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Introduction

't Hooft’s demonstration of the planar structure of the feynman

graphs of matrix models applies even to stupid theories,

even free field theories. % X G5

This is a feynman diagram in a free theory:

There is no guarantee that the worldsheet theory is tractable, or
that it has a nice geometric interpretation as a sigma model.

In AdS/CFT, MiHooft = g%,MN = Rjds —> making the field theory free makes

the geometry small.




But this doesn’t mean CFT breaks down or is even hard — e.g. LG

points.

To understand better how string theory emerges from gauge theory,

let’s start with as simple a gauge theory as possible:

S = %/dt tr ((DoX)” — X?)

Today: A calculable worldsheet description of this string theory.




The role of N

There exist dualities between similar matrix models and d < 2 string

theory interpretable as unstable open-string systems.
There is an important difference in the role of V.

random lattice models of 2d gravity: N = oo

VS

summing over holes, triangulation of moduli space: N = gi

Here it’s exactly like AdS/CFT.

As it is for some zero-dimensional matrix models: Kontsevich, Penner, Dijkgraaf-Vafa.




some highlights

1. this is an explicit, calculable worldsheet description of a free
gauge theory.

2. a (1/2-BPS) sector of N =47 (= part of AdS5 x S° ?7)

3. string theory of the quantum Hall effect?

4. string perturbation theory truncates: at fixed total momentum

only a finite number of genera contribute.

5. this string theory is crazy. The fact that sense can be made of it

suggests that there are many related constructions which we would
have discarded but shouldn’t.
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Matrix harmonic oscillator

Consider the gauged quantum mechanics of an N X N matrix

harmonic oscillator,
V(X)

S=1[dttr (DyX)*— X?) wx

2
Dy = 0y + [Aop, *] is covariant with respect to local U (V)

conjugations X (t) — Q(t) X (¢)QT(¢).

The gauge field acts as a Lagrange multiplier that projects onto
singlet states.

Important distinction from ¢ = 1 matrix model:

orbits in phase space are compact, the spectrum is discrete.

This model is solvable in at 1east two distinct ways:

in terms of free fermions (true for an arbitary potential).

by matrix ladder operators (true for an arbitrary number of oscillators).




Fermions, briefly

=—>  (Bresin-Ttzykson-Parisi-zuber) IN Iree fermions in the harmonic
oscillator potential.

N
H — Zhj
j=1

Energy eigenstates are Slater determinants:
states labelled by IV integers k,, such that 0 < k1 < ko < ... < kp,
and the eigenvalues of the Hamiltonian are E(k;) = o, (k; + 1/2).

=1
"/
=

(2N—1) __ N?
- 2

The vacuum energy is Fy = % + % + ...+




Bosons

Introduce matrix raising and lowering operators

. 1 . |
T 7 - 1
Y%= (X5 +1iP;),

P is the momentum conjugate to the matrix X.

[aj.,agt k] — 5;5;“, |H, aé-] — —a;,
The vacuum of H is defined by a’|0) = 0.
Excite |0) by a' to make energy eigenstates.
Take traces to make singlets.

A useful basis of states: take mi > mg > ... > m,

[{m,}) = H tr (@' ")™*|0) has F = ann + Ey.
n=1

n=1

m; < N for linear independence: “stringy exclusion”




Finite N real, non-relativistic bosonization

At large N, excitations above the ground state are most easily
described in terms of a chiral boson. Consider the partition function

in the fermion description

oo

Z(q,N) = tr ¢ = ¢* Z > g2
1=0%k

o=k1+1 kn=kn_-1+1

Performing the sums sequentially (Boulatov-Kazakov)
=1
2
Z(q,N)=¢" ? 1]
1 —qgn
n=1

the partition function of a 2d chiral boson, with ag = N whose excitations are

truncated at level V.




Finite N real, non-relativistic bosonization

At large N, excitations above the ground state are most easily
described in terms of a chiral boson. Consider the partition function
in the fermion description

oo

Z(q,N):trqH:q%i f: Z quzlk”.

k1=0ko=k14+1 kny=kn_1+1

Performing the sums sequentially (Boulatov-Kazakov)

Z(Q7N)_

the partition function of a 2d chiral boson, with ag = N whose excitations are

truncated at level V.

