B K
Vs = ok k=0 = @ m

The description we are about to give is a description of quantum sound waves. (Below
we will also give a description of quantum light waves.) [End of Lecture 1]

Here is a slight generalization, by way of recap. Consider the more general class of
Hamiltonians

p; 12
H= — o nm4nm-
2mn+2 il
n nm

We allowed the masses to vary, and we made a whole matrix of spring constants. Notice
that only the symmetric part 5 (Knm + Kmn) of this matrix appears in the Hamiltonian.
Also k must be real so that H is hermitian. To simplify our lives we can redefine
variables

Rnm
Qn = VMnQn, Pn :pn/vmn7 Vnm = —

Mp M,

Notice that [¢n, pm] = 10nm < [Qn, P] = 105m.

in terms of which

Now since V,,,, is a symmetric matrix, and hence hermitian, it can be diagonalized.
That is, we can find U so that UVUT is a diagonal matrix:

> UanVam (UY),,5 = Gap? (1.10)

where I assumed that all the eigenvalues of V' are non-negative — otherwise the system
is unstable. U is unitary (actually it could be taken to be an orthogonal matrix):

D Uan (UN), 5 =asr Y (U, 5 Usm = am- (1.11)

(0

14



To take advantage of this, we make the change of variables to the normal modes

Qa = Z UanQn‘

Multiplying the BHS of this equation by UT, we have the inverse relation

Qn =2 (U7),,,Qu

«

Notice that @, = Q! is hermitian. This means

Qn - QL = Z (UT):LQ QL - Z (UT)na QNL - Z QLU&”'

Similarly, we define P, = > n UanPh.
Now let’s look at what this does to the terms in H:

> p2=) Pip, = %:ZUM (U"), PiPs =)  PiPa.

«

01
Z Vanan - Z VanLQm - Z Z Uomvnm (UT)mB QLQﬁ - ZwiQLQa-
nm nm af m . «a
(1;(12;[3“%

The special case we considered earlier, x,,,, = (%(’T +7T) - ]l) s Where each mass

is only connected to its two neighbors, is special in three ways:

1. First, it is local in the sense that only nearby springs couple to each other, so K,

is only nonzero when n and m are close together.

2. Second, it is translation invariant, meaning k., does not depend explicitly on

n and m. Because of the latter property, the normal modes are plane waves,
Upn = €*7¢/y/N which has the consequences that (U T) o = U_k,, and hence

that Q1 = Q_j.

3. Finally, it has a certain additional symmetry that also has a right to be called

translation invariance from the microscopic point of view. This is the sym-

metry under ¢, — ¢, + €, which shifts each mass by the same amount. This

doesn’t stretch the springs at all, and so is a symmetry of H. More precisely, this

15



symmetry arises because the potential depends on ¢, only through differences,
V= V(Qn - Qn—l)'

Notice that the transformation on the field ¢, is non-linear, in the sense that
the field shifts under the symmetry (as opposed to a linear transformation like
q — Rq). This is related to the fact that the transformation takes one minimum-
energy configuration to another; in this sense, the symmetry is said to be spon-
taneously broken. An important general consequence of a non-linearly realized
continuous symmetry is the presence of a massless mode, a Goldstone mode.
We've already seen that there is such a massless mode in this system. This is an
example of Goldstone’s theorem. It’s a bit mysterious in this example, but will
become clearer later.

Notice that when k = 0,w, = 0. We are going to have to treat this mode specially;
there is a lot of physics in it.

QM. So far the fact that quantumly [q,, pn] = 1A, 1l hasn’t mattered in our
analysis (go back and check). For the Fourier modes, this implies the commutator

[k Pr] =Y Uk Upwlan, pl)] = 101 " Uy Upry = ih6p . (1.12)

n,n’

where Uy, = \/Lﬁe””" is again the N x N unitary matrix realizing the discrete Fourier

kernel.

Actually, the Hamiltonian in terms of the normal modes (1.7) is not quite fully
diagonalized — it still mixes modes with +k and —k. To make the final step to decouple
the modes with £ and —£, introduce the annihilation and creation operators

(ak + a_k> , Pk = I 5 (ak — a_k) .

For k#0: qp=

2muwy,

To preserve (1.12), they must satisfy
[ak, a,t,] = 5kk’ 1.

In terms of these, the hamiltonian is
1 "2
— f - Po
Ho = zk: fiws (akak + 2) - 2m

— it is a sum of decoupled oscillators labelled by k, and a free particle describing the
center-of-mass.

16



Phonons. The groundstate is
10) = [0)oe @ [P0 = 0),  where a;|0),,, =0, V k,and po [po) = po[po) -
The lowest excitation above the ground state is of the form

al |0) = |one phonon with momentum #k) .

It has energy hwy, above the groundstate. (This is an eigenstate because [Ny, aL] = aL,

where Nj, = aLak.) The excitation is called a phonon with momentum hk. This is
what in single-particle quantum mechanics we would have called “|k)” — a state of a
single particle in a momentum eigenstate; we can make a state with one phonon in a
position eigenstate by taking superpositions:

lone phonon at position x) = Z ¢'** |one phonon with momentum hk) = Z ekzal |0) .
k k

This is the state that in single-particle QM we would have called “|z)”.

The number operator (for the SHO with label k) N = aLak counts the number of
phonons with momentum k. The ground state is the state with no phonons — for this
reason, we could also call it the ‘vacuum’. We can make a state with two phonons:

[k, K') = ajaj, [0)
whose energy above the groundstate is
E — Ey = wi + wy. (1.13)
Notice that since [ay,ap| = 0 for k # k', we have |k, k') = |K’, k) — only the collection
of occupied modes matters, there is no way to specify which particle is in which mode.

So this construction allows us to describe situations where the number of particles
N = )", Ny, can vary! That is, we can now describe dynamical processes in which the
number of particles change. This is a huge departure from the description of quantum
mechanics where the hilbert space of two particles is a tensor product of the hilbert
space of each. How can we act with an operator which enlarges the hilbert space?? We
just figured out how to do it.

We can specify basis states for this Hilbert space

al )" (af, )™
S% S% 2 [0) = {1y, )

by a collection of occupation numbers ny, eigenvalues of the number operator for each
normal mode. The energy of this state above the groundstate is ), hwy, simply the

sum of the phonon energies. There are no interactions between them.

17



Notice that in this description it is manifest that phonons have no identity. We
only keep track of how many of them there are and what is their momentum. They
cannot be distinguished. Also notice that we can have as many as we want in the same
mode — ny can be any non-negative integer. Phonons are an example of bosons.

It is worth putting together the final relation between the ‘position operator’ and
the phonon annihilation and creation operators:

n =1/ e"fa, +e a, | + — 1.14

and the corresponding relation for its canonical conjugate momentum

L [hm ikz —ikz 1 1
pn:I W;\/wk (6 ap — € ak)—l—\/—ﬁpo.

The items in red are the ways in which p and ¢ differ; they can all be understood from

the relation p = mq. To see this, use the Heisenberg equations of motion, ¢, = i[H, q,,].

Gaplessness. The state aL |0) has energy hwy, above the groundstate. In a box of
size L = Na, the smallest energy phonon excitation has k; = 27“ and energy

I 15
AE = huy, ~ + = (1.15)

(Note that here I am taking L. — oo to implement the thermodynamic limit of infinitely
many degrees of freedom; the lattice spacing can remain finite for this purpose — it is
not a continuum limit.) So this system is gapless in the sense that the gap between
the first excited state and the groundstate goes to zero in the thermodynamic limit
L — oco. Gaplessness of a many-body system is something that requires explanation.
It isn’t even possible for a system with finitely many degrees of freedom.

Why does it happen here? Goldstone’: the system has a symmetry under g, —
qn+e€ for all n. If everyone moves to the left three feet, none of the springs are stretched.
This is the dance enacted by the £ = 0 mode. If nearly everyone moves nearly three
feet to the left, the springs will only be stretched a little; hence the modes with small
k have small w. Hence, in the thermodynamic limit where k£ can be arbitrarily small,
the energy gap AFE goes to zero.

2I should probably give an account of Goldstone’s theorem here. The relevant statement for our
purposes is: if the groundstate is not invariant under a symmetry of H, then it forms a multiplet of
that symmetry. Moreover, if the groundstate is not invariant under a continuous symmetry of H, then
the spectrum is gapless.

18


https://www.youtube.com/watch?v=Ew9ur0-p5Cc

Tower of States: Now I will say a few words about the zeromode, which is
horribly mistreated in most textbook discussions of this system that I've seen. There
is no potential at all for this mode — it drops out of the (¢, — ¢n41)? terms. It just has
a kinetic term, which we can think of as the center-of-mass energy of the system. How
much energy does it cost to excite this mode? Notice that if everyone moves to the left
by a, the system comes back to itself (I am assuming that the masses are themselves
indistinguishable particles): [{g.}) = [{¢, + a}) are the same state. In terms of the
k = 0 mode, this is

N

1 0 1 ,

q():—_g gne” V= —— E Gn+ Na |, i.e g =q + VNa.
anl N n=1

This means that the wavefunction for the zeromode must satisfy

2n 7
vV Na

eiPodo _ pivo(q0+v/Na) = po €

and the first excited state has energy

P2 | 11 (27’
. 2r = —— | — .
2m " VNa  2Nm \ a
This is a victory at least in the sense that we expect the center of mass of the system to

have an intertial mass Nm. Notice that the spacing of these states depends differently
on the parameters than that of the ones from the nonzero-k phonon states.

But actually this phenomenon is ubiquitous: it happens whenever we take a sys-
tem that breaks a continous symmetry (here: a solid breaks continuous translation
invariance)”® and put it in finite volume, 7.e. depart from the thermodynamic limit. In
particular, in finite volume the zeromode associated with a conserved quantity (here
the momentum) produces a tower of states with a different level-spacing (as a function

3The fine print:

1. Actually it’s important that the order parameter doesn’t commute with the Hamiltonian; the
exception is ferromagnets, where the order parameter is the total spin itself, which is a conserved
quantity and therefore can be nonzero even in finite volume. So the tower is collapsed at zero
in that case.

2. Actually, a one-dimensional mattress of oscillators will not spontaneously break continuous
translation symmetry even in infinite volume. This is a consequence of the Hohenberg-Coleman-
Mermin-Wagner theorem: the positions of the atoms still fluctuate too much, even when there
are infinitely many of them in a row; more than one dimension is required to have the crystal
really sit still. You'll see the effects of these fluctuations on the problem set when you study
the Debye-Waller factors. This does not vitiate our conclusions above at all.

19



of system size L = Na) than the particle excitations (1.15). (It is sometimes called the
Anderson Tower of States in the study of magnetism or the Rotator spectrum in lattice
gauge theory). In this case, both towers go like 1/N, but this is a coincidence. In other
cases the tower from the zeromode is more closely spaced (it goes like m ~ % ~ %)
than the particle momentum tower (which goes like + ~ 7 (or maybe 75)), so the
tower of states from the zeromode is usually much closer together, and in the thermo-
dynamic limit L — oo, they combine to form the degenerate vacua associated with

spontaneous symmetry breaking. *

So you see that we have constructed an approximation to the Fock space of bosonic
particles from a system with finitely many degrees of freedom per unit volume (here,
length), and in fact finitely many degrees of freedom altogether, since we kept the IR
regulator L finite. It is worth pausing to appreciate this: we’ve been forced to discover
a framework for quantum systems in which particles can be created and annihilated,
very different from the old-fashioned point of view where we have a fixed Hilbert space
for each particle.

Now for some experimental verification of all this hard work:

Heat capacity of (insulating) solids: phonons are real. The simplest demon-
stration that phonons are real is the dramatic decrease at low temperatures of the heat
capacity of insulating solids. At high temperatures, the equipartition theorem of clas-
sical thermodynamics correctly predicts that the energy of the solid from the lattice
vibrations should be T times the number of atoms, so the pacity, Cyy = 0rE should be
independent of T'. At low temperatures T' < ©p, this is wrong. Op is the temperature
scale associated with the frequencies of the lattice vibrations (say the maximum of the
curve wy above).

Efhis
20

The resolution lies in the thermal energy of a quan-

st

tum harmonic oscillator which you’ll remind yourself )
of in a homework problem: for 7' < w, the energy .}
goes to a constant %hw, so the heat capacity (the

05

slope of this curve) goes to zero as T"— 0.

L L L LT
oo [k} 10 15 20

The Mossbauer effect: phonons are real. A nice example where we can see
the importance of the tower of states and of the quantization of phonon number is
the Mossbauer effect: when scattering high-energy photons off a solid, there is a finite

4The definitive discussion of this subject can be found in the last few pages of P. Anderson, Concepts
in Solids.
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amplitude for scattering events which produce zero phonons. This means that all the
momentum transfer goes to the center of mass mode, which has negligible recoil as
N — oo, since its inertial mass is Nm. This allows for very sharp absorption lines,
which if the atom were in free space would be washed out (i.e. broadened to a width
Erecoil = %) by the random recoils of the individual atoms (as depicted in the comic

2
strip below).

N

The nuclei of the atoms in a solid have various energy levels; when hit with a y-ray
photon, these nuclei can experience transitions from the groundstate to some excited
energy level. If an excited nucleus somewhere in the lattice gets hit by a very energetic
photon (a y-ray) of some very specific energy E, = AE = FEqitea — Eo, the nucleus
can absorb and re-emit that photon. The resulting sharp resonant absorption lines at
E, = AFE are indeed observed.

This sounds simple, but here is a mystery about this: Consider a nucleus alone
in space in the excited state, after it gets hit by a photon. The photon carried a
momentum p, = £,/c. Momentum is conserved, and it must be made up by some
recoil of the absorbing nucleus. When it emits a photon again, it needn’t do so in
the same direction. This means that the nucleus remains in motion with momentum
Ap = p; — pp. But if some of its energy AE = Fo itea — Eo goes to kinetic energy of

recoil, not all of that energy can go to the final photon, and the emitted photon energy
max __ (227)2 _ (2E'Y/C)2

will be less than E, by Frecon = ?—]f;. This can be as big as EL55 = S50 = 517 (in

the case of scattering by angle 7). So instead of a sharp absorption line, it seems that
2

we should see a broad bump of width % But we do see a sharp line!

The solution of the puzzle is phonons: for a nucleus in a lattice, its recoil means
that the springs are stretched — it must excite a lattice vibration, it must create some
phonons. But there is a nonzero probability for it to create zero phonons. In this case,
the momentum conservation is made up by an acceleration of the whole solid, which is

p2
2N7M )

very massive, and therefore does not recoil very much at all (it loses only energy
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This allows for very sharp resonance lines. In turn, this effect has allowed for some
very high-precision measurements.

Fraction of y absorbed Fraction of y absorbed
14 ; Free nuclens 14 ; Nucleus in solid

12F 12f

o - i
0sf / 08F

s / s
o6 [iX

o4f [ oaf
b | F

-
.

The different widths in these cartoon absorption spectra don’t do justice to the relative
factor of V.

[End of Lecture 2]

An essentially similar effect makes it possible to get precise peaks from scattering
of X-rays off of a solid (Bragg scattering) — there is a finite amplitude for the scattering
to occur without exciting any phonons.

This is actually a remarkable thing: although solids seem ordinary to us because
we encounter them frequently, the rigidity of solids is a quantum mechanical emergent
phenomenon. You can elastically scatter photons off of a solid only because the atoms
making up the solid participate in this collective behavior wherein the whole solid acts
like a single quantum object!

Here is a sketch of the quantitative calculation of the probability of a nucleus at x,,
emitting or absorbing a y-ray photon without creating any phonons. Recall from your
discussion of time-dependent perturbation theory that the transition probability is

W (N, Li = Ny, Lg) o< | (f| Hing [7) |7,

where N; s and L; ; are initial and final states of the nucleus and lattice, respectively.
H;,; is the perturbing hamiltonian by which the transition can occur. This is Fermi’s
golden rule. Because the nuclear forces are such high-energy things, we can ignore
the density of states of the final states, and we can assume that the transition matrix
element factorizes:

where we’ve factored out some nuclear stuff that we don’t care about right now into
the o.
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The requirements of translation invariance and Galilean invariance (i.e. momentum
is conserved, and the transition for a moving observer shouldn’t depend on the velocity
of the observer) require that

Hy = A" % 4 he.
where AK is the momentum of the emitted gamma ray (a c-number), and X is the
center-of-mass position of the nucleus in question. ° But, in the 1d case at least, we
have an expression for x in terms of the phonon creation operators:

X, = na -+ q, = na + ZNk (eik"“ak + e’ik”“az) ; (1.16)
k
where a is the lattice spacing and N, = 2m]@wk.

Now the amplitude for emitting no phonons is the ‘vacuum-persistence amplitude’,
i.e. the amplitude for |L;) = |0) to stay that way:

PMéssbauer X ’ <O| eiK(na+qn) ’0> ’2 .

Now it is an exercise in harmonic oscillator physics to get a function out of this. A
useful general fact is that for harmonic oscillators (and any gaussian theory)

(ea) = =3k (") |
Applying this here, and using (1.16),

_1lp2 kg 5
Prgssbaver X € 2K AmNwy, dfCl e—K2ﬁiln(N) .

Here Na is the system size, so this actually vanishes in the thermodynamic limit; this
(IR) divergence is a 1d artifact related to the absence of continuous symmetry-breaking
ind=1. Ind> 1, we would get a finite function of K°.

5Tt is possible to show that the interactions with the EM field, to be discussed next, I promise,
meet these requirements and reproduce this form of the answer. The relevant term is from Hj,, =
ﬁ (p-A+A-p)e ﬁ (p+ A)2. Then we use the fact that the Maxwell field representing a photon
is a wave A oc eif X evaluated at the position of the nucleus.

6To see this, let’s think directly about the infinite-volume limit, but keep the lattice spacing finite.
Then any divergence we find is an IR divergence. Let’s think about a cubic lattice. In this case, the

answer for the thing in the exponent of the Debye-Waller factor is proportional to
]{ A’k /”/ @ /”/ @ dk
A —— )
BZ Wk —m/a —7/a \/Z#:1 sin®(k,a/2)

Near k = 0, the integrand behaves like 1/k = |/>° k7, and Jo d%k is finite near the lower limit of

integration. At larger |k|, of order 1/a, the integrand looks nothing like this, but is manifestly finite.
So the integral away from k = 0 is clearly finite, and the integral at k = 0 is finite, so the integral
is finite. It seems Mathematica cannot do the integral analytically, but NIntegrate gives 50.76 and
225.90 for d = 2 and d = 3 respectively. So: in infinite volume with finite lattice spacing the answer
is finite, and therefore there is no IR divergence.
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For future reference, these effects of fluctuations of the lattice on photon scattering
are called Debye-Waller factors.

Two final comments, to make connections with future excitement in this course:

I've made a big deal about the regulators here. One reason we care about them
is if we remove them (N — oco,a — 0) and ask bad questions, we’ll get infinity. For
example, we could think about the vacuum energy Ey = % > i hwy,. There is physics in
there (e.g. Casimir forces), to which we’ll return.

Notice that since wy o sin |k|a/2, there are some energies where there aren’t any
phonon states. In particular, the function (1.8) has a maximum. More generally, in a
system with discrete translation invariance, there are bands of allowed energies.
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Interactions. Many aspects of the above discussion are special to the fact that
our hamiltonian was quadratic in the operators. Certainly our ability to completely
solve the system is. Notice that the number of phonons of each momentum N, = azak
is conserved for each k. But if we add generic cubic and quartic terms in q (or if we
couple our atoms to the photon field) even the total number of phonons ), Nj will
no longer be a conserved quantity’. So a description of such particles which forced us
to fix their number wouldn’t be so great.

For example, think about expanding a general cubic term ) Ami@ngmq in os-
cillators. It has terms like

TooT T T T
Ay Choy Oyy Moy Oy Vs Ay Doy Oy Aoy Aoy Ay

all of which change the number of phonons. A quartic terms will also contain terms
like afa’aa which preserve the number of phonons, but describe an interaction between
them, where they exchange momentum.

1.4 Scalar field theory

Above, we have stumbled upon an example of a quantum field theory (so far, a scalar
field in one spatial dimension). Let me explain in terms of the action.

The action for our collection of oscillators is

Slq] = /dt (Z %ani - V({q})>

with V({¢}) = >, 35 (qns1 — ¢n)”. Now let’s try to take the continuum limit a —
0, N — oo (here N is the number of points in space).
Basically the only thing we need is to think

of ¢, = q(r = na) as defining a smooth

Continuum Limit ¢(x)

function, as in the figure at right. [Note
that the continuum field is often called ¢(x)
instead of ¢(x) for some reason. At least the (n-Da m (n+Da
letters ¢(z) and ¢(x) look similar.|

"Note that it s possible to make a non-quadratic action for conserved particles, but this requires
adding more degrees of freedom — the required U(1) symmetry must act something like

(ql, q2) — (cos 0q', sin 9q2).

We can reorganize this as a complex field ® = ¢' + ig? on which the symmetry acts by ® — ¢!/,
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We now have
(Qn - C]n—l)2 ~ 0,2 (aJJQ)2 |:c:na

Now the action becomes:

/dt/dm 1(9,q)? — pv? (8,q)° — r¢* — ug* — L) = /dt/d:z;ﬁ (1.17)

where ['ve introduced some parameters pu, vg, 7, u determined from m, k... in some ways
that we needn’t worry about. £ is the Lagrangian density whose integral over space is
the Lagrangian L = [ dzL.

The equation of motion is

5S
= —pG — p3diq —rq — 2ug’ — ...

From the phonon problem, we automatically found » = u = 0, and the equation
of motion is just the wave equation (1.9). This happened because of the symmetry
Gn — qn + €. This is the operation that translates the whole crystal, It guarantees
low-energy phonons near k = 0 because it means ¢(x) can only appear in S via its
derivatives.

The following will be quite useful for our subsequent discussion of quantum light.

Notice that we can construct a hamiltonian from this action by defining a canonical

BL

field-momentum 7(z) = §= = ud;q and doing the Legendre transformation:

H = Z (Pnn — Ln) = /da: (m(z)q(x) — L) = /dw (W(;Z)Q + w2 (0,q(2))* + 7¢* + ug* + ) .

(1.18)
(Note that I suppress the dependence of all the fields on ¢ just so it doesn’t get ugly,
not because it isn’t there.)

If we were feeling fancy, we could now talk more about the field operator

\/;Z\/_ Tay, + ek T)

and its canonical conjugate momentum

1 hlu’ ikz —ikx .1
):iwi;\/wk(e a, — e ak>.

(7 (z) is the quantum operator associated with the field-momentum 7 above.) Notice
that the position along the chain x here is just a label on the fields, not a quantum
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operator. The point of the mode operators a is that in terms of them, the Hamiltonian
is a sum of independent terms

1
H:Zhwk (alak—l—é) .
k

The field q is called a scalar field because it doesn’t have any indices decorating it.
This is to be distinguished from the Maxwell field, which is a vector field, and which
is our next subject. (Note that vibrations of a crystal in three dimensions actually do
involve vector indices. We will omit this complication from our discussion.)

The lattice spacing a and the size of the box Na in the discussion above are playing
very specific roles in reqularizing our 1-dimensional scalar field theory. The lattice
spacing a implies a maximum wavenumber or shortest wavelength and so is called an
“ultraviolet (UV) cutoff”, because the UV is the short-wavelength end of the visible
light spectrum. The size of the box Na implies a maximum wavelength mode which
fits in the box and so is called an “infrared (IR) cutoff”.

There is one annoying thing I should mention about the infinite-volume limit. In
that limit, the wavenumbers become continuous, and the ), wants to become an

integral. The correct replacement is %Zk e [dk = [ %. Note that the units work

out. We will also want to replace the Kronecker delta in [a,, al,] = & b2 9ms (k—FK")

with a Dirac delta function. Here the units don’t work. This last step requires a change
in normalization of the ass by a factor of /L.

Continuum (free) scalar field theory in d + 1 dimensions

Notice that these continuum expressions are easy to generalize to scalar field theory
in any number of dimensions: The action is

Ste) = [ at's (gw — V6T V<¢>>
and the Hamiltonian is
2
H = /ddx (% + %/w? (ﬁqb : ﬁqb) + V(¢)>

with 7 = pug. Again, think of ¢,(t) = ¢(zn,t), pu(t) = w(x,,t) as defining the fields
via their values at the grid points. The equations of motion are

05 ov

_ — 272 oV
O_éqﬁ(t,f) = —puo + pu; Voo + s

Let’s think about the special case where V(¢) = %m2¢2, so the model is gaussian,

and the equation of motion is linear in ¢. A translation invariant linear problem is
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solved by Fourier transforms: ¢(z) = \/% S e R m(z) = = e~ this is

1 1
H= Z (Zﬂ'kﬂ'_k + 3 (/wgk‘z + m2) ¢k¢_k>
k

where k2 = (—ik) - (ik) = k - k. Using

o= g o) = T ),

this is

where

The field operators

satisfy the canonical commutation relation
[¢(2), 7(&")] = ih16 (7 — ).
This is morally the same equation as our starting point for each ball on springs:

[q’m pn’] - lh]lénn’

[End of Lecture 3]
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1.5 Quantum light: Photons

The quantization of the Maxwell field is logically very similar to the preceding dis-
cussion. There are just a few complications from its several polarizations, and from
the fact that quantum mechanics means that the vector potential is real and necessary
(whereas classically it is just a convenience).

Maxwell’s equations are :
V-B=0, VxE=-0,B, (1.19)
V-E= p/€o, AV x B = 8tE +j/50. (1.20)

The first two equations (1.19) are constraints on E and B which mean that their com-
ponents are not independent. This is annoying for trying to treat them quantumly. To
get around this we introduce potentials which determine the fields by taking derivatives
and which automatically solve the constraints (1.19):
E=-V&—0A B=VxA.
Potentials related by a gauge transformation
A A =A-V) &0 =+

for any function A(7t), give the same E,B. The Bohm-Aharonov effect (below?) is
proof that (some of the information in) the potential is real and useful, despite this
redundancy. We can partially remove this redundancy be choosing our potentials to
satisfy Coulomb gauge

V-A=0.
In the absence of sources p =0 = f, we can also set ® = 0. In this gauge, Ampere’s
law becomes

—

AV x <6 X /T) = V- (6 : A) AVA = —PA e |PA-AVEA=0|

This wave equation is different from our scalar wave equation (1.9) in three ways:

e we're in three spatial dimensions,
e the speed of sound v, has been replaced by the speed of light c,

o the field A is a vector field obeying the constraint V-A=0. In fourier space
A(z) = >, e*TA(k) this condition is

0="Fk-Ak)

— the vector field is transverse.



Recall that the energy density of a configuration of Maxwell fields is u = % (EQ + 2 52) .
So the quantum Hamlitonian is

S . N2 N
H=2 /d3 <E2+0232> :%0/(1%((@/1) +(V><A)) . (1.21)
Here E = —0,A plays the role of field momentum 7(z) in (1.18), and B = V x A plays
the role of the spatial derivative 0,q. We immediately see that we can quantize this
system just like for the scalar case (by analogy, replacing L — L3, 1 — ¢) by expanding
the quantum Maxwell field in terms of independent creation and annihilation operators:

X h AR U Tk L~k
A0 =32 3 e (B0 4 2 (e ™)
k S=5hH

We're going to need to know how this evolves in time (for example, because we’ll
need to construct E = —8,5A). One way to do this is to solve the Heisenberg evo-
lution equation 9,A = +[H, A] (using the fact that H is time-independent) to write
A(Ft) = e HI/MA(F)eiHt/h - Alternatively, we can just write the general positive-
energy, transverse solution of the Maxwell equation (two polarizations for each E), as
a superposition of each such solution eiE"Li”kté}(lA@) (where k- & = 0 guarantees trans-
verseness and w? = c*k? solves the Maxwell equations for fT), then replace the constant

coefficient in front of each solution with its own annihilation operator, a; . satisfying
[, k] = Ohae b (1.22)
The result is

NGUEDIDS \ 2¢ 5 3 < p BRI L al E (ke ﬂE’HW) '
0wk

§os=12

The field momentum is (up to a factor of 50) = —8tA ;

E E | ™R — ik-F—iwgt T o —ikTHwgt
T t = 1 ap € 1 k" —al e k: e k
260L3 k S S k‘,S S( )

5 Also, the magnetic field operator is

B=VxA= Z Z \| 57— 2€oka3 — ik x ak es( ) ikt agsé:(/%)e—iﬁ-ﬂiwkt)

81 should say a bit more about the polarization vectors, €s. They conspire to make it so that there
are only two independent states for each k and they are transverse k - €s(k) = 0, so s = 1,2. The
polarization vectors for a given k can be chosen to satisfy a completeness relation:

Zem =0 — (1.23)

This says that they span the plane perpendicular to k.
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where I've highlighted in red the places where these expressions differ from that for A.
It seems like the canonical commutator should generalize according to
) m(@)] =ihd(e —a') (A, B ()] = RS (T =)0y /e
where i, j = 1..3 are spatial indices. This is not quite true. If we plug in the expressions
above and use (1.22) and (1.23) we find instead

[Ai(7), E; ()] = —ih / d’k ei’?'w—f”) — ki ) /2o

As a check, note that using this Hamiltonian and the canonical commutator, we can
reproduce Maxwell’s equations:

024 = —O,F = —%[H, E] = V24
The last step is a bit nontrivial (see the homework).

Plugging these expressions into the Hamiltonian (1.21), we can write it in terms of
these oscillator modes (which create and annihilate photons). As for the scalar field,
the definitions of these modes were designed to make this simple: It is:

1
H=> hw, (azak + 5) :

The groundstate is the vacuum |0) annihilated by all the annihilation operators
ays [0) = 0. Notice that the vacuum energy is

= (0| H|0) = Zm}k = —L3 /d%hck (1.24)

The fact that in the continuum ), is no longer a finite sum might be something
to worry about. We will see below in §1.6 that this vacuum energy has physical
consequences.

The first excited states have the form
al,,[0)

and represent a single photon of momentum £ in the polarization state s. Note that
the polarization represents a double degeneracy of each k-state. We can make states
of two photons a,t Sak, |0) = a,t, ,ak . |0). Photons are identical bosons. Again we can
make a basis for the full Hilbert space by specifying the occupation numbers of each

_|_ nkl _I_ nkQ
<ak1751> (ak2752> |O>

V)l y/(ng)!

mode

- ‘{nkl,sp Mho,s9) }> .
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Consolidation of understanding

So far in this chapter, we have studied systems of increasing complexity: the simple
harmonic oscillator, a scalar field, and the EM field. They all have the same structure,
in the following sense.

In the following, Here ReA = 1 (A + AT) as usual. The normalization constant in

h
2mwi V' °

finite volume V is N}, = %

1 1 1
Hsno = 5—-p” + 5mw’’ = hw (aTa + 5)

lq,p] =ih = |a, aT] = 1.

q=ReNa, p=mlmwNa.

1 1
Hld scalar — /dl’ (Q,Mﬂ- + /JJC (a ¢ ) Zhwk (akak + 2)

[y, al,] = ihdw < [@(x), w(2)] = ihd(x — 2).

e (ZNkeimak> , m(x) = plm (Z wk./\fkeik”ak> )
% %
H —/d3x O g _ 3" hwy (a,a +1
EM 5 5 k| Bpsdhs + 3

k,s=1,2

[Ags, a6, ] = Moy bew < [As(), B (2)] = ih6%(x — 2/)5;.
A($) = Re <Z/\/’keig'faks€s(l%)> , E(x) = plm (Z wkaeiE'faksés(l%)> )
k k

Note that E is the canonical momentum of A since (in Coulomb gauge) E = —8,A.
I wrote the not-quite-true form of the commutator of A and F; this agrees with the
more correct expression when acting on transverse vectors, like A itself.
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Mossbauer more microscopically

As an example where you can see the photon machinery in action, we return to our
discussion of the Mossbauer effect. Now we can answer in more detail the question:
where did that H;,; that we used in the Mossbauer effect come from? This requires
information from all of the previous subsections: it involves both phonons and photons.
A more microscopic description of the transition rate would include the radiation field,

too:
W (N;, L, R — Ny, Ly, Ry) o< | {f| Hin |3) |2,

where now N; ¢, L; ¢, R; y denote initial and final states of the nucleus (and electrons),
lattice and radiation field, respectively. We are working in a big hilbert space H =

Hy @ Hp ® Hrg.

Again we ignore the nuclear stuff:
W(Ni, Li, Ry — Ny, Ly, Ry) o< | (Ly| @ (Re| Hpr | Li) @ |R;) [*.

If the photon gets absorbed, the final state of the radiation field is the vacuum, no
photons:

(Bl = r (0]

which is annihilated by the photon annihilation operators: ag|0), = 0 and hence
r (0] aTKS = (. The initial state is one photon of momentum K and some polarization
s:

[Ri) = K, s)p = al, [0)5 -

What is the interaction hamiltonian H;,? As you’ll remind yourself on the home-
work, the hamiltonian for a charged particle (such as an ion in the solid) in an EM
field is

1 /. - 2 1 ?
Hi= o~ (B+eA()) = 53— (' +epA+eAp+c?A?) = 2+ Hi,.
2m 2m 2m

Think of e as small, so that we may treat H;,; as a perturbation. Here we should use
our expression above for the quantized photon field:

A(x) ~ ; <aKeiK$ + a}e‘iK“”) :

The catch here is that we have to evaluate this at the location of the ion, which means
that the x appearing in the argument is an operator, x!

