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We briefly review the connection between Jacobi form and elliptic genus in N=2 superconformal
field theory.

INTRODUCTION

In N=1 supersymmetric theories we can define Witten
index which contains information about supersymmetric
ground state and is robust to perturbation of the Hamil-
tonian. Similarly in N=2 supersymmetric theories we
can define elliptic genus which contains more informa-
tion than Witten index and is also robust to perturba-
tion. What makes elliptic genus interesting is that it has
non-trivial transformation properties under modular and
elliptic transformation such that in some cases it can be
computed exactly. This kind of object has been studied
by mathematicians and is called Jacobi form.

N=2 SCA AND WITTEN INDEX

N=0,1,2,4 superconformal algebra often occur in the
study of string theory on various compact manifolds. We
are particularly interested in N=2 SCFT whose target
space is a Calabi-Yau manifold of dimension 4m. On top
of the bosonic energy-momentum tensor T(z), there are
two more fermionic currents G+(z) , G−(z) and a U(1)
R-symmetry current J(z). The algebra reads

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm+n,0

[Jm, Jn] =
c

3
mδm+n,0

[Ln, Jm] = −mJm+n

[Ln, G
±
r ] = (

n

2
− r)G±r+n

[Jn, G
±
r ] = ±G±r+n

{G+
r , G

−
s } = 2Lr+s + (r − s)Jr+s +

c

3
(r2 − 1

4
)δr+s,0

(1)

There are two possible periodic conditions for the
fermions

2r = 0 mod 2, for R sector

2r = 1 mod 2, for NS sector
(2)

We require the ground states to be annihilated by all the
positive modes:

Ln|φ >= Jm|φ >= G±r |φ >= 0 (3)

for all m,n > 0, r ≥ 0.
Since {G+

0 , G
+
0 } = 0, we can define the cohomology of

the G+
0 operator. The fact that {G+

0 , (G
+
0 )+} = L0 − c

24
implies the Ramond ground states have the interpreta-
tion as the harmonic representatives in the cohomology.
Now we can define the Witten index:

WI(τ, τ̄) = Tr((−1J̃0+J0)q̄L̃0− c̃
24 qL0− c

24 )

q = e2πiτ
(4)

It is clear that Witten index only counts states that are
Ramond ground states for both the left and right- moving
copy of N=2 SCA.

ELLIPTIC GENUS AND JACOBI FORMS

For N=2 SCFT we can gain more information about
the theory by computing the elliptic genus defined below:

Z(τ, z) = Tr((−1J̃0+J0)yJ0 q̄L̃0− c̃
24 qL0− c

24 )

y = e2πiz
(5)

SUSY(N=2) pairs all states which are not ground states
into pairs with opposite (−1)F .
The elliptic genus provides a compromise between the
partition function and the Witten index in the following
sense. The former contains a lot more information than
the latter which only know about the states that are Ra-
mond ground states with respect to both the left and the
right-moving copy of N=2 SCA. The elliptic genus on
the other hands contains information of states that are
Ramond ground states with respect to only the right-
moving copy of N=2 SCA but still has the rigidity of
the Witten index which makes it possible to compute for
many SCFTs.
Now we can consider transformation properties of ellip-
tic genus under modular and elliptic transformation. Us-
ing the usual path integral formalism we can see that
Z(τ, z) should transform ”nicely” under modular trans-
formations. In fact, under modular transformation:

Z(
aτ + b

cτ + d
,

z

cτ + d
) = e2πim

cz2

cτ+dZ(τ, z) (6)

2m is the complex dimension of the Calabi-Yau mani-
fold. The elliptic transformation can be motivated by
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the ”spectral flow”:

Ln → Ln + µJn +
c

6
µ2δn,0

Jn → Jn +
c

3
µδn,0

G±r → G±r±µ

µ =
1

2

c =
m

6

(7)

This is an isomorphism between R algebra and NS alge-
bra. By doing this twice we can transform R→ R,NS →
NS.
We can check that under spectral flow by integer µ

L0 → L0 + µJ0 +mµ2

J0 → J0 + 2mµ

e2πiτL0e2πizJ0 → e2πiτL0e2πiJ0(z+µτ)e2πiτmµ
2

e2πim(2µτ)

(8)

This implies that:

Z(τ, z + µτ) = e−2πim(τµ2+2µz)Z(τ, z)

Z(τ, z + λ) = Z(τ, z)

λ ∈ Z
(9)

The transformation properties under modular and ellip-
tic transformation imply that Z(τ, z) is a Jacobi form of
weight 0, index m.
Mathematicians have studied Jacobi forms and it can be
shown that a Jacobi form of weight k, index m can be
constructed as a product of: E4(τ) ,E6(τ), φ−2,1(z, τ),
φ0,1(z, τ) and φ−1,2(z, τ) where E2k is the Eisenstein
seires and φi,j(z, τ) is a Jacobi form of wight i, index
j whose explicit expression is known and can be found
in the appendix. In particular E2k can be treated as a
Jacobi form of weight 2k, index 0. Suppose we consid-
er E4(τ) · φ−2,1(z, τ), the result will be a Jacobi form of
weight 4+(-2)=2, index 0+1=1.
We can apply this result to find the elliptic genus when
the target space is K3. The complex dimension of K3 is
2, this implies that ZK3(τ, z) should be a Jacobi form of
weight 0,index 1. But the only Jacobi form of weight 0,
index 1 is φ0,1(z, τ), thus we know that:

ZK3(τ, z) = const · φ0,1(z, τ) (10)

When z=0, ZK3(τ, z = 0) coincides with the Witten in-
dex which just counts the Euler number of K3. This fixes
the constant to be 2. So the conclusion is :

ZK3(τ, z) = 2 · φ0,1(z, τ) (11)

CONCLUSION

This demonstrates the power of modularity in gaining
extremely non-trivial information about the spectrum of
N(2,2) SCFT. Similar methods can also be used to count
microscopic BPS states at weak coupling and compute
entropy of black hole with the same charges at strong
coupling.
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APPENDIX

The explicit expression for the Jacobi forms mentioned
in previous section:

φ−2,1(z, τ) =
θ21(z, τ)

η6(τ)

φ0,1(z, τ) = 4(
θ22(z, τ)

θ22(z = 0, τ)
+

θ23(z, τ)

θ23(z = 0, τ)

+
θ24(z, τ)

θ24(z = 0, τ)
)

φ−1,2(z, τ) =
θ1(2z, τ)

η3(τ)

θ1(z, τ) = θ(z +
1

2
+
τ

2
, τ)ie

πiτ
4 +πiz

θ2(z, τ) = θ(z +
τ

2
, τ)e

πiτ
4 +πiz

θ3(z, τ) = θ(z, τ)

θ4(z, τ) = θ(z +
1

2
, τ)

θ(z, τ) =
∑
n∈Z

eπiτn
2

e2πinz

η(τ) = e
2πiτ
24 Π∞n=1(1− e2πinτ )

(12)