2

8
H = 70 + Hosm [Hoscn O‘n] = NOy




o_, = tr (aT)n o, =tra”, n>0

are the modes of the bosons. This will be a tachyon of momentum m.
Later on: this chiral boson is the target-space field of the string
description.

For finite IV, there is a UV cutoff on the momentum modes of the

chiral boson.

This is the same Hilbert space as that of two-dimensional Yang-Mills theory on

a cylinder. But

.
(Hsuo — Eo) = Zmi
i=1

rather than C2(R).




‘Observables’

The states made by products of traces aren’t orthogonal.

The observables are overlaps like

Ok 5 k;) = O\Htr a”i Htr a’ k+

I’ve stripped off the time-dependence

(Y () [p—(t-)) = O(+;—) G KTty =iy KT













N-counting
A “two-point function” is
O(k1;k2) = (Oftr (a*)tr ((a’)*=)]0).

By counting index lines, the leading contribution in the large- N
limit goes like

O(kl; kg) ~ 5k1,k2Nk1 -+ O (N_Q) .

1/N corrections truncate after a finite number of terms:

(k1 /2]
O(kl;kg 5k1 ko Z Cl Nkl 2l

C';’s depend on k1 but not on N.
A handle must be traversed by at least one bit.
A direct consequence of the absence of interactions.

This is an interesting prediction for the string theory dual.




The analog of a three-point function is

O(ks; k1, kz) = (Otr (a®)tr ((a”)™)tr ((a')")|0).

trad trd

D
tr $16

the leading contribution at large-NN is

O(k; k1, k2) ~ Ok kg 1y N*71.




Symmetries

At large N, a semi-classical description is useful:
the eigenvalues form a Fermi sea in phase space with coordinates

(X+2'P)7 V:UT:(X—'L'P)7
V2 V2
which satisty the Poisson bracket
{U7 V}PB = 1.
The Hamiltonian is H = UV, and thus

U =

Ut) = e *U(0), V(t) = etV (0).

The ground state is obtained by filling states in the phase space up

to the Fermi surface
UV =N,

so that the area is equal to the number of fermions.




The following charges are conserved
Qn,m _ ei(n—m)tUan.

These charges satisfy the w., algebra

. / /
{Qna”f’U Qn/,m/}PB — Z(nm —mn ) Qn+n/—1,m—|—m/—1‘




w N
N)

1 T T
=2~
N

o

Excitations above the ground state can be described using
area-preserving transformations of the phase space.

The area is preserved since it is the number of fermions.
Area-preserving transformations can be described using a single
scalar function h(U, V'), a basis for which are

hpm = UV —tr a” (aT)m,

n and m must be integers in order to preserve the connectivity of the fermi
surface. Ny, Will be related to the 'discrete states’ in the dual stringy

description.




A small puzzle and its resolution

Quantumly there seem to be many more excitations than semi-classically.
There are many different single trace operators that at the
semi-classical level are associated with the same h,,,,.

e.g. tr (aaTaal) tr (a2al 2)

The fact that the theory is gauged resolves this issue:

in one dimension there is no electric or magnetic field

— the current that couples to A must vanish on-shell,

05

O = — = J
5(Ao) ji =

(X, DoX]: =i[a,a']}

J°

— operators which differ by such commutators actually give the
same result when acting on physical states.

—— the inequivalent single-trace operators are in 1-to-1
correspondence with w., generators ctr aal ™

This gauss’ law is reminiscent of a normal matrix constraint.




The dual string theory

Hint: Recall the well-studied duality between 2d string theory with a
Liouville direction and matrix quantum mechanics.

This MQM is closely related to the one we are considering.

V(X)=—tr X? ﬁ\

The kinetic term is the same and the sign of the potential term is flipped.

The state with equal filling describes the 0B vacuuum.

(Q: What does this sign flip mean on the string theory side?

The curvature of the potential in the matrix model

(Klebanov-Maldacena-Seiberg) 1S Telated to the tension of the dual string by
1

= 2—0/332.