The final term in H; proportional to A? changes the number of photons by an
even number, and so doesn’t participate in the process we are talking about where one
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photon is absorbed. So we just need to think about the middle terms with one A. The
p is pretty innocuous:

pein 4 einp — (p 4+ K) ein

and we’ll just focus on the second term. So the matrix element is:
W o [(Lg| ® g (0] ™ag |Li) © af [0) [
= | (Lg] " |La) P (0] acae [0) P = [ (L] L) 2

which is our previous expression.

[End of Lecture 4]

34



1.6 Casimir effect: vacuum energy is real

[Le Bellac, 11.5.12 page 399; A. Zee, Quantum Field Theory in a Nutshell] This sub-
section has two purposes. One is to show that the %hw energy of the vacuum of the
quantum harmonic oscillator is real. Sometimes we can get rid of it by choosing the
zero of energy (which doesn’t matter unless we are studying dynamical gravity). But
it is meaningful if we can vary w (or the collection of ws if we have many oscillators as
for the radiation field) and compare the difference.

The other purpose is to give an object lesson in asking the right questions. In
physics, the right question is often a question which can be answered by an experiment,
at least in principle. The answers to such questions are less sensitive to our silly
theoretical prejudices, e.g. about what happens to physics at very short distances.

In the context of the bunch of oscillators making up the radiation field, we can
change the spectrum of frequencies of these oscillators {wy} by putting it in a box and
varying the size of the box. In particular, two parallel conducting plates separated by
some distance d experience an attractive force from the change in the vacuum energy
of the EM field resulting from their presence. The plates put boundary conditions on
the field, and therefore on which normal modes are present.

To avoid some complications of E&M which are not essential for our point here,
we're going to make two simplifications:

e we're going to solve the problem in 1+1 dimensions

e and we're going to solve it for a scalar field.

To avoid the problem of changing the boundary conditions outside the plates we
use the following device with three plates:

|« d— | +— L—d — |

(We will consider L > d, so we don’t really care about the far right plate.) The
‘perfectly conducting’ plates impose the boundary condition that our scalar field ¢(z)
vanishes there. The normal modes of the scalar field ¢(z) in the left cavity are then

¢; =sin (jrz/d), j=1,2,..
with frequencies w; = ck; = #c. There is a similar expression for the modes in the
right cavity which we won’t need. We’re going to add up all the %hws for all the modes
in both cavities to get the vacuum energy FEy(d); the force on the middle plate is then

—0q4Ey.
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The vacuum energy between the outer plates is the sum of the vacuum energies of
the two cavities

Eo(d) = f(d) + f(L —d)

1, & T = .27
f(d):§h;wj:hczl;j = 0.

We have done something wrong. Our crime is hubris: we assumed that we knew what
the modes of arbitrarily large mode number k (arbitrarily short wavelength, arbitrarily

where

high frequency) are doing, and in particular we assumed that they cared about our silly
plates. In fact, no metal in existence can put boundary conditions on the modes of
large enough frequency — those modes don’t care about d. The reason a conductor puts
boundary conditions on the EM field is that the electrons move around to compensate
for an applied field, but there is a limit on how fast the electrons can move (e.g. the
speed of light). The resulting cutoff frequency is called the plasma frequency but we
don’t actually need to know about all these details. To parametrize our ignorance of
what the high-frequency modes do, we must cut off (or regularize) the contribution of
the high-frequency modes. Let’s call modes with w; > m/a high frequency, where here
a is some short time”.

Then one possible model of the microphysics, which makes the sum both finite and
doable, is realized by making the replacement:

f(d) ~ fla,d) = hc% ; e~ @il

whe > -
_ —aj/d
= 5 Oy (E e ¥ >

J=1

— 1 _
T 1_e—a/d 1

whe ea/d

T2 (eald _ 1)

akd wd T wa?
~ h —_— —— 4

2a? 24d  480d?
~~

—00 as a—0

T (1.25)

Answers that don’t depend on a have a chance of being meaningful. The thing we can
measure is the force:

F = =0y =—(f'(d) = f'(L - d))

9You can think of @ as the time it takes the waves to move by one lattice spacing. If we work in
units where the velocity is ¢ = 1, this is just the lattice spacing.
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(1+0(d/L)) . (1.26)

This is an attractive force between the plates.

The analogous force between real conducting plates, caused by the change of bound-
ary conditions on the electromagnetic field, has been measured.

The string theorists will tell you that Z;’il J = —%, and our calculation above
agrees with them in some sense. But what this foolishness means is that if we compute
something which is not dependent on the cutoff we have to get the same answer no

matter what cutoff we use. Notice that it is crucial to ask the right questions.

An important question is to what extent could we have picked a different cutoff
function (instead of e=™/*) and gotten the same answer for the physics. This interest-
ing question is answered affirmatively in Zee’s wonderful book, 2d edition, section 1.9
(available electronically herel!).

A comment about possible physical applications of the calculation we actually did:
you could ask me whether there is such a thing as a Casimir force due to the vacuum
fluctuations of phonons. Certainly it’s true that the boundary of a chunk of solid
puts boundary conditions on the phonon modes, which change when we change the
size of the solid. The problem with the idea that this might produce a measurable
force (which would lead the solid to want to shrink) is that it is hard to distinguish
the ‘phonon vacuum energy’ from the rest of the energy of formation of the solid,
that is, the energy difference between the crystalline configuration of the atoms and
the configuration when they are all infinitely separated. Certainly the latter is not
well-described in the harmonic approximation (A = 0 in (1.6)).

A few comments about the 3+1 dimensional case of E&M.

Assume the size of the plates is much larger than their separation L. Dimensional
analysis shows that the force per unit area from vacuum fluctuations must be of the
form

where « is a numerical number. « is not zero!

Use periodic boundary conditions in the xy planes (along the plates). The allowed
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wave vectors are then

i 2mn, 2mwn, TN
\ L, L, L

with ng, n,,n integers.

We have to do a bit of E&M here. Assume the plates are perfect conductors (this
is where the hubris about the high-frequency modes enters). This means that the
transverse component of the electric field must vanish at the surface. Instead of plane
waves in z, we get standing waves: E, ,(2) o sin (nwz/L) .

The frequencies of the associated standing waves are then

m2n2
12

wn(E) =c +k2n=0,1,2..

Also, there is only one polarization state (E o 2) for n = 0.

So the zero-point energy is

where it’s useful to define /

1
> =5 Zﬁ :
n=0,k n>1k

nk

Now you can imagine introducing a regulator like the one we used above, and replacing
/ / .
IS S
n,k n,k

and doing the sums and integrals and extracting the small-a behavior. The result is
a= —;—;!, an attractive force. It was measured in 1998.
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1.7 Identical particles

[Griffiths chapter 5, Le Bellac chapter 13, Weinberg §4.5, Baym §18]

Every photon is the same as every other photon, except for their position (or mo-
mentum) and polarization state. This is an immediate consequence of how we discov-
ered photons by quantizing the Maxwell field: the state with n photons of the same

al )"
Ch)

In fact, the same is true of all the other kinds of particles we know about, including

momentum and polarization is

n photons with l;, a> =

electrons (for which we haven’t seen a similar classical field description).

This means that we can write the state of N such indistinguishable particles merely
by specifying a collection of positions and of polarization (or spin) states — we don’t
need to say which is which (and in fact, we cannot).

Indistinguishable means that the probability of finding N such particles in a state
labelled ki - - - kyay must be invariant under permutations of the particles:

P(kiay - kyan) = Pkr, oy - by Qryy)

where here 7 denotes a permutation on N objects (12...N) — (myma...my). This means
that the wavefunction (P = |¥]?) must be preserved up to a phase:

U(kiog -+ kyay) = eie\IJ(kmcmT1 e Ky Oy )

What can we say about this phase?

A wavefunction for N such particles is of the form
\I[(kla Qg5 .. kNa CYN) = <k/’10[1; e )kNa O[N|\II> - <0| aklalakgag e ak‘NocN |\Ij> .

(Here T am anticipating the second-quantized description.) But the same state is
described if we switch the labels of any two of the particles:

U(ko, cvo; k1, an;....) = aV(ky, aq; ks, ag;....)

where a is some phase (recall: multiplying the whole wavefunction by a phase does not
change the state). Switching them back gives back the first state'’:

U(ky, aq; ke, cro;....) = az\lf(kl, aq; ko, g .l)

10Tn two spatial dimensions, something interesting can happen. The phase a can depend on the
topological class of the path by which we exchange the particles. Going around one way can be
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so a®> = 1. There are two solutions: a = +1 and a = —1 and the two classes of
particles associated with these two choices are called respectively bosons and fermions.
For bosons, the wavefunction is simply permutation invariant:

Up(l---N)=Vpg(m ---7N).
For fermions, the sign of the wavefunction changes under an odd permutation:
Up(l---N)=(=1)"Vp(m - 7n).
An odd permutation is one that can be made from an odd number of transpositions.

(For example (123) — (213) is odd, but (123) — (231) is even.)

Note that the Hilbert space of N indistinguishable particles is therefore not quite
a tensor product of the Hilbert spaces of the individual particles. In fact, both the
bosonic states and the fermionic states fit easily into HYY. If D = dim H;, then

. D! D
e = 31~ ()

—1)! —_
dimHB:(N+D 1).:(N+D 1)

N!(D —1)! N
and in fact dim Hp + dim Hp < dim HPY = DV (for N > 1).

different from going around the other way. This leads to the possibility of anyons.

One way to see that something is different in D = 2+ 1 is to think about the path integral for, say
two particles. In the special case of 2+ 1 dimensions, the worldlines of the particles can braid around
each other; undoing a braid requires a collision between the particles. In more dimensions, the paths
can be unlinked without any collision. This means that in D = 2 4 1, the sum over paths can be
divided up into topological sectors, labelled by the number of times n the particles wind around each
other. Nothing can stop us from weighting the contributions of paths in different sectors differently:

7 — Zeinazn

where Z,, is the sum over all paths in the sector labelled n. The phase 6 determines the statistics of
the particles.

There is an even more dramatic thing that can happen, again only in D = 2 + 1. There can be a
degenerate subspace of the Hilbert space associated with the presence of two anyons. Exchanging the
two particles, or moving them around each other, can then result in not just a phase, but a whole
unitary operator acting within this degenerate subspace. Since two such unitaries generally do not
commute, such particles are called non-abelian anyons.
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How then can we ever discuss the wavefunction of a single electron?? Don’t we
have to antisymmetrize it with the state of all the other electrons in the world?
Suppose there were only two electrons in the world, and the two single-particle
states involved were ¥y (z) and ¢r(z) (‘H for ‘here’ and ‘T’ for ‘there’). The
full state is

1
Y (xy,79) = E (Y (z1)r(22) — Yr(21)¢H(22)) - (1.27)
What is the probability of finding an electron somewhere around here at location
x?

P(an electron at z) = /dx2|\11(x,x2)|2 + /dx1|\lf(x1,x)|2 (1.28)
—Wu@)P [ )P +ler@F [ )
~ Revu(o)ila) [ dpbuin@) . (129

But suppose we know that the two states don’t overlap: ¢r(x)yy(x) = 0 for
all z. Then the last interference term vanishes, and one or the other of the first
two terms vanishes wherever we look, and by normalization of ¥7 and g, the
other reduces to the formula we would have used if we didn’t know about this
antisymmetrization stuff.

Conclusion: you only need to worry about antisymmetrizing states that overlap.

Compare the mind-set of first-quantized and second-quantized descriptions. In the
first-quantized formalism, we must answer the question: which particles are in which
single-particle states? For example, we can write states like |a), ® |5), or |3), ® |a),,
where «, 8 are two different singie-particle states. Only the combinations

), @ [8), £ [8), ® |a), (1.30)

are allowed states of bosons and fermions, respectively. In the second-quantized for-
malism, we only need to answer: how many particles are in each single-particle state?
Then the states (1.30) would be denoted

Ing =1,ng =1)

with no further fuss. The second-quantized language is like Newspeak, the language in
Orwell’s 1984 in which it is not possible to formulate heretical statements. But in a
good way.
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A second advantage of the second-quantized language is that the single-particle
language quickly becomes unwieldy as the the number of particles grows. Above in
(1.30) I wrote a state of two identical bosons or fermions. Its wavefunction, in position
space, say, 1s

U p(21,T2) = ta(r1)ug(22) = ug(T1)ua(2s).

Here each u,(z) = (z|a) is a single-particle wavefunction. Suppose I had three parti-
cles. What does the wavefunction look like if I fill three levels a, 3,~7 Here’s a trick
for the Fermi case:

Up(z1, 29, x3) = det M (1.31)

where

The structure of the determinant

det M = 3 (1) Mg, -+ Mgy

TESN

makes it automatic that this is antisymmetric under interchange of the position labels,
Up(zy, T2, 23) = —Wg(za, x1,23). The wavefunction (1.31) is called a Slater deter-
minant. For N fermions the state associated to a collection of single-particle levels

(al"'aN)(

{C‘él"'aN} 1s \IJF 1’1"'13N):detijuai(xj)'

To make the wavefunction for bosons made from these same single-particle states,
just remove all the minus signs involved in constructing the determinant:

Up(zy-ay) = Z My, -+ My, = Per(M),

which is called the permanent of M. Now the «; don’t all have to be different.

An immediate consequence of the minus sign under exchange of fermion labels is
the Pauli exclusion principle:

\I/Fermions(kh Q; kla Qay, ) = 0.

No two fermions can occupy the same single-particle state. The ground state of a
collection of (non-interacting) fermions is therefore quite interesting, since we must find
a different single-particle state in which to put each of our fermions. This has many
dramatic consequences, including the periodic table of elements, and the distinction
between metals and insulators that we discuss next. [End of Lecture 5]
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1.7.1 Band structure: metals and insulators

Now we will say some words about fermions in periodic potentials. This will allow us
to quickly understand a way to distinguish metals and insulators. Then we’ll translate
to the second-quantized language.

Consider a collection of fermions that care about each other only because of the
Pauli principle — the hamiltonian is a sum of terms involving the fermions one at a
time. Suppose that each fermion (call them electrons) can live at one of N sites in a one
dimensional crystal, and can hop from one site to the next by some tunneling process.
Further suppose that each site involves several (we’ll say two for simplicity) atomic
orbitals (or spin states), so the one-particle hilbert space is H; = span{|n) ® |a) ,n =
1..N,a =0,1}. We'll suppose that each electron is governed by the hamiltonian

H, = —tz (InXn+ 1]+ |n+ 1)Xn|) ® 1 + Z In)n| ® e|1)1| = H; + H..

The first term allows the electrons to hop. The second term says that one of the orbitals
has lower energy than the other (]0) is the ground state and |1) has energy ¢ > 0). For
example, if a is a spin label, this could be the result of a Zeeman field of strength e.

What is the spectrum of Hy, the hamiltonian of one electron hopping in this solid?
The two terms commute [H;, H = 0, so we can simultaneously diagonalize them.
Let’s assume periodic boundary conditions for simplicity. Notice that the problem has
a discrete translation invariance, which should be familiar by now. Moreover, it’s just
two copies of the problem on the problem set; the eigenstates are eigenstates of the

momentum 1

kY ® |la) = — e n) @ |o a=0,1
k) @ la) \/N; n) @ |av)
with eigenvalues'!

ca(k) = =2t coska + €6a1. (1.32)

For finite N, the allowed independent wave numbers are
{k; = 2Zj,j = 1.N}. Here is the spectrum for ¢/t = 6, " L
with N = 60 sites. There are 120 = 2N dots because this is | -~

the size of our single-particle Hilbert space. The two curves
are sometimes called ‘bands’. This is because they describe
bands of allowed energies. The bandwidth here is 4t. In this

plot there is a gap between the bands, which depends on e.

HT picked this example for simplicity so we don’t waste time diagonalizing lots of matrices. More
generally, it’s interesting to consider a more generic action of Hy on the orbital degree of freedom. This
would give us more interesting bands. On the next homework, you’ll get to study such an example.
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Here the allowed bands of energies are highlighted:

Here is the spectrum for €/t = 2:
Now the bands overlap.

To understand the important consequence of this distinction, now consider what
happens if we have many fermions. If we have one fermion, the ground state is found
by putting it in the lowest energy state, here £k = 0, = 0. If we have two, the
Pauli principle forces us to put them in different states; we should put the second
(note that they don’t really have an order) in the second lowest energy state; here it is
a=0k= % Each fermion we add fills the next-lowest-energy state. So each dot in
these figures is a possible cubbyhole in which to stash our electrons. Only one electron
fits in each hole. In the ground state, the electrons pile up in the lowest holes.

Suppose we have N fermions — one per ion site. This is natural if we think of the ions
as carrying positive charge; with IV electrons the whole thing will be neutral and happy.
The ground state is constructed by filling the lowest half of the one-electron states —
recall that we have 2NN single-particle states altogether. If the bands don’t overlap (if

€ > 4t), this means we just fill the bottom band: Filled

states are indicated in red.

The lowest energy excitation of this system is achieved by taking one of the electrons
out of a filled state in the bottom (‘valence’)band and raising it all the way to the empty
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an insulator (aka semiconductor). It has an energy gap: the energy of the first excited
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apply an infinitesimal electric field, nothing will happen, no Ohm’s law.
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The name for the energy of the last filled level is the Fermi energy € F (z;nd ‘the name
of its momentum is the Fermi momentum, kr). ' Now the first excited state of the
N-electron system is achieved by a very small change — we can stay in the same band.
The energy cost to excite the system from the ground state is of order Akdke|., ~ %
(where Ak = % ) which goes to zero as N — oco. There is no energy gap. When the
Fermi energy is in the middle of a band, the system is a metal.

Groundstates of such macroscopic (N — oo) systems can be called states of matter.
This sort of sharp distinction between possible behaviors of states of matter — like
whether there is an energy gap — is the central preoccupation of condensed matter

physics.

By the way, what we have really shown here is that when the Fermi energy is in
the middle of the band, the system has very low-energy excitations. The fact that it
actually conducts electricity is also a consequence of quantum mechanics. It happens
because the wavefunctions of these low-energy excitations are extended across the ma-
terial — they are (quasi-)momentum (k) eigenstates. This means that they can carry
a current across the sample, Im;0,¢, # 0. Notice that this picture departs dra-
matically from the classical (Drude) picture of charge transport by a charged particle
bouncing around in the lattice. Notice that the form of the lattice is already built into
the wavefunctions ;! (At this point we actually have the opposite problem that the
answer we would compute for the resistance of such a metal is zero. To get the right

12Partly because we chose such a simple example for our Hamiltonian, we find several (4) places
where the bands cross the Fermi energy — several Fermi momenta.

45



finite answer we would need to include some form of disorderin the lattice, or phonons,
and/or interactions between the electrons.)

Fermionic operators. What is the analog of the description of the many-body
system in terms of mode operators a; that we had for phonons and photons? We can
introduce operators that create and annihilate electrons just like we did before:

Ca [0) =0, €l [0) =n) @ o).

Notice that they are labelled by a position n and an orbital label & = 0,1. Our boson
creation operators satisfied the algebra 1 = [a,a'] = aal — afa (for each mode) and
this led to boson statistics. We need somehow to prevent two electrons from being in
the same state. We can accomplish the Pauli principle simply by demanding that

for each mode, i.e. (cm)2 =0= (cjm)2. It’s just zero. More generally, in order to
make sure that the wavefunction is antisymmetric under interchange,

o, B) = clich [0) = —cficl [0) = = |8, ),
we also need to change a key sign:
1={c,cl} =cc +c'c.
This is called an anticommutator. With the labels the algebra should be:
{Coer €} = GoaOnms {Cnas Corar } = 0. (1.33)

This last statement is weird: fermion operators, even if they create particles that are
far apart, do not commute. Rather they anticommute. Fermions are weird in this
sense. (We saw above however that this does not mean that you have to worry about
all the electrons in the world when thinking about the physics of the electrons you're
interested in.)

Note that each fermionic operator c satisfying
=0, {cct=1
constructs the Hilbert space of a qubit (i.e. a two-state system) as follows:

cll) =0, ¢y =1

The two states of the qubit just describe the presence or absence of the fermion in this
state. Exercise: we can rewrite the Pauli operators as

1
o’ =c+cl, ayZT(c—cT), o” =2clc — 1.
i
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These operators satisfy the Pauli algebra, o'c’/ = ie“*a*. Also note that o= =
c',o0~ = ¢ and the number operator cfc (whose eigenvalues are 0 and 1) is cfc =
1 =z

o’ + 1.

Now we can write the many-fermion Hamiltonian as

maﬂy = _tz < Cra n+1 a + Cn+1 @ na) + Z 6Oéﬁcnoz npB:

Such a Hamiltonian is sometimes called a tight-binding model, since we’ve restricted
the allowed positions of the electrons to certain well-defined orbitals, labelled by n.

) 00
Above we have chosen the very simple case where €,3 = (O )
€

This hamiltonian is of the form

Hyany = Z CithBCB
A
(here A = na is a multi-index labelling an arbitrary state in the single-particle Hilbert
space) and can be diagonalized by choosing a more favorable linear combination of
the creation operators, which diagonalize the (ordinary c-number) matrix A which
acts within the single-particle Hilbert space. Because of translation invariance, these
more-favorable modes are (no surprise) momentum eigenstates (we solved this problem

above):
ikz, C

CakE\/LN;e

many E : Cakcakga

with e,(k) given above in (1.32). The ground state of n such electrons is

|ground state) = H cl, [0).

n (k,a) with the smallest €q (k)

in terms of which

The groundstate wavefunction is
U(riaq, - rpoy) = (rag - - - rpap|ground state) = (0] €rya, « - €1y ay, [ground state)
is the Slater determinant of the n lowest single-particle wavefunctions:
n
U(riay, - rpan) = dgt U, g, (1j05)

where the single-particle wavefunctions are ugg(ra) = \/—%ei’”’éafg. (The dependence on

a, 3 is so simple because of our simple choice of Hamiltonian.) [End of Lecture 6]
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1.8 Second quantization, from scratch

Above, we discovered the second quantized description in an organic way. Let’s back
up and consider the formalism more generally on its own terms.

Creation operators for general one-particle states. Given a one-particle state
with momentum-space wavefunction ¢(k) = (k|p), let

al(p) = alp(k). (1.34)

Then if |k) = a] |0), we have

al(¢) |0) = ;ww(/ﬂ) = |y}
)

So this operator creates a single particle in the state ¢.

The commutation relations of such operators are as follows. If
akaz, — CaLak = Opp
where ( = £1 for bosons and fermions respectively, then I claim that

a(p1)al(p2) — Cal(p2)al(e1) = (pa]ep1) .

One-body operators. An arbitrary operator acting on the one-particle Hilbert
space H;, = span{|a)} (assume this is an orthonormal basis) can be written as

Ar =) |a)B]Aws.
af

How do we write the corresponding operator on the many-body Hilbert space? In the
first-quantized language, a basis for the states with n particles is of the form

|u1 .o .uN> = ZCW |u7T1> ® |u7r2> ® tt ® |u7rn>

where u; are some single-particle states (they could be the same basis as «, ), 7 € S,
is a permutation, and again ( = + for B/F. Here by (—1)" I mean —1 if 7 is an odd
permutation and +1 otherwise. On such a state, we want A to act as

Aluruy) =3 | (Arfum))  tmy o tm,) + [my) (A [ty [ty - 10m,) + -
s
:ZaﬁAa6|aXﬁ|u‘nl>
(1.35)
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The effect of the operation |a)(| is to replace the state 5 with the state a. On the
many-body Hilbert space, this happens wherever the A; acts. But this is precisely
what is accomplished by the many-body operator

al(a)a(B)

— it destroys a particle in state § and creates a particle in state o. Notice that this is a
bosonic object, no matter what are the statistics of the as. If there is no such particle
to destroy, it just gives zero. Therefore,

A= Z a'(a)a(B)Aqs.
af

For example, we can write the kinetic energy of a collection of free particles in this
language. The single-particle operator is just H; = %. On n particles, we would write

n 2
b;

L~ 29m’
=1

H, =

On an indefinite number of particles, we can write instead

(hk)?
H= Zazak Yot
k

In this last expression, p = hk is just a number — %

this example, which happens to be diagonal in the k basis of the one-particle Hilbert

are the matrix elements of A, in

space. Notice that the fixed-particle-number operators above can be written as
H, = II,HII,
where II,, is the projector onto states with exactly n particles.
Above, I claimed without much proof that the state we get by filling single-particle

levels and (anti)symmetrizing is a Slater determinant or permanent. Let me clarify
that statement. Consider an n-particle state

1 g
’al"'an>:ﬁzg |dtgy) ® -+ @ |ag,)

: O'ESn

where the «; are arbitrary 1-particle states. Then the overlap between any two such
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states is

(o1l B) = 23 32 € (o {oa ) () ® - © 16,))  (1.36)

1
- EZCWCU <a01|ﬂ7r1>"'<aan|ﬂ7rn> (137)
L
= ﬁ Z < <0¢1’ﬁ7w—1(1)> e <anyﬁ7m—1(n)> (138)
= > ¢lailBn) - {anlBo) (1.39)

{ou|Br) -+ (u|Bn)
— TR (1.40)

(anlBr) - {anlBe)] |,

where |A|lc = Y (" Air, - -+ Apr, is the determinant or permanent for ¢ = —1 or +1
respectively. In the tricky step after (1.37) we permuted the factors in the product by
the permutation o (they are just numbers after all), and used ("¢ = (7o = (T

Particles in free space. [Baym, chapter 19] Let’s focus for a bit on the special
but important example of particles (bosons or fermions) living in a rectangular periodic
box of volume V = L,L,L, in the continuum. Then a useful basis of single-particle
states is the plane waves

Up(’l") = <T|p> = \/V’ bi = T?

We can include a spin label s =1, ], too. So a;[,s adds a particle with momentum p
and spin s; the amplitude for the particle to be at r is u,(r). And a,, removes such a
particle. These particles are bosons or fermions according to the algebra of the as

aaT —

T _
sy — Cy @, = 10y 05

Now consider

Yi(r) =) up(r)al,.

This adds a particle in a particular superposition of plane waves. In the state ¥ (r) |0),
the amplitude for finding the particle at position r’ is'® (using the completeness relation

13More precisely, including the spin label, the amplitude to find a particle at position at r’ with
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for our single-particle basis 1; = > [p)p|)
(r'| ¢l (r) Zu =(r—1r").

(The § function on the RHS here is a d-dimensional §-function, §%(r — ') but I'll omit
the superscript d to avoid clutter.) So we can say that 1(r) adds a particle at position
r. (Notice that this is a special case of the general formula (1.34); if we wanted to be
uniform, we would call it af(r).) The ¥ (r) are called “field operators,” just like ¢ in
our discussion of scalar field theory or A,(x) in our discussion of electrodynamics in
vacuum. A big difference is that now ¢ may be a fermionic object (if ( = —1). What
I mean by this is that they satisfy

¢5(7")¢l/ (T ) C¢T Z up (apsaj)’s’ Cap’s’aps> = (555/5(7“ - T,)'

() (r') = () (r) =0, I (n)w'(’) = i ()ei(r) = 0. (1.42)

When adding or creating particles at different points, the order doesn’t matter (up to a
sign for fermions). But at the same point, it matters if there is a particle there already.
For example, if there is no particle there then ¥ = 0, but 1t # 0.

Now we can make a position eigenstate of n particles (let’s forget about spin for a
moment):

Py ) = %wm () () [0) (1.43)

= Clrary--rn).

The statistics are automatic.

To add one more particle, we can try to do

W) [ry - ra) =Vl o, r)

and again the state is automatically (anti)symmetrized. To remove a particle, we just

spin s’ is
(r's'| T (r) Zu Tal, 10) = > wh(r)up(1)dss = 6(r — ')
p

So we can conclude that |rs) = I (r)[0).
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do

B(r) |- ) = V%ww*(m) B ()t () 0) (1.44)
- % (60— ) + COT(ra) (1)) §1 (racs) -~ 67(2) 0) (1.45)
. (1.46)
- % (87 — 1) [P+ s} -+ CO( — ) [r1 - o) =<+ C 18 — 1) [ra -+
(1.47)

So this is only nonzero if the position r at which we try to remove the particle is one
of the positions r; of the particles that are present. If it is, then we get a perfectly
(anti)symmetrized n — 1-particle state.

A similar calculation tells us the inner product between these states:

/ / 57“”/ T / / /
el ) = S G (30— 1,00 )6 ).

) ﬂESn

Warning: Actually the state (1.43) is not normalized. Consider for example n = 2
with 71 # 1o, where

141)(1.42) 1

= (1.48)

(ramalrirs) = 3 019(r2) B0 () $1(2) [0)
—_—
=¢t(r)p(ro)+1l

The reason is basically that |ry7s) and |rar;) are not different and each count as half a
state in the resolution of the identity we’ll find below — they aren’t different states! If we
wanted to, we could normalize this state to one and try to sum only over r; < ry. This
requires putting an order on the points and is annoying. Feynman (in his wonderful
Lectures on Statistical Mechanics, §6.7), for example, chooses to normalize his states
without the v/n! and put a 1 /n! in his resolution of the identity. However, his states
are then not normalized when e.g. vy = rs.

How to write the n-particle state |¥) whose wavefunction of the n particles is
U(ry---r,) 7 This is easy:

V) = Z W(ry--ory)|ry--rm).

T1Tn

Notice that this state is correctly (anti)symmetrized, even if the function W(ry---7r,)
is not; the un-(anti)symmetric part simply disappears. The amplitude in this state for
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observing the particles at r] ---r] is

(ry om0y = Y W (ra e () (1.49)

1T
1

- EZC”\P(T;I,T;Q et ) (1.50)

if U is (anti)symmetric: = W(ry-- 7). (1.51)

We can also check that the norm is

(UIW) = Y [W(ry--om)l”

T1Tn

And more generally, for any two n-particle states,

(@) = > & (ri- )W) = Y (Rfry o) (7| T)

r1Tn r1Tn

(The overlap with an n/-particle state for n # n' is zero because an extra annihilation
operator will hit |0) or an extra creation operator will hit (0].) Since this is true for all
(®|, we can just erase the ® and get

(O) = > fryeem) | B).

T1Tn

But this is also true for any ¥, so we have

1, = Z Py )T

T1Tn

is the identity operator on n-particle states,
]ln’ |q)n> = Onn/ |(I)n> .

The identity on the whole Fock space is
1= "1, =[0)0] + L,
n n=1

Operators on the Fock space. Ignore spin for a moment. I claim that p(r) =
YT(r)y(r) is the density of particles at r. The idea is simply: try to remove one, and
if you find one there, put it back (otherwise you get zero). Here is a more formal
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demonstration of this claim. If U, U’ are n-particle states,

(V'L p(r) [ @) = (W[4 (r)e(r) | ¥) (1.52)
= (W]41 ()1 (r) | @) (1.53)
= (U () Lo (r) | 9) (1.54)
= Z (VT e i) - raa [ (r) [9) (1.55)
=n Z (W (Jry - P )Xy - Tar]) | 0) (1.56)

_ Z (U |ry -1y <7~1...7~n|\p>25(7~—ri) (1.57)

r1Tn

where here ). d(r — 7;) counts the number of particles at r. Similarly, with spin,
ps(r) = ¥I(r)y,(r) counts the number of particles of spin s at 7, and Y ps(r) counts
the total number of particles at r.

N = Zp(r) = Za;rzsaps
r p,s

counts the total number of particles. [End of Lecture 7]

Let’s write some other one-body operators in terms of ¢. We saw above that the

K = Z a,.a Pso

Inverting the relation between a, and ¢r

kinetic energy was

—ipr

N
" ;st(% was

we have (using pelr" = —iVer),
1 = _ipr =/ —ipr’ / X 1 ip(r—r’ 6¢T ) ﬁl/) ﬁwT ) ﬁw
K= WZZ (Verr) (Ve ) ()t () :sz< 2 ZT
=06,
The particle current is
i) = 5 (910 - (Fei) wir)

and the spin density is

Zw* “” (r),



where & are the Pauli matrices.

Now I can explain the origin of the weird and misleading name ‘second quan-
tization’. The above expressions bear some visual similarity with the corresponding
single-particle expressions, were I to mistake the field operator ¢ (r) for a single-particle
wavefunction. So it looks as if we've taken the single-particle QM expressions for vari-
ous observables and in each of them replaced the wavefunction with an operator. That’s
not actually what we did!

The many body hamiltonian for a collection of non-interacting particles in a poten-
tial (for which the one-body hamiltonian is H = % + V/(r)) is then

T
H=>)" (W + W(rﬁb(r)V(r)) . (1.58)

Why do I call this non-interacting? Well, notice that each of these operators we've
written is of the form 9y — whenever it removes a particle, it puts it right back. An
interaction is something involving more powers of v, so that the doings of one particle
have an influence on those of another.

