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Abstract

We discuss the computation of entanglement entropy
of topological quantum field theory using axioms in
TQFT, which renders such usually difficult calcula-
tion in quantum field theories tractable. The basic
idea is illustrated, and some examples are given.

1 Introduction

Entanglement entropy of quantum field theories,
where there are infinite number of degree of freedom,
can be difficult to compute and may be sensitive to
UV cutoff. However, for topological field theories,
such as Chern Simons theory, there exist powerful
tools that render calculation tractable. Moreover,
from their topological nature, the “area law” terms
naturally vanish, and all we obtain is the topologi-
cal entropy terms. They have been applied to Chern
Simons theory to compute bipartite [3] and multipar-
tite [2] entanglement, as well as to (3+1)d topological
order described by Dijkraaf-Witten theories [6], all of
which utilize the ideas of TQFT[1] and surgery of
manifolds [7].

In Section 2, we discuss the basic idea of computing
the von-Neumann entropy using techniques of TQFT,
and in Section 3 we present some examples.

2 Entanglement of TQFTs

In this section, we illustrate the basic idea of using
manifolds to compute entanglement in TQFTs. We
will see that, after a manifold representing the density
matrix ρ is constructed, the rest is not so different
from the TQFT operations discussed in the lecture
notes.

2.1 Density matrix and the replica
trick

In the lectures we have learned that a state of a
TQFT can be represented by a manifold with a
boundary, or more specifically the path integral on

Figure 1: A manifold with a boundary represents a
state |ψ〉 [5].

Figure 2: The density matrix ρ = |ψ〉 〈ψ|.

this manifold. For example, something like For entan-
glement entropy, we normally divide the space into
region A, and B, reflected on the boundary of the
manifold. To form a density matrix from this pure
state |ψ〉,

ρ = |ψ〉 〈ψ| , (1)

is basically formed by two copies of the manifold, one
of which with inverted orientation, as shown in Fig.
2 . The reduced density matrix 1

ρA =trBρ (2)

is then gluing the B region of the two boundaries in
2 together, so that now the ρA manifold is no longer
disjoint unions of two parts, such as in Fig. 3 . Lastly,

1Note that this is actually the unrenormalized density ma-
trix. To restore unit trace, one should include a factor of
trAρA.
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Figure 3: The reduced density matrix ρA.

Figure 4: Bipartite (left) and multipartite (right) en-
tanglement [3].

one use the replica trick,

SA =− trρnA − 1

n− 1
, (3)

where ρnA is then evaluated by gluing n copies of
3, which after the trace becomes a closed manifold.
Some elementary exercises of forming the final man-
ifold of entropy can be found in [5]. A more formal
account, addressing the underlying path integral, is
in [3] and reviewed in Appendix.A.

2.2 Computing the path integral

To actually compute the path integral of ρnA mani-
fold, possibly complicated, we can use the formula of
connected sum [7]

Z (M)Z
(
S3
)

=Z (M1)Z (M2) (4)

for M = M1#M2 to decompose M into sim-
pler manifolds. In particular, we’ve computed
Z
(
S2 × S1; {Ra}

)
in lectures, and then used surgery

to compute Z
(
S3
)
.

3 Examples

In this section we show some examples of entangle-
ment entropy of Chern-Simons theory on various spa-
tial surface and partitions, including bipartite en-
tanglement [3] and multipartite entanglement, where
the space is partitioned into several disconnected seg-
ments, as shown in Fig.

Figure 5: A state with spatial slice S2 as a boundary
of a 3-ball, with hemisphere regions A and B [3].

Figure 6: A solid torus with boundary T2 and parti-
tions A and B [3].

3.1 Bipartite entanglement

3.1.1 S2 with a connected interface

For the simplest case, consider the spatial slice is S2,
and the regions A and B are the two hemispheres, as
shown in Fig. 5. . We have learned that the Hilbert
space is one-dimensional for a surface S2. Then we
have |ψ〉 = B3, ρA = B3, and trρnA = S3 for all n.
We thus have

trρnA
(trρA)

n =
Z
(
S3
)

(Z (S3))
n =

(
Z
(
S3
))1−n

, (5)

and

SA = ln
[
Z
(
S3
)]
. (6)

3.1.2 Torus with one-component boundary

If instead the spatial slice is a torus and the parti-
tion A and B are as shown in Fig. 6. Unlike S2,
the Hilbert space of a torus is not one dimensional.
Each state corresponds to an integrable irrep Ri of
the gauge group G, represented by a solid torus with
a Wilson loop Ri inserted. Then the ρnA would be
an S3 attached with n copies of S2 × S1, as shown
in Fig. 7 Note that pairs of solid tori get glued to-
gether along with its Wilson loop R̂i, so each attached

S2×S1 will contain two Wilson loops R̂i and ˆ̄Ri, since
one of them surves as the “bra” instead of “ket” in

Figure 7: The manifold for ρ2A [3].
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Figure 8: A manifold whose boundary is 3 disjoint
tori [2].