So flipping the potential means that we have to take

U(x)




Massive modes become tachyonic??

In two dimensions there are no massive modes

(other than some discrete states that will play an important role shortly)

Or: keep o' positive and Wick rotate all dimensions.

In D dimensions — D — 1 time-like directions

But in two dimensions, time <« Space. no oscillators? no problem.

Apply to the ¢ = 1 worldsheet theory
1

= / (—8aX6aX + 000 + Va'RPQyp + ,uoe%w\/?) .
5

Ao

X —1 X, @ —1p.

Notice that in the presence of the Liouville interaction this is not an analytic

continuation (Polchinski).




—— a CF'T whose stress tensor is

1
T(z)za(:(‘?go@gp:—:(?XﬁX:)—ki

1" is complex — world-sheet theory is non-unitary.

We will see that the target space theory is still ok.

This is like the Coulomb gas description of minimal models.

The central charge stays critical

c=2—6i°Q? = 26,

the minus sign comes from the fact that now the Liouville direction is time-like.

1
g —

Ao

/ d’c\/g (aaxaax — 000”0 + iV’ RPQqp + poe’#/V)) .

o' = 1 from now on.



gs = e*?¢ 7l

1. Unlike in the usual linear dilaton case there is no separation into weakly
coupled and strongly coupled regions.

(lgs| = 1 everywhere.)

1/up is the parameter that controls the genus expansion.

2. We can compactify ¢. The allowed radii of compactification are
R=m/2, me2Z

the '2’ is a concession to the existence of open strings.

We will compactify at the smallest possible radius, R = 1 (self-dual)

O~ Q-+ 2.




Proposal:

X should be identified with the quantum mechanics time and ¢

should be identified with the angular variable, 6, in phase-space.

Excitations in both descriptions travel at the same speed (1 in our

units) regardless of their energy.

Puzzle: The string theory spectrum contains both left-movers and right-movers
(in the target space), while on the quantum mechanics side there are only

left-movers.




’Tachyons’

The ghost-number-two cohomology contains the tachyon vertex
operator

le: — cF e—zk(X:I:go)eszgo’

where the factor e?2b%¥ is the string coupling that multiplies the tachyon wave
function,

k is an integer due to the periodicity of .
Four kinds of modes:

+ . . . — . . . .
T.So: Incoming leftmover, k>0 - Incoming rightmover,

T,j <o outgoing leftmover, k<o . outgoing rightmover.

the energy in the X direction determines if a wave is incoming or outgoing.




Scattering

S-matrix amplitudes are constructed in the usual fashion:

A(kla k27 e kn"‘v kn"’—l—la ooy kn"‘—}—n—) =

n+—|— n

/DXDQO G_S H /Gik(pj:ikXGZQbsp,
i=1 v/

the first n™ tachyons have positive chirality

the remaining n~ have negative chirality.




The effective string coupling is ﬁ

S =50+ [ et
by

Inside the path integral, expand the exponent in powers of pyg:

A(klv k27 ceey kn+7 kn"‘—l—la ceey kn"‘—i—n—) =

n nt4+n~

—So (/ 67,2690) H / ezkigoﬂzzkiXeﬂbgo,
5 Pl >

The S-matrix now takes the form of a sum over amplitudes in the free theory

with extra insertions of the screening operator, fz et2b¢

Following (Gupta et an decompose ¢ = g + @ and X = Xy + X and
integrate first the zero modes, ¢y and Xj.
The integral over X is a delta function which imposes energy




conservation

ktot T k;)t =0,

The integral over g is

n+

2m
. 1
/ dpo exp | ipo —2+29+n——§:(kz+
0

2

( J
imposes the relation between integers ¢momentum conservation’)

1
2—-29—(n+ny+n_)+ 2(ktot kior) =0,
n is the number of insertions of the screening operator (# of powers of ug).
g is the genus — this term comes from the coupling of g to the integrated ws

curvature y = 2 — 2g — h.




Combining energy and momentum, (knizhnik-Polyakov-Zamolodchikov)
9

ko = —kihy =2 =29 — (n4ny +n_)  (KPZ).

— 1/ is indeed the genus expansion parameter:

Given a certain amplitude determined by k;, n™ and n™,

as we increase g, we decrease n, the power of pg.