Interactions. [Feynman §6.8] For example, we might wish to consider a 2-body
interaction V®(z;,7;), which acts within the 2-particle Hilbert space as

- % D>z e, ylVE (@, y).

An example to think about is the Coulomb potential, V®)(z,y) =
find an operator that acts on an n-particle state as

. 1
Virgeeory) = §ZV(2)(Ti,7”j)|7"1"'Tn>~ (1.59)

We want to
|x yl*

A first guess might be
guess =3 Z V(Q) :C y (y)

where p(z) = T (x)(x) is the particle density operator. This is almost correct. How-
ever

p(x)p(y) = Vi, = COlviv, o, + dulvy = Wl b, + buyp(e)

it is not normal-ordered. Normal-ordered means all annihilation operators are to the
right of all creation operators. This is a good feature because it will mean that there
is no part of the operator that is secretly a single-particle operator. The correct V'

A_‘/guess_ ZV .2?37
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subtracts off this ‘self-energy’ term.
Let’s check that this definition
~ 1 9
V=32 vV O y)
ay

achieves the goal (1.59). First'

n . 1
ceery) = e e Ty, — 1.60
el tn) =0 3¢ R (1.60)
= E Cn—z—l(sa:’ri E njiéy’rj |T1 R T’j cee T’n> — (161)

i=1 j=1,j#i n(n—1)

il g <
where a hat means that that particle is missing, and n;; = {g 7 J . So we get
n—j L
; J =t
some horrible signs to keep track of. Now

%%%% ry -y = ch—iq(sxﬂ Z MjiOyr, |0, Yy 71 Foe e Tyoory) (1.62)
i=1 J=Lj#i
= Z gn_i_lfsx’,” Z njifsy,rj |’]"Z7 Tj? ’]"1 RIS 7/”; Y f‘\] .« .. T?’L> (163)
=1 J=1j#i
= Z 5177“1‘6%% ‘Tl T rn> (164)
7]

All of the signs cancel out when putting the particles back in this order. Therefore

1
— Z V(Q)(Ti, Tj) |T1 .. 'r'n>

1
5 2 VO @yl i) = 5
xy i#j

as we asked for. Notice that this is a true interaction, in the sense that it vanishes if
the number of particles is less than two.

We will learn more about interacting many-body systems. There’s actually quite a
bit more to say about non-interacting systems first.
1.9 Many bosons versus many fermions

[still Baym, chapter 19] Let’s return to the groundstate of a Fermi gas. Letting the
fermions move wherever they want, and not just on particular orbitals can be achieved

14Beware the conventions for the order of the operators in |ry ---7,) oc ¥(rp)t---1(r1)1]0). With
this convention, the operator v, has to move through n —i — 1 of its friends to get to 1 (r;).
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by taking the continuum limit of the model we studied in §1.7.1. This involves two
steps: take N — oo, so the momentum space becomes continuous, and focus on low
energies — Taylor expand about the minimum of the band, where €(p) = % + O(pY),
and ignore the p* terms.

Alternatively, we could just start from scratch, using the non-interacting many-
body Hamiltonian (1.58), and set V' = 0. Either way, the single-particle levels are
e(p) = %, and in the groundstate |¥g) we fill them from the bottom until we run out
of fermions. The occupation numbers are

17 p <pF
0, ’p| > Pr
ky
The total number of fermions is
3
V—>oo d=3 Pr
N = =2 1 2V dip = 2Ly 1.66
UEEDS [ 2, (166)

Ip|<pr

which determines the Fermi momentum p¢. = 37?2% = 37%n in terms of the average

N Ve
()"

Fermi pressure. This groundstate of free fermions is actually quite an interesting

particle number density n = N/V:

state. One reason is that it can contain particles with quite large momentum. These
particles exert a pressure on the walls of a container holding such a gas, even at zero
temperature. To see this Fermi pressure, consider the groundstate energy:

P
Ey = (®o|H|dg) = (P Zaps ps— D) (1.67)
I P vam gy, ddp2— (1.68)
s |p‘<pF ‘p|<pF m
d=3 47T pr p2 2 pF pFV 1. ()f) 3 pF 3
=2V—— —p“d —N = —epN 1.69
(2#)3/0 om? P T 2m 52 52m 57 (1.69)
where ep = % is the Fermi energy, the energy of the last-filled single-particle state.
That is, the groundstate energy per particle is
Ey 3
N = S€F.
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Now recall the definition of pressure'®: at zero temperature,

dEy
P = BPTALE (1.70)
This gives
P__9 | 3 N [3n’N 2/3 _+§2LN5/3(37T2>2/3V—5/3 _ 2@
-V s5om U v ~ "532m REN

Contrast this with the pressure for a classical ideal gas as T' — 0!

This degeneracy pressure is what holds up white dwarfs (from electrons) and neu-
tron stars (from neutrons). In fact, the contribution from the electron degeneracy
pressure plays an important role in determining the lattice spacing of solids. More-
over, its contribution to holding up the volume of a solid is necessary for the stability
of matter, as demonstrated here in this wonderful paper by Freeman Dyson, where he
shows that the Coulomb repulsion is insufficient. [End of Lecture §]

1.9.1 Correlations in the groundstate of the Fermi gas

As a warmup, let’s look at the density in the groundstate

() g, = > (Dolthl ()i, (r)| o) Zu ) (@] a p8ps|<1>o ansz,

s

76pp/nps
where n, is the groundstate occupation number (1.65). Indeed the density is uniform,
and therefore equal to the average density.

Now consider the similar but more interesting quantity, sometimes called the one-
particle density matrix, which depends on two positions:

I5Tf you like, you can think about it thermodynamically,
dE =TdS — PdV + pudN.

We are at T'= 0 and fixed N, so we get (1.70).
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Gy(r—1") <<I>0|¢T ’|q>0>

Gs/n = I Z —ip nps

/ ddpe ip-(r—r’)

d=3 d dpePlIr="ln
47T2 pp /_1 me )

~~
__osinp|r—r
= T

PEIr-r'| pir=r

3n /sinx — xcosx
2 3

|

where x = pp|r — 7’|. This function is depicted at left.

Notice that we used translation invariance to anticipate that G(r,r’") would only de-
pend on the difference of positions. It oscillates with a period 27 /pr with a power-law
decaying envelope.'®

Pair correlation functions. Fermions avoid each other. Bosons not only don’t
avoid each other, but they clump. Here we will justify these vague words by figuring
out what is

Probg, (particle at r’|particle at r)

— the probability of finding a particle at 7’ given that there is a particle at r (in the
groundstate)? To do this, we first remove a particle from the groundstate of N particles:

|[©(rs)) y—1 = 1s(r) [Po) -

Of course this is zero if there is no such particle at . Then in this state, we ask about

16 A number of people have asked me about the physical significance of G(r). One answer is that
in some systems it can be measured by angle-resolved photoemission. This is an experiment where
we kick a particle out of the system (for example by hitting it with a high-energy photon with known
momentum and energy k, E), then we measure the momentum and energy p,w of the particle we
kicked out. The intensity as a function of (k—p, F —w) is the imaginary part of the Fourier transform
of G. You can see this by using Fermi’s golden rule.
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the expected density at v’ (which is the probability to find a particle at r''7):

Probg, (particle at r'|particle at r) = (1.80)
Proba. (particle at ') = (®(rs)| ], ("), (1) | (rs)) (1.81)
N 2
= (@l W)} (b (s (1) |@0) = (5 ) gusr(r = 1)
1 T—1
=3 Z o~ ilo—p')r=i(g—d') <(1>0’ al, qsfaq/s/ap/s|(1)0> '
pp'qq’
(1.82)

The matrix element is zero unless the particles we remove with the as have the same
labels as the particles we put back with the afs.

First consider s # s’. Then the only possibility is p’ = p, ¢ = ¢, so
<®0| ps qs’aq’s’ap’s ’®0> = 52710/6'1‘1/8 <(DO’ a

T _
psApsQysr Ay Do) = Oppr OgqrMpsTigs:

Therefore, for s # ¢,

2\? 1 2\? 1
/
gss/(’]” —_ ’]") = <ﬁ) W %npansl — (E) WNSNS/ = ]_,

since Ny = % for each spin. This is the classical behavior of non-interacting particles
— the locations of particles of different spins are uncorrelated.

/

Now consider s = s’. Then there are two ways to put back what we took out:

p=p,qg=¢ or p=¢q,q=7p'. Soin this case

<(I)0‘ ps qs qs ps‘q>0> pp/dqq < ps qs qs ps> +5pq’5qp < ps qsapsaqs> (183)
= (Opp'Ogq' — OpqOgp') <aps psaqsaqs> . (1.84)
—_————

17 Actually this step is maybe not obvious. Here’s the idea: if ® is an N-particle state, then

Probg (particle at ') = N Z | (r'rg -7 |®) |2 (1.76)
( Z |77 - Xr'r - TN|> |D) (1.77)
<I>| o Z ro - )ra - () |®) (1.78)
=ly_
= (2| (" )y(r') |@). (1.79)

The factor of N in the first line is because the particle we find could be any of the N particles (as in
(1.28)). Note that [ drProbg(r) = N, but this is OK, since finding particles at different places are
not exclusive events! (Note that if r is continuous then by ‘Prob’ I mean probability density.)
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In the underbrace we used {a,;, ags} = 0, 4. But the contribution from p = ¢ cancels
between the two terms by Fermi statistics. Therefore for like spins,

(g)QQSs(T —r') = % Z (1 — e*i(P*q)'(T*T’)> NpsTgs = <g>2 — (Gy(r — 7,/)>2 (1.85)

rq

and therefore

9
Gss(T —7“,) =1- s (sinz —QJCOS:B)Z7 T = pplr —7"’\,

which is plotted below:

ss

——

0oar
008

087 |

e PR e

] 10 15

In the right plot, we zoom in to show the oscillations with period 7/pr. The key point,
though, is that there is a big trough around r = r’ which is a consequence of the Pauli
principle combined with the kinetic energy wanting to make the wavefunctions smooth.

Compare this plot to the analogous plot for a perfect solid. In that case g(r) would
have peaks whenever |r| = a lattice vector, and zero otherwise. This is because the
location of one atom determines all the rest. Now consider a liquid made of particles
with short-range repulsion. Then again g(r) = 0 when r < R where R is the hard core
radius of the particles. There will be a peak in g(r) just past R, since the particles are
trying to be close together in a liquid. After some wiggles, the answer will approach the
uniform answer because the correlations between the positions are only short-ranged.
It generally looks like the plot above! Fermions achieve such correlations without any
interactions.

1.9.2 Easy problems versus hard problems

There is more to say about correlation functions of the form we’ve been discussing, to
illustrate the contrast between bosons and fermions. But first an important general
comment which will also establish some notation.

Non-interacting/Gaussian/Free systems. So far, we have been studying a
very special class of quantum many-body systems, where the Hamiltonian is of the
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form

D
H=) alajh; (i,j=1---D = dimH,) (1.86)
j

in terms of some creation and annihilation operators

[, a;[‘]ﬂ: = aia} F a}ai = 0y

The fact that H is quadratic in these operators means that it is solvable by diagonalizing
the (hermitian, if H is hermitian) matrix h. That is, find the eigenvectors u,(7) so that
hijua(i) = €auq(i). Then'®, if we let a; = > ua(i)a(u,) in terms of a new set of
(normal) modes a(u,), then

H=> cal(u)a(u)

decomposes into a sum of independent oscillators. The eigenstates of H are then of
the form
1) = al(uy)---al(uy,)[0), where a(uy)|0) =0 (1.87)

with

n

Hy) = e v).

a=1
In the case of fermions, all the u, must be distinct to get a nonzero state, in the case
of bosons, not.

Now you might say, well, any H you can write is just a big matrix, and we can solve
the system by diagonalizing it. Yes, but notice that the matrix h;; here is a D x D
matrix, where D is the size of the single-particle Hilbert space. This size is in stark
contrast to the size of H as a matrix on the many-body Hilbert space. Even if we
fix the number of particles to be N, it is a matrix whose size grows exponentially in
N (almost like DY). The third section of the notes is called Hard Problems, and the
subject is all the other Hamiltonians which we can’t solve by diagonalizing a single-
particle Hamiltonian.

Notice, by the way, that (1.86) is not necessarily translation invariant. If it’s not,
it makes the D x D matrix harder to diagonalize, but it is still generally doable.

[End of Lecture 9]

1.9.3 Wick’s theorem

The calculation we did of the pair correlation function is a special case of a very useful
fact about correlation functions of free fermions (but not free bosons, as we’ll see).

18Notice that u?, = u, (i) is a unitary matrix since the eigenvectors are orthonormal.
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Consider correlation functions in a state |1)) of the form (1.87), which is an eigen-
state of our free Hamiltonian (not necessarily the groundstate). Here a, = 1(z) is just
another name for the field operator, but could be in an arbitrary basis; « labels the
eigenbasis of hg,.

Gy(z,y) = (Ylala, [v) =Y (| ala, [¢) uf(2)us(y) =D us(@)ua(y).

aff ey

:Jaﬁna

This is only nonzero if we put back what we take out, so a« = . What [ mean by
a € 1 is that the state « is one of the single-particle states {1---n} that are occupied
in the state [1)).

Now a more general 2-particle correlator:
C= (y|alalasa, ) =Y (Yalala a; [v)ul(@)uh(r)u, (y)us(y).
afBvyo

To evaluate it, we expand the field operators in terms of the single-particle eigenstates.
To be nonzero, again we must put back what we took out, so we need a« =~,8 = ¢ or
a =9, =, and for fermions we must have o # . Therefore

C = Z ((u1 Uy aLa%aaaﬁ |y - - ) ul (@) uy (@) ua(y)us(y') (1.88)
a#fB
+ (g ug| afalaga, [ug - cuy) UZ(x)uz(x’)UB(y)ua(y’)) (1.89)
= 3 (~ut@)ua(y)u (e ua (') + uh (@) uay Yus (e (y))
a#BeY

- - (Z u*;(x)ua(y)) (Z ug<x'>ug<y'>) - (Z u;mua(y')) (Z (o s

acy Bey acy Bey

= <ajcay,>w <al,ay>w - <aLay>w <aLay/>w (1.91)

where in the step (1.89) we used the sneaky trick of adding back in the term with
a = 3 because it cancels between the two terms.

This was a complicated calculation, but now that we’ve done it, the structure of
the answer is simple to understand and to generalize to arbitrary n-point functions:

A correlation function of fermion operators (in a state of the form 1) is equal to the

sum of contractions, weighted by a (—1)# of crossings,
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A contraction is just a way of pairing up the creation and annihilation operators in the
correlator: draw a line connecting each pair ij, and replace the pair by its two-point

function in the same state, <a;raj> . By the number of crossings, I mean the number
¥

of times these lines cross each other on the piece of paper; this is the number of times

we must move fermionic operators through each other.

In this example, we have

I [
a />w = alai,ayay, + alal,a a,, .
(4 Y

<alal/ay y
The second contraction involves one crossing, and so comes with a (—1), and this
reproduces (1.91).

This is a generalization to fermions of the familiar idea that in a gaussian ensemble,
all correlations are products of two-point functions (‘covariances’).

In what sense is the state |1)) gaussian? Well, correlations in the state |¢), are the
same as

(|Op) = trOp (1.92)

where p = limg_,, e /Z and H is a quadratic operator.

1.9.4 Correlators of bosons

Now let’s ask the same questions about a collection of bosons, again in a state of the
form

|4) --b'(u,)]0), where b(ug) |0) = 0. (1.93)

1
= mbT(ul) .

To emphasize the difference, I've called the bosonic mode operators b. In the case of
bosons, some of the u, in the state |¢)) may be the same; I'll call n¥ the occupation
number of the mode « in the state 1, i.e.

Na[) = blb, [¢) = n [v). (1.94)

The factor H;\/ﬁ is required in order that the state be normalized; recall that |n) =

at)”
(\/% |0). Recall that 0! = 1.

First let’s think about two-point functions:

(blb,), = (¥|blb, [¥) = azﬁ up(@)ug(y) (¥ blbg ) = ; up (@) ta(y)ng.

(1.94)
= 604[3”}5
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This is just like the fermion case above, with the only difference that n, can be larger
than one.

Let’s do the general case first:

B = (4| bibl,byby ) = > (| bbb, by [v) uf (v)uf (2 )u, (y)us(y) . (1.95)
aByd

Now there are three ways to put back what we took out:
(i) a #Ba=78=9¢
(iii) o # B, = 9, 8 = ~y. This leads to three terms
2 2 N N
B =" (] (b1)° (b,)? ) uh (e)ust (Y (y)ua (o)

J/

=n%(nl-1)

+ D (@I blbib, by [v) uf (x)uf(x)ua(y)us(y)
ot ~

:nfng

+> (@bl blbyb, 1) uf (2)us (') us(y)ua(y)
ot ~

:nﬁng

Each of the second and third terms are of the form

Y Mansfas =Y Mangfas = D Naaa: (1.96)

a#p apf
Therefore
B - (Z nau3<x>ua<y>> (Z ngu;m')ug(y')) ¥ (Z nau;<x>ua<y'>) (Z sty (@' us(y)
N 3 Na '\
~(bI), (o0, (vl ), ~(olby),
= a0+ Du (2)u (2 Yua(y)a(y). (1.97)

The first line is from terms (ii) and (iii), and the second line is from (i) plus the second
term in (1.96). The first line would be the result from the naive bosonic version of
Wick’s theorem. The second line is an extra term which is not present for fermions. So
Wick’s theorem is not true for a general permanent of bosons. An important exception
correlations in the vacuum, where all the n, = 0; then the extra term vanishes. (This
special case comes up a lot in relativistic QFT.)

Pair correlator for (spinless) bosons. A special case of the expression B =
B(z,y,2',y’) is the pair correlation function, when the eigenmodes (for which so far
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we've been using the abstract labels a, ... ) are momentum eigenstates. So consider a
state of (non-interacting) spinless bosons in free space, in a box,

|(I)> = |nponp1 o >
specified by the occupation number of each momentum mode, with density

p(x) = (@|blb an—n

By the same argument as above, the pair correlator (proportional to the probability of
finding a particle at y given that we already found one at z) is

n%ﬂx—@Z@Nw%Mb\® (1.98)
:——23 b=p)e=ila=)v (| bibib b, |®) (1.99)
ppr’'qq’

The matrix element is
2
(@@@mbyQZQ@Wm<@Wb§
+ (1 = 0pg) Oppr Ogq <bTbprbq>
+ (1 = 0pq) Opq Ogpr <bTbqubp>
= (1 = dpq) (OppOaq + OpgrOgpr ) Mg + OpqOpp g Mp (12 — 1). (1.100)

The labelling of terms is the same as in the calculation above. The 1 — d,,s are there
to avoid overcounting. So

n’gp (r—y)= % <Z Ny Z ng + Z npe_ip'(x_y) Z nqe_iq.(y_x) - Z np(np + 1))
P q P q P

(1.101)

- % > np(n, +1). (1.102)

Comparing this expression with the result for fermions (1.85), there are two differences.
The oscillating (second) term has a plus sign for bosons, and there is an extra additive
constant, the correction relative to the Wick result.

To see some physical consequences, consider two example states:

1. In the groundstate of free bosons, all N bosons are in the same (the lowest-energy)
single-particle level, |®) = |n,, = N). Then we get

N(N+1) N(N-1)
vz v

n*gp(r —y) =n*+n* —
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Notice that if we take V' — oo at fixed density n, we can ignore the correction to
Wick. Later we will see some dramatic physical consequences of such states.

2. Consider a beam of particles. This is accomplished by

_ _ 2
n, = ce a(p—po)?/2

for some constants ¢, pg, . Normalization determines ¢ in terms of the average
density n = [ d3pnp. Again consider the thermodynamic limit (V' — oo at fixed
density n):

1 .
n

It looks like this:

| X-y|
Va

Independent of the width « of the beam, the value at x = y is twice the value for

[=]
tn
=
tn
T
=]
]
tn
w
=]

distinguishable particles. Bosons tend to clump together!

1.9.5 Intensity interferometry

Ingredients:

e A beam of incoherent light. That means a bunch of photons of various wave-
lengths, emitted at at various times. A good example to think about is a distant
star.

e A beam-splitter, aka a half-silvered mirror. Let us suppose that we have a device
with the property that the amplitude for light (of any wavelength) to pass through
it is \/LE’ and the amplitude for it to be reflected is also \/Li

e Two detectors, which we’ll call detector 1 and detector 2.
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Recipe: The arrangement of detectors and beam-splitter is >
shown at right. Measure (by sampling) the probability of G
observing a photon with detector 2 at time t + 7 given that

we have seen a photon with detector 1 at time t: v D

Prob (observe a photon at detector 2 at time ¢t + 7 | observe a photon at detector 1 at time ¢ )

Here I, 5 are the intensities of the beam at the two detectors. 7 is a time delay that
we get to pick. When collecting samples over some time interval, the thing we actually
measure is the time average

LI, = /dtll(t)fg(t+7) = gp(cT).

I claim that this will take the form of the pair correlator we calculated above for a
beam of bosons.

This is because light is a beam of bosons.

In case you don’t believe that argument, here is a more direct calculation, in a
model that also includes some information about the source. Suppose there are two
sources (for example, two locations on the star) A and B, each of which emits a plane
wave of wavenumber k4,p with a random phase. This random phase accounts for the
fact that the photons are coming from totally uncorrelated, incoherent sources.

The amplitudes of light at the two detectors

are then -
SA ey
Aui 1 = cqeiFamia 4 g elks s + /;{B
s . LA < I
Ag 2 = ape?®4 724 4 BoelB s (1.103) = DL
S = >
T
where the vectors are indicated in the fig- =3
ure.

The intensities at the detectors are then
Lizyo = |Aae i = |af* + B + 2Rea” pel v rin—karia),
The time-averaged intensities are then just
I = |a” + |B[*

because the random phases «, 3 depend on time and so any term not of the form |a/|?
or |3|* averages to zero.
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Consider instead
I, = |A1A2|2 }a elka(riatraa) + 2, ikp(rip+r2p) + Ozﬁ( ikaria+ikprop + 61kBT1B+1kA7’2A)|2 )
Some words: the a? term is the amplitude for both photons to come from A, the 5% is
where both come from B. The interesting a5 term is where one photon comes from A
and one comes from B; since photons are indistinguishable bosons, there are two ways
for this to happen (A — 1,B — 2 or A — 2, B — 1), and these two paths interfere.
Now time-average:

E — |OZ|4 + |/8|4 + |Oé/8|2 |6ikAT1A+ikBT2B + eik}BTlB-i-ikA’r‘gA}Q (1104)
= ]_1 . ]_2+ 2|Oé|2|ﬁ|2 COS (kB(TlB - 7’23) — kA(TlA — T’QA)) (1105)
TR ETE T T Ty + 2] B2 cos (kg — ka)r) . (1.106)

In the last step, we considered the case where the two sources are close together com-
pared to their separation from the detectors, as in the case of parts of a distant star.

Suppose that the sources emit plane waves aze*” with amplitude |ax| = |Bx|, with
probability p(k) = ce~***/? (normalization fixes ¢). Then we should average over the

colors in the beam:

LI, 1 . 1
/d3kAp (ka) /d3k3p (kp)= 12 —¢ /d3kA /dSk e~ OFA 2ok, (1 + ZRee‘(kBkA)'r) = 1—1—56”"2/0‘

as promised.

More generally, if instead of two discrete sources, we have a distribution of sources

L1, z_z
2 —1+‘/d37’p i(k1=k2)

The fact that this is (absolute value of the) the Fourier transform of the source distri-

p(r), the result is

bution means that we can learn about the source distribution!

Notice that we could have replaced this whole discussion with a classical one. In-
stead of amplitudes in (1.103) I could have written electric field strengths E,. The
calculations are continuously connected because Bose statistics allows for coherent
states.

This beautiful idea was first used by Hanbury-Brown and Twiss to measure the
sizes of very distant stars by varying the distance between two radio telescopes. A nice
review of its many applications (including in high energy physics and in condensed
matter) is this one by Baym. This method has been used to measure, for example, the
size of viruses. [End of Lecture 10]
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2 Interference phenomena

2.1 Path integrals, briefly

Some of the things I've said above are unified by the description of quantum mechanics
in terms of path integral. It is the quantum mechanical analog of Lagrangian mechanics.
It describes, for example, the propagator, as a sum of phases, each associated with a
possible path. The phase for a path is ens Path] “where S = f dtL is the action.

Why should there be such a representation? It is the logical conclusion of the
double-slit experiment. A wall with a double-slit restricts a particle to pass through
one of two locations. The conclusion of the experiment is that the amplitude is the
sum of the contributions of the two paths, each of which is a complex number.

Now suppose that instead of the detector, we put another wall with two slits. To
find the probability amplitude for a detector placed after the second wall, we would
have two sums, one over the path through first wall, and another over the path through
the second wall. You see that we can keep adding walls.

Now suppose instead of two slits, each wall has three slits. Then there would be
three terms in each sum.

Now imagine adding more walls, each with more holes.

Finally, imagine that the world is totally full of walls and that all the walls are

totally full of holes. Even if there is no wall, we must sum over the paths.

The more precise derivation of this statement is straightforward, in that it involves
inserting lots of resolutions of the identity, but it is a little annoying and takes most of
a lecture. Here are some payoffs:

e (lassical mechanics is the stationary phase approximation.

e The fact that the vector potential term in the action is geometric makes the A-B
effect very natural.

e [t gives a straightforward way to derive the propagator for the harmonic oscillator.

e In quantum systems with many degrees of freedom, such as quantum field theo-
ries, the path integral is more useful, especially as an organizing device.

e Path integrals, with fewer factors of i, are also useful in statistical physics. The
derivation from quantum mechanics gives a useful perspective on them.

19This wonderful device is due to Feynman. Take a look at Volume III of the Feynman Lectures.
A more elaborate treatment appears in Feynman and Hibbs, Quantum Mechanics and Path Integrals.
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Propagator. Recall that the time evolution operator is the unitary U(ty,t,) that
satisfies U(t,,t,) = 1 and

ihoy, U(ty, to) = H(t)U(ty, ta).
If H(t) = H is time-independent, then
Ulty, t,) = U(ty, — t,) = e~ ot /R

(More generally, we need to specify an ordering in the exponential.) The (position-
space) propagator is its matrix elements in position-space:

K(x,t;zq,t,) = (x| U(t, t,) |za) ,

the amplitude to propagate from =z, and time t, to x at time t. It satisfies the
Schrodinger equation:

1hO K (2, t; x4, t,) = (x| 1RO, U(t — t,) |xa) = (x| HU(t — t,) |z4) -

For example, for a point particle, with H(x, p) < p—;—i—V(x), we may replace (z| H(x, p) =

(x| H(x, —1h0,), so i
1ho K (x,t; 24, t,) = H(x, —1h0,) K (x,t; 24, t,).
The initial condition on this differential equation is
K(x,ty;xq,ty) = (x|U(ty, to)|xa) = 0(z — x,).

For a free particle, V' = 0, this is diffusion in imaginary time, and is solved by Fourier

transform:
. h282 m im(wfwa)Q
1ho, K (z,t; 24, t,) = — me K(z,t;xq,t,) = K(z,t;x4,t,) = ﬁe 2

(I set h =1 in the last expression.)

Since waiting a bit and waiting some more is the same as waiting a lot, the time
evolution operators satisfy a nice composition property:

U(tba ta) = U(tby t)U(t> ta)

for any ¢ (which need not even be in between t;,t,). If H is time independent, this
just comes from adding the exponents. But we can stick a resolution of the identity in
between the two factors on the RHS:

Ulty 1) = / U (ty, 1))z Ut 1)
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and make a sandwich of the whole thing:
K(xy, ty; o, ta) = /de(xb,tb; T, ) K (2, t; 24, ta).

This is the operation of placing a wall full of holes along the path of the particle.
Path integral representation of propagator. Now do this N — 1 times: divide

tp—ta .
N -

the interval into N equal segments of (tiny) size At =
K (b, th; Tas ta) = /dﬂﬁ cdey o Kz, ty; a1, tvo1) - K (01,805 T, ).
Writing H = T(p) + V(x), the propagator for a tiny step is

K(xj,tj o, tjo1) = (x| e T8V g, )

— <xj| efiAtTefiAtV |xj—1> + O(AtQ)
- /dpj (5] €78 |py) (pl eV |250) + O(AF)

/dp] T(pj)At—iV (z;_1)At 1p](ocj—x] 1) —|—O(At2)

m (e —a) (e 2
5iAz <P <1At < 5 A Vv 5 + O(At7).

In the last step we used ffo dp eiar* = \/I . Assembling the whole thing,

K<xb7tb;xa7 a AN/ H dx] exp ( Z AhtL ( ) I] _’_ij—l’ I] ;jg—l))

= /[dﬂj‘] (tb) wl;ehftbdtL t,z,i) ) (21)

ta)

with L(t,z,4) = imd? — V(z). We see that the true role in life of % is to make up
the units of action in this expression. The first expression here defines what we mean
by the path integral [[dz]. It includes horrible things which are not differentiable at
all (they have Az ~ VAL, not Az ~ At); when this matters, you need to use the
discretization to make it well-defined.

Stationary phase and classical mechanics. The path integral explains the
special role of configurations that solve the equations of motion. Recall that

_ —Nf(z) _ —Nf(z Nz —~Nf(z 2m
I—/dxe ()—6 (0)/dy6 2 (zo)y ~ e (z0) Nf//(gjo)

where f'(x9) = 0 and y = x — . This is called saddle point approximation, and it
holds because other contributions are suppressed by e”V2/. If instead we have

7_ iNf(z) _ _—iNf(zo) i o)yt o, —iNf( 2mi
1_/dxe @ _, u/dye 0P o o=iNf(a0) T
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where f'(z¢) = 0 and y = z — x0, this is called stationary phase. It holds because other
contributions add destructively. With more variables:

dis - - din @NF@Tn) o GNF@ [ et il _
/x1 TN € e 5 iN@iajf

0 = Oy, f(2)]oee Vi (2.2)

The path integral is just of the previous form with A = % and f(z) = Slz] =

f dtL(t,z, &), the action functional. The square brackets indicate that the argument z

where

is a whole function, rather than just a finite collection of numbers, but basically it just
means that NV is big. The saddle point condition (2.2) can be rewritten in the fancy
notation:

0= %@5@] vt (2.3)
What is this when S[z] = [ ds (§mi?(s) — V(z(s)))? The key ingredient is the ‘fun-
damental rule of variational calculus’, which in words is different independent variables
are independent:

ox;
83:2 =% -

% - / ds (masx(S)aﬁ(s—t)‘wé(t_sg

5l /ds (—md2x(s) — Ou(s)V (2(s
_ LoV (24)

=0(t—s).

N—
N~—
~—

=
—~
~
|
VA
N~—

which is an equation due to Newton.

Evaluate for free particle (in a way that is useful for non-free particles). For
V =0, the classical path is a straight line:

=0 — Q(t):xa—F(t—ta)xtb_fa.
b la

ty o 2

Sla] = / Lit— [ 2y = ML)
. PR R —

The fluctuations about the classical path are
y; = 0x; = x; — x(t;).

The endpoints xg = z,, xy = x, don’t fluctuate. The path integral is actually gaussian:

K (zp, (N gy ¥ (25 — 2j1)°
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Now plugging in z; = z; + y;,

(z; — x;1)" = (2(t;) — z(t;—1))* +(y; — yj—1)* + terms linear in dz;

J/

-~

—Sz]

we can ignore the terms linear in dx because they are zero by definition of the classical
path.

N2 .
K (@, to; 20, ta) = (27:?&) eﬁsm/dyl"'dyN—lelekijjkyk

N J/

TV
N-1
7 2

= Ve D
where the N — 1 x N — 1 matrix M is the discrete laplacian (recall the homework)

2 -1
-1 2 —-1
m -1 2 -1

-1 2 -1
-1 2

We need to compute its determinant. We've seen that [M,T] = 0 where T =
010
001 is the discrete translation operator. Its eigenstates are plane waves:

v;(p) = ae'? + be™'I; the boundary conditions yo = yy = 0 determine v;(p) = sinpj,
D =Dy, = %T” So we could try to compute det M = [] _, y_,(2 — cosp,). Instead,
here’s a trick, whereby we’ll solve a slightly more general problem: let

2coshu —1
—1 2coshu -1
—1 2coshu —1
MN(U)E '
—12coshu -1
—1 2coshu

and dy = det My. The recursion relation
det My = 2coshudet My_; — det My _o(—1)?

follows from the block structure of the matrix. For u = 0, it’s just dy = 2dy_1 — dy_2.
We need two initial conditions to solve this two-step recursion: det M; = 2 coshu — 2
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for u — 0. det My = 4cosh’u — 1 — 3 for u — 0. The solution for v = 0 is simple:
sinh(N+1)u )
sinh u ’

dy_1=dy_o+ 1, hence dy_; = N. (For general u, it is dy =

K(I’b, tb; Lq, ta =

AA

) i d:t (Q—iM)
)

1At
#Slal (2.5)

I
('0
St

27r(tb — )i

[End of Lecture 11]
Coherent state path integral. The position basis resolution on the identity does
not have a monopoly here; we can use whatever resolution we like. We can even use
coherent states! This representation is very useful in quantum many-body physics.