Figure 9: The link complement by removing a tubular
neighborhood surrounding the 3-component link [2].

the density matrix and gets its orientation reversed.
Thus, we have

trρnA
(trρA)

n

=
1

Z
(
S2 × S1, R̂i,

ˆ̄Ri

)n Z
(
S3
)
Z
(
S2 × S1, R̂j ,

ˆ̄
jR
)n

Z (S3)
n

=Z
(
S3
)1−n

(7)

3.1.3 Other examples.

Some further examples, where the boundary between
A and B contains more than one component, can
be found in [3], such as those including quasiparticle
punctures.

3.2 Multipartite entanglement

We may also consider the entanglement between dis-
connected spatial segments. One of the simplest case
is if all these segments are all tori [2]. We would
then need to find a 3-d manifold whose boundary is
n disjoint tori, as illustrated in Fig. 8. One way
to construct such manifold is by embedding an n-
component link in S3, and drill out the tubular neigh-
borhood of each component, called the link comple-
ment state, as illustrated in Fig. 9.

This is a case where the wavefunction can be explic-
itly computed before constructing the density matrix.

Note that the Hilbert space is

H =
⊗
i

HT 2,i (8)

is a tensor product of n Hilbert space of the torus,
such link complement state can be expressed as

|Ln〉

=
∑

CLn (j1, · · · , jn) |j1〉 ⊗ · · · ⊗ |jn〉 , (9)

where |ji〉 is the jth state of the ith torus Hilbert
space. It turns out that the wavefunction C is simply
the colored link invariant 2,

CLn (j1, · · · , jn)

=
〈
WRj∗1

(L1) · · ·WR∗
jn

(Ln)
〉
S3

. (10)

For example, for gauge group U (1)k, we have

CLn (q1, · · · , qn)

= 〈W−q1 (L1) · · ·W−qn (Ln)〉S3

= exp

2πi

k

∑
i<j

qiqj`ij

 , (11)

whre `ij is the Gauss linking number between the
components Li and Lj . The density matrix can then
be found from |Ln〉. It turns out that the entropy
S will be non-zero when there is non-trivial linking
between the link components.

4 Discussion

From these examples we have seen that using the
techniques in TQFT, the entanglement entropy of
Chern-Simons theory can be reduced to the path in-
tegral of some simple manifolds, which in the case of
Chern-Simons theory could be computed by confor-
mal field theory, or into some link-invariants, both
could be tabulated for reference. One do not need to
actually compute the complicated path integral.

One may also reverse the logic and associate phys-
ical meaning to the topological invariants. For exam-
ple, the colored link invariants may be interpreted as
the entanglement entropy between disjoint tori space,
and even the complexity of computing topological in-
variants [4].

2The idea is this: to compute C, one takes the inner
product of the basis state with the link complement state,
〈j1 · · · jn|Ln〉, which amounts to gluing these n tori with ji-
representation Wilson loops glue back to the tubular region
originally removed from Ln. The resulting manifold is sim-
ply the full S3 with n component links, so that C is the link
invariant indicated in the formula.
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Figure 10: An illustration of ρA corresponding to (??)
[3].

A Path integral representation
of the entanglement entropy

To simplify matter, let’s first consider the finite tem-
perature density matrix of a scalar field,

ρ [{φ0 (~x)} , {φβ (~x)}]

=
1

Z (β)

〈
{φ0 (~x)}

∣∣∣e−βĤ ∣∣∣ {φβ (~x)}
〉

=

∫ ∏
~x,τ

[dφ (~x, τ)] e−SE

∏
~x

δ [φ (~x, 0)− φ0 (~x)] δ [φ (~x, β)− φβ (~x)] , (12)

which is basically integrating out everything else ex-
cept for fixing the field configuration at τ = 0, β as
the values φ0, φβ . To obtain the reduced density ma-
trix ρA, we further integrate out the spatial region B
in τ = 0, β too,

ρA [{φ0 (~x)} , {φβ (~x)} |~x ∈ A]

=

∫ (∏
~x∈B

[dφ0 (~x) dφβ (~x)] δ [φ0 (~x)− φβ (~x)]

)
ρ [{φ0 (~x)} , {φβ (~x)}] , (13)

as shown in Fig. 10, where the cut boundary at A
is not integrated. Then the replica trρnA is obtained
from n copies of ρA and integrating over appropriate
fields,

trρnA

=

∫ n∏
k=1

{∏
x

[
dφ

(k)
0 (~x) dφ

(k)
β (~x)

] ∏
x∈A

δ
[
φ
(k)
0 (~x)− φ(k+1)

β (~x)
]

∏
x∈B

δ
[
φ
(k)
0 (~x)− φ(k)β (~x)

]
ρ
[{
φ
(k)
0 (~x)

}
,
{
φ
(k+1)
β (~x)

}]}
,

(14)

akin to gluing n copies of manifolds as shown in Fig.
11 .
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Figure 11: trρ3A obtained by gluing three copies of
Fig.10 [3].

5