The phases arising from the complex dilaton conspire to make 1 the string

coupling constant.

Comparing to the 't Hooft counting of powers of IV,

,LLONN.




Comparison

Dictionary between the closed string modes and the quantum

mechanics operators:

T, < tr ((a")"), Tioo & tr (a®).

Comparison of 1 — 1 amplitudes At ¢ = 0 the number of powers of u is
n==k

— A(k; —k) ~ uf ~ N*.

This amplitude does not vanish since (due to the insertions of the screening
operators) it involves more than two closed string insertions on the sphere.

Agrees with the harmonic oscillator result.




Solution of puzzle

Two-point amplitudes that involve T,j <o and Ty _, vanish. This

resolves the puzzle arising from the naive expectation that we should
have twice as many stringy modes as excitations of the Fermi surface.
just like in the harmonic oscillator, only tachyon wavefunctions with

p, = —10, negative interact.

In this ’'imaginary’ version of Liouville theory, there is a sense in which the

Seiberg bound becomes the fact that the target-space field is chiral.
We could have failed here:

Another way to satisfy E and M conservation is

n = 0 and kt_ot:kjot:O.

This can be achieved by having two particles with the same chirality and
opposite energy (say nT =2 and n™ = 0).

This amplitude is zero since it involves only two closed string insertions on S2.




Stringy exclusion effects

1. As usual in string theory there are corrections from higher-genus
worldsheets.
Since n > 0 we find non-vanishing amplitudes only for

<[4

which exactly agrees with the matrix model prediction.

String perturbation theory is very finite in this theory.
2. Given the identification T} < tr a”, the cutoff £ < N is a UV

cutoff on the target space momentum at

1
k~—.
9s

A similar phenomenon of a target space lattice with spacing of order

gs has recently been observed in the context of topological strings

Okounkov-Reshetikin-Vafa.




"Three-point functions’

Next 1 — 2 scattering amplitudes.
(KPZ) kror = —kipy =2 =29 — (n+ny +n_)

—> the sphere contribution to such amplitudes scales like

A(k; —k1, —ka) ~ 5k,k1+k2ﬁb§_1-

Again we find agreement with the harmonic oscillator scaling.

At this level of detail, it seems possible to have k1 > 0 and ko < 0 such that

amplitudes are nonzero.




A closer look at the correlation functions

Back to the SHO to retrieve the factors: The 1 — 1 amplitude is

O(kl; ]{2) — (Skl,kalNkl (1 + O(N_2)) .

There are k1 planar ways to commute the a’s through the af.

1 — 2 overlap amplitudes in the planar limit:
O(k; k1, ko) = gy ko k1o NF 71,
The simplest way to calculate 1 — m overlap amplitudes
O(k; k1, ko, .. k) = (0[tr (a®)tr ((a")*)tr ((a7)*2)...tr ((a7)*m)|0),

is to use the w, algebra m times to move tr (a®) to the right.

1
N

O(k; k1, ks ookm) = Okky ot b
k(k = 1)(k = 2)...(k — m + 2)ki koo, NF77F

For terms leading in replace the Poisson bracket by a commutator.




Reproduce this in the string theory:

Alks —k1s oo =Ko = D %A(k;0,0,...,O,—kl,—kz,...,—km)ﬂee,
neKPZ

the Os indicate the insertion of the screening operator n = k — m + 1 times.
C&lCUlatiOIlS by (Polyakov, DiFrancesco-Kutasov, Klebanov) giVG the fI'ee AINISWET.
The most general 1 — r amplitude is

A(k; —k1, =Koy o, —Em) g

k (uor(n)km“ ﬁ P(1— ki)

(k—m+ D)I(k—1) \_T(0)

WARNING: 0 x co There are two kinds of zeros.
Important zeros. A vanishes when one of the outgoing momenta,

I'(k;)

1=1

—k;, is positive.
— The T , decouple!

Silly zeros. (1/T'(0))*=™*1 is from the screening operators.




Even in the usual Liouville theory one needs to renormalize the

COSmOIOgical COIlStaIlt When b — 1 (e.g. Teschner’s revisitation)

o — oo and b — 1 while keeping

T'(b2)
T(1— b?)