So suppose H = Hsuo = span{|0),[1)---} where ala|n) = n|n), [a,a’] = 1. We
need not take H = Aw (aTa + %), but we will.

Recall that coherent states have a|a) = «|a). The coherent-state representation
of the propagator is
K(Oéb, ty; (g, ta) = <ab| U(tbv ta) |Oéa> .

They resolve the identity by
L= / dReadlm o

™

o) (@

and their overlaps are
(a]a’y = 3o+l varal
So sticking N — 1 walls full of holes in the coherent state basis:

d2 d2 B
K (ctp, ty; s t) = / K (et - tvea) o K (o i s )

where the small step is
K (o, tj; 051, t-1) = {og] e 74 oy )

This is useful if H acts nicely on the coherent states, as is the case when it can be
written in terms of creation and destruction operators. For simplicity consider the (cop
out!) case of the SHO:

3 t
K(aj, ty; o1, tj-1) = (o] e 842 |ay_y)

_ p-iAtwata; {oj]a1) + O(AF?)
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. N 1 1
= st oy (=Glaf = Glayaf 4 ajas ) (20
=1t (aj — aj_1) +haj ( aj_y+ aj)
=aAt ——&*At

_ /[da]eifdtL(a,o'z) (2.7)

with L = pz — H.

For the special case of the SHO, recall that we know the answer since coherent
states remain coherent under time evolution by the SHO hamiltonian:

U(t) [a) = N, Ut)e' U (1) U(t) [0) = e /2 |aeit) |

:ea'i'aefiwt :efiwt/2‘0>
So

K(ab, tb; a, O) — <Oéb’ U(t) ’Oé> — efiwt/Z <ab|a67iwt> — efiwt/zef\ab|2/27\a|2/2+a;ae—iwt.

The situation when this comes into its own is when we have a collection of SHOs:
H= fu (ala,) +-
k

where the - -- represents some interactions that may be treated as small.

Euclidean-time path integral. Above I wrote a formula for the real-time propa-
gator. Euclidean path integrals are also very useful, because they compute ground-state
expectation values. Here’s why:

The vacuum can be prepared by starting in an arbitrary state and acting with e=7#

for some large T, and then normalizing (as usual when discussing path integrals, it’s
best to not worry about the normalization and only ask questions which don’t depend
on it),

10y = Ne 87T |any) .

To see this, just expand in the energy eigenbasis. This ‘imaginary time evolution
operator’ e HT has a path integral representation just like the real time operator, by
nearly the same calculation

o—HT _ / [Dgle™ I @) (),
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Doing the same thing to prepare (0|, making a sandwich of e?®* = ef dra(r)k3(7) and
taking T" — oo we can forget about the arbitrary states at the end, and we arrive at

010(@.p)|0) = [ (Dafe = aDIO0(0), mi).  (28)

On the LHS O is some operator; on the RHS O is just a function of the integration
variables. Z is a normalization factor chosen so that (0|0) = 1.

For example, consider the case of our chain of balls on springs:
. 1 .
iK _ — ’LD’L iq; 1K
<e q>0 = 2/ ” dg; e i ett a0 (2.9)

with Z = [ 1, dg; e~ %D Here 4,j are discrete time labels, and D;; is the matrix

which discretizes the action. Repeated indices are summed.

Notice that in this way we can find a path integral representation for the ther-
mal partition function tre "H: simply impose periodic boundary conditions on the
configurations over which we sum: ¢(7) = ¢(7 + 3):

- _ (Bar
Z = tre”M = j{[DQ]qm):q(ﬁ)@ ook, (2.10)

A fancy way of describing this is to say that putting the system at finite temperature
is accomplished by making the imaginary time direction into a circle.
2.2 Wave mechanics of charged particles

When we talked about the radiation field I mentioned that one motivation for intro-
ducing the electromagnetic potentials, ®, A, such that

Fe-Vo-l9i B-VxAi
C

is that they are required to discuss the quantum mechanics of a charged particle moving
in an electromagnetic field (F, B).

You will recall that the form of E, B is preserved by a gauge transformation,
S o o 1
A—A-VA &—O— -0\ (2.11)
c

These expressions are nicely packaged in terms of the four-vector potential A, =
(A, c®), — A, — 0,A, but we will not consider any relativistic situation here. This
ambiguity may make it seem like the vector potential is not real. Some of the vector
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potential is indeed an artifice, but notice that fcf_f - d¥ is not changed by the gauge
transformation (2.11). We will now see how this quantity arises physically, because of
quantum mechanics.

It is useful to think about the Lagrangian description of the charged particle, which
has

1 o
L= mi® - ed - ‘A, (2.12)
C

Notice that the extra term in the action S = [ dtL from the vector potential is geo-
metric, in the sense that [ dtZ- A= [dZ- A depends only on the path of the particle,
not on how quickly the path traversed.

The canonical momentum deduced from the Lagrangian L is

0L
pi = o = mi; — —A;
81?2' C

and now differs from the mechanical momentum mi;. Legendre transformation gives

the Hamiltonian 1 e N2
H=— (p——A) Ny
2m c
Let’s consider time-independent EM fields for simplicity. The Schrodinger equation
in position space is then

o (1) = ([H](8)) = % (~in¥ - fﬁ(x))gw(x,t) bed(a)b(n, 1) (2.13)

o}

The probability density is still p(z,t) = [1(z,t)]?. Is it still conserved? In fact
O+ V - ja =0 but where

Ja= o (0G0 0T — yud
mil mc

has an extra term. This depends very explicitly on Al Is it gauge invariant? Only if
the gauge transformation acts on the wavefunction:

A A+ VA ¢ — ey,

Now we turn to showing that the vector potential (or at least its integral around
closed curves) is real, via the Aharonov-Bohm effect.

2.2.1 Aharonov-Bohm effect ﬁ
Consider the following situation. A infinite solenoid Cl

extends in the z direction. The figure depicts the quee
ry-plane. The B field is only nonzero inside the

solenoid and points out of the page B = 2B. We
treat it here as a fixed background field.
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We send quantum mechanical charged particles from the source at left to the de-
tector at right. They cannot enter the solenoid, but are otherwise free to proceed as
they like. So they never move in a region where B # 0. But we will show that the field
affects them.

The path integral is very helpful here: We can group the possible paths (over which
we integrate to find e.g. the amplitude Z for the particle to hit the detector) into two
disconnected components: they either go above the solenoid or below it*:

Z:/[d:c]...:/[dx]u...—i—/[dx]d...

The ... here is e+ with S [z] the action for a charged particle above, S = [dtL,
with L from (2.12). In particular it has a term

2 2_‘ to dz
SA:E/ ;f/ A(x)-dfsz A5 gt
c /i cJy ¢y dt

The vector potential is curl-free V x A=0in the region outside the solenoid — this
is what it means that B = 0. This means that the line integral S, is path-independent.
1 For all the paths that go above the solenoid, the phase factor resulting from the [ A
term in the action is the same:

eine Jo, A

for some fixed reference path C, (in the figure). Similarly, all the paths below give a
Jo, A

if we deform the path through the solenoid, we have to go through the region with
B #0.

phase factor elhe . But these phase factors from above and below are not the same:

The probability of a particle hitting the detector is then

P =|Z ot 4 Zyeltelea | = | 2,2 + | Zy* + (Zngeihec(fC" Atoit) 4 C.c.)

20 Actually there are also paths that wind around the solenoid some number of times. These have

very large action and we will ignore them here.
C

G

(‘\

21Recall that the difference between two paths is

/ A.dr — /T-da?:/ A:/ﬁxj.da':/é-da
Cl CQ 01—02 D D

by Stokes’ theorem, where D is the region bounded by the paths. So as long as the B-field vanishes
in D, we can change the path without changing the phase.
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where Z, 4 don’t depend on the EM field at all.

(/ A—/ A):/ A:/ B-di=B,A=®.
Cy Cy Cu—Cy inside

So, for a simple example, if we arrange things symmetrically so that 7, = Z, = Z,
then

But now

P
P =2|Z? (1 —1—0086—) :
he

By varying B, and hence the flux ®, we can vary the intensity of particles hitting the

detector! For example, we could choose % = 7 to do total destructive interference.

But the particles never went near the region where the magnetic field was nonzero!
They only know about it because of the vector potential. Score one more for quantum
mechanics.

(Notice that if % = 2mn,n € Z, you can’t detect the field this way.)
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The Schrodinger equation is

1 -
— ihop(z,t) = — (—ihv =

e
2m c

/Y(I)) ) Y(x,t) + V(x)y(x,t) (2.15)

where V includes the walls of the barrier, and V x A = B. Notice that the wavefunction
vanishes wherever the magnetic field is nonzero (since the walls are impenetrable (V =
oo inside the walls)) and the magnetic field vanishes wherever the wavefunction is
nonzero (since the solenoid is perfect (B = 0 outside the solenoid)).

Now, suppose we know the solution wuq for A=0:
1 - 2
— ihoyug(z,t) = o <—ihV + 0> up(z,t) + V(x)ug(z,t) . (2.16)
m

This might be quite difficult to find, but we don’t need to find it. I claim that the
solution to (2.15) is

3 is [T dlA(e
Y = e ke S AT )uo = eJuy.

Notice the similarity with (2.14). To check this, let’s differentiate:

o € P FIC ., (S . ie - e -
(—1hV — fA) Y(z) = —ih (V’uo) ed —ihug | —A ) ed — —Augpe?.
c he c
Doing it again:

R (_76 B eg)z (upe?) = e (_'fﬁ)?’ 9
5 (if : uoe’) = 5 ih ug | €9.

Notice that we didn’t have to choose a path in f"l" A.

The combination D = (—ihﬁ —< _’) is sometimes called a covariant derivative,

because it preserves the gauge transformation properties of the function it acts on:

U= ety = (DY) = (DY)

Without B , the probability amplitude at the location  on the detector is ufj(x) +
ub(z). With B, it is

U(z) = v"(x) + ¢! (z)
115 (1)@% Jo, All)-de + ?lg(.’l})eﬁ f(,l A(0)-dl

— ene Jo, A0 (ug(l) + uf)(ul)e’* Yo-cu ‘/W)M) . (2.17)
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[End of Lecture 12]

The observability of this kind of phase was used brilliantly by Dirac to show that
if magnetic monopoles exist with magnetic charge g, then the combination eg is quan-
tized.

2.2.3 Magnetic monopoles and quantization of charge and angular momen-
tum

[from Commins| A magnetic monopole is a point source of magnetic field, around which

- g =
B:ﬁR

where ¢ is the magnetic charge, § B-da = 4mg. We can learn quite a lot by supposing
one of these exists.

Consider also an electric charge, separated by —a from the location of the monopole,

SO
— ev —
E=—r R

T —d.
r2

If neither moves, there is no force on either. But notice that E is not parallel to B , SO
there is energy and momentum in the fields; the momentum density (in cgs) is

1 - -
5= —FEXxB
& 4re

ge — =4
47TCR3T3TX§}L

-
r—a

1 ge

4dme R3r3

7 d (2.18)

82



The angular momentum density about the origin is

T mx g 1 ge |
]: = — T

The total angular momentum is

gz/jd?’v

this must be interpreted as the spin of the charge-monopole pair.

What is 5?7 It must point along @, since there is azimuthal symmetry about the
@ axis. And if S points along @, then a configuration where we put charges e/2 at
a and —a must have zero angular momentum. Starting from that configuration, we
can find S by integrating the torque 7 = 0,5 necessary to put the charges together:
S=AS= f dtT Move the charge along an arc of radius |@|. The Lorentz force on the
charge is F = 5o X B= >vBZ (where Z is out of the board). We must exert —F to
keep the charge moving along the circle (other forces such as Coulomb repulsion don’t
contribute to the torque along d). The component of the torque along @ is

vBe

?-dz(?xﬁ) 4 =asinf——.
c 2

Along the arc, vdt = dl = adf, so dt = %‘w and

/dtT—/ dfa” sin @E:cﬁii/ sin@d@zﬂ.
2 a?2c Jo c

But angular momentum is quantized in units of g (You learned this in the ‘boot-

strap’ discussion of 212A.) This means that S = < = gn,n € 7Z. Therefore electric

charges only come in integer multiples of g—;.

Here is another point of view on this result, which is called Dirac quantization.
Since V - B = 0 away from R = 0, we can still find a vector potential, though it will
be singular at R = 0.

Lo . . -
B— ﬁR: V x A= R (Op (sinfA,) — 0,A0) R +
L 9, (sin6A,) —0,4)
R? ~ Rsing ‘M) T Ol

We can set Ayg = 0 by azimuthal symmetry, so we need

%sin@ = Oy (sin0A,(R, 0))
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Integrating gives

0 K(R
cos+ (R)g

I I =sinfA, = A,= J (K(R) — cosb).

—9 Rsin6

(Vanishing of the other components of V x A will tell us that K(R) = k is constant.)

Even for R # 0, this solution A, will be singular when sin@ = 0, ¢.e. at the poles
0 = 0, 7. We can avoid this by choosing k:

20
k= 41 A<+>:£(1—_COS@> gﬂ:%mg

¥ R sin 6 R2sin 2 cos?

2 2

is singular at = 7, but not § = 0.

—1 —cosf g 2cos?? g
h——1: AO =9 (Z2TC8PN 9 2T 9 Y
v sin 0 R2sin ¢ cos 2 “

R 5 R 2
is singular at # = 0, but not § = w. So we can make a vector potential which is
nonsingular everywhere (except the origin) by patching together solutions: use k = 1
in the northern hemisphere, and £ = —1 in the southern hemisphere.

This is possible because the two solutions are related by a gauge transformation
A — AC) = ¥\ where the gauge function A\ = 2g¢p is well-defined enough around the
equator. For this to work, answers for physics around the equator must agree. Let’s do
the Aharonov-Bohm experiment, sending two charged-particle beams in circular paths
around the equator of a sphere surrounding the magnetic monopole. The relative phase
shift between the two paths is e0* with
e - +g 2meg

A qi= £ opp. 29 — 4

5t =2
he he R he '

where the 4 indicates whether we use the northern gauge or the southern gauge. The
difference is unobservable only if it is an integer mutliple of 27 :
2 2 I
meg _ o _ 2T€9 €9 c

e ™ e %ém =2mn > eg= ?n

where n € Z. This the same condition as we found from angular momentum quantiza-
tion.
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2.3 Integer Quantum Hall Effect

[Wen, Quantum Field Theory of Many-Body Systems| As a synthesis of several of the
things we’ve studied so far (free fermions, charged particle in an electromagnetic field,
the notion of states of matter), I want to discuss an interesting state of matter that
can be realized by subjecting a 2d electron gas to a large magnetic field. This state
can be understood without worrying about interactions.

It is interesting for several reasons. One is that it seems like a vegetable (e.g. it
has a unique groundstate with an energy gap, and breaks no symmetries), but if it has
a boundary, it has gapless edge modes that move in only one direction (a chiral edge
mode). Recall that when we studied the groundstate of non-interacting fermions in
one dimension, we always found an even number of Fermi points (values of p where
€(p) = er). Here is a way to get an odd number.

The second reason it is interesting gives it its name. The Hall effect is when, in
the presence of a magnetic field, an applied electric field E, makes a current in the y
direction: J, = c* E,. This can happen classically, and in such a description the Hall

conductivity, o, is proportional to B and to the density of electrons and can vary
e

-, where v is an integer and

arbitrarily. But in an integer quantum Hall state, o™ = v
e? and h are fundamental constants of nature.

Consider one (for now) electron constrained to move in the xy plane under the
influence of a uniform magnetic field of magnitude B oriented in the +Z direction.
We're going to ignore its spin, because the magnetic field polarizes it to point in the 2
direction. The Hamiltonian for this electron is

H = % ((px - EAI>2 + (py - EAQ)Q) (2.19)

where m and e are the mass and charge of the electron, and ¢ is the speed of light,
which I will set to one.

Let z =z +1iy,z = v — iy, so 0, = %(895 —i0,),0; = %(&E +1i0,). Let’s choose
symmetric gauge: (A, A,) = Z(—y,z), where B = 9,4, — 9,4, here is a constant.
Then acting on a single particle position-space wavefunction,

1 o 1
H=— Z (0 — ied;)* = —— (D.Ds + D: D) (2.20)
=T,y
where D, = 0, — %Z, D; = 0;+ %z. An intermediate step here, which we’ll use
later is:

L, =i(y0, — x0,) = 20, — 20 (2.21)

the angular momentum of the particle.
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When h = ¢ = 1, a magnetic field has dimensions of length—:

ﬂ 1

2 =
B eB

x (2.22)

(g is called the magnetic length.

Now I'll do something mysterious-seeming that will solve this problem. On the

homework you’ll see that (in a different gauge) it can be written as a single harmonic
Bl

oscillator. Let o = e *B. Then it is useful to observe that if eB > 0,

1 /.~ - -
H=¢ <__ (DZDZ + D5D2>) 0 (2.23)
m
where
- ., eB_ eB_ _eB_
l;)z—go D,p =20, 42 42 0, 22,
Dg - gpilDESO - (92. (224)
This can be rewritten as
2 1 1
H=¢p|-= ——z)0: )t = 2.2
gp( m(az %232)8Z><,0 +2hwc (2.25)

where w, = ;TBC is the cyclotron frequency. In this form we can immediately read off
the eigenstates. States of the form at left have the energy at right:

2

_ 7] 1
To(2) =e “5 f(z) Ey = §hwc lowest Landau level
ENEIC
Uy(2)=e “5D,f(2) E, = Ey + hw, second Landau level
ENEIC
U, (2) =e “BD"f(2) E, = Ey + nhw, . (2.26)

Here f(z) is an arbitrary holomorphic function, meaning that it depends only on z and
not on z, and it is well-behaved. [End of Lecture 13]

There are many such functions! A nice basis of them is the polynomials:

2
2]

PO (2) = 2me % (2.27)

is a lowest Landau level (LLL) state with angular momentum (2.21) equal to m. It has
support in a ring centered at the origin, with a maximum at r,, = v/2m/{p:

LR
1O (2)] ox €™ 75 (2.28)

m
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2

The orbit of such an electron has area 7r?, = 2m¢%4m and therefore in a constant

magnetic field it encloses m flux quanta: f B -da = Bmr? = mhC

Therefore, there is one state in the LLL for each flux quantum. This means that
if the number of electrons per flux quantum v = 1, the free fermion groundstate will
completely fill the lowest Landau level, and not at all involve states in the second
Landau level. There’s an energy gap hAw.. The groundstate wavefunction takes a
beautiful form:

11 ---
zl 22---

Vo) = detol(s) = OV Lot g g | = TGmspper St/

Zl % i<j

(2.29)

Now, there’s something slightly awkward about what I said above: how can we
have a uniform magnetic field everywhere, and one electron per flux quantum, and a
finite number N of electrons? We could use periodic boundary conditions, but then we
couldn’t use polynomials 2. In real life, what happens is that the Hall droplet has a
boundary. Suppose that the electrons are confined to some region of space (where B is
uniform, so the analysis above applies) by a smoothly-varying (electrostatic) potential
V(r). We can write the full hamiltonian as

H = Hapove + V(T) (230>

and think of V(r) as a perturbation. This perturbs the energies of the LLL states
above by

1
B Shwe+ V(1) (2.31)

But here 7, = v2m/{g. The excitations with small m lie in the bulk and have energy
gap hw.. But for large enough m, r,, reaches the boundary of the sample, where the
state m + 1 is unfilled, and we can make an excitation by moving the particle from m
tom 4+ 1.

O—(>—JH3—(J—O O-0-0-0-0 Opi{a/

OI() O—0O—0-C )*‘( }i g 7/ [fig from XG Wen]

________________________________________ T'm
S

o Edge excitation
Bulk excitation g N

87


https://academic.oup.com/book/25836

The angular momentum m of an excitation at radius r,, is m = r,k, where k
is its linear momentum in the angular direction, & = m/r,. So we can eliminate
vm = \/2klp and regard (2.31) as a dispersion relation

1
E, ~ 571% + V(20%k) (2.32)

for the edge excitations. The energy above the groundstate of the excitation is dw =
202 V'§k. This is an excitation with velocity 205V, and there is no excitation with the
opposite velocity. It is a gapless chiral edge excitation. And it will be there no matter
what the potential is.

Using this picture we can also calculate the Hall conductivity. Let’s think about a
Hall droplet which is a strip extended in the y direction. In this geometry it’s nicer
to use Landau gauge, where A, = Bz (as you'll do on the homework) so that p, is
a conserved quantity. These states are labelled by the Landau level index n and the
y-momentum k. The state labelled k is centered at x = —k¢%. (This relation is just like
our relation for r,, above.) The groundstate looks like this [figure from David Tong]:

V(x)

We’ll apply an electric field in the x direction. Then the state looks like this:

The current in the y direction is

e [dz 1 FTC € e?
I, = —e/ dkv, (k) ~ —— | — (——&CV) = AV = — 2.33
Y filled states y( ) 27 823 eB h h ¢ ( )

where ¢ is the applied voltage across the sample in the z direction. So 0, = %‘ =

If we filled n Landau levels, we would find o,, = n% Notice that this result is real

=%

 —

y
robust: even if the potential were all wiggly, we would get the same answer.
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Robustness of quantum Hall plateaux. The value of axye% is measured to be
an integer to many decimal places. But we have not yet explained why it keeps the
same value of B is varied away from the value where the filling fraction is exactly an
integer. The fact that there is an energy gap suggests that not much can happen,
because getting a different state would require some involvement of higher Landau
levels. But in fact the extreme precision which with the Hall conductivity remains an
integer requires one more ingredient. Ironically, it is actually a consequence of disorder.
Imagine that the electrons are moving in a smooth but random electrostatic potential
(this is what I mean by disorder). Our calculation above shows that classically electrons
move along equipotential contours. As we vary the filling, the Hall fluid of electrons
is like a rising sea, filling up more of the landscape. One effect of the disorder is to
broaden each Landau level into a band of energies. The states at the top and bottom
of each of these bands are associated with orbits that go around minima or maxima of
the potential — these orbitals are localized, and do not contribute to the conductivity.
Only special contours, which are in the middle of the bands, are extended across the
sample. The key point is that only when the fermi level passes through one of these
extended states does the Hall conductivity change.

General arguments about quantum Hall states. Actually there is a very
general argument that a state with nonzero Hall conductivity o,, = I/% and an energy
gap in the bulk must have gapless edge modes. The idea is to consider a cylinder
geometry.

Consider the system on an annulus (sometimes called, in this

context, the ‘Corbino geometry’). Adiabatically thread a

unit flux quantum &, = % worth of magnetic field into (a

solenoid in) the hole in the annulus. This means we slowly
vary the magnetic field in the hole, so that the change in
flux is the unit flux quantum ®, = 2¢ = 2. This is called

P =

fluz-threading.

Dy = AP = /dt@t (/ da-é) Faraday —c/dtj{ 7.7 o L/dtj,,
hole C Oy
N—

=AQ

where C' is a curve going around the hole. We conclude that an amount of charge
)
AQ = 0, =ve (2.34)
c

(e is the charge of the electron) is transferred from one edge of the cylinder to the other.
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Moreover, the initial and final Hamiltonians are related by a gauge gransformation:

They have the same spectrum. Moreover, the work done on the system is [ Id®
[ dt (%)2 which goes to zero in the thermodynamic limit (make both inner and outer
radius of the cylinder large), if our process is adiabatic. Therefore the initial and final
states must be degenerate in the thermodynamic limit.

We've identified two different states related by the flux threading whose energies
become degenerate in the thermodynamic limit. Since we’ve assumed the bulk is
gapped, we conclude that there must be gapless edge states.

These two states differ in that an amount of charge v has been moved from one
boundary to the other. If charge is carried only by electrons, localized objects with
integer charge, we conclude Z 5 v = AQ/e = 0, the Hall conductivity must be an
integer in units of %

Amazingly, the innocent-looking assumption “if charge is carried only by electrons”

can be violated. There are fractional quantum Hall states, where the bulk is gapped,
2
0
that carry fractional charge — in such a medium, the electron splits apart. Such states

but o,, = v% with v a fraction! The loophole is that these states have excitations

cannot be understood without interactions. For more on this subject, you might try
reading chapter 2 here. For more on quantum Hall states in general, I recommend
David Tong’s notes.

[End of Lecture 14]
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Part 2:
Hard Problems

I have already emphasized that so far we’ve been studying very special many-body
systems that can be solved by diagonalizing a one-particle Hamiltonian. Now it is time
to look at the rest of the world. The problem is that such Hamiltonians are hard to
solve. They are hard to solve numerically, because they involve matrices of size V¥
where N is the number of particles and V' is the volume of space. This grows very
quickly with N and the best we can do with exact diagonalization is usually on the
order of N ~ 10! particles and V ~ 10! lattice sites.

In general, they are also hard to solve analytically. There are a few examples where
various tricks allow us to solve exactly, mostly only in d = 1. Otherwise we must use
our wits. That is, we have to analyze extreme limits of couplings, where the problem
simplifies, and we have to use mean field theory when we can. And we have to come
up with new ideas. To illustrate these techniques in action, we will spend a little time
on an example which is not obviously made of particles hopping around. Rather it is
a model of a magnet.
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3 A simple magnet

The Hilbert space is simply @, H1 where H1 = span{|1),|J)} is the Hilbert space of a
single gbit, that is, a spin-one-half. Acting on each of these Hilbert spaces is a set of
Pauli operators, which I will denote X, Y,,Z,. Their matrix elements are the Pauli
matrices. More precisely, e.g. by X, I mean the operator that acts as the identity on
all the factors except for the spin at x, on which it interchanges up and down

Xx\01>®'“\03:>"'®\0v> — ‘0—1>®.”‘6—1‘>'..®|0—V>
where T =/, | =7. That is,
X =1®@ - @X®---®1
where the X appears in the xth entry.
Hardcore bosons. In case you are bothered by the apparent left turn our discus-
sion has taken, let me show you that this same Hilbert space can actually be realized as

that of many particles. Relabel the two states at each site [1) = [1),|]) = |0). Regard
these as eigenstates of a number operator

n, [{n1 - nv}) = ng[{ni---nv}). (3.1)

That is, each site may contain either zero particles (like the Fock vacuum) or one

particle. The operators
1

2

respectively create a particle from |0), or destroy a particle if it is present at x. So

o =~ (X, £iY,)

these particles are like fermions in that there can only be one or zero in each orbital.
However, they commute at different sites

02,081 =0, forzy

rather than anticommute, so they are not actually fermionic operators. These particles
are called hard-core bosons. Even if we write a Hamiltonian which is quadratic in o,
it will not be exactly solvable, because the creation and annihilation operators do not
satisfy the canonical algebra. Another warning about this representation for present
purposes: the Hamiltonian we’ll study, (3.2), will not conserve particle number.

Another way to think about how such a Hilbert space might arise is if we had a
bunch of spin-half electrons, each of which got stuck, for some reason, at one of the sites
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x. ‘Stuck’ means that their position degrees of freedom are frozen out, that is, it costs
too much energy to get them to move. But their spin degeneracy is still there. These
spins can then interact with each other. This is one way in which insulating magnets
happen, called a Mott insulator. Later we’ll make this description more quantitative.

Arrange the sites z into a lattice. Denote by (zy) a pair of neighboring sites, which
share a link of the lattice. The Hamiltonian we will consider is called the transverse
field Ising model:

HTFIM =—J Zng + Z ZrZy . (32)

ff (zy)
Some of the things we say next will be true in one or more spatial dimensions.

Notice that J has units of energy; we could choose units where it’s 1. In 1d (or
on bipartite lattices), the sign of J does not matter for determining what state of
matter we realize: if J < 0, we can relabel our operators: Z; = (—1)’Z; and turn an
antiferromagnetic interaction into a ferromagnetic one. So let’s assume g, J > 0.

Competition. One reason that this model is interesting is because of the com-
petition between the two terms: the X, term wants each spin (independently of any
others) to be in the state |—), which satisfies

X, = =), =)= 5 (1, + 1)

In conflict with this are the desires of —Z;Z;;, which is made happy (i.e. smaller) by
the more cooperative states |1;1;41), or |l;l;j+1). In fact, it would be just as happy
about any linear combination of these a [1;1;41) + b|l;);+1) and we’ll come back to
this point.

Compromise? Another model that looks like it might have some form of compe-
tition is

Hyoring = COS@Z Z; + sinHZXj , 0o, g]
Y j

Why is this one boring? Notice that we can continuously interpolate between the states
enjoyed by these two terms: the groundstate of Hy = cos 0Z + sin X is

0 0
6 = cos 5 |T) +sing [1)

—as we vary 0 from 0 to m/2 we just smoothly rotate from |1.) to |1.).

How do we know the same thing can’t happen in the transverse-field Ising chain?
Symmetry. The Ising model has a G = Zy symmetry which acts by Z; — SZ;S" =
~-7Z;,X; — SX]-ST = +X;, where the unitary S commutes with Hrppy: SHypSH =
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Hrpma. More explicitly, S = [, X,. It is a Zy symmetry in the sense that S? =
(since X? = 1). The difference with Hyoing is that Hrppy has two phases in which G
is realized differently on the groundstate.

: First, let’s take g so big that we may ignore the ZZ ferromagnetic term,

Hy oo =— > X;.
J

(The basic idea of this discussion will apply in any dimension, on any lattice.) Since

SO

all terms commute, the groundstate is the simultaneous groundstate of each term:
Xjlgs) =+lgs), Vi, = lgs) =®;|=);.

Notice that this state preserves the symmetry in the sense that S|gs) = |gs). Such a
symmetry-preserving groundstate is called a paramagnet.

: Begin with g = 0.

Hy=—J> Z;Z;.
J

has groundstates
=t = =D,

or any linear combination. Note that the states |+) are not symmetric: S|£) = |F),
and so we are tempted to declare that the symmetry is broken by the groundstate.

@ You will notice, however, that the states

e, ) = - (1) £ 1)

are symmetric — they are S eigenstates, so S maps them to themselves up to a phase.
It gets worse: In fact, in finite volume (finite number of sites of our chain), with g # 0,

|+) and |—) are not eigenstates, and ) !th'+> is the groundstate. BUT:

1. The two states |[+) and |—) only mix at order N in perturbation theory in g, since
we have to flip all N spins using the perturbing hamiltonian AH = —¢J ¢
to get from one to the other. The tunneling amplitude is therefore

N—o0

T~ gV (=] XiXp--- Xy |[+) "= 0.
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2. There’s a reason for the symbol I used to denote the symmetric states: at large NV,
these ‘cat states’ are superpositions of macroscopically distinct quantum states.
Such things don’t happen, because of decoherence: if even a single dust particle
in the room measures the spin of a single one of the spins, it measures the value
of the whole chain. In general, this happens very rapidly.

3. Imagine we add a small symmetry-breaking perturbation: AH = —Zj hZ;;
this splits the degeneracy between |+) and |—). If h > 0, |+) is for sure the
groundstate. Consider preparing the system with a tiny A > 0 and then setting
h = 0 after it settles down. If we do this to a finite system, N < oo, it will be in
an excited state of the h = 0 Hamiltonian, since |+) will not be stationary (it will
have a nonzero amplitude to tunnel into |—)). But if we take the thermodynamic
limit before taking h — 0, it will stay in the state we put it in with the ‘training
field” h. So beware that there is a singularity of our expressions (with physical
significance) that means that the limits do not commute:

lim lim Z # lim lim Z.

N—00 h—0 h—0 N—oo

The physical one is to take the thermodynamic limit first.

The conclusion of this brief discussion is that spontaneous symmetry breaking actu-
ally happens in the N — oo limit. At finite N, |+) and |—) are approximate eigenstates
which become a better approximation as N — oo.

This state of a Zs-symmetric system that spontaneously breaks the Zy symmetry
is called a ferromagnet.

So the crucial idea I want to convey here is that there

o ) FERoMIET
must be a sharp phase transition at some finite g: the a5 5 5 teeanpeer
. . . . [1N 9 —H——-
situation cannot continuously vary from one unique, sym- gy P

metric groundstate S }gsg<<1> = ’ gsg<<1> to two symmetry-
breaking groundstates: S ‘gsi> = ’gs¢>. We’ll make this statement more precise when
we discuss the notion of long-range order. First, let’s see what happens when we try
to vary the coupling away from the extreme points. For definiteness now, we focus on
one dimension, a chain of N sites. E

An excited state of the paramagnet, deep in the
phase, is achieved by flipping one spin. With H = H,, = Z}j N S*H;Lu
—gJ Zj X, this costs energy 2¢gJ above the groundstate.

There are N such states, labelled by which spin we flipped:
y p pp 1 ctte

N

~—
nth site

ny=|—-— —>~-->, (Hoo — Eo) |n) =2gJ |n), ¥n
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[End of Lecture 15]

When g is not infinite, we can learn a lot from (1st order) degenerate perturbation
theory in the ferrmomagnetic term. The key information is the matrix elements of the
perturbing hamiltonian between the degenerate manifold of states. Using the fact that
Zj|=) = [), so,

ZiZj | =j4j) = [+i—=5n)
(n£1| szzj+1 n) =1,
J

the ferromagnetic term hops the spin flip by one site. Within the degenerate subspace,
it acts as

Hegn) =—J(In+ 1) +|n—1))+ (Eo+2g9J) |n) .
It is a kinetic, or ‘hopping’ term for the spin flip.

Let’s see what this does to the spectrum. Assume periodic boundary conditions
and N sites total. Again this is a translation invariant problem (in fact essentially the
same one we've studied several times before), which we can solve by Fourer transform:

1 —ikz, T = ja,
(22l I Hir
On the momentum states, we have E%(_)/J “““
(H — Ey) |k) = (—2J coska + 2gJ) |k) . 6l :
The dispersion of these spinon particles is 4
e(k) = 2J(g — coska) "=° A+ J(ka)2  (3.3) 2 : k
R a

with A = 2J(g—1) — there is an energy gap (notice
that A does not depend on system size). So these
are massive particles, with dispersion e = A + % + ... where A is the energy to create
one at rest (notice that the rest energy is not related to its inertial mass M~ = 2Ja?).

A particle at j is created by the creation operator Z;:

And it is annihilated by the annihilation operator Z; — you can’t have two spin flips
at the same location! These particles are their own antiparticles.

The number of such particles is counted by the operator >, (=X;). The number
of particles is only conserved modulo two, however.
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(s
What happens as g gets smaller? The gap to creating Ly /
a spin flip at large g looks like 2J(g — 1). If we take this o

formula seriously, we predict that at ¢ = 1 it costs zero l T ’9,

energy to create spin flips: they should condense in the

vacuum. An excitation is said to be condensed in a state

|v) if (¥|O]y) # 0, where O is the operator that creates the excitation. Condensing
spin flips means (Z) # 0, so the state is magnetized. (We shouldn’t take this g = 1
prediction too seriously because it’s just first order in perturbation theory, but it turns
out to be exactly right.)

It’s possible to develop some more evidence for this picture and understanding of
the physics of the paramagnetic phase in the Ising chain by doing more perturbation
theory, and including states with two spin flips. Notice that for a state with two
spin-flip particles, the total momentum £ no longer uniquely determines the energy,
since the two spin-flips can have a relative momentum; this means that there is a two-
particle continuum of states, once we have enough energy to make two spin flips. For
more on this, see e.g. Sachdev (2d ed) §5.2.2. In particular the two spin-flips can form

boundstates, which means there are two-particle states with energies slightly below
2A.

g < 1| Now let’s consider excitations of the ferromagnet, about the state |[+) =
[T 1) . It is an eigenstate of Hy = —J > Z;Z;., and its (groundstate) energy is
Ey = —JN. We can make an excitation by flipping one spin:

et Lt T )
This makes two bonds unhappy, and costs 2J + 2J = 4.J. But once we make it, there

are many such states: the hamiltonian is the same amount of unhappy if we also flip
the next one.

I RN RS

The actual elementary excitation is a domain wall (or kink), which only costs 2.J.
The domain wall should be regarded as living between the sites. It is not entirely a
local object, since with periodic boundary conditions, we must make two, which can
then move independently. To create two of them far apart, we must change the state
of many spins.

At g = 0 the domain walls are localized in the sense that a domain wall at a fixed
position is an energy eigenstate (just like the spinons at g = 0o), with the same energy
for any position. But now the paramagnetic term — > ;9X; is a kinetic term for the
domain walls:

Xjpa | MMy i ) = [ MM g - Jygad o)

-

J =[5+1)
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Just like in our g > 1 discussion, acting on a state with an even number of well-
separated domain walls

(Het — Eo) |j) = —gJ (I + 1) + 17 = 1)) + 27 1)

where the diagonal term is the energy cost of one domain wall at rest. Again this is
diagonalized in k-space with energy

€one dwall(k') = 2J(1 — g COS k‘a)

Again, this calculation is almost ridiculously successful at A(ﬂ)
predicting the location of the phase transition:

g—)l S S

We predict that for ¢ > 1, the domain walls condense; this prodtices a paramagnetic
state.

Notice that although our discussion of the paramagnetic state g > 1 can be applied
in any d > 1, the physics of domain walls is very dimension-dependent.

3.0.1 Mean field theory

So far we have used perturbation theory about ¢ = 0 and g = oo to delicately inch our
way toward the interior of the phase diagram of the TFIM in one dimension (3.2). Here
we take a plunge and try to guess the groundstate for all g. The nice thing about trying
to guess the groundstate is the Rayleigh-Schrodinger hedge: the energy expectation in
any state is an upper bound for the groundstate energy; minimizing the energy within
a class of guesses is called a ‘variational approach’.

The name for the particular guess we’ll make is ‘mean field theory’, which means
that we completely ignore entanglement between different sites, and suppose that the
state is a product state

IMET) = [¢h1) @ |tha) -+ [s) -+ ..

If we further assume translational invariance then the state at every site is the same
and we have one bloch sphere to minimize over for each g:

0 ; 0
1) = ®; |Ta); = ®; (COS 56“’/2 |—) + sin 3¢ /2 |<—>> |
J
(Here 6 is the angle n makes with the x axis, and ¢ is the azimuthal angle in the yz

plane, from the z-axis.) To evaluate the energy expectation in this state, we only need
to know single-gqbit expectations:

(Tal X [1a) = cosO,  (Th| Z|T5s) = sinf cos p.
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So the energy expectation is
Ef,p)=—-NJ (g sin? f cos”® ¢ + g cos 8)

where z is the number of neighbors of each site of the lattice (z = 2 for the 1d chain).

E(f)

This is extremized when ¢ = 0,7 and when ey
0=0pF = NJsinf (zcos — g). \ _. _. _ /

Notice that when 6 = 0, the two solutions of ¢ are
the same, since the ¢ coordinate degenerates at
the pole. The solutions at cos = g/z only exist

when ¢g/z < 1. In that case they are minima (see

the figure) since 97 E|cos g—g/> > 0, while 95 E|g—¢ = o+
NJ(g—=z) is negative for g < 2. (Notice that ¢ = 7

can be included by allowing 0 € (—m, 7], as in the

figure.) =

So mean field theory predicts a phase transi-

tion at g = 2, from a state where (Z;) = siné to
one where (Z) = 0. It overestimates the range of
the ordered phase because it leaves out fluctuations which tend to destroy the order.

Let’s study the behavior near the transition, where € is small. Then the energy can
be approximated by its Taylor expansion

E(0) ~ NJ (—z + %92 + %94>

(where T have set ¢ = g. = z except in the crucial quadratic term). This has minima
at

(Z;) =sinf ~0 =+/g.— g . (3.4)
The energy behaves like

Eyrr(g)

Njo 9T

0, 929
Notice that J,F is continuous at the transition. So mean field theory (correctly)
predicts a continuous quantum phase transition between the ordered phase and the

disordered phase. The location of the transition is wrong (mean field theory overes-
timates the size of the ordered region because it leaves out lots of order-destroying
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fluctuations), and so are other properties, such as the exponent in (3.4), which should
be 1/8 instead of 1/2.

Another point of view on mean field theory is: let’s think about the experience of
the world of a single spin. Much like a human during lockdown, its experience of the
world is mediated by the behavior of its neighbors. We can write the Hamiltonian as

H=—J <g2ijxi+zi:zi (% > zj>>.

7, neighbors of i

From the point of view of Z;, the object (% Zj7 neighbors OfiZj) = h; just acts like
an effective longitudinal magnetic field. A mean field theory arises by replacing the
neighboring operators by their expectation values:

Hyp=—J 9> Xi+ Y (Zi(Z;) +(Z:) Z; — (Z;) (Z;))
@ (i)

Now this hamiltonian has the form of Hyuing above, whose groundstate is just all

the spins pointing in some direction §((Z)) between & and Z. This becomes slightly

nontrivial if we demand that (Z) comes out right when computed in the resulting

groundstate. This self-consistency condition is

zdm

V(zIm)? + (gJ)

(where z is the number of neighbors of each site). This says m = +4/1 — Z_§> repro-
ducing our (approximate!) answer for the critical coupling g = z. (We would find the
same condition by minimizing the groundstate energy over m.)

Notice that if we let the magnetization m in the mean field ansatz depend on space,
we would get not just a Landau-Ginzburg potential, but a Landau-Ginzburg functional
of m, involving derivative terms, like

Z mim; ~ /ddxﬁm Vm - (3.5)
(i)

But you can see that, as long as the sign in front is positive, we minimize the energy by
taking m to be constant. (If the sign is the other way, we will make instead a density
wave, where the sign of the magnetization oscillates in space, spontaneously breaking
translation invariance. An antiferromagnet is an extreme example of this where the
period of oscillation is a single lattice spacing, and where the approximation on the
RHS of (3.5) is not valid.)
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3.0.2 Correlation functions and long-range order

A useful set of physical (observable! as we’ll discuss in a moment) quantities are the
correlation functions of the spins:

C(r,r") = (0|Z,Z,,|0)

Notice that this is an equal-time correlator. If the groundstate is translation invariant,
this is only a function of the separation between the spins C(r,7’) = C(r —r’). (Notice
that I am using rs and js to label the positions interchangably, but r = ja, where
a is the lattice spacing.) We can take further advantage of translation symmetry by
thinking about the Fourier transform of this quantity, which is called the static structure
factor:

Sl = e C(r) |

the sum over positions is over r € a{l...N}, and (assuming periodic boundary condi-
tions again) the argument ¢ € 2={1...N}.

Correlations in the quantum Ising chain. At g = oo, all the way in the
paramagnetic phase,

(01Z;Z,10) [g=0c = dju
— different sites are totally uncorrelated. At finite but large g > 1 we have instead:

|xj—z|>a

(012,20 [0) |ysy 27" el (3.6)

[End of Lecture 16]
— the fluctuations of the spin flips communicate between the sites, but only over a short
range, because the spin flips are massive??.

In contrast, for ¢ < 1, in the ferromagnetic phase,

z;—x1|>a

012,210 [y 27" N2(g) (3.7)

where NZ(g) =1 for g=0. Ny < 1 for g > 1.

22To get a sense of where (3.6) comes from, let’s represent Z; as a scalar field, in terms of creation
and annhilation operators for the spin-flip excitations: Z; = 3", ﬁ (are*@ 4+ h.c.). Then

elk‘:E

1 . .
(01 2,210y ~ > me"mU—l) ~ /c‘{dk

2w
B k

where wi, = A + % is the dispersion relation for the spin flips and # = a(j — [). This integral is

doable and the answer goes like e~ V2MAlzl for large 2. Notice that the long-wavelength behavior of
wy, is appropriate for large x, since then small k£ dominates the integral.
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More simply, if we train the system appropriately (as we discussed in point 3), then
we’ll have
(012 0) = £No(9)-

Ny is the order parameter, the magnetization. Another way to state the issue about
the order of limits of h — 0, N — oo: in a finite system the magnetization is zero:

lim lim (Z;) =0, but lim lim (Z;) =N, .

N—o00 h—0 h—0 N—oco

In this sense, the ferromagnet is said to have long range order.

OK but here’s the simple important point: There’s no smooth function of g that
can interpolate between (3.6) and (3.7). A virtue of the notion of long-range order is
it gives sharp distinctions between phases.

3.0.3 Physics of structure factors

Consider the limit where N — oo so that the allowed momenta fill in a continuous
Brillouin zone ¢ € 27{1..N} — (0,7} ~ (—m, 7). So the inverse Fourier transform is

O(R) = / " gy

When there is long range order,

R—o0

C(R) "~ N§
what does S(¢g) do? It means a singularity at ¢ = 0:
S(q) = 276(q) N§ + regular (3.8)
where ‘regular’ means terms which are smooth at ¢ = 0. This singularity is a sharp

signature of the broken symmetry.

We can learn something by considering a spectral representation of S(g), obtained
by resolving the identity by energy eigenstates |n):

S(a) = 3> (012,2410) = - 37 | 0] Z,10) (39

Here I used Z, =Y, e Z, = Z' .
A sum rule: C(R = 0) = (0|Z,Z,|0) = (0|0) = 1. But the (inverse) Fourier

transform is
s dq
- 2T

1:0(3:0):/ S(q) .
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This is some short-distance information which remembers that the objects we're looking
at square to one. Given the spectral interpretation, this sum rule means that as we vary
parameters, the spectral weight can move around, but it can’t go away. In particular,
when the system orders as in (3.8), the 2r NZ contribution at ¢ = 0 has to come from
somewhere.

Dynamical structure factor.
C(r,t) = (0] Z,(t)Zo(0) |0) -

This reduces to C(r) if we set t = 0. It is useful to think of Z,(¢) in Heisenberg
representation: Z,(t) = etHZ, e H!  Tts Fourier transform in time and space is the
dynamical structure factor:

S(q,w) = Zeiq’"/ dte 'O (r, t).

Notice that S(¢) = [dwS(¢g,w) (not S(w = 0)). The spectral representation of the
dynamical structure factor is:

S(g,w) = % 7| 0] Z, [0) 226w + By — E) (3.10)

So (3.9) is obtained by integrating over w”® which simply removes the w dependence.

In words: S(g,w) is the number of states of momentum ¢ and energy w, weighted
by (the square of) their overlap with the state engendered upon the groundstate by the
spin operator. This formula is crying out to be interpreted in terms of Fermi’s Golden
Rule.

Before we do that let’s include finite temperature, too. Let
1
Cla, t;2't') = Ztre_H/TZ(:U, ) Z(2't)

where again Z are Heisenberg picture operators and Z = tre /7. Its fourier transform
is

dd / o) . N
S(q,w) = fo/ddas/ dt T ET (g 1 a't).

Notice that the time integral here is over real time, not euclidean time. To find the
spectral representation, again, insert an energy eigenbasis 1 = |n) (n| in between
each time evolution operator and each field, and do the space and time integrals. The
result is:

1 /
S(.w) = oz D¢ 5T (0| Z(q) ') 276 (w + B — E).

)

23 With the usual 5= convention: [dwS(q,w) = S(q).
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V' is the volume of space.

Now let’s interpret this in terms of a transition rate in a scattering experiment, via
Fermi’s Golden Rule. Recall that the FGR says that the transition rate is

D= [(F|Hpert | 1)
F

more generally, if we are uncertain about the initial state, so it is described by a density
matrix, p = Y, ps|I)I|, then

=3 ol (F| e | |

FI

In the problem above, the initial state is |n/) with probability p, = e Fw/T/Z
given by the Boltzmann distribution. (In the 7" — 0 limit, we return to (3.10), where
the initial state is the groundstate with probability 1.) The perturbing hamiltonian is
linear in the spin operator Hpex o< Z(g). With these assumptions, the transition rate
per unit time is exactly S(¢,w). This explains the connection between the dynamical
structure factor and experiments involving scattering of neutrons: a neutron couples to
the spins via its magnetic dipole moment, which couples linearly to the spin operator;
w, q are the change in energy and momentum of the system. The transition probability
(at zero temperature) is proportional to something like:

|(n| ® <neutron, final(E — w, k — 7, 2)| Sneutron - & |0) ® |neutron, initial(E, k, 2)> ?.
(3.11)
The (known) neutron states allow us to determine ¢,w. You could ask me how we do
an experiment that couples just to Z, and not all of &. We can do this if we can choose
the initial and final spin states of the neutrons to be polarized along Z, as indicated in

(3.11).

Given our understanding of the spectrum at large and small g, we have a prediction
for the behavior of S(q,w): at large g, the lowest-energy excitation is a single spin
flip, which conveniently is created by Z, and so contributes to S(q,w). But it only
contributes if ¢ and w are related in the right way, namely w = ¢,. This means that there
will be a sharp peak along this curve: for w in the right range, S(q,w) = Zdé(w — €,).
For larger w, we access the multi-particle continuum. In fact, Z |0) only includes states
with an odd number of particles, so the continuum in S(q,w) starts near 3A. What
happens at small g7 At small g, the spin flip is not stable — it can decay into a pair of
domain walls, which are free to move apart. Although these domain walls behave in
many ways like particles, the operator Z; cannot create a single domain wall. (In fact
the domain wall creation operator is made of a string of Xs, since we must flip all the
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spins on one side of the wall.) So the spectral function of Z has only a continuous mess
at small g — a multiparticle continuum of domain walls, no sharp delta-function peak.

People?* have done this experiment on a system that is well-described by the TFIM
(CoNbyOg). It can be approximated as a collection of decoupled chains of spins with
nearest-neighbor ferromagnetic Ising interactions. The transverse field term can be
produced by applying a (surprise) transverse magnetic field, and hence g can be varied.
Indeed at large g one sees a sharp single-particle peak, and at small g there is a
featureless mess, i.e. a two-particle continuum. Here is a summary of the results of the
experiment (from Ashvin Vishwanath):

ordered

paramagnet

. 1.8
2-kink e spin-flip
states __ %7 s @
E" g
EJI.E E“
8

2 2
=

=
=

-0.2 0 0.2 0.4
L (rluw)

TV VLT

A further feature of these experiments that I must mention is: if we apply a longitudinal
field, AH = > jh:2j, we confine the domain walls, in the following sense. This term
means that a region of down-spins costs an energy proportional to its length. This
is an interaction energy between the domain walls at the edges of the region which is
linear in their separation, a constant attractive force between them. Their spectrum
of boundstates is extremely interesting and represents a physical appearance of FEg
symmetry.

Confession. Actually it turns out that the TFIM in one dimension is one of the
examples that can be solved exactly by cleverness. The cleverness is called the Jordan-
Wigner transformation, and it relates the spin system to a model of fermions. And
the hamiltonian is actually gaussian in those fermions! Actually, the discussion around
(3.1) is the special case of it in d = 0, i.e. at a single site. But this is a story for another
time (namely, the homework).

24Coldea et al, Science 327 (2010) 177.
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4 Interacting bosons

[Leggett, Quantum Liquids| Recall that the groundstate of a collection of N non-
interacting bosons is
N
V' N!

where pg labels the mode with the lowest single-particle energy: €(pg) is the minimum
of €(p). The crucial feature of this state is that there is a macroscopic occupation of
a single single-particle orbital. Let us tentatively call this phenomenon Bose-Einstein
Condensation (BEC).

And recall briefly from statistical mechanics that this phenomenon survives to finite
T > 0. For 0 < T < T, the accounting of all N (still non-interacting) particles satisfies

p(€)de
ePe — 1

N:NO(T)+N/OOO

where p(e) = . 6(e — ¢) is the density of single-particle energy levels ({¢;} is the
spectrum of the single-particle hamiltonian h). T, is the value of T' for which Ny(T')
goes to zero. If p(€) oc €271 then

sy -w(1- (L)), rer

For a nonrelativistic gas in 3d free space, a = 3/2; for a 3d harmonic trap, a = 3.
Notice that for 2d free space a = 1/2 and the integral doesn’t converge — there is no
need to macroscopically occupy the lowest-energy state in this case.

This raises some questions for us:

1. Does this phenomenon (of macroscopic occupation of a single orbital) survive
interactions?

2. How to even define it in that case?

3. Why does it matter if a single orbital is macroscopically occupied?

4.1 Phenomenology of super-flow

So what? Let us focus for a moment on question 3. The answer is associated with a
collection of phenomena which are called superfluidity or superconductivity. The two
names refer to two separate cases: the latter applies when the boson that is condensing
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is charged under electromagnetism. Its condensation then has some important conse-
quences for the behavior of the electric and magnetic fields and currents. The former
case is when the boson is neutral, such as a *He atom. What are these phenomena?
(We are going to indulge for the next several paragraphs in phenomenology — 1 will
tell you some things that have been seen in experiments, and we’ll come back and
understand as many of them as possible as a consequence of the BEC phenomenon.)
Let us place our bosons in a ring-shaped container which can

rotate. We can think of this as simply an external single-

particle potential

U = U(r, 2, 0). (4.1) ‘\“’

We assume that rotating the container at frequency w means
that the potential (4.1) becomes

U(r,z,0)— U(r, z,0 — wt).

The classical moment of inertia of the particles is I, = NmR?. w, = # is a quan-
tity with units of frequency, which since it has an A is like a quantum unit of angular
velocity. In terms of it, the angular momentum of the particles at angular frequency
w is
L= Iuw=Nh-.
We
We will consider two different but related experiments.

(1) Rotate the fluid. Do this just by stirring it: start by rotating the container at
w > w,.. In fact, we can start stirring it when it’s in the ‘normal phase’ at T" > T..
(In the case when the fluid is charged, we can do this by turning on a magnetic field,
i.e. threading magnetic flux through the hole in the ring; by Faraday, this creates an
EMF which will rotate the particles.) After it gets going at frequency w, cool it below
T..

If it were a normal system, the rotational motion would be transient. It gets
damped by viscous drag with the walls of the container (in the case of a neutral fluid),
or electrical resistance (in the case of a charged fluid). In the case of a superfluid, the
rotation persists. In some cases it persists indefinitely. [End of Lecture 17]

Moreover, the angular momentum is given by
L = f(T)14@ (4.2)

where (get ready) @ is the nearest integer to = when the system cools below T.. f(T)
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is a function of temperature that is a property of the material. It satisfies

1, T—0
(T) — < .
fu(T) {0, T =1,

(4.2) therefore means that if we vary the temperature adiabatically, we can vary the
angular momentum of the fluid reversibly.

(2) Consider first the neutral case. For the second experiment, we rotate the con-
tainer. This means the hamiltonian is

N
H,=H-&-L=H-3& ) # xf
i=1
where p; is the lab-frame momentum of the ith particle, and H is the hamiltonian
before we did any rotating.

A normal fluid will rotate along with the container, with L~1,3 Ina superfluid
(as long as the rotation isn’t too fast, w < w./2), the angular momentum will instead
satisfy

L=(1—fT)) @, (4.3)

with the same function f, as above. It is as if the fraction f, of the fluid simply
refuses to participate, and doesn’t contribute to the moment of inertia. Some names:
fu(T) =1 — f(T) is sometimes called the ‘normal fluid fraction’. This behavior (4.3)
is called ‘non-classical rotational inertia’ or the London effect (after its theoretical
predictor) or the Hess-Fairbanks effect (after its experimental discoverers).

Comparison between (1) and (2): Notice that (1) is not an equilibrium phenomenon.
In fact, the groundstate of a system of non-relativistic particles cannot have angular
momentum L > Nh/2. Suppose it did and call the wavefunction W. Then consider the
state with wavefunction U/ = ¢~ 1X51 % where f; is the angular position of the ith
particle. This state has (V| V |U’) = (V| V |U) where V is any terms in the hamiltonian

not involving derivatives. And if K =), 21); is the kinetic term, we have
(V| KW = (V| K |¥) — w.L + Lt = (V| K |W) — i (L— N/2)
¢ 9 e mR? .

If L > Nh/2 this decreases the total (H) which by the variational theorem contradicts
our assumption that W was the groundstate. Recall that we assumed that the initial
frequency of rotation was w ~ @ > w,. which means L > %N h. On the other hand,
the flow can last for 10'° years by some estimates. It is a very long-lived metastable
state. In contrast (2) is a statement about the actual groundstate of H,,.
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The analog of (2) for charged fluids is the Meissner effect. And the analog of
rotating the container is applying a magnetic field. This replaces K + V with

N
HA:% <pl—eAn> —I—ZUmjLZV Tij)

=1 1<j

For example, consider eff(r) = m& x 7 for w constant, and compare to H,, above. The
microscopic current operator (participating in p+V-j = 0, with p(r) = e > 0% (r—my))
is

" 5H

j(r): A :—Z i — eAy) 8% (r —1y).

In the case of a normal conductor (charged fluid), there is no steady-state current. In
the case of a superconductor, the current takes the form

j(r) = =A(D)A(r).

This is called the London equation. A(T) = 2%

(T') where fs(T) is as above.

Its consequence is that a superconductor is diamagnetic: If we plug the London
equation into Maxwell’s equations (i.e. Faraday’s law) 2V x B = J + §,E in the way
we would usually derive the wave equation for lightwaves in vacuum, we find that A
satisfies

—O? Az + AV x V x A=—AA.
If we work in V- A =0 gauge, this becomes the massive wave equation. This has the
consequence that if we apply a static magnetic field to such a system, it will fall off

inside the sample like
B~ e VA

where the penetration depth \/LK is something like 100 A.

Notice that the results of (both versions of ) experiment (2) are intrinsically quantum
mechanical: it is possible to prove that neither rotating the container, nor applying
a uniform magnetic field can change the equilibrium properties of a classical system.
(This is the Bohr-van Leeuwen theorem. For details see Appendix 1A of Leggett’s
book.)

4.2 Robust definition of BEC

(Question 2) Next we turn to a more robust definition of BEC. Suppose someone
hands us an N-boson wavefunction W¥(ry---7y). Without any notion of who is the
single-particle hamiltonian, how would we decide whether it exhibits BEC?
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More generally, suppose we are given a distribution of such wavefunctions ¥, with
probability ps, that is, a density matrix

pP= Zps|\lls><qjs|'

Consider the one-particle density matrix (the reduced density matrix for a single par-
ticle, it doesn’t matter which one):

Pl ) =S pe 3 W (o) = () = Lt ().

2 TN

This matrix (in the 7, indices) is hermitian py(r, ') = p(r',r), i.e. pr = p!, and so
it can be diagonalized:

Npi(r,r') = Z Nixi (r)xa (')

Here y; are orthonormal eigenfunctions of py ([ d%rx}(r)x;(r) = 6;;), and N;/N are its
eigenvalues. (If the U, depend on a parameter, such as time, then so do y;, N;.)

I put a factor of N in front so that the normalization of the density matrix (assuming
trp = 1) trp; = 1 implies that ) . N; = N. We can regard these eigenvalues N, as
occupation numbers! The y; are an ON basis of single-particle states. If U is of the
form b{ e b}L\, |0) of a gaussian state, then they are the single-particle orbitals that we
filled, and the N; are a histogram of their fillings.

If the N; are all of order-one in N: N; = O(N?), we call this a normal state. If any
N; = O(N) is macroscopic, we call it BEC. (If exactly one is macroscopic, it is called
‘simple’ BEC. I will assume this always below for simplicity. There are some interesting
things to say about the other case.) What I mean by saying something is = O(N%)
is an asymptotic statement about a family of systems with different N: if limy o 5
is finite, then x = O(N); if it is zero (but limy_,. 2 is finite) then x = O(N?). For
example, for N non-interacting bosons at T' < T, limy_so % =1- (%)a is finite, so
this agrees with our previous definition of BEC in this case.

Order parameter. Suppose Ny = O(N). Then let U(r) = v/Noxo(r) = [¥(r)|el¥™).
This is the (superfluid) order parameter. It satisfies Y |U|?> = N;. The density and
current associated with particles in the condensate are

B, in B
pe(r) = N0|X0\2 = \\IJ\Q, Je(r) = Ny (——XOVXO + h.c.) = ]\IJ|2EV90.

2m
Let 5
Uy = = —Vop(r
o) " )



This is a quantity with dimensions of velocity, called the superfluid velocity. Two
properties follow from the last expression:

If xo(r) # 0, then: 'V x @, = 0. (4.4)
On the other hand, if we integrate over a closed curve C, Xo < }
~  nh
f@-d@:”—, nez (4.5)
C m

where n is an integer. This is because ¢ is only well-defined

modulo shifts by 27n, so going in a closed path, the total C
change Ay = §, V- dl = o U - df must be an integer

multiple of 27. This result is due to Feynman and Onsager.

The integral (4.5) is only nonzero if xo = 0 inside the loop.

Because of (4.4), the result of the integral doesn’t change

under small deformations of C' that don’t encounter a region

with yo = 0, such as the hole in the ring studied above.

Regions with yo = 0 inside the sample are called vortices; in 3 spatial dimensions, they
are strings.

In words, (4.5) says that the wvorticity of the flow of a BEC is quantized. Why
can’t we always make such definitions? The answer is that the BEC is a compromise
between quantumness and classicalness. Consider the following two extremes:

e Consider one particle in a box, say in one dimension. The lowest-energy state

o (z) = \/% sin % = i1y (4.6)

Nothing stops us from defining analogously the velocity

hoo
v = —Vor. (4.7)
m

has wavefunction

This velocity (4.7) also satisfies (4.4) and (4.5). However: clearly it is just zero,
since 17 is real and positive. And if we actually tried to measure the velocity of
the particle (p/m = %) we'll find £ each time with probability . It is a
highly fluctuating, very quantum, quantity with big fluctuations.

e At the other end of things, consider a normal fluid of many particles. Here too
we can define a velocity

_ ftotal . E (ZZ NilXi|2690i>

I — =
hvdro ptotal m Zj Nj ‘XJ |2
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In stark contrast to (4.7), this quantity is classical in the sense that its fluctuations
go like \/LN (I am appealing to the central limit theorem). However: it does not

satisfy (4.4) or (4.5) (unless it is a simple BEC, N; = N§;;!).

The superfluid velocity has the best of both limits: it has small fluctuations (because
of the macroscopic occupation of a single level), i.e. it behaves classically. For example,
consider N free particles in the state (4.6). This has Avg ~ %, like a random walk
with N steps.

On the other hand, it is quantum in the sense of exhibiting quantized vorticity. To
reveal this property, we can put a hole in the box. I mean, we can consider a ring-
shaped geometry as above. For simplicity, consider the limit where the ring is very
narrow. The action of a particle fixed to move on such a ring of radius R is

S = / dt <%mR292 + me29> .

The second term is the effect of rotating the ring with frequency w: & x L = wmR?.
Notice that this is a proof of the Bohr-van-Leeuwen theorem quoted above: this term
is a total derivative, which therefore does not affect the equations of motion, or any
other classical physics.

It does however make a big difference quantum mechanically, as you know from the
homework. The associated single-particle hamiltonian is

h2
H = E(H—Iw)Q, I =mR?, [,10] = ih.

The eigenstates are e with n € Z so that it is single-valued under § = 6 +27. Acting

on such a state, and writing H in terms of the quantum of angular velocity w. = ’]:’
above, the spectrum is
2
B — hwc n— i ) En/:«x(.owC/Z)
T2 We 2s /

Therefore, the groundstate is when 7/h = n is the  2°
closest integer to w/w., as promised above. Notice '
that something special happens when w — w./2 — "

. . . 0.5
there is a degeneracy in the spectrum since two val- | 3 IAIAI W
ues of n are equally close to w,. 2 ’ ¢ s * W

If we put N bosons in this state, then the phase of the condensate wavefunction is
@ =nf, and then v; = %Vgp = g—g@. Notice that

]{ b -di = g —
ring m m
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in agreement with quantization of vorticity.

We haven’t yet explained all of the super-flow phenomena, but already can see a
basic reason for the robustness of the flow: The only way to get rid of it is to decrease
the vorticity. But the integer n cannot change smoothly, it can only jump.

Relation to long-range order. Put the system in a very big box. Now consider
the behavior of the single-particle density matrix when its arguments are far apart:
| liﬁn Npi(r,r") = U (r)U(r") + Npy(r, 7).
r—r!/|—oco
The second term, -, Nix; (r)xi(r’) goes to zero for large |r —r'|. The non-vanishing
of the U*W term is another way to extract the order parameter. This is called off-
diagonal long-range order (in this classic paper by CN Yang), in contradistinction to,

for example, the order associated with a solid, which is visible in the diagonal matrix
elements of the one-particle density matrix, pi(r,r) = n(r), i.e. the density.

[End of Lecture 18]

Relation to symmetry breaking. Yet another way to think about the order
parameter is in terms of the field operator 1 (r) (which we’ve often been calling b, for
bosons):

W(r) = (gs[v(r)]gs) -

In this sense, given my definition above that a particle condenses when there is an ex-
pectation value for its creation (or annihilation) operator, W represents the condensate
of bosons. This is consistent with the previous expression, because in the limit when
the two operators are arbitrarily far apart, only the groundstate propagates between
them:

[r—r'|—o00

Npa(r,r') = (gs| 0T () () [gs) = (esle'(r)les) {gsl(r)es) -
Think of this like the equation for the classical electric field:

Eclassical(r ) = <E (7")>

for example evaluated in a coherent state of the radiation field, a|z) = z |z).

There is, however, an important distinction from the case of the EM field. For
photons, £ — €'*FE is not a symmetry [H,>", a,tak] # 0, and photons can come and

go as they like. This means that <E > # 0 need break no symmetries (besides spatial
symmetries like rotations). But suppose that [H, Zwlwr] = 0. Here [N, 9] = —¢ (¢

——
=N
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removes a particle). The existence of this conserved charge N, by Noether’s theorem,
means a symmetry Uy = e N which acts on 1 by

d] N UwUT — €—i9adN,¢ — €i9¢

where adn(O) = [N, O] is the adjoint action by N. The last equation follows by Taylor
expansion.

But now (a|v |a) # 0 means that the state |«) is not invariant under the particle-
number symmetry U. This is spontaneous symmetry breaking.

There is a problem with this picture, however. Acting with v changes the number
of particles:
Y (r) |n-particle state) = |(n — 1)-particle state) .