[ = Tl fixed.

End result: Replace




Infinities

Infinities arise from the I' functions in 1", % when k; > 0.
The reason for these infinities is that the amplitudes are sitting on a
resonance.

Introduce leg factors to match the two-point function on both sides.

1 T(k:)
(k)

fket(kz’> E— and fbra(ki) = WF(]C)F(]C + 1)

Relation between the string theory scattering amplitudes and the
matrix model overlap amplitudes for the 1 — m processes is

O(k, ]{1, kg, km)

with u = N. Agrees V k; k1 ... k.

Note: the coefficients are integers.




Discrete states

The closed-string ghost-number-two cohomology contains other
states, known as discrete states, that are the remnants of the
massive modes of the string.

In the usual ¢ = 1 theory they appear as non-normalizable modes
with imaginary energy and imaginary Liouville momentum.

In our case they become normalizable propagating modes that are as
important as the tachyon modes discussed above.

Recall: chiral SU(2) current algebra,
JE(z) = eF2XE) 0 P3(2) = i0X (2).
The highest weight fields with respect to this algebra are
W, i(2) = e?YX where j = 0,1/2,1.... Using J; = § L&e=2iX(w),

27

form representations of the SU(2) algebra

\Ijj,m(z> ~ (J()_)j_m\IJJ,J(Z)7 m = _ja _.7 + 17 7.7




The resulting closed string vertex ops (with dimension (1,1) and ghost

number two) are

z % i2(1—j
Sj’m(z7 Z) — }Gam}/}am7 3'/}7'”7' — C\Ijjame ( 3)90.
The S ;’s are the tachyon vertex operators that we have already discussed.

The rest are new modes that are called discrete states.

Here this name is a bit misleading since the tachyon modes are discrete too.

The energy in the X direction of S ,, is 2m
The momentum in the ¢ direction is 2j.

For e.q. the 1 — 1 amplitude we get,

1
omtT 4+ 2m~ =0, 2—2g—(n+1+1)+5(2j++2j_)

and so the sphere amplitude scales like

A(m_vj_;m—i_vj—i_) ~ 5m‘|‘—i—m_ :ug)++j_




On the quantum mechanics side we can follow the same steps. The

SU(2) generators are

1 1 1
Jt = itr ((a")?), J = 5’51‘ (a?), J°= Ztr (aa’ 4 a'a).

The highest-weight states with respect to this SU(2) algebra are
vi; = c; tr ((a7)??), where j = 0,1/2,1, ....
Again we can form a representation of the algebra by commuting

Jj — m times 7y; ; with J— to get v .

j+m).

Vim ~ tr (a7 (al)

These operators satisty a commutator algebra which at large N
approaches the semi-classical w,, algebra.
Note: even at finite IV, the algebra closes, using the gauge equivalence.

I don’t know the structure constants, though.




The two-point function associated with the discrete states takes the

form

“(ahy )

O(m™=,j~;m*,jT) ~ Oftr (@@ ™ (ah)’” " tr (™

._|_ . —_
+
~ 5m+—|—m— N/ J )

again in agreement with the string theory result.




Winding modes

Since ¢ is compactified, modular invariance implies that there must
be winding modes in the theory.

But there are no candidate dual operators for the winding modes in
the quantum mechanics. The same puzzle as with the momentum modes
with opposite chirality. In that case the resolution was that scattering
amplitudes with at least one opposite-momentum mode vanish.

Consider, for example, scattering amplitudes of m winding modes.

The number of screening insertions is determined by 2 — 2g — (n + m) = 0,

where again n is the number of insertions of the screening operator.

No amplitude with m > 2 can satisty this relation.

For m = 1 and m = 2 the relation can be satisfied on the sphere with n = 1 and
n = 0 respectively. But both cases vanish since they involve only two insertions

of closed strings on the sphere.




Beyond tree level

Torus vacuum energy

On the string theory side the ground state energy is the expectation
value of the zero momentum graviton, S .

The energy conservation condition is automatic (since m = 0) and the ¢
momentum conservation gives n = 2 — 2g.