This means that unless |o) = ), |n) has an indefinite number of particles, i.e. is a
superposition of states with different number of particles, we will find

{an|P(r) Jom) =0

that Bose condensation, in this sense, is impossible.

Recall that even in the case of a magnet, SSB was a bit tricky to define. The
best way to define it involved introducing a tiny (longitudinal) training field h which
explicitly broke the Zs symmetry, AH = —h )" ;Zj. The analog of the training field
here is something like

AH = —A/w(r)ddr + h.c.

which is a source and a sink for particles. Adding this term is a bit like coupling the
system to a big reservoir of particles, except that we are not including the effects of
the entanglement with the reservoir, since we're still treating the system as being in a
pure state. Again the order of limits between A — 0 and N — oo will matter.

A good practical way to think about the situation is: the zero-temperature grand-
canonical ensemble is a convenient theoretical device. In this ensemble the U(1) sym-
metry is spontaneously broken. And in this ensemble, the fluctuations of the particle

number are negligibly small AN/ (N) ~ \/% so don’t worry about it. If N were not

macroscopic, you would have to worry.

4.3 Interactions and BEC

(Question 1) [Feynman, Statistical Mechanics §11.3, Leggett] Now we can ask whether
the BEC phenomenon survives interactions. We will approach this question in several
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ways. For definiteness, let’s think about an interacting system of bosons governed by

H= Z 2p?;1 + Z Vi(ry—r;). (4.8)

i<j

a Hamiltonian such as

We will take V (r) to be short-ranged and strongly repulsive — it keeps the bosons from
sitting on top of each other. They behave like hard spheres of some radius we’ll call a.
A good physical realization to keep in mind is *He.

What is the groundstate wavefunction ®g(ry ---ry) of (4.8)7 This is a Hard Ques-
tion. But there are a few important things we can say about it without much work.

e Because it is a bosonic wavefunction, it is symmetric in its arguments.

e [t can be chosen to be real. Look at the Schrodinger equation it satisfies:

2
(—;—m » Vi ZV(r@) By = EDy.

i<j

Because there are no complex numbers involved besides ®(, ®f satisfies the same
equation. So g + Df, the real part, also satisfies it. (If the real part happens to
be zero, just take the imaginary part.) In fact this argument applies to all the
eigenstates of H, not just the groundstate. (It is a consequence of time-reversal
symmetry of H. More about that later if we have time.)

e The groundstate wavefunction ®, has no nodes.
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Suppose it were otherwise. For purposes of drawing,
let (&) = Pg(ry---&---rN) so € is the coordinate
of one of the particles, it doesn’t matter which one.
The state with wavefunction |®| has the same val-
ues of (9;®)°,(9,,®)*,®* as ®;. Because H only
involves first derivatives, this means that the energy
expectation for |P|,

flome] (S +ve?)
E="Tep =7 T

is the same as for ®.

But now consider smoothing out the zero-crossings
to make a new wavefunction ®, as in the figure. This
lowers the kinetic energy, because the derivatives
get smaller. So that state has an energy expecta-
tion lower than the groundstate, contradicting our
assumption that there was a node.

0.5 4
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—054

— ()
|o(&)]
— &)
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e d, is non-degenerate. If it were degenerate with another orthonormal state &4,

then cq®q + ¢; P, would also be a solution, but by choosing the coefficients ¢, ¢;

we could make a node. And anyway to make them orthogonal

0= (D|®;) = /ddNTCDO(T)CI)l(r)

requires one of them to be negative over some of the space.

o Og(ry,ro---ry) = 0if |1y — 3| < a the size of the hard spheres determined by

where V' becomes large and positive. But furthermore in the groundstate the

gradients of ®; must be small. That means that ®; must also be small if || — 75

is just a little bigger. So in a state where the average space per particle is not
much bigger than a, the configurations where ®, is appreciable will have the

particles about equally spaced.

I will mention here a form of the wavefunction that builds in all these demands:

O = ¢ 2 fri) — H F(Tij)
ij

25You might worry that this argument assumes that the slope of ®(¢) is nonzero at the putative
zero-crossing. However, if ®(€) satisfies the schrodinger equation —8?@ + (V — E)® = 0 then if there
were some point & where both ®(§y) = 0 and 0:®(§y) = 0, then these two initial conditions would
determine ®(¢) = 0 everywhere. So this rules out a double zero ®(&) ~ &2, or a zero-crossing with

zero slope like ® (&) ~ £2. This argument comes from this thesis.
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=0r<a

with F(r) { =" 0 . An example of such a function is 1 — = (for r;; > a). You
r—>00
— 1

could imagine using this as a trial wavefunction, but it is not so easy to do the integrals.

Mean field theory in free space. One thing we can do is mean field theory. Here
is a simple mean field ansatz: put every particle in a single-particle state x(r), so that
the order-parameter field is ¥(r) = v/Nx(r). Now evaluate the expectation value of
the Hamiltonian. We will try to find the orbital y that minimizes the expected energy.
The answer will be a functional of ¥ which is invariant under (space-independent)
shifts of the phase,

U — e, (4.9)

It will inevitably have the form
E[V] = /ddr <7~|x1/|2 +u| U+ p VI VT - ) .

where the - - - is terms with more gradients or more powers of |¥|?. Notice the similarity
to the Landau-Ginzburg energy for a magnet; the only difference is that instead of a
Z5 symmetry, we have a U(1) symmetry (4.9).

As long as ps > 0, we lower the energy by making W(r)
constant in space. As in the case of the magnet, there are
two possible phases. One is where r > 0, in which case the
minimum occurs when ¥ = (0. In this case, our ansatz isn’t \

. , . Enrr |
so good — the particles don’t want to macroscopically occupy \
a single state. Notice that this solution is invariant under the T~ ML)
U(1) symmetry (4.9). In that sense, such a state preserves PO Re T

the U(1) symmetry.

In contrast, if r < 0, this potential has a circle of degenerate
minima. The points on these minima are swept out by the
U(1) symmetry. In the same sense as for the ferromagnet,
the U(1) symmetry is spontaneously broken by choosing one
of these minima.

So you see that the description of superfluidity in terms of spontaneous breaking of
the particle-number U(1) symmetry is pretty hard to resist, despite our earlier warnings.

Notice that the training field results in a tilt of the potential, which picks out a
unique minimum determined by the phase of .

Variational estimate. Next we will broaden our space of trial wavefunctions a
bit and see if the BEC still wins. Let’s consider the special case where the potential is
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so short-ranged that it can be approximated as a delta-function:
V(Tz‘j) = Uoéd(rij).

And let’s focus for simplicity on the case of N = 2 particles. We’ll make a variational
ansatz, i.e. a trial wavefunction W(ry,ry) = W(re,ry). Its interaction energy is

By — (U] Hypy |) = Uo/ddr1 /ddrg 5y —19) [ (1, 7o) [2 = Uo/ddr|\ll(r, ) = Uo/ddrpl(r, ).

Let x;(r) be a collection of orthonormal single-particle states. Let us compare the
energies in two cases:

1. Put both particles in the same single-particle state: W(ry,72) = x(r1)x(r2). This
gives

Em:%/%wmﬁ

2. Put the two particles in different, orthogonal states: W (ry,79) = (x1(71)x2(r2) +
X2(r1)x1(r2))/+v/2. This gives

1
B = Uy [ drgbalhl x4 =200 [ d'rluPhal.  (@10)

First notice that (4.10) is twice the answer we would get for distinguishable particles.
Furthermore, consider the case where |x1(r)| = |x2(r)|, such as for plane waves. In
this case, Fiy(2) = 2B (1) !

The generalization for N > 2 particles is
1
By ~ §UOZN1-NJ-(2 —6;;) /ddr]Xi(T)ﬂXj(r)]Q (4.11)
ij

where Nj is the occupation number of level i2°. You see that, when the interaction is

repulsive Uy > 0, there is a big energy gain to be found by clumping the particles into

26 A more precise expression is

Eing ~ %Uo (QZNiNj /ddT|Xi(7”)|2|Xj(T)|2 + Zi:Ni(Ni - 1)/ddT|Xi(7”)|4> :

i#j

In this expression, we are still ignoring some terms that average to zero in the [ d%r. This is called

118



the same single-particle level, as compared to dividing them up into multiple levels.
For example, for N > 1,

Eint(Nz' = 1) =~ 4/3Eint(N1 - N/27N2 - N/Q; Ni>2 - 0) - 2Eint(N1 - N; Ni>1 = 0)-

Eint(n)
Suppose we divide up the particles into n equal groups. Then, "
assuming plane waves, Ei(n) = L& (ﬂ)2 (2= b)) = "

2 n i
% (2 — %) , as plotted at right.

12

2 4 6 8 10 n
That is: repulsive interactions favor simple BEC over either the normal state or non-

simple BEC. The opposite is true for attractive interactions. [End of Lecture 19|

Bose-Hubbard model. Restricting the positions of our bosons to a lattice can
have a dramatic effect on the physics. Consider the following Hamiltonian (the Bose-
Hubbard model):

Hpy = —t» (blb,+he)+ Y U —n)* = H, + H,.

(i) ¢

We'll focus on repulsive interactions U > 0. Here n; = b]b, is the number of bosons
at site ¢, and n > 0 is a fixed number, a coupling constant. We will work in the grand
canonical ensemble, so n behaves like a chemical potential, specifying the number of
particles on average.

the Hartree-Fock approximation. Let me give some explanation of what’s involved. Write

1
(Hint) = 5 > Vijra (bb]bebr) (4.12)
ijkl

where Vj;j; is the potential written in terms of the single-particle y; states (could be plane waves):
Vijkt = /dd?‘lddrzxi(ﬁ)xj‘(Tz)V(’“b7”2)X§(7"2)Xf(7°1) : (4.13)

The matrix element is of the form we studied earlier. The failure of Wick’s theorem for bosons goes
away in the thermodynamic limit, so let’s ignore it. Then, for i # j,

(bIbfbibr) = (bb; ) (biby ) + ¢ (bibk ) (blbr) = NiN; (B + Coindi).

2
On the other hand, if i = j, <(bj) bkbl> — Ni(N; — 1)8;48y. This gives

1
(Hing) 3 Z (Vij,ij + CVijgi) NilNj + z ViiiiNi(N; — 1).
it i

Taking all the N; to be large, this gives the expression (4.11) when V is a contact potential.
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As in the case of the TFIM, the two terms H; and H, do not commute and make
differing demands on the low-energy states of the system. Again we’ll make progress
by considering limits of the couplings. Unlike the TFIM, this problem has two dimen-
sionless couplings to play with: ¢/U and 7.

t/U>1,n> 1] Let bj = ;e . Here n; and ¢; are the number and phase
operators. If they satisfy

[pi, 0] = —id;; (4.14)
then I claim that [b;, bj} = 0,; as usual. The idea is

[b,bi] = vn[e, vn]e ™ + vn[vn, e ¥ ¥ = 1.
N—_—— | S

_ ey e—ip

“2um =2vn

We used the chain rule, e.g. [¢, f(n)] = —if’(n). This works best when (n) is large, so
we don’t divide by zero. Notice that (4.14) implies that there is an uncertainty relation
between particle number n and the phase variable ¢, they are conjugate variables like
position and momentum.

In terms of these operators, the hamiltonian is
HBH = —t Z \/niei(“’i*@j),/nj + h.c. + Z U(l’lz — 7_1)2.
(ig) i
When 7 > 1, the dominant low-energy configurations will have (n) ~ n > 1, and so

we can write
n,=n-4+ An,-, <A1’lz> <n

and expand b} ~ /fel¥:. This gives
Hpy ~ —2157‘12 cos (p; — ;) +U Z (An,)*.
(ij) i
When ¢ > U, we start by ignoring the U term. The cosine wants neighboring phases
to be equal ¢; = ¢;, meaning ¢; >~ ¢; for all 45. This means

<bj> ~ \/ﬁ<ei“"i> #0.

This is a BEC.

What are the elementary excitations about this BEC state? When the fluctuations
of p; are small (so that we can ignore the periodicity), we can expand the cosine about
its minimum, cos(g; — ¢;) ~ 1 — 3(¢; — ;) + -+, to find (dropping an additive
constant)

HBH ~ t’fLZ ((,02 — (,0]‘)2 +U Z (Ani)Q s [Ani, QDJ] = —1(51]
(i) g
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Where have we seen such a thing before? This has exactly the form of the harmonic

lattice
2

i 1 2
H=) %Jrgmwg;(q@'—qj)
) ij

with the replacements p — An,q — ¢, U — ﬁ, %

that there is a phonon-like state (called the phonon) which is gapless and has a linear

mw2 — tin. This means in particular

dispersion relation,
kakl

wr, = wol| sin(ka/2)| =" woalk|/2
(in the case of a chain) with wy = 2v/tnU. Notice that without the interaction term,
there is no dispersion, the sound velocity vy = VinUa goes to zero.

Another virtue of the symmetry-breaking interpretation of BEC is that we can
interpret the phonon here as a Goldstone mode for the spontaneously-broken U(1)
symmetry, which acts by ¢; — ¢; + a: rotating all the phases ¢; costs no energy;
therefore making a long-wavelength variation in ¢; will cost a small energy.

t/U <« 1| This discussion will be valid for any n, even say n = 1. If ¢t = 0,

Hpy = U ) ,(n; — n)? wants n; = N, the integer closest to . This is unique, unless
n=N+ %, N € Z is a half-integer. In that case, there are two optimal states of each
site, with n; = N or n, = N + 1.

Assume for a moment that n is not a half-integer. Then there is a unique ground-
state

(o)
lgs) = HW 10) (4.15)

L2 L°9 197 191 LS L®y 199 19

which is a simple product state where we put N bosons at each site (in the figure, we
have N = 1). The first excited state is where we take one of the bosons from site z
and put it in site y, so that there are only N — 1 bosons at site x and an extra N + 1
at site y:

This state has energy above the groundstate by an amount proportional to U, inde-
pendent of system size — there is a gap. This has two consequences: it means that
small ¢ can’t dramatically change the groundstate, it will just broaden the degeneracy
of the gapped excited states into a band, as in the TFIM. And it means that this state
is an insulator — it costs a finite amount of energy to move the particles around by
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even a small amount. It is a new kind of insulator, compared the band insulator of
fermions that we discovered above. It is called a Mott insulator. In some sense it is
much simpler and less quantum mechanical than the band insulator. It is just like a
traffic jam — the particles can’t move because there are other particles in the way, and
they don’t want to sit on top of each other.

We saw above that the number operator n; at each site is conjugate to the phase
operator ;, like q and p. The Mott insulator groundstate (4.15) is an eigenstate of
n;. By the usual logic of Heisenberg uncertainty principle, this means that the value
of ¢; is maximally uncertain. This means that <bj> o (€)= 0, since the variable

¢; wanders all around between 0 and 27. So the U(1) symmetry is not broken in the
Mott insulator phase, as we knew it couldn’t be because there is a gap, and hence no
Goldstone boson.

This means that at some intermediate value of ¢/U, something dramatic has to
happen, because the superfluid-ordered gapless state at t > U cannot continuously
turn into the boring, dead Mott insulator state at ¢ < U. One way to understand
this is that the former breaks the U(1) symmetry and the latter does not. The drama
could be a direct phase transition between them; it could also in principle be some
intervening more interesting phase of matter.

1
n=N+ 5| Ifn=N-+ %, the story is more interesting. Now there are 2V

degenerate groundstates, associated with the choice between N and N + 1 particles
at each site. A small perturbation by H; can make a big difference in splitting this

degeneracy. The degeneracy is exactly like a spin system, under the identification
1), = |N particles at z),|1), = |N + 1 particles at z). Under this identification,
St = ij-P, S; = Pb,P are the raising and lowering operators. Here P is the pro-
jector onto the degenerate subspace. (S;7)? = 0, while (b")? is not zero; but acting
with bf twice inevitably removes one from the degenerate subspace. The perturbing
Hamiltonian is

PHP =P |—t) blb,+hc | P=—-t> SFS7 +hc

(2

(ij) (i)

What does this operator do? In the boson language, it hops the particles around (as

122



long as they don’t go on top of each other), as in the figure.

(= | " 2 ..
Lt 29 Lt 199 Ly Ly

+
3 bi—

In the spin language, it’s a ferromagnetic interaction (because of the minus sign) like
you studied on the homework, which makes the spins want to align in the zy plane.
The groundstates are ®, |—)_ and its images under spin rotations about the z axis:

T

This state has <Sl+> # (0. In the boson language, this is a superfluid state, <bI> # 0.

s M
So at half-integer n, the Mott insulator is imme- [} o
diately unstable to superfluidity, at arbitrarily
small t/U. As you'll see from mean field theory 'S SF
on the homework, the full phase diagram in the H MI
t/U and n plane looks like the figure at right
(SF = superfluid, MI = Mott insulator). "

0.0 00z 0.03 0.04

t/U

Absence of low-lying modes. The key to the phenomenology of superfluids is
their absence of low-lying excitations. A superfluid has the linearly-dispersing phonon
mode that we found and no other low energy excitations. With a classical pile of (e.g.

non interacting) bosons in the normal state, a chunk of moving fluid can donate some

small momentum k to a single boson at energy cost % A quadratic dispersion means

more modes at small k than a linear one (the density of states is N(E) oc kP~14%),
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1)
With only a linearly dispersing mode at low energies, how-

<L

ever, there is a critical velocity below which a non-relativistic
chunk of fluid cannot give up any momentum [Landau]: con-
serving momentum M9 = M9 + hk says the change in en-
ergy (which must be negative for this to happen on its own)
is (eliminate v' = v — hk/M):

2)
1

1 (hk)? (hk)?
— "2 _— 2 = — —_— = | — _—
2M(v) +hw(k) 2Mv h|k|v+ i +hw(k) = (—v+uvs)|k|]+ Wi

<,
~J
‘L’L\‘t'ﬂ For small k, this is only negative when v > v,.

You can ask: an ordinary liquid also has a linearly dispersing sound mode; why
doesn’t Landau’s argument mean that it has superfluid flow? The answer is that it has
other modes with softer dispersion (so more contribution at low energies), in particular,
we can excite a single-particle state which has w oc k2.

Landau’s argument actually overestimates the critical velocity. Actually, the linearly-
dispersing mode in Helium doesn’t stay linear forever, but rather the dispersion relation
has a minimum at finite k; the associated excitation is called a roton. A good way to
think about this minimum is that it is trying to get to w = 0, in which case it would
describe solidification. More precisely, it would describe an instability of the density
at that wavevector. The momentum space then becomes periodic; this new zero would
be the image under an inverse lattice vector of the zero at £ = 0! I'll say more about
the roton minimum below.

The absence of other low-lying modes in the superfluid can be traced directly to
the indistinguishable nature of bosons. Here are two points of view.

(1) First consider the following comparison between the number of states of bosons
and distinguishable particles. The problem of placing N particles in s single-particle
states ¢ = 1..s is like putting NV objects in s boxes.
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First consider the case when the objects are distin-
guishable and take s = 2. Then

NN N
2N:Z( )EZW(TH,)
m=0 \'"! m=0
where W (m) = <N> = % is the number of
m mI(N—m)!
ways of placing m of the objects in to the first box
(and N — m in the other. This function W(m) is
highly-peaked about a typical configuration where
m ~ N/2; the extreme configurations where all the
particles are in one box or another W(m ~ 0) ~

W(m ~ N) < W(m ~ N/2) are hugely suppressed.
The generalization to s orbitals is

Now consider the case of bosons with s = 2.
In this case Whesons(m) = 1 — there is only one way

to place m bosons in one of the boxes and N —m in
the other! For general s, Whyosons({m;}) = 1 for each
possible choice of ways of distributing the bosons.
As you can see at right, this is a dramatic difference!
All ways of distributing the bosons have the same
weight W (m) as the equally-distributed case.

This means that even an infinitesimal energetic preference for one such state (say
where all bosons are in the same single-particle state, such as we’'ve seen above) will

lead that state to completely win.

Notice that this mechanism breaks down when s > N and the distinction between
bosons and distinguishable particles goes away, because they can be distinguished by
their single-particle label. This is a way to predict T,., by estimating the number of
accessible orbitals s as the number of states with € < kgT.

(2) Now here is a more subtle but more informative argument due to Feynman.

(His papers on this subject are fun to read.)
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Let’s return to the discussion of the form of the wavefunction
from the beginning of this subsection. We want to under-
stand why there are no low-lying excitations besides phonons.
What is a phonon excitation in this language? A phonon is a
compression wave. [t’s a state involving small displacements
of each atom, as a result of which the density varies. For the
low-energy phonons, the variation has a large wavelength.
At right T compare a large-amplitude configuration in the
groundstate, and a large-amplitude configuration in a phonon
state of definite k o & (with a wavelength of order the size
of the box I've drawn).

Consider the wavefunction of the first excited state ®;. Again it can be taken to

be real. If our system were in one dimension, it would have to have “a single node”.

That is, for each coordinate ¥(§) = ®1(§, x2---xy), the space can be divided into
two regions of £, one where 1(§) > 0, and one where ¥(§) < 0. This is required by

0= (D|®g) = [ ;P

Now suppose that ®; is not a phonon state. This means that it has to be orthogonal

to all the phonon states also. But that means its sign has to be different in configura-

tions which differ by long-wavelength changes of the density. In order for the sign of

¢, to vary slowly (required in order for ®; to have low energy), it must change sign

when the atoms are moved by a large distance.

So the problem becomes to find a way to rearrange
the atoms in a given configuration (say the configu-
ration A where ®; is largest, at right) so that they
are still approximately uniformly spaced and non-
overlapping, but the atoms move a long distance
compared to their separation.
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Let’s try to identify the configuration B where &,
is most negative and compare to configuration A.
Making ®; low-energy requires making A and B as
different as possible. How to do this? Suppose for
a moment the particles were distinguishable. Take
some atoms from the left of configuration A and put
them on the right. This leaves a hole on the left. To
fix that, we have to take some other atoms from the
right and put them on the left.

Now you can see why Bose statistics comes in.
The atoms are all the same. We can accomplish
the same rearrangement simply by rearranging the
atoms on the left and right individually by small
amounts. But either that’s a phonon (if the sign
doesn’t change between these configurations) or it’s
a high energy state (if the sign does change). There’s

nothing else.
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[End of Lecture 20]




Excitation spectrum. [Feynman, Statistical Mechanics, §11.5] T can’t resist say-
ing a little bit more about the spectrum of excitations. Following Feynman, we take a
variational approach (now called the single-mode approzimation). We make an ansatz
for the excited-state wavefunction of the form:

P = Z Flri)®o = Fd,. (4.16)

The idea is we want to excite one of the particles by multiplying by f(r;) (and the rest
of the particles are just doing what they would do in the groundstate), but we have
to symmetrize, so we sum over i. And we can use the variational principle for excited
states. One way to think about it is that this state has a different momentum from
the groundstate, and the variational principle works within each momentum sector.

A little bit of work shows that

dN BT 2 2 2 =
<¢|H|¢> _ fd r (ZZ Qm‘vlw‘ +VW‘ ) B Zif—mfddN?”IViFP@% .
IR 0 [ diNr|F 233 -

(4.17)
Here H®y = Ey®, and the trick is to integrate by parts enough to use this equation.

So far this works for general F'; now we set F' = ). f(r;). The variational quantity
is e = %/. The numerator is

h? - h? -
N == 2]: % / |sz(rz)|2d>(2)(7“1 e T’N)ddNT = N% / |V1f(7“1)|2®(2)(r1 cee TN)ddNT'.

(4.18)

Now we use
d d 9 B R 1 11
[t a1 v = plrasm) = 5 (G 0)00)) = 5 o) = = ¢

where p; is the one-particle density matrix and we used the fact that the groundstate
is translation invariant, so the density is equal to the average density po = N/V. Then

h? -
N = %po/|Vf(r)|2dd7‘. (4.19)
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The denominator involves the two-particle density matrix.

D= Z/ddNrf*(m)f(Tj)@g = po/ddrlddrgf*(rl)f(rg)g(rm)

(4.20)
where 3[’ n

pog(riz) = Z/ddNr’CI)géd(rg - r1)5d(7“;» —ry).  (4.21)
ij

Notice that ¢ and j may be the same. This quantity we have
met before: it is proportional to the probability of finding a
particle at ro given that one has been found at r;, the pair
correlator. The pair correlator for bosons with short-range
repulsive interactions is sketched at right.

Now we minimize € over the choice of function f:

1 de[f] B ) ./Lf
0L 50 = 5w (D) 422
~EBV N
= T — ﬁ ddT’Qf(TQ)g(T - 7"2) (423)
— 5 (g e [ astr =1 (424)

This is an integrodifferential equation, a bit scary, but it’s linear (if we treat € as a
constant). And it’s translation invariant. So can you guess what the solution is? Trying
the ansatz f(r) = e*", we learn that

12k
®) = 25

(4.25)

where
S(k) = / dlrg(r)e T (4.26)

is the static structure factor!
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That’s something that can be measured by neutron scatter- m
ing. It’s just a property of the groundstate, in terms of which f"

we’ve found an expression for the excitation spectrum (an up-
per bound at each k, actually). On general grounds, S(k) has i

a peak at about k ~ i—g This is just because the particles are ?é; L
approximately equally spaced at a distance rg, so g(r) has a G(D/\

peak at 7y (and a smaller one at nrq, for n = 2,3---; the linsed rotons

form of g(r) is similar to our free-boson calculation, except f

that it vanishes for < a) as in the figure above. This means .} expt

that e(k) has a minimum there! That’s the roton minimum.

L N

¥ 7
20 L
?ﬁ

Notice further that the wavefunction we’ve ended up with
¢(k> _ Zeiri.kq)o

27”. In fact for small k it is a

is perfectly good at any k, not just at large k, k& ~
phonon state! To see this, note that the fourier transform of the density operator

plr) = b 1)
op = /ddreikvrp(r) _ Zeikvri

i

so that our trial state (4.16) is actually

U, = pr®Po

— the creation of a perturbation of the density at wavenumber k£, which at small k is a
phonon.

This realization also makes it clearer that

(V| (H — Eo) [Yw) (o] ph[HL pi] |®o)

WGiloe (@l plpe | B0) (43)

e(k) =

in particular, that the denominator is NS(k) = (®o| plp, |Po). And in fact S(k) ~ k
at small £ for a good reason, as we’ll see below.

The energy spectrum can be measured by inelastic neutron scattering (where one

keeps track of how much energy the neutrons lose) and it looks a lot like this function
% (which gives a rigorous upper bound on the right answer). Landau had earlier

predicted a spectrum like this based on phenomenological considerations. It is roton
excitations which make up the ‘normal fluid fraction’ that leads to dissipation in the
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experiments described above. They are responsible for the fact that the critical velocity
is smaller than v,. And they can be seen to change the specific heat from the 7 con-
tribution of phonons once the temperature is big enough that they are not Boltzmann
suppressed, i.e. kT ~ €(koton). (This was the origin of Landau’s suggestion.)

The roton minimum is a signature of incipient solidification. As we saw, the maxi-
mum in S(k) arises because of a peak in the probability of finding the atoms equally-
spaced. If it indeed formed a solid with spacing a, there would be a pole in S(k) at
k = 27 and hence a zero of the dispersion. This is just the image of £ = 0 under an

o
inverse lattice vector — the momentum space becomes periodic.

Here is some poetry motivating the ansatz (4.16). Consider again the configuration
A where v is most positive, and B where 1) is most negative. To keep the energy small,
we want these configurations to be maximally different. But we saw above that it is
no use moving the atoms far away. Really the best we can do is move each of them
by about half their separation — the atoms in configuration B should be in between
those in configuration A. So we want to choose f(r) = 1 if r is occupied by an atom
in configuration A, and f(r) = —1 if r is occupied by an atom in configuration B, and
smoothly interpolate in between.

[Pines and Nozieres, The Theory of Quantum Liquids| What is the origin of the
name Single-Mode Approzimation (SMA)? Actually one can arrive at the same conclu-
sion about the spectrum (though without learning about the wavefunction) by assuming
a particular form of the spectrum, and hence of the dynamical structure factor (which
we discussed earlier in the context of the TFIM) for the density:

S(k,w) = 25(w—wj)| (@] pr [Po) |” (4.28)

j
where |®;) is an eigenstate of H with energy hw; + Ej.

Suppose that the structure factor were dominated by a single
mode with dispersion w = €:

= = — e (L
S(k,w) = Ssma(k,w) = Zkd(w —€x) + -+ - . (4.29) € )/\mm-uwus
ConTINVY
This is an approximation which ignores all of the inevitable

multiparticle states at larger w (indicated by the - - - and de-
picted at right). First notice that the static structure factor
is

L

1
S(k) = N/de(k,w), (4.30)
which in (4.28) determines Z = S(k).

We can combine this information with various Inviolable Facts about the structure
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factor called sum rules. Later we will see why they are true. The two that we’ll need
are

NR?E?
f-sum rule : /dwwS(k,w) = (4.31)
2m
k N
compressibility sum rule : lim / de( @) = (4.32)
k—0 w 2mu?

where v, is the speed of sound. To see why these might be useful here, observe that
the variational energy above is exactly

[ dwwS(k,w) (1.31),(4.30) NIk

2m

[ dwS(k,w) ~ NS(k)

€k

But forget for a moment the variational calculation, and just plug in the SMA
expression to the two sum rules. They give
k2 1 S(k)

— S(k —
2m Sker, 2mu? K0 €k

(4.33)

The first equation reproduces our dispersion relation ¢ = 3 TZZ“(Q]C). Plugging this into
the second relation then says
k—0 |k7 |
S(k) = ——.
(k) 2mu,

So indeed we can guarantee that S(k) is linear at small k as promised. Notice the
consistency check that for small £ this implies

en "3 v, k|

so that indeed vy is the speed of the sound mode. The moral reason for the f sum
rule is the conservation of particle number, which is also the symmetry that’s broken
to produce the phonon as a Goldstone mode.

Finally, what is the origin of the name ‘roton’? I believe it
was introduced by Landau. Is it a good name? f(r) = ei*7 A :
is a wave moving from an A site to a B site. In Feynman’s O O O O QO
paper linked above, he describes A and B as differing by the O L b ;O
motion of a small group of particles around a ring, as in the O OO O

. . O O O

figure at right (from his paper).

Feynman says this is like a small vortex ring. I’'m not sure if this is a correct picture.
An attempt to make it more correct is the following. Imagine making a wavepacket
centered on the value of k£ at the minimum of the dispersion, so that the excitation is
localized in space. The fact that it is a minimum means dxe = 0 — the group velocity
vanishes, so the excitation doesn’t move. On the other hand, the particle current in
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the region of the excitation is nonzero. This means that our ansatz cannot actually
solve the Schrédinger problem, which implies current conservation. All of this is some
words to motivate an improvement of the ansatz, something like:

w _ Z eik-rﬂrzj h(n'j)q)o (4.34)

which can be chosen to conserve current. This is called a backflow improvement, since
it describes the particles circulating back around from B to A. Obviously, we can find
a better state if we generalize the trial wavefunction. This class of wavefunctions does
seem to give a good improvement. I'm not sure about the words that go with it.

If you want to read more about this, a nice resource is this interesting article by
Pines.

Part of the reason to devote some effort to this line of thought is that it plays an
important role in our understanding of the excitation spectra of quantum Hall states.
That is a subject for another time.

133


https://journals.aps.org/pr/abstract/10.1103/PhysRev.102.1189
https://physicstoday.scitation.org/doi/10.1063/1.881194
https://physicstoday.scitation.org/doi/10.1063/1.881194

5 Interacting fermions

[We ran out of time to talk about the topics that follow.]

5.1 Where do spin interactions come from?

[Feynman §7.1] We've seen several examples of interacting spin systems, where I just
wrote down a Hamiltonian in terms of (tensor products of) Pauli matrices. I explained
a bit what might have happened to the position degrees of freedom of the electrons.
But where does such a spin interaction come from? One might think it has something
to do with magnetic dipole-dipole interactions, but actually in condensed matter there
is a larger contribution.

Consider for a moment two distinguishable particles with Hamiltonian
H = ho(l) aF h0(2) aF V(Tl, 7"2),

with V(ry,r2) = V(r2,71). Suppose that 1, and g are eigenstates of hy with en-
ergies €, and €g. The hamiltonian H has a symmetry under interchange of the two
particles, so the groundstate must be an eigenstate of this operation, either symmetric
or antisymmetric. With an eye towards considering identical fermions, consider the
symmetric and antisymmetric states

Us/a = (Wap £ Usa)/V2, Wap(r1,ra) = tha(r1)s(rs).