— T'wo nonzero perturbative contributions:

g = 0,n = 2 scales like N?2.

g = 1,n = 0 second comes from the torus with n = 0, ~ N©.

On the quantum mechanics side the ground state energy is N2 /2

with no additional constant that scales like NY.
This suggests that the one-loop vacuum energy in this string theory
should be zero.

A simpler way to compute the ground state energy is to calculate




the one particle irreducible contribution to the partition function
with X compactified, X ~ X + (.

In the limit 8 — oo we have
InZ = —6E0,

from which we can read off Ej.

On the torus, the background charge is zero. ——

As far as this calculation is concerned X and ¢ are two free scalar fields X1, Xo.
The result of the calculation with X; ~ X7 + 27V , and

Xo ~ Xo + 27 R 1S (Bershadsky-Klebanov)

. Ztorus 1 R V O/
lim = + (%)
Vi—oo Vi 12v/2 \ Vo' R

This calculation is for V; > /;, and euclidean X 5.

For BK, R = temperature, V; = V}, was an IR cutoff on the Liouville direction.




For us, V1 = (3 is the temperature™! and R is the imaginary liouville radius.

: NP
. Ztorus [/ 87
lim

oo B 122\ V& R

The ¢ and the minus sign come from the fact that ¢ is a timelike direction.

Another way to see this is to take o’ — —a’ in (%).

Acting on a time-like direction, T-duality takes R to —a//R, in order that the partition function be

invariant. R —V a/ —

lim Ztorus — 0
B—oo 3 ’
as predicted by the duality with the quantum mechanics.

This zero obtained by summing over contributions of all of the
physical states of the string.

In addition to the chiral momentum modes with nonzero S-matrix amplitudes,
these include winding modes and momentum modes with the opposite chirality

that, we argued, do not appear on external legs.




Hints for nonperturbative effects

gmax

ZA 292

1s very convergent.
No D-instantons contribute to vacuum correlators.

Consider the matrix model at finite temperature.

F(q,N)=1InZn(q) =

Flan =2 +Zc (oY), F(@) =3 In(1l—¢")

The first term we recognize as the ground state energy.

The second term is a prediction for the leading torus contribution to
the free energy when (3 is finite.




There are no further perturbative corrections in accord with the
scaling rule. There are, however, non-perturbative effects.

The fact that these scale like e =Y implies that there are
D-particles in the spectrum which contribute to the partition sum
when their worldlines wrap the thermal circle.

N

The fact that there are no terms of the form e™*" implies that, as was argued

above, there are no D-instantons.

The D-particles in this string theory should should be related to the
the matrix eigenvalues, and should be closely related to the

‘instantonic’ branes of the usual ¢ = 1 theory which experience

trajectories of the form z = A cost.




How does this duality fit into the rest of string theory?

1. é% oLy §/\ OR

Claim: there is also a 0B theory with the same perturbative

description.

Compactify ¢ at the “superaffine” self-dual radius.
— every degenerate representation appears.
even momenta from NSNS, odd momenta from RR.

Salne gI‘OU_Ild I‘ing (Douglas et al, “New Hat...”).

— RR backgrounds?

2. There is likely to be a topological string realization of this matrix

model.

TToda (k) generates correlators.




3. Higher-dimensional generalizations

I've tried not to focus on free fermions and ws, because I don’t know how they

generalize to higher dimensions. But:

- 1
H = Ztr (CLZCCLO( — 5)
a=1

a. are also solvable
b. should also be string theories. (no need to find critical behavior = no
in-principle ¢ = 1 barrier)

c. have single-string hagedorn spectra for any L > 1 tr a?baa?...

Think of a as indexing KK modes.

We can try to work our way up to higher-dimensional gauge theories:




tr a b2a3b3

+4+2+
tr Srgabza 10

THE END







Matrix CS

This matrix model is the ¢ = 0 version of the Matrix Chern-Simons

theOI‘y (Polychronakos, hep-th/0103...).

Add fundamental bosons ¢, and 1d CS term k ¢ Ay.