Let’s use these as trial wavefunctions for H. Their expected energies are

Esja = (Usya|H|Ug/a) = €a + €5+ / dry /ddT’Q‘Pfq/A(T’hTz)V(Tl,Tz)‘PS/A(Tl,Tz)
(5.1)

1
= €q + €5 = 5 (/ \IJ;/BV\Da,g aF / gaV\Dﬁa + / \I’;ﬁv\lf,ga + / \DEQV\DQ5>
1,2 1,2 1,2 1,2

) ) 5 )

:6a+eﬁ+/ xpgﬁvqfaﬁi/ W5, VW
2

) )

=e,t+eg+IFJ. (5.2)
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Now consider the same Hamiltonian for spinful fermions:
H= ZaLanea + /ddh /ddi(Tl,rg)@bil’U@DIQ’U,%%J,%M.
[e%

Notice that the interactions are completely spin-independent. Again we’ll focus on two
orbitals «, 5. The states of two fermions are completely antisymmetric (AS) under
interchange of the two particles:

aizoa,ga’ ’O> = _aLU’aLJ |O> :

But there are four such states. The total antisymmetry can be accomplished in two
ways: symmetric in space, and AS in spin, or AS in space, symmetric in spin. The
symmetric combination of two spin-half particles is a triplet, spin s = 1 (three states),
while the AS combination is the singlet, spin s = 0 (one state). We can write these

states as
1

1
1S) = EaLgaTﬁa%o/ 0) = /2 (aLTa% - aLﬂTBT) 0

1
1A, 1) = aLTaLT 0y, [A,0)= NG (aLTaZu + a&a%) 0), [A,—1)=alal [0).

Their wavefunctions are, for example (using (1.34): al,, = al 1.(r))

(rio,190'|S) = (0] A, 0,00 |S) = Vs (r1,72) (351051, — 6510011) / V2.

1
V2

(ri0,190'| A, 0) (0] & p@ry0r |A,0) = W a(r1,72) (054057 + do00r1) /\/§

1
=75
Since the Hamiltonian is spin-independent, the variational energies of these states
only depend on the orbital (position) part. But the symmetry of the states is precisely
correlated with the total spin: the spatially-symmetric state has total spin Casimir
S?2=5.5=s(s+1) =0, while the spatially-AS state has S? = 2. Here S = S} + 5,
is the total spin. Therefore the effective hamiltonian on the spin degrees of freedom is
s(s+1) 5.5

=FEq+2J

Heg = €a+es+1F J = Bs+ (Ea— Es) = T:2J§1-§2+const

where in the last step we used

§~§:(§1+§2)2:2§1~§2+Sf+S§:2§1~§2+;
Thus a spin-symmetric interaction combines with the Pauli principle to produce a spin-
spin interaction. Notice that the “exchange energy” J is so called because of its origin
in (5.2). It depends on the overlaps of the single-particle states. In a solid, it turns
out to be much bigger than the direct dipole-dipole interaction between the magnetic
moments.
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5.2 Ordering in Fermi systems.

[Leggett, §2.4] So the spins in an insulating magnet are the electron spins. This means
that the spin operator is really

,S_"T = %¢10600’¢r0/
— it is really a fermion bilinear operator. When the magnetization is nonzero m =
(S*) # 0, it means that there is an expectation value for a fermion bilinear, which is
a bosonic operator. It is not quite a pair of fermions which condenses, since one of
the operators is an annihilation operator, but this is an example of a fermionic system
where there is long-range order (in this case diagonal long-range order).

Another example is helium. Above I said a collection of helium atoms was a good
example to keep in mind in our discussion of bosons with short-range repulsion. But a
helium atom is only approximately a bosonic particle; more microscopically it is made
up of electrons and a helium nucleus, at least some of which are fermions. There is a
more microscopic density matrix for these particles, which cannot have ODLRO of p;.
On the other hand, clearly the BEC phenomenon happens.

What is the analog of p;, by which we gave a non-weak-coupling definition of BEC?
Well, the idea is simply that reduced density matrices for a larger collection of particles
can have a macroscopic eigenvalue. The next case beyond p; is the 2-particle density
matrix:

o / / / _ * / / / !
p2(r101, 209 7101, 1505) = E Ds E E UX(ri01, 1909, 1303 - - N5, ON )V (r10], 7505, 7303 - - - TN, ON)
s 030N T3 TN

(5.3)

= CPQ(TQU% 1071, 7“/1‘717 réaé).

A few properties of ps:

e p, is useful. It already made an appearance in our discussion of the single-mode
approximation. Its diagonal entries give the pair correlator. And, for example,
the expectation of the interaction energy can be written

(V)= V(r —r)pa(12;12).

0102 T17T2
e p, has all the information of p;:

pi(ro,r'a’) = (N —1) Zp2(ra, ro09; T 0’ To0).

202

136



Not every matrix with these properties actually arises as the reduced density
matrix of some state.

Like pq, it is also related to a correlation function:

1
p2(r101, 7902; 7101, T505) = m <¢21r1¢227“21/}a’1r’1¢o‘ér/2> .

As a good density matrix, trpy = 1.

Finally, py is hermitian as a (2V)? x (2V)? matrix with 7017909 regarded as one

index.

This last property means that it can be diagonalized
n.
pa(r101, 1209, 107, 1h05) = ; N(N—Z_l)xf(ﬁUlMUz)Xi(7"/10/17’505)

n;
N(N-1)
functions with the appropriate symmetry properties: x;(rio1r202) = (xi(reoarior).

trp, = 1 implies that >, n; = N(IN — 1). Positivity of p, implies n; > 0.

and has real eigenvalues and ON eigenvectors x;. These y; are 2-particle wave-

Now we encounter the question: how big are the n;? The sum rule says that one
could be as big as N(N — 1). A fact due to Yang (in the classic paper cited above) is
that if there are s orbitals into which we are putting our fermions,

n; < w = O(N).
(s must be bigger than N in order to have any fermionic states at all; if s > N then
this is just N. Often we care about s = N/f, i.e. filling fraction f = N/s which is
order-one in the thermodynamic limit, N — oo. In this case n; < (1 — f)N in the
thermodynamic limit.) CN Yang’s proof of this (in the appendix of the paper linked
above) is amusing: he uses trial wavefunctions (i.e. the variational principle) to bound
the spectrum of po, it is a true physicist’s proof, albeit a rigorous one. Now we can
define the analog of BEC for fermions: If no n; is order-N, the state is normal. If one

eigenvalue n; ~ O(N), we state the state exhibits Cooper pairing.

Unlike in the case of bosons, the free theory of fermions is in the normal state.
Recall that for free fermions in free space,

0, k>k
Hk"l’o> :nk’\%), ng = F-
1, k<kp

I claim that the eigenvalues of py for this state are also all 0 or 1. There is a huge
degeneracy in the spectrum, and hence a big ambiguity in the form of the eigenvectors.

So to find examples of Cooper pairing or magnetic ordering starting from fermions,
we’ll have to include interactions.
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5.3 Instabilities of a Fermi surface to repulsive interactions

Consider
H=-t)» clc,+hc+U) (n,—1)°=H +Hy (5.4)
(zy),0 x
with n, = >"_cl_c,  is the total density operator at a site.

_ 1
H, = g €5ClyChor

k,o

is diagonal in momentum space. ¢ is determined by the shape of the lattice; for
example for the square lattice in 2d,

€, = —2t(cos k, + cosky);

I am working in units where the lattice spacing a = 1.

The filling fraction — the number of particles per orbital — plays a
big role in the physics. We can think about setting this either by = -
specifying the number of particles, or by adding a chemical po- -
tential and working in the grand canonical ensemble. The largest
possible filling here is two particles per site, since the spin takes

two values. Perhaps most interesting is the case of half-filling,

where there is one particle per site on average. The Fermi sea at
half-filling, and slightly-less-than half-filling are shown at right.

We see that for any filling (other than 0 and 2 particles per site), 2 -
the groundstate of H; has a Fermi surface, and so we see that at

U = 0, the system is metallic at low energies.

ka

What happens if we turn on U > 0, repulsive interactions? Let’s focus on half-
filling. This is easy to answer if we set U = co. Then Hy demands that n, = 1, Vx,
exactly one particle per site. And there is a big energy gap above the groundstate
space, proportional to U, to states where there are two particles at some site and
zero particles at another. So this is a Mott insulator again. Unlike in the case of
spinless bosons however, this groundstate space is hugely degenerate, because the spin
of each particle is not specified. (The same would have happened for spinful bosons.)
It becomes a spin system.

At U/t > 1, this degeneracy is split by the hopping term. We can figure out the
effective hamiltonian for the spin system using degenerate perturbation theory. In this
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case, we have to go to second order, because the perturbing hamiltonian always takes
us out of the degenerate subspace. Second-order degenerate perturbation theory says
that the matrix elements of the effective hamiltonian (for |a), |b) € X, the degenerate
subspace) are

{a| AH[n)(n|AH |b)
H =—
<a’ eff ‘b> Z En o EX
n¢X
The crucial ingredient can be seen by considering just two sites. A sketch of the

processes involved are:

L, b X
ek TIgEY
12 n) |a)

Notice that the whole calculation is SU(2)-spin-rotation symmetric. The result, as you
will find on the homework, is

This mechanism for producing an antiferromagnetic Heisenberg interaction is called
superexchange. On a bipartite lattice, the groundstate will be the Neel state, where

+ ¢
<§”=(x7y)> = (=1)"z *
§

- >
- & —> &

¥
1\
¢

or its images under SU(2) spin rotations. (Note that if the lattice is frustrated, it is
much more difficult to determine the groundstate of the AFM Hamiltonian, and the
result can be a much more interesting quantum state, such as a spin liquid. In this
terminology, the idea is that a magnetic state such as the Neel state involves ordering
of the spins, and is therefore like a spin solid. So solid is to liquid as magnet is to spin
liquid.)

Now, what about when U/t is not infinite but ¢ is not zero? To learn something
about what happens there, we can do mean field theory.
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Mean field theory of square-lattice Hubbard model at half-filling. To get
a hint of what is a good mean-field ansatz, observe that at each site

(n—1)2=1- (clo*c)® =1 - (ny —n,)*

The easiest way to see this is to observe that the BHS is diagonal in the number basis,
and simply evaluate both sides in all four possible states of a single site:

nyny [ 00 | 01|10 | 11 |
LHS [ 1 |0 [0 |1
1{o]o]1

RHS

Notice that both are smaller when there is a single electron at the site, n = ny+n; = 1.
So we can interpret large U as favoring 1 = (CTO'ZC)2, which can happen for either value
of 87 = cfo?c = +1.

To develop a mean field theory, we can make the following replacement in the
Hamiltonian:
(CTO'ZC)2 ~ 2 <cTazc> clo’c — <CTO'ZC>2 .

Why do we need to subtract the constant (SZ)Q? It matters if we want to treat (S*)
as the variational parameter, and determine it by minimizing (H). You can check that
in the case of the TFIM it is required in order to reproduce the result of our product
state variational calculation. Another very useful way to think about this is that we
are using the Hubbard-Stratonovich trick: replace U(S*)? by —S*o + % where o is an
auxiliary bosonic variable. The equations of motion for o are 0 = US?, and plugging
back into the Hamiltonian gives back our previous Hamiltonian. If instead we ignore
the fluctuations of o, we arrive at the mean-field hamiltonian.

For our trial state, we choose one with
(clove,) = (8(2) = M(~1F™, &= (z.p).

since we had such luck with the AFM solution at large U. We'll choose M to produce
the best energy expectation. To do so we must find the groundstate energy of

Hyp = Y cf,Croex —2UM Y _(—1)""clo"c, + UMV
ko T

where V' is the number of sites of the lattice. Fortunately (not an accident), this is an
Easy Problem, i.e. Hyr is quadratic in canonical fermion operators. The idea here is
that we will choose as our variational state the groundstate of a gaussian problem (the
fermionic analog of a product state).
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The AFM ordering doubles the unit cell and therefore halves the Brillouin zone
(we're using (—1)"+Y = l(mm)- @)

/
Z(—l)”yclazcx = ZCLO’ZC]H_Q + he., Q=(mm)
k

xT

in units with lattice spacing a = 1. Let’s use Z; to denote a sum over half the previous
Brillouin zone (BZ). This folding of the BZ means that where previously we had two
bands (one for each spin), we now have four states at each value of k, a 4 X 4 matrix.
Fortunately it is a very simple 4 x 4 matrix:

!/
. Tt €k —2UMo* CL 2
Huyr = Zk (c’f’ C'C+Q> <—2UMUZ UMY

€k+Q Criq

Now here’s where there’s something special about half-filling: at half-filling

€h+Q = —€k (5.5)

(this property is called nesting). The eigenvalues of the matrix

€L —2U Mo~

h(k) = =€, 4 —2UMo* X
(k) (—QUMO'Z —€ ) * 7

are

+1/e2 + (2UM)? = +E},
independent of the sign of %. (Recall that the eigenvalues of the 2 x 2 matrix h =
holl + he X + hyY + h.Z are ho £ \/h% + h2 + hZ.)

In terms of the creation and annihilation operators for the normal modes, d.,(k)*",

/

Hyr = 3 (Bl (B)dyy (k) = Bydl, (), (k)) + VUM

2"We actually don’t need the form of these normal modes for our purposes here, but for completeness,
they are

Ao () = —0(k)0% o (k) + ulk)e, (k + Q) (5.6)
d_q (k) = u(k)eo (k) + v(k)o%, o (k + Q)

2
where ( b uz> is the matrix which diagonalizes h(k) above, and
u Vo
1 €L
= 1 =1
Uk \@ Ek Vk 'Ll,k
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The groundstate at half-filling is

IMF gs) = [ ", (k) |0)

where |f)> is the vacuum with d,, |6> = 0 — it is not the state with no c-electrons,
which instead satisfies c(k) |0) = 0!! This state involves completely filling the bottom
band — it is a band insulator — and has energy

Eo(M)=—2)_E(k) + M*UV. (5.8)

Notice that |Ex| grows with M, so it is favorable to increase M if U > 0. To minimize
over M requires

g AU 1y
0=UV — Z V& 1] (5.9)

We would like to solve this condition for the variational parameter M, the amount of
AFM order. In the thermodynamic limit, the condition is

deg(e)
1=4U
/BZ/\/ U2M2—i—e / 4U2M? + €2

where

g(e) = Aké (e — e

BZ/
is the density of states at energy e. The dominant contribution comes from near the
Fermi surface (where the denominator is smallest), where we can treat g(e) ~ g(er) as
a constant. So we can approximate the integral as

t de t
1~4Uq(e — = 8Ug¢g(ep)log ——— 5.10
gler) /_t vaTaone - ovenlos g (5.10)
whose solution is
| M| ~ e T (5.11)

Notice that as U — 07, M vanishes (along with all of its U-derivatives). (5.11) is not
a formula we could ever get in perturbation theory in U.

The next figure is a cartoon of what happened. We started with a Fermi surface
(top); the spin density wave (S?) = Mel™@+) broke translation invariance and folded
the BZ in half (middle); this allows the two parts of the Fermi surface to hybridize,
leading to a new bandstructure (bottom) which has a lower groundstate energy. (By
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‘hybridize’ 1T just mean the usual thing that happens when two levels with the same
quantum numbers try to cross — there is an avoided crossing®.)

A simpler, lower-dimensional example where the cartoon is a %

precise description is in the 1d case, where this is called the
spin-Peierls instability of 1d metals. The ordinary Peierls

instability of 1d metals involves instead of spin-ordering, a

condensation of phonons which enlarges the unit cell, and
produces an energy gap in the electronic spectrum, which et
lowers the energy of the filled bands. (See the homework and
notes from discussion section.)

The role of half-filling here is to make it so the integrals
behave as in the 1d case. The crucial phenomenon is that

different patches of the Fermi surface are separated by the
ordering wavevector @ (e = —€40), as we used in (5.5). If
not for this property, there would have been an extra term M/

in h = holl+ h, X + h,Z proportional to the identity, and we M0 ... .. .
would have had E(k) = ho £ /h2 + h2, which would remove
the log from (5.10).

Away from half-filling, the Fermi surface is no longer perfectly nested, and the

wave-vector at which the ordering wants to happen generalizes from Cj = +(m, ) to
) = £2kp, so that again () connects antipodal points on the Fermi surface, but they
are not nested.

So with repulsive interactions, the would-be-metallic state at half-filling on the
square lattice is unstable to spin-ordering. One reason to care about electrons on the
square lattice at half-filling is that it is a pretty good model of an undoped cuprate

28Maybe I should be more explicit about this. Consider a hamiltonian which depends on one
parameter A, which has two levels which approach each other near say A = % The other eigenvalues
are all far away and far from each other, so we can just think about these two:

A0 1 1
= == -2z
ho (01—)\> 2m+(x 2)

But this is not the most generic 2 x 2 hermitian matrix with this property.
The most generic such matrix is instead

1 1 -
h:2)\]1—|—(A—Q)Z+th+th:h0]l+h~6'. B
(If there is time-reversal symmetry, we must have h, = 0, but that ..
won’t change the conclusion.) The eigenvalues of h are hg £ 1/|h|?, ..
which do not collide. Having a collision requires fine-tuning of some " ‘ " ‘ CA
kind.
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superconductor, such as LasCuQO,4. The copper and oxygen atoms form planes of square
lattices on which the electrons can hop. The undoped material is indeed an antiferro-
magnet. Increasing the doping leads eventually to the destruction of the AFM order
and the formation of a superconducting state.

Next we’ll see what happens with attractive interactions. I claim that the result is

superconductivity — BEC of electron pairs bf(z) = c%ci.

5.4 Attractive interactions between electrons and Cooper pairs

But aren’t the Coulomb interactions between electrons repulsive, since they have like
charge? Electrons in a solid also interact with each other through the phonon modes.
The idea is familiar to anyone who has sat on a squishy mattress at the same time
as someone else: each person makes an indentation in the mattress — some excitation
of (many!) phonons. That indentation is then a potential well into which the other
person is attracted.

To give a slightly more quantitative account of this phonon-mediated attraction
between electrons, consider

He,, =—t Z cZch +hc +g Z c;rcjuij + H(u).
(i5) (ig)
Here we can think of u;; = q; — q; as representing the phonon modes, and we can take

H(u) as the balls-and-springs model with which we began the course. We will regard
g as a small parameter. The groundstate at g = 0 is just

lgs of FS) @ |gs of lattice) .

We treat g as a perturbation:
AH =g Z cjcjuij = Z g(q)c;,qcpaz + h.c.
j P,

where g(q) is some function (which actually vanishes at ¢ = 0 by translation symmetry).
At right is a visualization of an associated process, where a single electron emits a
phonon; the associated amplitude is g. (The complex conjugate process where an
electron absorbs a phonon is also mediated by this term.)

In perturbation theory a transition amplitude takes the form
(f/|AH [n) (n| AH i)
E,— FE; —ie

(2m)*6%(pr — pr)Mys = (fIAH i) = > +O(AR).

n
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Consider an initial and final state with two electrons
and no phonons

iy = cf el [FS)®|0), |f)=cf c;2+q|Fs>®|o>.

ki—q C " +
(42 = CiyClytg |6
Our interaction term makes or destroys phonons, e A + C+ +
and so the first order term for this choice of 7, f van- In>= ky~g "y Q? [v>

ishes. In the second-order term, the intermediate ‘ 4 3
state is KD = C'ng C,iz Jo>
[n) = cf,_,ch,al [FS) @ |0)

with energy E,, — E; = €x,_q + €k, +wy — (€5, + €k,).
At right is a visualization of this process, a Feynman diagram. The end result of this

second order term is to produce a transition between 2-electron states
k1, k2) = [k — g, k1 + q)

with transition amplitude

9%(q)
Eklfq + wq — €k,

< 0.

Vikiks = —

It is negative as a general consequence of 2d-order perturbation theory: the 2d-order
contribution is always negative if the intermediate state has higher energy than the
initial state. If our interest is only in the electronic states, this is just the same result
as if we had an attractive two-body electron interaction of the form

_ § : T T
AHGH = V7k1’k2ck1_qck2+qcklck2 .
k17k2,(]

There are many other points of view from which to reach this conclusion. Perhaps
the easiest is using path integrals. Very sketchily, the basic idea is

/[Dq]eiS[C]—Hf((q)Z_(ﬁqy_gchc) _ eiS[C]JrfchchTc

where D = (qq).

So the conclusion is that in some metals, there is a net attraction between electrons.
For a more complete discussion of the competition between the screened Coulomb force
and the phonon-mediated attraction, I recommend §5.2 of Leggett’s book.

Cooper problem. [Baym, chapter 8] Now we will examine a simple model which
demonstrates that in the presence of attractive interactions, electrons near a Fermi
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surface will pair up. The model, due to Cooper, is a brutal simplification of the actual
situation. We consider two opposite-spin electrons above an inert Fermi sea:

e}

k,
|¢> = Z ak1,k2¢};1'p¢£2¢ |FS> = Zakﬂm |k1k2> :

k1,k2 k1ko
olky
We only include (attractive) interactions between these two electrons, and ignore their
interactions with the electrons filling the Fermi sea, and the interactions between the
electrons filling the Fermi sea. The result will be a boundstate even for arbitrarily
weak interactions. Later we’ll come back and discuss the shortcomings of this model
and its conclusions.

The Schrodinger problem H |¢) = E |¢) is
Bty = (€k, + €r)hyky + Y (ko] V kKD ag iy (5.12)

kiky
We will assume the interaction is translation invariant, so that
<k’1]€2| A% |]{71]{Z;> = 5K,K’Vk,k’(K>7 K= kl—l-kg, K/ = /{?ll—l-ké, k= (kl—kg)/Z, ]{I/ = (/Ci—ké)/Q,
so that K denotes the center of mass momentum, and k denotes the relative momentum
between the two particles. As a very crude model of the inter-electron attraction
resulting from phonon exchange described above, we take

Viw (K) =

{—“70, ke < kuka bk <k

0, else

Here k, is a wavenumber larger than kr beyond which the phonons no longer mediate
the attractive force. Then, writing ay,x, = ax(K), the eigenvalue problem becomes

!/
v
(E — e, — e,)an(K) = _VO ap (K). (5.13)
k/
The ' on the sum restricts the integration region to krp < |K/2 £ k'| < k,. Dividing
the BHS by E — €, — €1, and summing Y, gives

!/ !/ !/

Vo 1
Ky—-2N" & (K
Zak( ) V E—Ekl—EkQZak( )
k k %
but now > ax(K) = Y"1, aw (K) is a nonzero constant and therefore
Vo © 1
1=—2 - 5.14
V A E — le — 61€2 ( )
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Following Baym, we can solve this equation D(E)
graphically. Let

1

— €y — €y 2
k k1~ €k |
This function, for a simple choice of €, is plot-
ted at right. In terms of @, the eigenvalue prob-
lem is ®(F) = —% (the orange line).

The function ®(E) has poles at every possible energy of a two-particle state in the
free problem, €(k;) + €(ka) (for ki o in the range where the interaction is nonzero). The
crossings of ®(E) = —% that occur at £ > 2ep are just like the corresponding states

of the unperturbed system. These states become a continuum as V' — oo. But you
can see that there is one crossing that occurs for £ < 2¢p, at £ = E, = 2ep — 2A.
This is a boundstate, below the 2-particle continuum, which wouldn’t exist if not for
the attractive interaction.

Let’s focus on K = 0, which will give the largest binding energy. Then k1 = k, ko =
—k are on opposite sides of the Fermi surface.

o

" B () — /k 'k / deg(e)
=0 B kg E—2¢ B

Ok‘LT_k

where g(e) = [ d%ké (e, — €) is our friend the density of states at single-particle energy
¢, and €, = €;,. Near the Fermi surface again we can approximate g(e) ~ g(ep) as a
constant, and we find

€a d .
Pr—o(E) ~ g(eF)/ ey

E — 2¢ 2
The solution for the binding energy is

QEG—E‘L 1

2€F—E _U_O

€F

€q — €EF
A= _fa "1

evoserm — 1

2
~ epe v09(F)

where ep is the Debye energy, roughly the maximum energy of a phonon excitation,
and we used the fact that vgg(ep) is small because the coupling is weak. Again this is
non-perturbative in the coupling vy.

1

———, so in
E*Ekl 76;62 ’

The momentum-space wavefunction of the boundstate is ax(K)
position space it is
B(ry,ry) ~ 1~ el
1,72) ~ iy - -
\%4 A E— €k; — €ko
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In the thermodynamic limit, the relative wavefunction is

//ddk eik:~7“12 K’_\:JO sin /{ZF|T12| sin (|7"12|) ’

E— €k; — €ko |T12| g
2kp

=% is the size of the pair. Notice that the state is a relative s-wave, i.e. it

where & =
is spherically symmetric. This is made possible by the fact that the two electrons have
opposite spin.

In an actual metal, the role of our two special electrons is played by every electron
near the Fermi surface. They all want to form pairs with their antipodal partners (and
less so with other electrons), and condense. If we apply an electric field, the Fermi
surface shifts and they’ll want instead to form pairs with definite nonzero K. This is
a supercurrent.

This actually happens to electrons in metals, in the fermionic isotope of helium 3He
at T' < 0.0026° K, and to nucleons in the core of a neutron star.

What role is played by the Fermi surface? If we redo the analysis with kr = 0,

the conclusion is very different. Instead ®(E) = 5 (—k:a + 2v/mA arctan ; \/kfﬁ) .In

order for this to hit —1/vy, we need

1 kom
Vo ™

— an interaction strength above a nonzero threshold value is required in order to create
a boundstate. In the case with a Fermi surface, an arbitrarily weak interaction suffices.

A warning: in a real metal, the Fermi sea electrons are not inert! This leads to an
important modification of the outcome. Instead of a boundstate at negative E — 2¢p,
instead one finds an instability — a mode whose energy has a positive imaginary part.
The instability is to the formation of a condensate of Cooper pairs. More on this next.
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5.5 Instabilities of a Fermi surface to attractive interactions

So consider again a Hamiltonian of the form (5.4)

H=-t) clc,+hc+U» (n,—1) (5.15)
(zy),0 z

with n, = Y _cl_c,,. Let’s focus again on the square lattice, so

H, = Z excl ¢, € = —2t (cos(kga) + cos(kya)) — p.
k

p = 0 is half-filling. For U > 0 we found an instability to antiferromagnetic ordering,
both at large U/t and at any U/t for half-filling.

Now we’ll consider what happens if the interactions are attractive. First
consider U — —oo. The term U(n, — 1)*> = —|U|(n, — 1)? then insists that n, = 0
or 2 at each site. Again there is a degeneracy of 2V states, where V is the number of

i1 fs 14 H

2 = L 2 Lo 9 L2

lattice sites.

This looks very much like our picture of a condensate of the bosons created by
— of af
bl = Cyt1Cyls

Cooper pairs. (This is not quite a canonical boson, but it can still condense.) Notice
that we’ve made no assumptions about the filling, x4 is arbitrary.

To make progress away from U = —oo let’s rewrite the interaction to develop a
mean field theory that incorporates this bose condensation of pairs.

Ung — 1) =Un? —2Un, + U,

the second term is a shift of the chemical potential which we absorb into u, and the
third term is a constant which we ignore. The remaining actual interaction is

2
Unz=U (cLTcIT + chu) (5.16)

_ — T
= QUCLTCQQCLiCxi = —QUCLTCmJ’Cxicxi (5.17)
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since ¢? = 0. Now we approximate the hamiltonian by

_ § T E T af Tt Tt
Hyr = ckacka(ek - lu) —2U <C:1:Tcz¢> CmTQ’Ei + CmTC:Iw <czTcx¢> - <CmTCm¢> <CxTcx¢>
k x N—— S——

=A —_A*
(5.18)
=Y e le = 1) =20 Y (Acsen + A%l il ) — 2vUAP (5.19)
k T
= Z (CLJCkU(Ek —p)+2U (A*c,t/,ﬁclr_,ci + Acch,k¢)> —2U|APV. (5.20)
k

In the last step we made the ansatz that A is uniform in space, figuring that this
will minimize the energy. Notice the weird sign in front of the |AJ* term; this is a
consequence of fermi statistics <chc$ ¢> = — <CLTCL¢>* = —A*. Notice that H had a
symmetry under ¢ — ec, associated with particle number conservation. Hyp does
not have this symmetry, only a Zs subgroup ¢ —+ —c. The way to think about this
is: we are using Hyr as a way to construct a trial wavefunction for H (in particular
its groundstate). Based on the above discussion, we expect the groundstate of H to
spontaneously break this U(1) symmetry, so we are building this into Hy.

Solution of Hyr. Hyr is quadratic in canonical fermion operators, so we should
be able to solve it. It has an unfamiliar ingredient, namely c'c' terms. The name for
the general strategy for getting rid of such terms is called a Bogoliubov transformation.
The idea, as you saw on the homework, is to introduce new creation and annihilation
operators which mix the cs and c's in terms of which the Hamiltonian does not have
such terms. Here a particle-hole transformation on just the down spins does the job:

N | T
dir = ¢y = df,=cl.. (5.22)
You can check these are also canonical fermion operators. In terms of them,

Hyp =) (ex — i) djydyy = > (ex — i) dlydyy + > (ex —p) +2U° ) (dLTdkiA* T h'c'> —20VIAP
k k k k

— (at af € —p 280%U dp ) _ 2
= (dkT’dm) <2AU (e — M)) (dm U|A|*V + const (5.23)

(where by constant, I mean independent of A). The matrix is 0%(e—u)+0%(—2URe A)+
0¥(—2UTm A) whose eigenvalues are £/ (€, — )2 + 4U2|A[2. Therefore (suppose we're
at less than half-filling, so we partially fill the bottom band)

kr
Ey™ = +|U|IAPV = > V(e — p)? + AU A,
k
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In the thermodynamic limit, the energy density is

kp M
EMF/V = |U]|AP— / k(e — 102 + AUZAP = |U|| AP~ / deg(e)v/(c = )2 + AUZAP.
Minimizing the energy requires

deg [+ €) /0 de
Ulgl(e 5.24
Ul / o = o) [ (5.24)

t+ /12 + 4U2[A]2
2|A||U]

~ |Ulg(er) log

= |Ulg(er)log (5.25)

21AlU1

The solution for A is

N S
e 4a(ep)lU]

Al ~

[ 21U
Thus, attractive interactions between fermions produce condensation of fermion pairs.
If the fermions carry electric charge (as electrons do), this is superconductivity.

You may have noticed some close parallels between this discussion and that of the
AFM. At half-filling there is a precise map which takes U — —U, (—1)*c!7c, — cchLy
It is basically the particle-hole transformation on just the down spins that we did to
solve Hyr.

5.6 An addendum on mean field theory for interacting fermions

[de Gennes, Superconductivity of Metals and Alloys, chapter 5] Consider an interacting
Hamiltonian of the form

H= —thw Cj, + hc+ VZCzTCwaczT =T+ V.

We would like to find the gaussian state |[MF) which minimizes the expectation value
(MF|H |MF) (at fixed average partlcle number N = ). <c cz> By gaussian state, I

mean a Slater determinant Ha L ‘O>, where the d, are some collection of modes, to
be determined.

A useful device for accomplishing this is to define an auxiliary quadratic Hamilto-
nian whose groundstate is |MF). In this case, we can consider

HMF =T — Z/VLiC;rUCw + Z (AiCZTC,L + he — |Az’2> .
So the thing we want to extremize over the choice of ds and occupation numbers is

F = (MF|H|MF) — A (Z <c;rci> - N) ~TS. (5.26)

7
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I include the T'S term in the free energy to emphasize that the same strategy works
at finite temperature; let’s set T = 0 from now on. Because |MF) is a gaussian state,
we can compute (5.26) using Wick’s theorem (all expectation values below are in the
state |MF):

@ (3 (e - v (el () + (e () - () <))

i (5.27)

In this expression I actually haven’t assumed that |[MF) is translation invariant. But

let’s assume time-reversal invariance, so that <c}c¢> = 0 and we can drop the last

term.

Now consider varying (5.27) with respect to the choice of modes and filling:
§F = 6(T) — Ao (cle,) + VZ << chw> < iiciT> + 5< chu> <ci¢ciT> (5.28)
+ 5< mcn> <CLCZ¢> + <C;r¢cn> 0 <cj¢cl¢>> :

(5.29)

But now consider the free energy associated with the mean field hamiltonian:

i

Fae = (MF| Hye [MF) — X <Z <cj-cz-> - N) ~TS.

Since |MF) is the groundstate of Hyp with the right particle number, the variation is
Zero:

OFur =6 (T) = > (s + )\)5< cl e > > (A 5< ZTcw> + hc> (5.30)

Using (5.30) to eliminate the common terms in (5.28) and independently equating the
coefficients of 5< Ciy w> and 5< TCZ¢> we find

—u; =V <ci¢cz¢> (5.31)
=V <ciTc”> (5.32)
A=V <ci¢cn> : (5.33)

These are the self-consistency conditions we should impose. Notice that the terms
(5.29) lead to a renormalization of the chemical potential due to the interactions.
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6 Linear response

[Pines and Nozieres, chapter 2] What happens in an experiment? Pretty inevitably,
what happens involves two steps (1) the experimenter pokes at the system somehow.
This means changing the hamiltonian by H = Hy + V/(¢) for some perturbation V' (¢).
(2) the experimenter measures the response of the system.

Here we make two further assumptions. First, that the system starts in equilibrium
before the experimenter shows up. This means either the groundstate or the canonical
ensemble at temperature 7.

Second, we assume that the poking is weak enough that the response is linear in the
perturbation. This means that the response is entirely a property of the unperturbed
system. In particular, it will be determined by equilibrium correlation functions, which
as we've seen and will see in more detail below are related to the low-lying spectrum
of the system.