Gauss law:

a,a']? — ¢7¢l = 67q

At finite k there is a condensate of fundamentals: — boundaries
¢'- ¢ = Ng

Conjecture: This quantized number ¢ is RR flux Fl(%ll)% = qdyp




turn on 't Hooft couplings

58 = /dtZtk tr X% (¢)
k

still free fermions.

We know what operator tr X* is in the string theory.




Normal matrix integral representation

A normal matrix model (NMM) is an integral over complex matrices
Z such that [Z, Z1] = 0.
— 7, ZT are simultaneously diagonalizable.

Consider studied in relation with ¢ = 1 (Alexandrov-Kazakov-Kostov)
2 2 _ f oyt
BT = [ aVizdigl e 2122
[Z,Z1]=0

The normal-matrix constraint in the path integral can be imposed

with a Lagrange multiplier matrix A,

0N (i[2, 21)) = / dA ' 127114

— ZNMM(J, JT) — /dN2AdNQZdN2ZT ot (ZTZ+(Z,ZTVA+Z T T+ 21 T)

In blue is the Hamiltonian of the gauged harmonic oscillator.




Comparing Wick contractions,

Htr (a )'J rr=01n Zxwm (4, 1) = <Htr a' *a >>

T indicates a certain ordering prescription.

A way to think about this relationship: Wigner phase-space integral
representation of expectation values in one-dimensional quantum

mechanics:

(O] = / dedp Wo (x, p) W (z, p)

Wolz,p) = [ dy (o + 2|0 - &)

and the Wigner function of the state v is

Wy (2, p) = Wiy = /dy e’y (:v +




For the SHO, the ground state wave function is

(@) = o(z) = e /2,

($olOlpo) = / dadp e HEP) Wo (. p).

This quantum expectation value is equal to a classical statistical average at
inverse temperature 3 = 1, the resonant frequency.
The generalization to U (/N ) matrix quantum mechanics is (*).
The normal matrix constraint is the gauss law condition.

T above is Weyl ordering.




How the discrete states act on the vacuum

h..., determines a vector field that is associated with an infinitesimal
area-preserving transformation of the U-V plane,

Bom = =37 0v = =gy %

The Lie brackets of the énm’s form a w., algebra.

The vector field énm clearly depends both on n and m.

But when acting on the ground state, Bom depends only on

|s| = |n —ml.

hnm generates the following infinitesimal deformation
§V = eOph = enU" V™, §U = —eOyh = —emU"V™ 1.
To leading order in e,

(V+6VIU+6U)=UV 4+e(n—m)U"V™.




The associated deformation of the Fermi surface is

S(UV) ~ € (

In polar coordinates U = re??, V = re~%, the variation in the

fermi level is
5(0) ~ eRe(e®?) = ecos((n —m)6).

If we act more than once with B,,,,, on the ground state then both s
and r matter
e.g. both 1 and tr aa’ act trivially on the ground state

only 1 acts trivially on every state.




Characters

An orthonormal basis of states can be constructed as

[R({m:})) = ¢fmi} Xr({mip(a)]0)

(Corley-Jevicki-Ramgoolam, Berenstein) [R({m;}) is the representation of U(NN)
corresponding to the Young tableau with columns of lengths (my,ma, ..., m,)
XR(U) is the character of U in this representation.

The bound m; < N guarantees that this is indeed a tableau for a U (V)

representation.

|
T {my) = {5,4,2,1,1,1}, {kn} ={6,3,2,2,1}, N >5

In terms of the free-fermion description, the wavefunction for the

state is a Slater determinant — Look at the tableau {m;} sideways,

define k,, to be the row-lengths; note that there are at most N rows.




The many-fermion wavefunction is then

(21| @ (22 - (e |R({ma})) = - det g, 4 N—nt1(21)

Un(z) = (nlz) = Hn(z)e_|z|2/2 are the single-particle harmonic-oscillator

wavefunctions. e.g. for the empty tableau, this fills the lowest N energy levels
with fermions.

The state tr (aT)¥|0) corresponds to exciting k fermions by one level each — it
makes a hole in the fermi sea at level N — k.

For m = N, the hole is at the lowest state.

For m > N, there is no such single-particle description, in accord with the

stringy exclusion principle.