A good simple example to keep in mind (during the more abstract bits below) is
the response of an RLC circuit to an applied voltage. As in that example, the response
can come in two varieties: dissipative and reactive (or reversible).

So suppose we kick the system by an operator Og. What this means is that the
source is a time dependent perturbation to the Hamiltonian, H = Hy + V ():

V(t) = /lexgbB(t,x)OB(x) .

Here ¢p(t,x) is a function the experimenter gets to pick.

The response is

(Oa)(t,2) = Tr p(t) Oa(x)
= Tr po U™ (£)Oa(t, x)U(1)
The initial state is pg = e 7750 /Z or py = |®()}Py|, the projector onto the groundstate.

In the last step we are using interaction picture, where U(t) = TeiS tv(t/)dt', and
Oa(t,z) = 'O 4 (x)e ot ig the unperturbed evolution.

I think I should explain this step a bit more. First, in the Schrédinger picture, only
the states evolve: id;p(t) = [H, p(t)] so that p(t) = Uy (t)poUg (t), with Uy = e 1HL,
The expectation value we want is

trp(t)Oa(x) = trpoUp () Oa(x)Un(t) = trpoU~" () Oa(z, )U(t)

153



where at the last step we wrote
Un(t) = Up()U(t), Up(t) = e ™8 Oy(x,t) = Uy Oa(z)Us. (6.1)

This last expression is the interaction picture evolution of the operators — they evolve
by the unperturbed Hamiltonian. The first expression in (6.1) defines the interaction
picture evolution operator U = UHUo_l. Using i0,Uy = UyH, i0,Uy = HyU,, we have

i0,U(t) =Uy' (—Ho + H)U = U, 'VU = Uy 'WULU;'U = V(t)U

where V (t) is the evolution of V' by the unperturbed hamiltonian. What is the solution
of i0,U = V(t)U? I claim, by the Fundamental Theorem of Calculus, that

Ut) = U(0) —i / bV (U () (6.2)
62) U(0) — / t dt1V (t1) <U(0) —i / ’ dtQV(t2)U(t2)> (6.3)
(6.4)

:i(—i)" / ity / Yty / T V)V () - VEU).  (6.5)

The initial time is arbitrary. Suppose we are evolving from time t;, so U(t = t;) = 1.
Then

|
M8II M8II M?E

(=) / dt, / dty - / Q. V (E)V (&) - V(tn)
(—1i) /dt1

/ dty - - / it T (V(0)V(t) - - V(t))

_i)na /t dt, /t dty - /t T (VE)V(8) - V(t)  (6.6)

In the first step I used the fact that the operators are already time ordered (this followed

S
Il
o

from the differential equation we are solving, since the V' always acts from the left). In
the second step we used the fact that the time-ordered integrand doesn’t change if we
permute the labels on the times. So we can just average over the n! possible orderings
of n times. If we pull out the time-ordering symbol, this is an exponential series:

Ut t)=T (e‘ifi- ‘“'V(t')) .

The time-ordered exponential is defined by its Taylor expansion.
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Now linearize in the small perturbation:
SOt 2) = —iTr o / A (Ot 1), SH (L)
= —i/lex’ /tdt'([OA(t,x),OB(t’,x’)D(bB(t’,x')
= /deEngAoB(xaf/)CbB(x,)
The retarded Green’s function (or response function) for two observables O4 and Op is

G& 0, (t,x) = —i0(t)([Oalt, z), 05(0,0)]) (6.7)

where 0(t) = 1 for t > 0, else zero, is the usual Heaviside function. The time evolution

of the operators here is by the unperturbed Hamiltonian O(t,z) = eHotO(z)eHot|

as above. So we care about the retarded Green’s function because it determines what
(O4) does if we kick the system via Op.

Now Fourier transform:
3{Oa)(w, k) = G§ 0, (w, k)ddp(w, k) (6.8)

where

GE o (k) = —i / AP zdt TG4 (O 4t ), O (0, 0)]) -

Note that if we want to think about the perturbations in Fourier space, e.g. for a
single mode

V= /ddx T (g, w)Op(q, w)
then we must add a small imaginary part to the frequency,

—iwt = (—iw +n)t (6.9)
so that the perturbation goes away at early times. This is required so that we are
actually describing a system that begins in its groundstate.

Linear response, an example.

perturbation: an external electric field, E, = iwA,
couples via 6H = [ d?xzA,J" where J is the electric current. That is, O = J,.

response: also the electric current, O4 = J,. Then let’s look at (6.8) in this
case. It’s safe to assume (J),_, = 0. (Actually this can be rigorously proved in some
circumstances and goes by the name of Bloch’s (other) theorem.) So (6.8) takes the
form

(60, )) = Gy e, ) Aui, ) = Gy e ) 22
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Compare this expression to Ohm’s law: J = oF, which defines the conductivity o.
(Really it is a tensor since J and E are both vectors.)

G?J(w7 k)

= Kubo formula: o(w, k) = n
iw

As a second example about which we’ll say a bit more, consider the case where
04 = Op = p, the density. Then

V= Z /dwp;go(q, w)e ¥ 4 h.c.
q

where ¢(q,w) is the fourier transform of some scalar potential. For example, if we
shoot at the system a heavy probe particle with velocity V' and position R; then
0(q,w) = 2nVye 4 5(w — g - V). If we assume that the perturbation is small enough,
then everything is linear and each ¢, w is independent of all the others, and the response
is

3 {p(q,w)) = G (g, w)p(g, w)-

By inserting into (6.7) a representation of the identity in the energy eigenbasis
1 =>" 1|n)n|, (with H|n) = (Ey + wy) |n)) we can develop a spectral representation
of GE. A key ingredient is the fourier representation of the theta function:

iet
o(t) = —i/c’fe ¢

€—in

where 7 > 0 is infinitesimal. Its point in life is to push the pole into the UHP ¢ plane;
when ¢ > 0 we can close the contour in the UHP and we pick up the residue of the
pole, but when ¢ < 0 we must close the contour in the LHP and we do not. The result
is

w—wn—l—in_w—i—wn—i—in

& 1 1
do’ W' — 11

where in the second step we used the spectral representation of the dynamical structure

Gfp<q,w>:21<n\p;ro>12( ! ! ) (6.10)

factor from (3.10)%°. So G and S contain equivalent information. Using the f-sum

2In (3.10), we wrote it (the spectral representation of the dynamical structure factor) for the
operator Z, in a spin system. The general expression is

Soo(a;w) =Y | (n] Oq|0) [*26(w — wy).
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rule (proved on the homework) we learn that at high energy the response function is

fixed

2

fop(q,w) = _/0 Wdw'S(q,w') = d

w2 mw?’
independent of any dynamics.

A common response to a perturbation localized in time is exponential decay: e, v >

0. What does this mean for G®(gq,w)? A pole in the LHP at w = wg — iyt. Because
of (6.9) our definition of G¥ actually defines it directly only in the UHP, but the ex-
pression (6.10) allows us to analytically continue to the whole complex plane (minus
the singularities, which determine the spectrum). The locations of the poles in the
integrand of (6.10) determine the response. It has poles at w = fw, — in. As we've
seen, the spectrum often is described by some low-lying single-particle states below a
multi-particle continuum. The continuum happens when the poles bunch up together
and produce a branch cut in GF.

The fact that G is analytic (no singularities) in the UHP is equivalent to causality:
GT(q,t) = 0if t < 0 — the response comes after the cause. If one computes G somehow
and finds a pole in the UHP frequency plane, it means an assumption was violated.
The thing it usually means is that the putative groundstate is unstable, and the pole
in the UHP represents the instability which (initially) grows exponentially in time.

Just as for the response of a linear circuit to an external voltage source, the real
and imaginary parts of G® have very different interpretations. The real part is the
reactive, reversible part, while the imaginary part describes dissipation (like resistors,
which come with a single time derivative, and are therefore 7/2 out of phase with the
source). Using the fact that

%%mszia —ind(z — a)
where P means principal part, (6.11) implies
ReGF (q,w) = /00 dw'S(q,w") P (QQL//) (6.12)
: = (P
ImGZ)(q,w) = -7 (S(q,w) — S(q, —w)) . (6.13)

You can see that ReGF is even in w, while InG? is odd. The imaginary part of GF
is basically just S(q,w), but arranged in such a way that —wImG¥(q,w) > 0. This
positivity is a powerful thing. For one thing, it follows from this that the average
work done on the system is positive — in equilibrium, there is only damping, never
anti-damping.

Because of the analyticity in the UHP, the real and imaginary parts of G¥ are
related by Kramers-Kronig dispersion relations.
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Compressibility and the associated sum rule. Consider now w = 0 and q
small (compared to the inverse separation of particles). This is a perturbation by a
static force field which is smoothly varying in space. The force felt by each particle is
—6g0 which is

F(r) = —ige(q,0)e"" + h.c..

Now think about the problem macroscopically. Such a (small) force leads to a change
in the density dp, which in turn leads to a change in the pressure of the fluid

op(r)
0P (r) = . 6.14
() =23 (6.14)
This last expression is the definition of the compressibility k of the material. In equilib-
rium, the force associated with the induced pressure gradients cancel out the external
force, and therefore

0=—VéP+ NF

from which we conclude
(6p(r)) = —N?kp(q,0)eM" + h.c..

Comparing with our expression for dp in terms of G¥, we learn that in the regime
where this hydrodynamic description is valid

0 N
G0, 0) S =N = ——. (6.15)

In the last step we used the fact that the macroscopic description knows about sound

waves®’.

30Here’s a reminder about how this happens. It involves only two ingredients: (1) the continuity
equation for the number density, which says particles do not disappear

0=p+V -J=p+V-(pi). (6.16)

(2) Newton’s law in the form

—

. D .
- Vp= mpﬁ =mp (8,5174— (@- V)U) (6.17)

(which is called Euler’s equation). The second term in the convective derivative we will ignore because
we are going to expand to linear order about the static configuration where p = pg and « = 0. Let
p = po(l + s) where s is small. Let’s focus on one dimension for simplicity. The continuity equation

then says to linear order that d,u = —0d;s. Euler’s equation (6.17) says
Oxp 1
Oy =———=— 0zS.
¢ mp meN "

In the second step, we used the definition (6.14) of the compressibility x and the chain rule. Taking
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Combining (6.15) with the relation between G® and S (6.11) we learn the long-
heralded compressibility sum rule

N 1.. 1., .
53 = 5 (111_1)1(1) Gl(q.0) = —3 (111_13(1) (ReGP (q,0) +ilm G (¢,0)) (6.18)
1. & 2w’
=3 lm | dw'S(q, )P (0 - wa) (6.19)
~ lim > (‘i; w) (6.20)
a—Y Jo

(the third step uses (6.12), and (6.13) to see that for static perturbations, ImG?
vanishes).

O0,(BHS) then gives
1

§= 0%s
mxN *
so v2 = ——. Note that this is the isothermal sound speed, since this whole discussion happened at
s mkN

fixed temperature (7' = 0 in fact).
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7 Atoms, Molecules, Solids

[Commins, Tong]

Atoms. There are three kinds of atoms.

e Hydrogen is exactly solvable and we understand everything about it.
e Helium is just barely solvable.

e Then there is Everything Else.

The key to our understanding of Everything Else is the Central Force Approxima-
tion (CFA). It is just like mean field theory: the idea is to approximate the force on a
given electron (from the nucleus and all of the other electrons) by some average force,
which is also spherically-symmetric about the nucleus. There are several methods to
figure out what we should use for this effective potential, which are the subject of §7.1.

A piece of physics which immediately falls out of this approximation is screening.
The presence of the N — 1 other electrons of charge —e will screen the electric field
of the charge +Ze nucleus. The form of the resulting potential must look like % for
very small 7 (when no other electrons are enclosed in the sphere of radius r), and like
w for very large r (when all the others are enclosed). It can be written in the
form )

Vi — — Z(r)e |
r
where Z(r) starts at Z at r = 0 and decays to Z — N 4 1 at large r. We'll see that

screening is a key ingredient in the structure of the periodic table.

Hydrogen reminder. Since we’re going to work with spherically-symmetric po-
tentials which often fall off like 1/r, hydrogen wavefunctions will be useful. Recall that

the eigenstates of H = % — ZTeQ

are labelled by three quantum numbers (n,, m) where
n=123.,l=0...n,m=—l,—l+1...1—1,1. [,m are orbital angular momentum
quantum numbers. And we use this dumb spectroscopic notation that [ = 0 is called s,
Il =11is called p, | =2 is called d, [ = 3 is called f. The energy spectrum only depends
onn, E, = —% (in atomic units m, = 1 = €?) — it is completely independent of
the angular momentum, so there is a huge degeneracy (broken by small effects such as
relativity and coupling to nuclear spin). The groundstate energy (of the (1,0,0) state)
Z2

in the right units is —%-.

Z > 1 atoms. A good approximation to the hamiltonian of all atoms is

N2
D; _7 1
H= Z % + Z Vnucl<7’i) - Z V;nt(rij), Vnucl(r) = |— ‘/int(r) = m
i=1 i

Y
— 7|
1<)
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(It ignores relativistic corrections, nuclear spin, spin-orbit couplings, all of which we
understand well, in the case of hydrogen at least, but which give small effects.) There
is no dependence on the electron spin.

To get started, we will treat the interactions between elec- »;//

trons as a perturbation. Then at zeroth order, we just fill

orbitals of hydrogen (with e* — Ze? as above). There is

a big degeneracy because of the weird accidental fact that

Ehydrogen(n, 1) only depends on n. In fact there is a specific 5f
order in which these orbitals are filled (which is called auf-

bau), shown at right. What picks this order?

Helium ground state. To begin let’s think about helium, Z = 2. The ground-
state, to zeroth order in the interactions, is

3
W (ry,72) = r00(r1)V100(r2),  with  ahigo(r) = Z_Be—Zr/a,o. (7.1)

Tag

Can I put the two electrons in the same orbital? Yes because they carry spin: I can
do this as long as the spin wavefunction is antisymmetric. So the actual wavefunction
is what I wrote above times the spin singlet. This has E(()O) =2(=2%/2)|7=20 = —4 in
atomic units. The experimental result is —2.903 in these units.

We can improve the result by a little perturbation theory in the ee interaction term:

1 > 5

AE = (100] (100] — [100) |100) = =Z = -

12 8 4

I do not want to spend time talking about this integral, but you can do it using the

e S ()

,
> 4=0

partial-wave expansion

where 6 is the angle between 7 and 75, and r~ = max(|ry], [r2|).

We can do even better using the variational method. A good idea is to let Z vary.

—Ar/a
/a0 and

This is a way to allow for screening. Instead of (7.1), we'll try ¥(r) o e
treat A as a variational parameter. We find (by exactly the same calculation which I

just skipped over)

(H), = 7% —2Z)\ + g)\

which is minimized by Ay, = Z — = Wlth

(H), =- (z - %)2 ~ 2.8 (7.2)
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which is not bad at all. This method does even better for larger-Z ions with two
electrons®'. The lesson from this calculation is that the charge of the nucleus is screened
by the other electrons.

Helium excited states. There are also some lessons to be learned from the
excited states of helium. The orbital wavefunction must involve one electron in the
(100) state (call it ) and one in one of the (2lm) states, of which there are 4 (1 state
with [ = 0 and 3 with [ = 1), which we’ll call 8. So, including spin, there are actually
16 degenerate states. Fortunately, they are organized by symmetries — the states with
different [ cannot be mixed with each other by the rotation-invariant hamiltonian. And
H is completely independent of the spin.

As in our discussion of the exchange interaction, we can organize these states into
symmetric and antisymmetric orbitals Wg/a(r1r2) = \/Li (Valr1)Ys(ra) £ (1) Ya(rs)).
To make a fermion state, the spin wavefunction must have the opposite symmetry
property, so the allowed states are: W, ® triplet , Ug ® singlet. Again the hamiltonian
is spin-independent, so just as before the variational energies are just

ES/AZGQ—FGQ—FI:EJ

where the exchange integral is

- //%(rl)wﬁ(m)mimlw (r1) Y (r2) //% r1)1s(r1) i ‘w a(r2)s(r2)

where I used the fact that these Wavefunctions are real. I claim that J > 0. Recall from
E&M that V2¢ = —4mp is solved by ¢(r) = [ DA 1t we let 4mp(ry) = Ya(r1)0s(r1),

|r— r/\
then

J= / &ro(r)amp(r) / AV / (w) > 0.

The intuition is that the AS wavefunction has lower interaction energy, since W 4(r; =

r9) = 0 so it avoids the region where m is large. So the triplets have lower energy
than the singlets.

31'What about the smaller-Z ion? That is, let’s try to add a second electron to hydrogen, to get H™.
The calculation (7.2) predicts (H) = —.528, which is larger than the groundstate energy of neutral
H (E = -1/2) plus the electron at infinity (E=0), which gives E = —.5. However, there actually is a
(weakly bound) boundstate of H™, with F = —.528. A better variational ansatz, which incorporates
the fact that only the inner electron does screening, is of the form

’l/J(Tl, T2) x e—>\(87‘> +r<)

where r~ = max(rq,r2), '« = min(rq,7r2), and both s and A are variational parameters. For Z = 1,
this gives (H) = —.506. This calculation proves the existence of such a boundstate, since it gives an
upper bound on the energy. Thanks to Jiashu Han for asking about this.
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But what about 2s versus 2p? Well it turns out that (1 £ J)9s < (I £ J)9p. So the
2s is lower energy than 2p (just like in the periodic table).

I will not dwell on why this is true because the correct ex-lwnsn|”

0.00020

planation for aufbau is not here. The correct explanation is
that the larger-I hydrogen orbitals have less weight near the
origin. This means that the effective potential they see is

more highly screened, and therefore they are less bound. As

you can see at right, this statement is a little subtle. The top
figure shows the squares of the n = 6 functions. But what

2
\

P1@n=5,(1)

really matters is the measure, which has an extra factor of o=
r2; this is plotted in the bottom figure, and there the maxima *°
actually move in as [ increases. However, it is still true that
the support near the origin decreases as [ increases. e = w g

7.1 Self-consistent mean-field theories

This is a subject which seems fancy and which involves lots of names of people, but
the names really each refer to a very simple, sometimes quite dumb, variational ansatz
for the wavefunction.

Hartree. The Hartree ansatz is just a product state: W = 1), (1) - Yoy (ry).
This is often a ridiculous thing to do. It ignores Fermi statistics! We could at least
pacify Pauli by taking «; # «;. But often it’s not so bad (as we saw above) because
we can tensor it with an appropriate spin wavefunction. Using the CFA, we could
label these orbitals by hydrogen quantum numbers (n,m, (), but I'll continue to use
the composite index a (which includes spin).

The idea is that we treat the 1s themselves (the whole single-particle wavefunction)
as variational parameters. The variational energy is

() — il / . ( % S % " (r)IQ) 3 / . / 0 VT, (), () ().

— |7 — 1|
1<J
To keep the states normalized, the thing we can vary freely should have Lagrange

Pl = (5 -3 (f1e-1).

multipliers:
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Its variation is

1 OF
0= 7.3
Sy, (7.3)
= <—_ - + Z/d3 ,|wa] ) ¢o¢1( ) - €i¢ai(r)‘ (74)
J#i
This looks just like the Schrodinger equation, with energy eigenvalue € = ¢;, and

Varlr) = 2 + U (r)

with

e, ()2
Ua, }:/ﬁ3 V—W\ (7.5)

JF
representing the electrostatic repulsion of the N — 1 other electrons. Notice that it
depends on the 1, s! It’s hard to know where to start to solve these horrible coupled
equations. But actually there’s a strategy that works pretty well.

1. Make a guess for some spherically-symmetric function U, (r).
2. Solve (7.4) and find the 1,,.

3. Determine the U,, from (7.5).

4. Construct a spherically-symmetric version of it by averaging: Uyouna(|7|) = & [ dQU (r).

5. Redo the previous steps, starting from U.oung-

This procedure will actually converge, given a reasonable starting point. The output
is a set of ¢; and a set of optimal occupied single particle states 1),,. The variational
estimate for the groundstate energy is not quite just ) . ¢;, but rather

- Ya-y [ [

JFi

Hartree-Fock. This improvement, due to Slater and Fock actually starts with an
allowed electron wavefunction:

W) = af, -, [0)

aN

where ao = (n,l,m,0) is a composite label for all the quantum numbers. That is, the
ansatz for the wavefunction is a Slater determinant

wal (7’1> ¢a1 (TN)

U(rioy -+ ryon) = det

1
YVE () o+t ()
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By just the kind of calculation we’ve been doing all quarter, the energy expectation is

<H> _ <H>Hartree . Z/d37”/d3T,¢ai (T)waj (’I" )¢ai<r )¢Oéj (T) 501-0]"

=7

1<j

This extra term J;; > 0 is exactly the exchange integral we encountered above. It
only appears when the electrons involved have the same spin, since otherwise they are
distinguishable. Its physical origin is in the form of the pair correlator for free fermions
(1.85) (again, only of the same spin)— because of Fermi statistics, the electrons avoid
each other. This means that each electron is surrounded by an ‘exchange hole,” which
lowers its Coulomb energy. By the same argument as above J;; > 0. So this term
lowers the energy when the spins are aligned. In the context of materials, this leads to
(Slater) ferromagnetism.

This rule in the context of chemistry is named after Hund. It makes predictions
for the binding energies as a function of Z. In particular, when a shell is half-filled,
all of the electrons in the valence shell can have the same spin, and benefit from the
exchange energy term. Adding one more electron requires it to have the opposite spin,
and there should therefore be a decrease in the binding energy.

This is borne out by the
plot at right of the first

. . . . First ionization energy
ionization energies (the

He

energy cost to remove one
electron) as a function of
Z, which shows e.g. a
step between nitrogen and
oxygen where the 2p or-
bital goes from half-filled
(N is [Be]2p®) to one-
more-than-half-filled (O is
[Be|]2p*). There is a simi-
lar step between phospho-

rus and sulfur during the
filling of the 3p shell.

Incidentally, I made this plot with Mathematica, which knows all of this information
through the command ‘ElementData’.

Again we can treat the s as variational parameters. The Hartree-Fock equations
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(obtained by varying the energy expectation value plus Lagrange multipliers) is

0L 5 (<H> X ([ - 1)) (7.6

(B o) ) S, [ O ) )

, |7
J

(7.7)

The extra term relative to the Hartree equations (7.4) (associated with the exchange
term in the energy) is like a nonlocal potential. It represents an attractive charge
density of electrons with the same spin.

To emphasize the unity of methods between atomic physics and all of our previous
discussion of many-body systems, let’s re-derive the Hartree-Fock(-Slater) equations
(7.7) using an auxiliary (quadratic) mean-field Hamiltonian, as explained more sys-
tematically in §5.6. The actual hamiltonian is

H = Za (__"‘Vvext )a —FZV’FT Iaila/arET_‘_Vext_*—Va

r<r!

where here Vi is the potential from the nucleus, and V' (r,7’) is the electron-electron
interaction. We want to find the gaussian state ], dl |f)> with the lowest expected
energy. Such a state is the groundstate of some quadratic hamiltonian. So let

Hyr = Za (—— + Vet () + (r)) a, + Zail”m,/ar/.

This contains an in-general non-local hopping term I'; which we will see is required by
the exchange term. The potentails U,, ', are to be determined.

All expectation values below are evaluated in the groundstate of Hyr, so we can
use Wick’s theorem:

(H) = (T) + (Vo) + > V(rr') ((ala,) (al.a,, ) - (alal) (ala.))

r<r!

where I have assumed that <aTaT> = 0 — no superconductivity. Its variation with
respect to the choice of orbitals and filling of [MF) is

0(H) =0(T) + 6 (Vext) +2 Z V(rr') <<aiar> ) <al,ar,> — <aiai,> ) <a:[,a,,>) :
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We want this to vanish in order to give the best trial wavefunction. On the other and,
since [MF) is its groundstate, the variation of (Hyp) is zero:

0= 6 (Hup) = 6 (T) + 8 (Vo) + > U(r)8 (afa,) + Y T, <a:[aT,> .

Therefore

U(r) =3 Viw (ala,) (78)
L~ Vi (ala,). (7.9)

The HFS equations (7.7) are just the eigenvalue equations for Hyp with the potentials
determined by these self-consistency conditions.

Thomas-Fermi. I would be remiss if I didn’t mention one more, simpler approxi-
mation. It is useful when there are very many particles, such as in a large-Z atom (say
Z > 10), or in a metal. It is useful also for electron stars and neutron stars and solids
and nuclei and molecules and cold atoms. The idea is to treat the electrons as a fluid,
whose density is determined locally by the potential.

To see how this might happen, recall the free electron gas, in free space, in equi-
librium at temperature 7. The number of electrons per unit volume with momentum
near p is

d*p ‘
e T +1
The 2 is for spin. As T — 0, the Fermi function approaches a step function f(p) =

{0’ |p| > Pr

1, ’p‘ <DpFr

. Thus the number density is

n= 2/d3pf(p) =0 Pr

32
and the kinetic energy density is

35/3:4/3 h_2n5/3

T M,

2
u= 2/d3p2p—mf(p) =

Now subject this system to a slowly-varying potential, V(r) = —e®(r). In the
hamiltonian, the potential and the chemical potential only appear in the combination
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w~+ V(r). So the idea is just to replace yu — p + V(r) in the expression for the phase-
space density (7.10). It is an assumption of local equilibrium, generally a synonym for
hydrodynamics. Local equilibrium means that nearby patches of fluid are in equilib-
rium, including chemical equilibrium. But chemical equilibrium means the p is the
same. Therefore, i is constant, and in our replacement

ﬁ — PE(7) —ed(r)

2m a 2m

we see that we must let pp = pp(r) the Fermi momentum vary with position. This

ILL:GF:

gives (assuming spherical symmetry of the applied potential and everything else)

m)3/2
372

/pF (r)=2m+/ep+p

n(r) = 2p*dpim = (e®(r) + p)*?.

0

So this is a relation between the density and the electrostatic potential. There is
a second relation, namely Gauss’ law. For example, in the case of the electron cloud
around a nucleus

V20 = en(r) — Zed®(r).
Defining e®y = e® + p, we have

V2P, = eoz(I)g/g

/ . .
(2’;3; 2) with the boundary conditions that near the nucleus, the only charge
is the nuclear charge: ®g(r) = Ze
number of electrons.) By non-dimensionalizing this equation, we can learn that the

sizes of atoms go like Z~1/3

(here o =

(The boundary condition at r — oo specifies the

. To see how, look at Commins §12.4.

To slick up our understanding of the TF approximation, note that we can get the
above equations by minimizing the functional

Fln] = Eofn] — ( / Fro(r) — N) |

Here the groundstate energy, in this approximation is

Eo[n]:c/d3rn(r)5/3+/@d3r+e—;//%—,u(/n—N>. (7.11)

Its variation is

O _ B 203y — - ed(r), with V2(r) = en(r) — Zed(r).

. on(r) 3
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Thomas-Fermi screening. As a tiny hint of the applications of this perspective,
let us see what it says about screening. Let us imagine applying an infinitesimal extra
electrostatic potential d¢ to our system. It satisfies Gauss’ law:

— V20¢ = —4me (nima(r)) . (7.12)

On the RHS here is some recognition that the charges will move around in response to
the applied field. (And I am writing an equation for just the additional potential, so
we do not include on the RHS the equilibrium distribution, or e.g. the nuclear charge,
only the induced charge.) If §¢ is small, we may use linear response:

nind(Q7 CU) - _X(Q7 (.U)G(qu(q, W)

where x is the compressibility (defined by this relation). Now use the TF approximation
(with a as above):

n(r) = a(u+e(®(r) + 6o(r)))*? (7.13)
on 9

So in this approximation, niq(r) = —xoed¢(r) where xo = —9, [" deg(e) = —g(e),
where g(e) is the density of states. But then we also have Gauss’ law:

—V2(D + 6¢)) = —dmeng + Amexodo.

The solution of this equation goes like

e_QTFT

0¢(r) ~

r

with ¢3p = 4me?|xo|. It says that as a result of screening, in this approximation, the
Coulomb law is replaced by an exponentially decaying potential, and hence force. The
correct answer is not quite so extreme and more interesting. In particular, in a metal,
it behaves like C%f%

Warnings. These methods are widely used and very successful. The Hartree-Fock
approximation makes precise what people mean when they speak of filling hydrogen
orbitals in an interacting system. However, the true groundstate need not be a single
Slater determinant (the fermion analog of a product state): it will almost certainly be a
complicated superposition of such states, meaning that the electrons will be entangled.
But, approximating the effect of all the other electrons as a central potential is clearly
a truncation. Also, we are ignoring spin-orbit coupling, which grows like Z? along
columns of the periodic table.
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7.2 Problems involving more than one nucleus

So far in this chapter we’ve been discussing ways to deal with the interactions between
two or more electrons orbiting a single nucleus of charge Z. We’ve mostly focussed on
neutral atoms, but the same methods apply if the number of electrons is not equal to
7. The periodic table is an important part of chemistry. Another important part is
chemical bonding, whereby one atom sticks to another. We could understand something
about this, too, if we had time.

Born-Oppenheimer approximation. Nuclei are much (at least 2000 times)
heavier than electrons. This fact is what allows us to make progress on problems with
more than one nucleus, such as molecules (a few nuclei) or solids (many many nuclei).
The idea is: first treat the positions R of the nuclei as fixed. Solve for the groundstate
energy of the electron system in the potential Vo (r) created by the nuclei, Ey(R).
Now minimize this over R to find where the nuclei want to be.

We can check a posteriori that this was a good approximation using dimensional
analysis and the uncertainty principle. The electronic coordinates satisfy AxzAp ~ 1;
an atom has size Az ~ ag, so Ap ~ 1/ag, and the electronic energies go like E, ~
?ﬂi =3 :jag = 1 (in atomic units, naturally). How much energy does it cost to excite
the nuclei? Near the minimum of Fy(R) it is a harmonic oscillator, so Ey, ~ Mw?a?.

Dissociation happens when z ~ 1 and costs energy ~ E, ~ 1 ~ Mw?. Therefore the

splittings between (SHO) vibrational levels go like AEy, = hw ~ /4% What about

R20(0+1)
MR2

also of order Ry ~ a9 = 1. So the rotational splittings have AFE,,; ~ ¢, which is of

rotational motion? E.. = where Ry is the optimal separation between nuclei,

order 1073 or smaller.

So, given Ve (r), we want to find the groundstate of
H=T+V+ /ddTV;m(r)n(r)

2
where T =3, 2t and V = >i<j Vins(ri7). Notice that the first two terms are the same

for all of these problems, wherever the nuclei are. And the input external potential (by

which all these problems differ) only enters multiplying the density n(r). We usually
think of doing this by finding the groundstate wavefunction @y, and then determining
the density through

n(r) = ng(r) = (Qo| ¥}, ¥ | o) . (7.15)

Weirdly, it is also true that the density determines the groundstate wavefunction, and
hence the groundstate energy. That is, different V,,; necessarily give rise to different
groundstate electron densities n(r). The proof (due to Kohn) is sweet: Suppose oth-
erwise, i.e. suppose Ve and V., (with groundstates ®¢, ®f) lead to the same n(r).
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Assuming the groundstate is nondegenerate, the variational theorem says

Ey = (o] H o) < (0| H[PG) = (P H'|Dp)+(P5| (V — V) [8h) = E6+/ ' (Vexe = Vi

But the same is true with the primes and unprimes switched:
E(/) <E0—|—/7’l( e/xt_v:ﬂXt>'

Adding the previous two equations says, with strict inequality,

/n( e/xt_v;xt) </7’L/( e/xt,_v:sxt)

which forbids n = n'.

This means that the groundstate energy FE, and the many-body wavefunction
®o(rq -+ 7ryn) are purely functionals of n(r), a single function of d variables. Appre-
ciate for a moment how crazy this is. (A case where it is manifestly true is when there
is only one particle: then ¥ (r) = y/n(r), and we lose no information since ¥ (r) has no
nodes.)

Moreover, the n which minimizes the energy expectation is the correct one. Here’s
why: suppose n(r) arises from some state W[n] by (7.15). Then

Eyn] = (¥n]| (T + V) |¥[n]) + /Vexm = Fint[n] + / Vst (7.16)
But by the variational theorem

Ey[any other n which comes from a |V)] > Ey[no,

where ng is the density in the true groundstate. Notice that the minimization of (7.16)
then describes a Legendre transform of a fized, universal functional Ej[n], which is
the same form any atom or molecule or solid (the information about which only enters
through V). It is like a philosopher’s stone. This realization leads to the develop-
ment called Density Functional Theory, which proceeds further by approximating the
functional in various ways. The simplest is the Thomas-Fermi approximation, where
Eui[n] = ¢ [n®3(r)d®r + % [ () ag in (7.11). The next simplest possibility is

|r—r|

called the local density approximation, developed by Kohn and Lu Sham, with spec-

tacular success in determining electronic structure for many situations®”.

32 For more, try Chapter 15 of the book by Girvin and Yang, Modern Condensed Matter Physics.
I found this history of Kohn’s path towards the discovery of DFT quite compelling. This paper by
Banks also provides a well-encapsulated introduction.
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